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Abstract

There is high industrial demand for materials with a high piezoelectrical response
which are stable at high temperatures. A recent study on ScAlN has explained
the microscopic origin of the increased piezoelectric response in the alloy and its
effect on the energy landscape. Y is a promising candidate to observe the same
phenomena.

The ab initio DFT-GGA calculations for Y0.375Al0.625N, using a 128 atom
SQS model, show a less pronounced increase of the piezoelectric response. The
Y0.375Al0.625N energy landscape shows a flattening due to competition between
the parent wurtzite phase of AlN and the hexagonal phase of YN. The flatten-
ing causes softening of the C33 elastic constant, while the piezoelectric constant
e33 is only slightly increased. This slight increase can be explained by the quite
stable local tetrahedral environment in Y0.375Al0.625N, which is related to the big
volume mismatch between the parent YN and AlN. In summary we conclude the
importance of the volume matching to obtain high piezoelectric response via phase
competition.
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Chapter 1

Introduction

Many modern electronic devices such as computers, cell phones, WLAN, use piezo-
electrical components. These components produce a current when stress is applied
to them, a phenomena first discovered in 1880 by Pierre and Jacques Curie. The
reverse effect is also possible, introducing a current to a piezoelectric material will
make it expand. Piezoelectric effect is a material property caused by a change in
the polarization in the material. Further examples of piezoelectric applications are
sensors and actuators. In sensors, a piezoelectric microphone can convert sound
waves into current and in actuators, the reverse piezoelectric effect can be used
to create sound waves by introducing a current into a piezoelectrical speaker. Of
course, piezoelectric applications are not limited to sound applications, many more
examples exist.

There are currently many different piezoelectrical materials used in the in-
dustry, for example PbTiO3. However, there are two major problems with the
selection of materials. First, the materials with highest piezoelectric constant e33

are often based on toxic materials such as lead. Additionally, the materials have
different maximum working temperatures. The materials either have very high
piezoelectric constant and low maximum temperature or the opposite[1]. There-
fore, finding materials with both a high piezoelectric constant and a high maxi-
mum use temperature would be of great interest to the industry. AlN is a material
which is stable at high temperatures and has low piezoelectric response due to low
piezoelectric constant e33.

To improve the properties of AlN it is possible to alloy it with other materials.
By alloying, it is possible to combine the properties of different materials creating
new materials with both high piezoelectric constants and high working tempera-
tures. Though, predicting the results from alloying is not an easy task and it can
also be quite expensive to produce the materials. Calculating the properties of
alloys using ab initio calculations is much cheaper to do.

To increase the piezoelectrical response we want to alloy AlN with a new ma-
terial. For example, AlGaN is a popular alloy for semiconductors and also there
has been observed a great improvement of the piezoelectrical response in ScAlN.
In this work, AlN is alloyed with Y with the concentration 37.5% Y and 62.5% Al.
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4 Introduction

The special quazirandom structure model was used to model the random alloy
structure of Y0.375Al0.625N. Density-functional theory calculations were used to
describe the microscopic nature of the material using quantum physical laws and to
determine the energy landscape of the the alloy. The polarization and piezoelectric
constants were calculated using the Berry-phase approach.

By comparing the energy landscape of the parent YN and AlN to that of
Y0.375Al0.625N we analyze the effect of the topological softening of the energy
landscape on the piezoelectric constants. An analysis of the local tetrahedron
environments in Y0.375Al0.625N and the similar Sc0.375Al0.6255N alloy will show
how alloying with Y, instead of Sc, will influence the internal stability of the
alloy. We show that the internal stability of the Y0.375Al0.625N local environment
is related to the piezoelectric properties of the alloy. The observed high internal
stability reduces the piezoelectric coefficient.

In comparison to Sc0.375Al0.6255N, in Y0.375Al0.625N the big volume mismatch
between the parent YN and AlN results in less pronounced piezoelectric properties.
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Chapter 2

The Special Quasirandom
Structure model of alloys

2.1 Crystal structures

2.1.1 Real-space

A crystal is an ordered state of matter in which the nuclei are positioned in a way
which is repeated periodically in space. The smallest structure that is repeated
through the crystal is called the primitive unit cell and the positions and types
of atoms within a unit cell are called a basis. The Bravais lattice is a structure
representation which is repeated throughout the crystal. Note that the Bravais
lattice is not equal to the unit cell. The translation vectors are called lattice
vectors and the translation can be written:

T(n) ≡ T(n1, n2, . . . ) = n1a1 + n2a2 + . . . , (2.1)

where ai denotes the primitive translation vectors. The volume of the primitive
cell can be calculated with:

Ωcrystal = |a1 · a2 × a3| , (2.2)

or by constructing a Wigner-Seitz cell. This cell is easily created by drawing lines
from a lattice point to all nearby lattice points. Then, at the midpoint of these
lines drawing a normal to them. The smallest enclosed volume within these lines
is the Wigner-Seitz cell. A two dimensional version can be seen in Fig. 2.1.

The parameters of the Bravais lattice is called lattice parameters. These are
the lengths a, b, c and the angles α, β, γ between them. The three simple types of
two dimensional Bravais lattices are the square (where a, b have equal length and
α, β, γ = π/2), the rectangular (where a, b have different lengths and α, β, γ = π/2)
and the triangular (a, b have the same length and α, β, γ 6= π/2).

In three dimensions there are 14 Bravais lattices, the simplest lattice is the sim-
ple cubic (SC) with a = b = c and α, β, γ = π/2 seen in Fig. 2.2a. Another simple

7



8 The Special Quasirandom Structure model of alloys

Figure 2.1: Construction of Wigner-Seitz cell in two dimensions. The cell is the
gray area enclosed by the lines.

a

a

a

(a) Simple cubic

a

b

c

(b) Simple hexagonal

a

b

c

(c) Hexagonal close-packed

Figure 2.2: Crystal lattice structures. The unit-cells for each Bravais lattice is
marked by a thin black line. Note also in (c) that one atom is inside the unit-cell.

lattice is the simple hexagonal (SH), with the triangular base seen in Fig. 2.2b.
Since a and b have the same length in a hexagonal lattice, the lattice vectors are
simply a and c, where c is the distance between the planes. A similar lattice
structure to the SH is the hexagonal close packed (HCP), which consists of planes
with the same lattice structure as SH but with a different stacking, HCP is stacked
ABABAB... and SH is AAAAAA... . The B layers differ from the A layers by a
rotation of π/6 and a translation of c/2, Fig 2.2c.

Materials consisting of more than one type of atoms (i.e. alloys) can have more
complex structures. However, they can often be seen as a simple lattice type with
two atoms in the basis instead.

One way to designate the different lattice structures is to use the strukturbericht
designation. To designate monatomic structures the letter A is used, along with
some form of subscript or number. For example, Ah is the SC, Af is the SH and A3
is the HCP. For diatomic structures we use the letter B. The diatomic structures
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uc

A

B

(a) Wurtzite unit cell

uc

A
B

(b) Wurtzite tetrahedra coordination

Figure 2.3: (a) The solid line box represents one choice of wurtzite unit-cell and
the red dotted cell represents an alternate one. The structure can be viewed as
two HCP structures, of A and B atoms, one shifted u ·c in the c direction. (b) The
fourfold coordinated (tetrahedral) local environment in the wurtzite structure. u
is the relative distance between the center A atom and the top most B atom.
When u = 0.5 the Al atom is in the same plane as the bottom N atoms.

important to this work is the Bh (HCP like) and B4 (wurtzite structure).
In order to calculate the unit cell volume ΩUC for an hexagonal-like structure,

e.g. HCP and wurtzite, the following equation can be used

ΩUC =

√
3

2
ca2 , (2.3)

where c and a are the lattice constants.

2.1.2 Wurtzite

The wurtzite crystal structure, named after the mineral wurtzite, is a central part
of this work and important to understand. Materials in the wurtzite phase are
generally denoted by the prefix “w-”, e.g. w-AlN. It is a binary structure that can
be described as a hexagonal diamond structure where the individual atom types
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form their own HCP structures with a small offset from each other. This offset in
the unit cell is denoted u, see Fig .2.3a, which is a dimensionless relation.

For HCP structure, the value for u is 0.5 and for wurtzite it is around 0.38. In
the case of YAlN and ScAlN the structure will form substructures with different
u-values because of the parent properties of YN respectively ScN and AlN.

The atoms in a wurtzite structure are all tetrahedrally coordinated, see Fig. 2.3b.
In the hexagonal case, the center A atom is aligned in the same plane as the three
bottom B atoms creating a fivefold coordinated local environment.

2.2 Alloy modeling

An alloy is a mixture of two or more materials. In a completely random binary
alloy, AxB1−x , the probability of finding an A-atom at a site is x and for a B-
atom it is (1 − x). When dealing with random alloys, there is a new problem
introduced. Since a random alloy lacks periodicity, the long range order (LRO)
will be broken and we will only have short range order (SRO). Thus, a method for
handling this SRO is needed. There are several possible methods, for example the
special quasirandom structure.

2.2.1 The Special Quasirandom Structure

The special quasirandom structure (SQS) method, by Zunger, provides a technique
for modeling pseudobinary A1−xBxC alloys [2]. The degree of SRO is quantified
by the Warren-Cowley parameter

αj = 1− PB(j)

xB
, (2.4)

where PB is the probability of finding a B atom on the jth nearest neighbor shell
about A as the origin, and xB is the concentration of B atoms [3]. By considering
more nearest neighbor shells we will get a more accurate SRO. In a perfect random
alloy there is no SRO, which means that αj = 0 since PB(j) = xB . When α > 0
the atoms prefer to cluster in groups of similar atoms and in the case of α < 0
there is anticlustering.

For example, when considering the SRO parameters aj related to the corre-
lation functions 〈Π̄f 〉 for jth nearest neighbor pairs (f = (2, j)), Eq. (2.4) will
become

αj =
〈Π̄(2,j)〉 − q2

1− q2
, (2.5)

where 〈Π̄(2,j)〉 = (2x− 1)2 and q = 2x− 1.

By generating a few random SQS supercells and calculating the SRO parameter
we can find a supercell that fulfills αj = 0. This supercell can then be used for
calculating the properties of the random alloy.
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Figure 2.4: Example of Vegard’s law for an arbitrary A1−xBxC alloy. The figure
shows Vegard’s approximation compared to the real relation.

2.2.2 Vegard’s law

Calculations of alloys are time consuming. Therefore, it is necessary to reduce
excess calculations. A useful tool in this case is Vegard’s law. An approximate
empirical rule which, at constant temperatures, holds that a linear relation exists
between the crystal lattice constant of an alloy and the concentrations of the
constituent elements [4]. Though this is a very rough approximation, it is very
useful as a first approximation.

In Fig. 2.4, an example of Vegard’s law is shown. As can be seen, if only the
volume for x = 0 and x = 1 is known, it is possible to approximate the volume for
other concentrations using this linear relation.
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Chapter 3

Density-functional theory

Properties of systems at atomic and lower levels differ from classical mechanics
and are difficult to calculate. Quantum mechanics was not formulated until the
beginning of the 20th century. In this description of the Density-functional the-
ory we follow mainly [9] and [6], starting off at the central equation of quantum
mechanics, the Schrödinger equation. This equation is a wave equation describing
the physics of matter. The time-independent equation has the general form:

ĤΨ = EΨ , (3.1)

where Ĥ is the Hamiltonian, E the energy of the system and Ψ is the wavefunction.
For a system with many atoms the Hamiltonian will contain the following terms:

Ĥ = T̂nuc + T̂ee + V̂nuc + V̂ee + V̂ext , (3.2)

where T̂nuc term is the kinetic energy of the nuclei in the system and the T̂ee is the
kinetic energy of the electrons. The V̂nuc term is the Coulomb-interaction between
the nuclei and V̂ee is the corresponding term for the electrons. V̂ext is the term
which represents the interaction between nuclei and electrons. By expanding the
terms, the Hamiltonian will become:

Ĥ =− 1

2

∑
k

∇2
k

Mk
− 1

2

∑
i

∇2
i

+
1

2

∑
k 6=j

ZkZj
|Rk −Rj |

+
∑
i6=l

1

|ri − rl|
−
∑
i,k

Zi
|ri −Rk|

.

(3.3)

Here, the terms are in the same order as in Eq. (3.2). The wave equation will have
the general form:

Ψ = Ψ(r1, r2, r3, . . . , rN , σ1, σ2, σ3, . . . , σN ,R1,R2,R3, . . . ,RM ) , (3.4)

13



14 Density-functional theory

where ri are positions for the electrons, σi the spin for electron i and Rk are the
positions for the nuclei.

Solving the Schrödinger equation is not an easy task. There are analytical
solutions for hydrogen atom where the system only contains one nucleus and one
electron. However, for larger systems numerical methods are needed to find solu-
tions for the Schrödinger equation. By making approximations and reformulating
the problem the calculations can become solvable. One way to reformulate the
problem is to treat the nuclei as being “frozen”. Since the mass of the hydro-
gen nucleus is 1840 times larger than the mass of the electron, the kinetic energy
term for the nuclei can be neglected since 1/Mk is very small. This is called the
Born-Oppenheimer approximation. This decoupling of the nuclei and electrons
will change the Hamiltonian into an electronic Hamiltonian:

Ĥ = T̂ + V̂ee + V̂ext

= −1

2

∑
i

∇2
i +

∑
i 6=l

1

|ri − rl|
−
∑
i,k

Zi
|ri −Rk|

,
(3.5)

Though very helpful, this approximation is not enough for systems with more than
a few atoms. This is where the density-functional theory comes in.

3.1 Hohenberg-Kohn theorems

Hohenberg and Kohn provided in 1964 a theory (now known as density-functional
theory (DFT)) that reformulates the many body problem by introducing electron
charge density as a basic variable [5]. The theory is based on two theorems [6]:

Theorem 1 In a system of interacting particles in some external potential, Vext(r),
the external potential is (within a constant) determined by the ground-state elec-
tron density, n0(r).

and

Theorem 2 There exists a universal energy functional F [n] for any external po-
tential. For a specific external potential Vext(r), the minimum value of the energy
functional is the ground state energy, where the density that minimize the func-
tional is the ground state density, n0(r).

The first theorem says that, instead of using the wavefunction, the problem
can be described using the 3-dimensional charge density, n(r). This will reduce
the 4N degrees of freedom to 4 (three space dimensions and spin), converting the
many-body problem to several one-body problems. The many-body effects are put
in to one term, the exchange and correlation term. The general form of this term
is not known. However, it has been shown that it exists.

From theorem 2 we can use the electron density as a variable and construct a
functional for the total energy in a system. The energy functional consists of two
parts. A universal part and a non-universal one. The universal part:
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F [n] = T [n] + Vee[n] , (3.6)

which is known as the universal energy functional, containing the kinetic energy
and interaction between the electrons. The non-universal part adds an external
potential part and then the total energy functional E[n] will have the form:

E[n] = F [n] +

∫
drVext(r)n(r)

= T [n] + Vee[n] +

∫
drVext(r)n(r) . (3.7)

According to the Hohenberg-Kohn theorems, the ground state electron density
for some external potential can be found by minimizing the total energy functional.
This variational problem leads us to the Kohn-Sham ansatz.

3.2 The Kohn-Sham ansatz

Kohn and Sham put forward the idea that the interacting many-body system could
be replaced with some auxiliary system that is easier to solve [6]. Since there is
no unique way of choosing this system, Kohn and Sham provided an ansatz. The
ansatz was to replace the interacting many-body system with a non-interacting
system with the same ground state density. Then, the Hohenberg-Kohn theorems
ensures that the total energy can be calculated correctly as well. It is important
to understand that, even though we do calculations in an auxiliary system, we are
not doing any approximations in this part.

In order to use the non-interacting system we must first redefine the interacting
particle system with the auxiliary Hamiltonian

Ĥaux = −1

2
∇2 + V (r) , (3.8)

where V (r) is the local potential acting on an electron at point r. For a system
of N independent electrons the ground state has one electron in each of the N
orbitals ψi(r) with the lowest eigenvalues εi of the Hamiltonian in Eq. (3.8) (the
eigenvalues can also be seen as the orbital energies). Thus{

− 1

2
∇2 + V (r)

}
ψi(r) = εiψi(r) (3.9)

and the density of the auxiliary system is defined by the following equation

n(r) =

N∑
i=1

|ψi(r)|2 . (3.10)

The independent-particle kinetic energy Ts[n] given by
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Ts[n] = −1

2

N∑
i=1

〈ψi|∇2|ψi〉 . (3.11)

and the classical Coulomb interaction energy of the electron density n(r) interact-
ing with itself is defined as

EHartree[n] =
1

2

∫∫
drdr′

n(r)n(r′)

|r− r′|
. (3.12)

This energy is, as the subscript implies, called the Hartree energy. From this it is
possible to write the Kohn-Sham functional for the total energy in the form

EKS = Ts[n] +

∫
drVext(r)n(r) + EHartree[n] + Exc[n] , (3.13)

where Exc[n] is the exchange and correlation term, containing all the many-body
effects. This is however, still an interacting system.

For an interacting N-electron system, the density should integrate to exactly
N electrons. Thus,

N =

∫
drn(r) . (3.14)

Using this as a constraint while applying the variational principle to Eq. (3.13)
will give

δE[n]

δn(r)
=
δTs[n]

δn(r)
+ Vext(r) +

δExc[n]

δn(r)
+
δEHartree[n]

δn(r)

=
δTs[n]

δn(r)
+ Vext(r) + Vxc(r) + VHartree(r) = µ , (3.15)

where Vext(r) is the external potential, Vxc(r) is the exchange and correlation
potential and VHartree(r) is the Hartree potential given by

VHartree(r) =

∫
dr

n(r)

|r− r′|
(3.16)

µ is the Lagrange multiplier due to the constraint which can also be seen as
the chemical potential since ∂E

∂N = µ.
For the non-interacting system, with the effective potential Veff (r), the corre-

sponding equation will be

δE[n]

δn(r)
=
δTs[n]

δn(r)
+ Veff (r) = µ . (3.17)

In order for there to be an equality between the systems the following condition
should apply to the non-interacting system:
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Veff (r) = Vext(r) + Vxc(r) + VHartree(r) . (3.18)

The Schrödinger equation for the non-interacting particles will be{
− 1

2
∇2 + Veff (r)

}
ψi(r) = εiψi(r) , (3.19)

and the density is given by

n(r) =

N∑
i=1

|ψi(r)|2 . (3.20)

Eqs. (3.18), (3.19) and (3.20) are known as the Kohn-Sham equations and they
can be solved iteratively until convergence is reached.

The relation between the orbital energies and the total energy functional is
another important relation. It can be derived by taking Eq. (3.19), multiplying it
with ψ∗(r), integrating over r and then summing over all i:s, giving

N∑
i

εi = Ts[n] +

∫
drVeff (r)n(r)

= Ts[n] +

∫
dr
{
Vext(r) + Vxc(r) +

∫
dr′

n(r′)

|r− r′|

}
n(r)

= Ts[n] +

∫
drVext(r)n(r) +

∫∫
drdr′

n(r)n(r′)

|r− r′|
+

∫
drVxc(r)n(r) .

(3.21)

By using the relation in Eq. (3.13) and identifying similarities we get

N∑
i

εi = EKS [n] +
1

2

∫∫
drdr′

n(r)n(r′)

|r− r′|
+

∫
drVxc(r)n(r)− Exc[n] (3.22)

and this can be rearranged as

EKS [n] =

N∑
i

εi −
1

2

∫∫
drdr′

n(r)n(r′)

|r− r′|
−
∫
drVxc(r)n(r) + Exc[n] . (3.23)

In Eq. (3.23), we can see that the total energy E[n] is not the sum of the orbital
energies ε. This implies that the one-particle orbitals (ψ:s) do not describe real
particles. Instead, they are non-interacting quasi-particles whose only purpose is
to yield a correct ground state density.

It is possible to include spin in the Kohn-Sham equations to be able to calculate
the spin-dependent potential. This is done by having two separate densities for
spin up and down.
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As mentioned in the beginning of this part, the Kohn-Sham equations are exact.
They are also much easier to solve than the many-body equations. However, the
form of the exchange-correlation is not known and will have to be approximated
in order to be able to solve them. Though, this approximation can be done with
sufficient accuracy as will be addressed in the following section.

3.2.1 Exchange and correlation approximations

Since the exchange and correlation term in the Kohn-Sham equations is not known,
it has to be approximated. The Local Density Approximation (LDA) and the
Generalized Gradient Approximation (GGA) are two ways to do that.

As with the Kohn-Sham equations, the LDA and GGA can be written to
include spin. It has been left out here for sake of simplicity.

Local density approximation

The LDA was first suggested by Kohn and Sham in 1965 as a way to calculate the
exchange-correlation functional [7]. This is done by using εxc[n(r)], the exchange-
correlation energy density per particle in a uniform electron gas with density n(r).

ELDAxc [n] =

∫
εxc[n(r)]n(r)dr . (3.24)

Approximations of εxc can be done in different ways. Because the “electron
cloud” can often be considered as close to the limit of the homogenous electron
gas [6], LDA gives good results.

The LDA underestimates the exchange by about 10% and overestimates the
correlation by 100-200% (less for larger atoms) [8]. They will cancel each other
since the exchange is about 10 times larger than correlation for many systems.

The LDA works well for many solid state systems. Though, for semiconduc-
tors there are problems. Band gaps in semiconductors are poorly produced and
sometimes non-existent [9].

Generalized gradient approximation

In order to correct some of the problems with the LDA, the GGA includes gradients
of the density. The exchange-correlation energy for GGA is

EGGAxc [n] =

∫
f [n(r),∇n(r)]n(r)dr . (3.25)

There is no unique way to add gradients, which means that there exist several
different GGAs with different strengths and weaknesses. In many cases the GGA
is an improvement of the LDA [6]. However, in some cases the use of them can
lead to problems with convergence of the Kohn-Sham equations.
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3.2.2 Possibilities and limitations in DFT

DFT is a very successful theory and has been used to calculate properties in metals,
alloys, semiconductors, atoms and molecules.

By calculating and minimizing the total energy functional for an auxiliary
system, we can get the ground state density and the Kohn-Sham ansatz then
ensures that we can calculate the correct ground state density of the real system
and from that all ground state properties. The Kohn-Sham theorems then assures
that once the ground state density is found, we have determined the Hamiltonian
of the system. From this, it is in principle possible to obtain all ground- and
excited states.

However, there are limitations to the DFT. Using approximations1 during the
calculations of the total energy functional will have the effect that the Hamiltonian
is not fully determined. How this influences the possibilities to obtain properties
for excited states is not yet well-known. Some approximations are better than
others in some cases, e.g. plane wave methods are good to use when calculating
forces between atoms. Many-body effects are difficult to calculate with DFT, since
we explicitly have to approximate the exchange-correlation.

Another limitation associated with DFT is that it is often difficult to assess the
origin of the errors because there is often need to use approximations at several
levels (exchange-correlation, potentials, basis sets, etc.).

3.3 Forces in density-functional theory to relax
structures

Using forces, we are able to relax the crystal structure, i.e. allowing the atoms to
move to their positions corresponding to the equilibrium structure for the specific
system. When relaxing the atomic positions, the electronic structure is first solved
and then the forces are calculated. After this, the atoms are moved a small step
in the direction of the corresponding force, the calculations are then repeated for
this new structure. This is done over and over again until the forces are below
some threshold.

There are several ways to calculate forces, the most suited one depends on the
choice of pseudopotentials and basis set. In general the force on the I:th ion is

FI = − ∂E

∂RI
, (3.26)

where E is the total energy and RI is the position of the atom I [6]. Since
E = 〈Ψ|Ĥ|Ψ〉2, it is possible to derive:

FI = −
〈

Ψ
∣∣∣ ∂Ĥ
∂RI

∣∣∣Ψ〉 , (3.27)

1Note that LDA and GGA are not the only possible approximations.
2Assuming that Ψ is normalized, 〈Ψ|Ψ〉 = 1.
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which is called the Hellman-Feynman theorem. This valid for other variational
parameters as well [6]. It is also possible to show that

FI = −
∫

drn(r)
∂Vext(r)

∂RI
− ∂Eion

∂RI
, (3.28)

where Eion is the energy for the ion cores. We are thus able to derive the forces
from the electron density, the external potential and and the energy for the ion
cores.

3.4 Pseudopotentials and plane waves

Pseudopotentials, introduced by Hellman in 1935 [10], are tools for simplifying
calculations, originating from the fundamental idea of replacing one problem with
another. By using pseudopotentials we will be able to reduce the basis set size and
the number of electrons in the calculation. This is primarily done by replacing the
strong Coulomb potential of the nucleus and the tightly bound core electrons with
an effective ionic potential acting on the valence electrons.

The electronic states in an atom can, in condensed matter theory [9], be cate-
gorized as

• Core states: Highly localized, not taking part in bonding between neighbor-
ing atoms.

• Valence states: In general not localized, responsible for bonding between
atoms.

• Semi-core states: These are in between the former two states. They are
localized and rarely contribute directly to bonding. However, they are close
enough to the valence states to influence them.

Many computational methods only include the valence electrons to simplify the
calculations. Though, there are times when the inclusion of the semi-core states
is necessary for accurate calculations. The core states are treated as though they
were inside a single, isolated atom. Hence, these are easier to calculate and only
need to be found once per calculation. This method is most called the frozen-core
approximation and is the most common pseudopotential approach [11]. Valence
electrons in a crystal usually move in a relatively smooth potential. The behavior
of the electrons is therefore similar to that of free electrons.

The basic idea of the pseudopotential is to separate the core electrons by treat-
ing them as atomic-like and then describe the interaction between the valence and
core electrons approximately by an effective potential, i.e. pseudopotential. After
this, only the valence states are left.

In the valence region, the potential is usually relatively smooth and the elec-
trons are well-behaved. Even so, these valence states extend into the core region
since they interact with the ion core. In this region the wavefunction is not smooth
and is therefore replaced by a pseudopotential. Fig. 3.1 shows a representation of
this transformation. The wave function and the pseudopotential are identical from
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Figure 3.1: Comparison of a real wavefunction and potential to the pseudo wave-
function and potential. The real functions match the pseudofunctions above rc,
the cutoff radius. Adapted from [6].

the radius rc called the cutoff radius. Pseudopotentials with a larger cutoff radius
are said to be softer, i.e. more rapidly convergent. The downside being that it
also becomes less transferable, i.e. less accurate to reproduce realistic features in
different environments.

It is desirable to expand the wavefunctions in the valence region in to plane
waves. With plane waves, only a few are needed in order to represent the wavefunc-
tion, making the calculations faster. Additionally, plane waves are also relatively
straight forward to implement computationally [6]. However, in the core region the
potential varies rapidly which makes the wavefunctions complicated. Therefore,
many plane waves are needed to describe the wavefunctions, which in turn will
lead to heavier and more complex calculations. A plane wave is usually described
by

u(x, t) = Aei(k·x−ωt) , (3.29)

where A is the amplitude, k is the wave vector and ω is the angular frequency.
To show where this is included in the pseudopotentials we start off with assuming
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the frozen-core approximation and regarding the valence wavefunctions ψwk , which
naturally should satisfy the Schrödinger equation

Ĥψvk = εvkψ
v
k . (3.30)

The valence wavefunctions can be expanded using the orthogonalized plane wave
(OPW) approach [6], becoming

ψvk(r) = ψ̃vk(r)−
∑
c

[∫
dr′ψc∗k (r′)ψ̃vk(r′)

]
ψck(r) , (3.31)

where ψck(r) are the core states and ψ̃ck(r) are the smooth parts of the valence
wavefunctions. The next step is to expand the smooth part into a sum of plane
waves.

ψ̃vk(r) =
∑
K

cK · ei(k+K)·r (3.32)

By inserting Eq. (3.32) in to the Schrödinger equation we can show that

(Ĥ + V̂ ′)ψ̃vk = εvkψ̃
v
k , (3.33)

where the potential operator V̂ ′ operates on some wavefunction χ so that:

V̂ ′χ =
∑
c

(εvk − εck)

[∫
dr′Ψc∗

k χ

]
Ψc

k (3.34)

These equations show that the valence wavefunction has been replaced by a
smooth counterpart, which still produces the same eigenvalues. Note that V̂ ′ can
be defined in many different ways, each with their own strengths and weaknesses.

The pseudopotential V̂ ps is defined as the sum of the real periodic potential V̂
and the auxiliary potential V̂ ′ [9]:

V̂ ps = V̂ + V̂ ′ . (3.35)

As mentioned before, the pseudopotential is in general weak and smooth. Though,
it is also more complicated and non-local than the real potential. Also, the pseudo-
wavefunctions are in general not orthonormal. Therefore, after constructing a
pseudopotential, it needs to be tested.

To test a pseudopotential one can either compare the material properties the
pseudopotentials predicts with experimental results, these are called empirical
pseudopotentials. Another way is to compare it with all-electron calculations,
called ab-initio pseudopotentials. Empirical pseudopotentials can give nice results
for the systems they are created for. Nevertheless, there is an advantage with
comparing to all-electron calculations. Since they suffer from the same approxi-
mations of exchange and correlation these may be better at producing good results
for multiple systems, not only the one they were created for. This feature is called
the transferability of a pseudopotential and is very important for high quality
pseudopotentials.
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Figure 3.2: Schematic representation of the self-consistent loop for solving the
Kohn-Sham equations. Adapted from [6].

In order to further increase the accuracy and transferability of the pseudopoten-
tial, we can add the requirement of norm-conservation for the pseudo-wavefunctions.
The goal of this is to enforce the condition that, outside the cutoff radius, the
norm of each pseudo-wavefunction be identical to its corresponding all-electron
wavefunction.

Another class of pseudopotentials is the ultrasoft pseudopotentials, suggested
by Vanderbilt in 1990 [12]. This methods approach is to minimize the number
of plane waves needed for a certain accuracy, by relaxing the norm-conserving
constraint. This method is suitable when using plane waves as basis set, since it
will reduce the size of the basis set.
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3.5 Solving the Kohn-Sham equations

The Kohn-Sham equations are solved self-consistently3. A schematic representa-
tion of the process is presented in Fig. 3.2, where the starting point is the initial
guess for the density.

Solving the Schrödinger equation is the most demanding step of this process
and, as was discussed in section 3.2.2, the methods used here decides what type
of problems can be studied and what properties can be calculated. However,
there are additional important choices, the initial guess for nguess(r) (e.g. using
renormalized atoms or overlap charge densities) and how the density is mixed in
each iteration.

Each iteration j in the self-consistent loop will have an input density ninj and
an output density noutj . After each iteration, the output density is plugged back
into the loop. There are many ways to do this and the goal is to make it the most
efficient by reaching self-consistency in as few iterations as possible. A initial and
logical idea would be to put the new input density equal to the output, so that:

ninj+1 = noutj . (3.36)

While being a simple method, it is not very efficient. This is because of the
behavior close to the equilibrium, when nout is close to nin. The method can lead
to oscillations around the minimum, meaning an excessive number of iterations.
An alternative method is to use linear mixing :

ninj+1 = αnoutj + (1− α)ninj = ninj + α(noutj − ninj ) , (3.37)

where 0 ≤ α ≤ 1 is the mixing parameter. Introducing α here helps to avoid
oscillations when nin ≈ nout. The optimum value for α depends on the problem,
which means there is no universal mixing parameter. Calculating this optimal
value is computationally costly. However, it is possible to deduce approximations
with reasonable fast convergence towards self-consistency.

There are more advanced methods for mixing, e.g. Broyden and Andersson
mixing where the convergence is decided by the behavior of all the completed
iterations[6].

To make the solving of the Schrödinger equation easier, we need some way of
representing the unknown wavefunction. This is done by expanding the wavefunc-
tions as a basis set {|ψ〉}:

|ψi〉 =
∑
j

cj |ϕj〉 . (3.38)

By inserting this into the single particle Schrödinger equation and then multiplying
the equation with the bra-vector 〈ϕk| from the left, we get:∑

j

cj{Hkj − εiOkj} = 0 , (3.39)

3The equations are solved iteratively until there is no or little difference between the current
result and the last
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where Hkj = 〈ϕk|Ĥ|ϕj〉 are matrix elements of the Hamiltonian, Okj = 〈ϕk|ϕj〉
is the overlap matrix elements for the basis functions and εi is the one-particle
eigenvalue for the state i. This equation will have non-trivial solutions if

det |Hkj − εiOkj | = 0 . (3.40)

Thus, the one particle Schrödinger equation is transformed from a differential
equation into a linear-algebraic equation, which is a more suitable formulation for
solving on a computer.

Choosing a basis set for the wavefunction is a crucial task that generally de-
pends on the way potentials are represented. Some of the basis sets are made up
of complicated functions, though few are needed. Others are simpler, however,
they require many terms in the expansion to correctly describe the wavefunction.
There is often a trade-off between these two, which is why combined basis and
potentials sets are often used. One set is used close to the nuclei and another is
used for the interstitial region between the atoms.
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Chapter 4

Ground-state properties

There are many different methods for calculating the ground state of crystals,
such as those which have been covered in the previous chapters. Other important
ground-state properties can be derived directly from the total energy calculated
for different volumes Ω, geometries and compositions. Provided that the crystal
structure has been fully relaxed (i.e. the internal forces should be zero or at least
close to zero), then the total energy E(Ω) can be calculated for a specific space
group, chemical composition and magnetic structure. The pressure P (Ω) can be
derived from the negative volume derivative of E(Ω),

P (Ω) = −∂E(Ω)

∂Ω
. (4.1)

From the pressure-volume relation, we get the enthalpy H(P ),

H(P ) = E(Ω(P )) + PΩ(P ) . (4.2)

The bulk modulus B(Ω) is defined from the volume derivative of the pressure as

B(Ω) = −Ω
∂P

∂Ω
= Ω

∂2E(Ω)

∂Ω2
. (4.3)

Further derivation of B can also be of interest, e.g. in the Grüneisen constant1. It
can be calculated as

B′ =
∂B

∂P
= −Ω

B
· ∂B
∂Ω

. (4.4)

4.1 Thermodynamic Equation Of States

The relations between different state variables of a system, such as total energy
and volume, are derived from an equation of state (EOS). In our calculations we
often use relations between volume, lattice constants (e.g. c/a and u) and pressure.

1The Grüneisen constant describes the anharmonic effects in the vibrating lattice.[13]

27
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There exist many EOS, the most common in condensed matter theory are the
third-order Birch-Murnaghan and the Modified Morse EOS [9].

In the Murnaghan EOS, the equation originates form the observation that the
pressure derivative of the bulk modulus shows negligible pressure dependence [13].
From this, one can integrate several times to obtain the total energy as

E(Ω) = E0 +
B0

B′0

[ (Ω0/Ω)

B′0 − 1
+ 1
]
· Ω− B0Ω0

B′0 − 1
, (4.5)

where Ω0 is the equilibrium volume and we use that: E0 = E(Ω0), B0 = B(Ω0)
and B′0 = B′(Ω0). The limitation of this EOS is that for volumes corresponding
to pressures far away from zero, the approximation becomes less valid, since in the
expression for B(Ω) the B′ term is multiplied by the pressure.

Birch built upon the Murnaghan EOS to create a better version, more suited
for high pressure calculations. Here, a third-order approximation is given by the
following expression [9]:

P =
3

2
B0

[(
Ω0

Ω

) 7
3

−
(

Ω0

Ω

) 5
3

]{
1 +

3

4
(B′0 − 4)

[(
Ω0

Ω

) 2
3

− 1

]}
. (4.6)

As before, this expression can be integrated over volume to yield the energy as a
function of volume

E = E0+
9

16
B0Ω0

{[(
Ω0

Ω

) 2
3

−1

]3

B′0−

[(
Ω0

Ω

) 2
3

−1

]2[
4

(
Ω0

Ω

) 2
3

−6

]}
. (4.7)

The modified Morse EOS is based on the ansatz to the total energy,

E(w) = a+ be−λw + ce−2λw , (4.8)

where w is the Wigner-Seitz radius and a, b, c and λ are fitting parameters. By
changing variables, x ≡ e−λw, it is straight forward to show that

P (w) =
xλ3

4π(lnx)2
(b+ 2cx) (4.9)

and

(4.10)

B(w) = − xλ3

12π lnx

[
(b+ 4cx)− 2

lnx
(b+ 2cx)

]
. (4.11)

Moreover, the equilibrium Wigner-Seitz radius is defined by Ω0 = 4πw3
0/3 and can

be obtained from the condition that P (w0) = 0 as
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w0 = − lnx0

λ
with x0 = − b

2c
. (4.12)

More thorough derivations of the different EOS can be be found in Computa-
tional quantum mechanics for materials engineers: the EMTO method and appli-
cations [13].

In practice, to obtain the EOS for some system, one first runs a series of energy
calculations for different volumes. Then, the EOS can be obtained by using fitting
procedures, which will then provide an approximate description of the true EOS
for the system.

Regardless of using Munaghan , Birch-Murnaghan, Modified Morse or other
types of EOS, a good starting guess for the state parameters (E0,Ω0, B0 and B′0)
is needed to find the EOS. This guess can be obtained using polynomials or spline
methods on the energy-volume data set. Though, when using polynomials, if the
polynomial degree approaches the number of data points, large oscillations may
occur.

The EOS can also be used for extrapolation, i.e. to use the EOS in order to
calculate values outside the range where the EOS was obtained. However, since one
does not know how the real system will behave if some state property is changed,
some care must be taken [9].

4.2 Elastic properties

The elastic properties for a material are of great importance if we want to find its
real life properties. From these properties we can find out if a material is hard or
soft, if it shears easily, if it is unstable and even provide estimates of heat capacities.
Another property which can be calculated from this is the piezoelectricity, an
important property used in many electronic devices. However, we will start with
deriving some basic relations.

4.2.1 Basic relations

Forces acting on a crystal structure will cause strain (deformation) on the sample.
The strain will move the point P to P ′, see Fig. 4.1. Both points are thought to
be embedded in some material (macroscopic continuous material or a microscopic
crystal). The displacement u of point P will be:

δ = r− r′ . (4.13)

Considering two points with the infinitesimal vector dr between them, the distance
between them will be

dl =
√

(dr1)2 + (dr2)2 + (dr3)2 . (4.14)

We now apply strain, which will change dr to dr′. The corresponding distance
between the points will now be dl′. It is possible to show that to the lowest order
in u we have that



30 Ground-state properties

(dl′)2 = (dl)2 + 2

3∑
i=1

3∑
j=1

δij · dridrj , (4.15)

where δij is the strain tensor [6] and

δij =
1

2

( ∂δi
∂rj

+
∂δj
∂ri

)
. (4.16)

For small u the strain is proportional to the stress[14]. This is known as Hooke’s
law2 and can be written as:

σij =

3∑
k=1

3∑
l=1

Cijkl · δkl , (4.17)

where σij is the stress tensor and Cijkl are the elastic stiffness constants. There
are 34 = 81 Cijkl since the indices run from 1 to 3. However, by considering
symmetries, they can be reduced to 213. Therefore, we can rewrite it to:

σα =

6∑
β=1

Cαβ · δβ , (4.18)

where the new indices correspond to the old through the following relation: δ1 δ6 δ5
δ6 δ2 δ4
δ5 δ4 δ3

 =

 δ11 2δ12 2δ13

2δ12 δ22 2δ23

2δ13 2δ23 δ33

 , (4.19)

which is known as Voigt notation, after one of the pioneers in the field[9].
The elastic energy density can in this new simplified notation be written as

[14]:

Uelastic =
1

2

6∑
α=1

6∑
β=1

Cαβδαβ . (4.20)

This elastic energy density is similar to the form of the potential energy built up
in a spring. We can see that it is harmonic and from above, we know that it is
valid for small deformations of the crystal structure. From this equation, it is
possible to deduce when a material is stable with respect to deformations. Since
the undeformed lattice state should be the minimum for Uelastic, the energy must
increase for small deformations in order for the crystal to remain stable.

To get the total energy instead of the energy density, we can multiply Eq. (4.20)
by the volume of the system. We can also calculate the difference in energy
between a deformed crystal and the undeformed. For many volume-conserving

2The most commonly encountered form of Hooke’s law is the spring equation F = −kx,
where the force in the spring is in direct opposition to the direction of the displacement.

3Even further for some crystal structures
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Figure 4.1: The strain in the system creates the displacement δ of point P to P ′.
Adapted from [9].

deformations, the relation between the energy difference and the elastic constant
can be written [9]:

∆E ≈ A · V · C · δ2 , (4.21)

where A is a constant, which may be different for different deformations, and δ is
the strain tensor. How to set up the strain tensor depends on the structure and
what elastic constant is going to be calculated. There are many different ways to
obtain a specific elastic constant. Another method uses the finite element method,
where the elastic constant was approximated as the second derivative of energy
changes due to small distortions,

E(±1%) = E0 + C33δ
2 . (4.22)

Thus, after calculating the the energy at the ground state and with strain of
±1% we can get the elastic constant by fitting a curve and calculate the second
derivative.

4.2.2 Piezoelectricity

For some crystals e.g. AlN, strain will change its electric polarization. Similarly, an
electric field applied to crystal will cause the crystal to become strained. This effect
is called piezoelectricity. The origin of piezoelectric effect comes from polarization
of the crystal, the ions on crystal lattice sites are symmetrically displaced so that
the crystal becomes polarized. It is a cross coupling effect between the elastic
variables and the dielectric variables. Stress T and strain S are the elastic variables
and electric displacement D and electric field E are the dielectric variables. By
definition, the piezoelectricity can be described by four piezoelectric coefficients
dij , eij , gij and hij [15]:



32 Ground-state properties

Strain

Stress Electric

displacement

Electric

field

C S

d

h
e

e

g

g

ε β

d

h

T

S

D

E

Figure 4.2: Schematic diagram of the relation between piezoelectric coefficients,
elastic constants, dielectricity, stress, strain, electric displacement and electric
fields. Adapted from [15].

dij =

(
∂Di

∂Tj

)
E

=

(
∂Sj
∂Ei

)
T

(4.23)

eij =

(
∂Di

∂Sj

)
E

= −
(
∂Tj
∂Ei

)
S

(4.24)

gij = −
(
∂Ei
∂Tj

)
D

=

(
∂Sj
∂Di

)
T

(4.25)

hij = −
(
∂Ei
∂Sj

)
D

= −
(
∂Tj
∂Di

)
S

(4.26)

(4.27)

In these equations, the first definition refers to the direct effect and the second
converse effect. The relations can be seen in Fig. 4.2. Moreover, the permittivity
ε depends on the nature of mechanical constraints. When there is no stress, the
permittivity is called free εT . In the case when there is no strain, the permittivity
is called clamped εS . The free permittivity is always larger than the clamped one
because it gives rise to additional polarization generated by a combination of the
converse and direct effects. In the same way as the permittivity, the open-circuit
elastic constant cD (when there is no change in electric displacement) is larger than
the short-circuit cE (when there is no change in the electric field). The dependance
of these constraints defines the electromechanical coupling coefficient k according
to [15]

εS

εT
=
cE

cD
= 1− k2 . (4.28)
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Figure 4.3: Illustration of a finite system with a well defined total dipole moment
d. Adapted from [6].

k2 expresses the rate of energy conversions from electrical to mechanical and
the other way around caused by piezoelectricity.

For wurtzite and hexagonal materials the piezoelectric constant e33 can be
calculated using

e33(x) = eclamped-ion
33 (x) +

4eZ∗(q)√
3a(x)2

du(x)

dδ
(4.29)

where e is the electronic charge, a stands for the equilibrium lattice parameter,
u for the wurtzite internal parameter and Z∗ is the dynamical Born or transverse
charge in units of e. δ is the macroscopic applied strain [16]. Here, e33 is composed
of two parts, one clamped-ion part and one part dependent on the changes in u
due to strain δ.

4.3 Modern Polarization Theory

Electric polarization is a basic quantity in physics and essential to the theory of
piezoelectricity. In a finite system like the one in Fig. 4.3, the average polarization
P is historically defined as

P ≡ d

Ω
=

1

Ω

∫
all space

drn(r)r , (4.30)

where d is the total dipole moment and Ω is the volume of the system [6]. Note
that we use the requirement that P(r) = 0 outside the body. Moreover, the change
in polarization ∆P = P(1) − P(0) is given strictly in terms of density difference
∆n = n(1)−n(0). Also, the change in polarization is independent of the path from
the starting point 0 to the ending point 1.

However, we want to calculate the intrinsic bulk polarization Pbulk, a prop-
erty for the bulk of a crystal which is not influenced by extrinsic charges at long
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Figure 4.4: Point charge model of an ionic crystal. Comparing the cells in this
figure show that there is no unique dipole moment for the crystal. Though, a
change in moment will be the same for all cells as long as the charges do not cross
boundaries. Adapted from [6].

distances. In other words, where the macroscopic electric field Emac = 0 and
the electrons in the crystal are in a periodic potential. For this, we can not use
the aforementioned definition in Eq. (4.30) because of a problem originating in
the factor r. Consider the pattern in Fig. 4.4, depending on which area (box) we
choose we will get different surface charges, a clear example that P is not a well
defined quality.

Therefore, we need another way to describe the crystal polarization. An easy
way is to only consider the polarization of unit cells. However, as can be seen
in Fig. 4.4, we would get different moments for the different choices. Another
approach is to use the Clausius-Mossotti-type model, where we instead consider
the change in polarization ∆P. Here it is assumed that the material consists of
a set of localized molecule-like densities. Each of them have a moment and is
polarizable. [6]

The relation between the change in polarization and current is given by

dP(r, t)

dt
= j(r, t) +∇×M(r, t) , (4.31)

where j(r, t) is the electric current and M(r, e) is an arbitrary. Using this relation
we are able to rewrite Eq. (4.30) to

P(r, t) =

t∫
dt′jint(r, t

′) . (4.32)

In this way, the change in polarization ∆P can be determined strictly from the
polarization current that flows through the bulk. Since the current is a physically
measurable unique quantity, we are provided with well-defined way to calculate
the changes in polarization as a pure bulk property. With this we can calculate
the piezoelectrical constants since they are changes ∆P caused by a strain δij ,
under the condition where there are no internal free charges.
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However, to show that the value of the polarization is independent of the path
in the integral, we need a better definition of an intrinsic bulk property than
Eq. (4.32).

4.3.1 Berry-phase theory

A useful tool for the calculation of the piezoelectric response is the Berry-phase
theory.The theory calculates the Berry-phases created when a system is subjected
to cyclic adiabatic processes 4. With this, the polarization can be calculated and
finally the piezoelectric response.

Considering a periodic insulating crystal in zero macroscopic electric field, for
which we assume that the electronic field can be described by a one-electron Hamil-
tonian, H. The eigenstates of H are the Bloch functions ψnk with energies εnk.
Equation

unk(r) = e−ik· rψnk(r) , (4.33)

is the definition of the cell-periodic Bloch functions with the periodicity unk(r) =
unk(R + r). where R is any lattice vector. The contribution to the polarization
of the n-th band is given by

Pn =
ie

(2π)3

∫
d3k〈unk|∇k|unk〉 . (4.34)

The total polarization P is given by

P =
e

Ω

∑
τ

Zτrτ +
∑
n occ

Pn , (4.35)

where Zτ and rτ are the atomic number and cell positions of the τ -th nucleus in
the unit cell, and Ω is the unit cell volume.

Calculating Pn choosing a different phase of the Bloch functions, P̃n one finds
the relation

P̃n = Pn −
eR

Ω
. (4.36)

Considering lattice symmetries the Berry-phase φn,α is given by the quantity

φn,α = −Ω

e
Gα ·Pn , (4.37)

where Gα is the primitive reciprocal lattice vector in direction α.
Pn can now be written, using the Berry-phase, as

Pn = − 1

2π

e

Ω

∑
α

φn,αRα . (4.38)

4The adiabatic approximation asserts that if a system begins a time ti in an instantaneous
eigenstate ψn(x, ti), then at all later times it will remain in the same eigenstate with the addition
of a dynamical phase factor.[17]
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Here, Rα is the real-space primitive lattice vector corresponding to Gα where the
complete definition of the Berry-phase is

φn,α = Ω−1
BZ

∫
BZ

d3k〈unk| − iGα · ∇k|unk〉 . (4.39)

ΩBZ is the volume of the Brillouin Zone.
The piezoelectric response is given by the changes in the Berry-phases because

of strain deformations δjk according to

eijk =
1

2π

e

Ω

∑
α

dφα
dδjk

Rαi . (4.40)

The complete derivation of the Berry-phase theory can be found in Berry-phase
theory of proper piezoelectric response by Vanderbilt [18].

4.3.2 Piezoelectric modulus

The piezoelectric modulus is interesting for us since it is a experimentally mea-
surable quantity which we are able to calculate using ab initio calculations. The
modulus is proportional to the ratio of e33 and C33 according to

d33 ∼
e33

C33
, (4.41)

where e33 is a piezoelectrical constant and C33 is an elastic constant [16].
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Chapter 5

Calculations

5.1 Numerical details

To create a model of Y0.375Al0.625N the special quasi-random structure (SQS)
method was used creating a 128 atom SQS supercell of 4x2x4 unit cells. The energy
landscape for volume versus c/a was then calculated by relaxing the supercell
structure and performing self consistent field (SCF) calculations.

The energy calculations in Y0.375Al0.625N performed in this study are based
on the DFT within the GGA by using the Vanderbilt ultrasoft-pseudopotiential
scheme within the Quantum-espresso (QE) program package [19].

The AlN calculations are done with a (8 × 8 × 8) Monkhorst-Pack k-mesh
grid. The relax calculations for AlN, using different k-mesh (Fig. 5.1b), converge
towards the same energy value at k-mesh of (8 × 8 × 8). Therefore, this k-mesh
setting will give accurate results without using a lot of computational time due to
an excess of k-points.

For YN an optimal Monkhorst-Pack k-mesh grid is (10× 10× 10). Because of
the convergence seen in the results presented in Fig. 5.1a. YN need a somewhat
larger k-mesh, resulting in more k-point calculations than AlN, and will therefore
take more time to complete.

To determine the effect of the kinetic energy cutoff for the wavefunctions,
calculation for YN was performed using two different cutoffs. A higher cutoff will
increase the speed of the calculations. Though, it might also be too high which
will have a negative effect on the quality of the calculation. The results from this
experiment are presented in Fig. 5.2a and show that using the cutoff at 60.0 Ry
will not influence the results other than a small shift in energy. As long as the
same cutoff is used in all the calculations the shape of the energy landscape will
remain the same.

For Sc0.5Al0.5N, the optimum Monkhorst-Pack k-mesh is (4× 6× 4). Results
from SQS Sc0.5Al0.5N using different k-mesh settings are presented in Table 5.1.
The difference in energy is very small when changing the k-mesh to a finer one.
Therefore, (4 × 4 × 4) is a sufficient mesh to use in the SQS calculations for
Y0.375Al0.625N. However, because of the symmetry of the supercell, a k-mesh of
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(a) AlN k-mesh
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(b) YN k-mesh

Figure 5.1: Investigation of the k-mesh for AlN and YN calculations.
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Figure 5.2: (a) Energy at fixed volume using different kinetic energy cutoffs.
(b)Relaxed Y0.375Al0.625N 4x2x4 SQS supercell calculated at volume 1707 Å3 and
c/a 1.57.
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Hexagonal
k-mesh 4 k-mesh 6

-942.86144702 eV/f.u. -942.86144732 eV/f.u.
Wurtzite

k-mesh 4 k-mesh 6
-942.88029521 eV/f.u. -942.88029582 eV/f.u.

Table 5.1: Total energies for w-Sc0.5Al0.5N and h-Sc0.5Al0.5N 4x2x4 SQS-cell using
k-mesh (4× 4× 4) and (6× 6× 6).

(4 × 6 × 4) will be used to be certain of the accuracy in the (0 1 0) direction.
The calculated energy difference between the hexagonal and the wurtzite phase
in Sc0.5Al0.5N is 0.01875 eV/f.u., which is in the expected range[16]. Thus, SQS
calculations performed by QE will produce correct results.

In order to find a range for the Y0.375Al0.625N calculations, the volume of the
energy minima was approximated using Vegard’s rule and the results from AlN
and YN calculations.

The elastic constant was calculated using distortions and Eq. (4.22). The
piezoelectric constant e33 was calculated using the modern Berry-phase approach.
Finally the piezoelectric moduli is calculated using Eq. (4.41).

5.2 Energy landscapes

To find a new piezoelectric material with high piezoelectric response, that performs
well in high temperatures, we need methods to determine the effects when alloying
materials. By calculating the energy landscapes of YN, AlN and Y0.375Al0.625N
we are able to predict the effect on the piezoelectric constants e33 and C33 by
investigating the softening of the energy surfaces due to phase competition. Soft-
ening being proportional to the elastic constant, when the surface is flattened the
elastic constant is lowerd and the material is softer. The sensitivity, i.e. the second
derivative, in the energy surface is proportional to the piezoelectric constant e33.
Additionally, we see that volume mismatch of the parent material phases reduces
e33.

The energy surface of AlN contains a global wurtzite minimum. The results
from the calculations of the AlN energy surface are presented in Fig. 5.3. In this
figure, the global wurtzite energy minimum is visible at c/a: 1.60 and volume:
43.34 Å3 with a u-value of 0.38. The energy surface shows a distortion towards
lower c/a as the hexagonal structure becomes favored.

The YN energy surface contains a layered hexagonal global energy minimum.
The energy surface for YN is shown in Fig. 5.4. Note that the entire YN energy
landscape is located in a volume range 10 Å3 above the AlN minima. The global
energy minimum of the YN energy surface is at c/a: 1.22 and volume: 67.94 Å3.
A u-value of 0.50 in this point confirms that the phase is layered hexagonal here.
There is also a distortion of the energy surface towards a wurtzite structure at
higher c/a. A difference between AlN and YN is the internal volume differences
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(Å

3
/
f.
u
.)

 

 

1.1 1.2 1.3 1.4 1.5 1.6 1.7
19

20

21

22

23

(eV/f.u.)
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

Wurtzite

Figure 5.3: Energy landscape of AlN showing a global wurtzite energy minimum.
The volume is given in Å3 per formula unit.
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Figure 5.4: Energy landscape of YN showing a hexagonal global energy minimum.
The volume is given in Å3 per formula unit.
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Figure 5.5: Energy landscape of Y0.375Al0.625N for a 4x2x4 SQS supercell showing
the wurtzite global energy minimum. The volume is given in Å3 per formula unit.
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between their hexagonal and wurtzite structures. In YN the volume difference
between the hexagonal and wurtzite structure is 67% larger than the difference
between the AlN wurtzite and hexagonal structures.

For Y0.375Al0.625N there is a flattening of the energy landscape due to the
competition between the wurtzite and layered hexagonal structures, the AlN fa-
vored wurtzite phase and the YN favored hexagonal phase. Calculations of the
〈u〉-value at the energy minimum find that the 〈u〉Al = 0.36 and 〈u〉Y = 0.42 giving
〈u〉SQS = 0.37 meaning that the crystal structure is wurtzite in the Y0.375Al0.625N
ground state.

The flattening of the Y0.375Al0.625N energy landscape is proportional to the
softening of the material, the elastic stiffness C33. Fig. 5.5, shows this flattening
of the energy landscape. Compared to Fig. 5.3 and 5.4 the energy surface is much
flatter for Y0.375Al0.625N than for AlN and YN. This is expected for a material
with a large piezoelectric response. Though, it is not as flat as Sc0.5Al0.5N[16].
Note the different concentration in Y0.375Al0.625N. Calculations of Y0.5Al0.5N is
needed to fully compare the alloys.

There is only one stable phase in Y0.375Al0.625N because of the large volume
difference between the hexagonal phase in AlN and the wurtzite phases in YN.
This diverts the direction of the flattening of the Y0.375Al0.625N energy landscape
from the c/a direction. Because the flattening in Y0.375Al0.625N is not as uniformly
directed in the c/a direction as in Sc0.5Al0.5N, which contain two stable phases,
the sensitivity of the u parameter du/dδ is reduced. The sensitivity is proportional
to e33 (see Eq. (4.29)), the piezoelectrical constant in the c direction.
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Figure 5.6: Minimum energy cross sections of the energy landscapes of AlN, YN
and Y0.375Al0.625N.

By comparing the cross sections it becomes apparent that there is significant
flattening of the Y0.375Al0.625N energy landscape compared to AlN and YN. The
minimum energy cross sections for AlN, YN and Y0.375Al0.625N are presented
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Figure 5.7: (a) The elastic constant C33 for ScxAl1−xN and YxAl1−xN alloys at
different concentrations, x. (b) The piezoelectric constant e33 for ScxAl1−xN and
YxAl1−xN alloys at different concentrations, x.

in Fig. 5.6. The AlN cross section shows a thermodynamically metastable area
where the layered hexagonal structure is favored. For Y0.375Al0.625N there is no
local hexagonal minimum in contrast to Sc0.5Al0.5N. Though, the influence of the
competing structures still produces a flattening of the energy landscape, it is just
less pronounced than in Sc0.5Al0.5N. Increasing the concentration of Y, should
increase the flattening and decrease the elastic constant. However, this would still
not produce a second phase and the intrinsic sensitivity to strain in the c direction
will not be as high as in Sc0.5Al0.5N.

5.3 Piezoelectric modulus d33

To be able to compare the results from our ab-initio calculations to experimental
results we need to calculate experimentally measurable properties. Which, in this
case, is the piezoelectric modulus. The piezoelectric modulus is proportional to the
ratio of e33 and C33 according to Eq. (4.41). Y0.375Al0.625N has a high piezoelectric
modulus compared to AlN, though not as high as Sc0.375Al0.625N. The decrease of
the piezoelectric modulus, d33 compared to Sc0.375Al0.625N is approximately 35%.

The elastic constant was calculated using the finite element method in Eq. (4.22)
and the piezoelectric constant was calculated using the Berry-phase method and
Eq. (4.40). The stiffness constant is plotted in Fig. 5.7a where, for Y0.375Al0.625N
it is ∼10% larger than that in Sc0.375Al0.625N which means that it is a harder
material.

The main reason why the piezoelectric modulus in Y0.375Al0.625N is not in-
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creased as much as in Sc0.375Al0.625N is the low piezoelectric constant e33. For
Y0.375Al0.625N it is ∼35% lower than for Sc0.375Al0.625N, Fig 5.7b. Mainly be-
cause of the smaller contribution of the non clamped-ion part in Eq. (4.29) since
the derivative du/dδ is much lower in Y0.375Al0.625N.

The behavior of the constants C33 and e33 for YxAl1−xN when changing the
concentration is thought to follow the behavior observed in ScxAl1−xN. The in-
crease of e33 and the decrease of C33 should become apparent after calculating
other concentrations. Y0.5Al0.5N will be especially interesting since it should have
the optimal e33 and C33.

5.4 Local environment analysis

Compared to Sc0.375Al0.625N the internal structure of Y0.375Al0.625N shows more
distortion from an ideal wurtzite structure. Fig. 5.8 show collections of all the
tetrahedra in the supercell using the Al, Sc and Y atoms as the origin position.
Note that the figures show both possible tetrahedra formations at once, one for-
mation rotated around the c-axis by π/3 with respect to the other.

The distortions in Y0.375Al0.625N comes from the size difference between Y and
Al, which is much greater than the difference between Sc and Al. The presence
of an Y atom instead of an Al atom will influence the surrounding structure more
than a Sc atom would, creating more local distortions.

These distortions decrease the u sensitivity to strain. Since the structure is less
ordered, the movements of the atoms when strain is applied will not be limited to
the c direction. The average change of the u for all the atoms will therefore vanish
in a more ordered structure like in Sc0.5Al0.5N. Since the sensitivity is proportional
to the piezoelectrical constant e33. As the sensitivity is lowered so is this constant.
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Chapter 6

Conclusions and future work

6.1 Conclusion

Ab initio calculations has observed similar effects on the piezoelectric response in
Y0.375Al0.625N compared to Sc0.375Al0.625N. The energy landscape of Y0.375Al0.625N
shows a flattening compared to the parent YN and AlN energy landscapes due to
the competition between the YN hexagonal phase and the AlN wurtzite phase.
The flattening is proportional to the softening of the material, i.e. lowering of the
elastic constant C33. There is only a slight increase of the piezoelectric constant
e33 in Y0.375Al0.625N compared to Sc0.375Al0.625N. By investigating the local tetra-
hedral environment in Y0.375Al0.625N and Sc0.375Al0.625N, we found that this is
the effect of the large volume difference between the Y and Al atoms. The volume
mismatch has been observed to introduce distortions in the material, making it
more internally stable, decreasing the intrinsic axial strain sensitivity and thus e33.
In summary, we conclude the importance of volume matching of atoms to obtain
high piezoelectric response via phase competition.

6.2 Future work

Here are some suggestions for continuing the work presented in this thesis.

• Calculations using the same concentrations that was done for ScxAl1−xN can
be done to confirm that the piezoelectric response in YxAl1−xN is increased
by higher concentrations of Y. It will also improve the comparison with
ScxAl1−xN.

• InN would be a better candidate for alloying with YN than AlN according
to volume matching, since InN is closer to YN in volume than AlN is. It
should therefore be considered when doing further calculations.
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