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Superposition Modulation Based Symmetric
Relaying with Hybrid ARQ: Analysis and
Optimization

Tumula V. K. Chaitanya and Erik G. Larsson

Abstract—We present a retransmission scheme based on su-based cooperative transmission scheme was presented in [6]
perposition modulation for the symmetric relaying scenard when  For anN-user cooperative multiple access system, cooperation
the number of retransmissions for a data packet is limited. V& ,5jnq syperposition modulation has been shown to achieve
consider both diversity combining based as well as code cornb th timal di it ltiolexi in 171, In 181. the tho
ing based retransmission schemes. Under the assumption théie € opuma 'V_ers' y-muluplexing g"_’“n [7]. In [8], the : rs
receiver implements a mechanism that can use all accumulate €xtended the idea to the case of incremental relaying, when
received mutual information when decoding the message, we feedback is available from the destination.
derive the packet error probability (PEP) expressions for te Fading in wireless channels results in the loss of data
proposed retransmission scheme for the case when only onepciets at the receiver. When a feedback channel from the

retransmission is allowed. Based on the PEP expressions dlaxd, . h . . ilable. hvbrid .
we provide a closed-form solution for the optimal superpogion receiver to the transmitter is available, hybrid automepeat

ratio (the fraction of power used for the relaying operation). request (H-ARQ) protocols are used in wireless networks to
Simulation results show that the proposed retransmissioncheme combat the effects of channel fading and thereby to provide

offers significant gains compared to a retransmission scheen reliable data transfer. There are different types of H-ARQ
based on classical decode-and-forward (DF) relaying. schemes proposed in literature, namely type | and type Il H-
Index Terms—Cooperative communications, hybrid ARQ, su- ARQ schemes. More details about these schemes can be found

perposition modulation, outage probability. in, for example, [11]. Many real-time wireless applicason
such as online gaming and video are delay sensitive and these
I. INTRODUCTION applications have specific latency requirements [12]. Imyna

Cooperative wireless systems [1], [2] have attracted mu€HIrent wireless standards like 3GPP — long term evolution
research interest recently due to their ability to provigms- (LTE), the number of retransmissions for a data packet is
mit diversity through virtual antenna arrays. In a coopeeat limited on the link layer. In this study, we assume that the
wireless system, users share their resources to forwaird eg@ximum number of allowed retransmissions for a data packet
others’ data to the destination. Several protocols have bdg fixed to a given number, say. That is, if the destination is
developed in the literature for the operations at a rela§otable to decode the data packet even diteetransmissions,
These are mainly classified into amplify-and-forward (AFthe data packet is dropped.
and decode-and-forward (DF) schemes [3]. For the symmetﬂc
relaying scenario (two users and a common destination, see
Fig. 1), a bandwidth efficient transmission scheme basedConventional H-ARQ schemes can be easily extended to
on DF relaying has been proposed in [4], which uses siglaying systems, and several retransmission protocdss iex
perposition modulation for transmitting the users datais Ththe literature for a single-relay network [13], [14] as waedl for
method of user cooperation has shown to be more bandwidlti-relay networks [15], [16]. In these protocols, degey
efficient than classical DF relaying with the same receivé the availability of feedback at the relay(s), either only
complexity. This idea has been extended to superpositiontfi source or both the source and the relay(s) can manage a
the code domain in [5] and resulted in further improvements fétransmission. An analytical framework for a cooperafe
performance, however this method requires carefully ahosgelaying system with general hop-by-hop H-ARQ transmissio
codes and more complex iterative receivers. A performan®@s presented in [17], where the authors derived an upper

analysis of iterative decoding for superposition modotati Pound on the block-error-rate assuming that the transamssi
from the source to the destination is hop-by-hop through the
Copyright © 2011 IEEE. Personal use of this material is permittedre|ay'
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ACK/NACK for
we expect that the additional gains shown in [5] and [6] B’s data
(with superposition in the code domain and with iterative
decoding) over the original scheme in [4] (with superpositi
in the modulation domain) can also be achieved in case of
retransmissions. We consider two cases in our study:

« Diversity Combining CaseThe transmission from the
relay and all the retransmissions carry the same infor-
mation. At the destination, the receiver combines this
information using maximum-ratio-combining (MRC) to 3
decode the data packet. " ACK/NACK for

o Code Combining Case In this case, all the P, A's data
(re)transmissions carry new information. At theF.
destination, the receiver does code combining to decod
the data packet.

Under the assumption that the receiver implements a mecBase as well as optimization of the superposition ratiohls t

nism that can use all accumulated received mutual infoonatiwork, we also give the proofs for all derivations of the packe

when decoding the message, we derive analytical packetor probability expressions.

error probability expressions using outage probabilitstigsis

for L = 0 and L = 1. We obtain an exact closed-form o

expression for the diversity combining case and an apprc&'— Organization of the Paper

imate expression for the code combining case. For practicaln Section I, we discuss the three transmission methods

receivers, that cannot use all accumulated mutual infaomat considered in this paper. We present the new retransmission

these expressions represent lower bounds on the packet esghieme based on superposition modulation for the symmetric

probability. relaying scenario in Section lIl. In Section IV, we derive
In the initial work of [4], the superposition ratio (i.e.,e&h packet error probability expressions for the proposedmsehe

amount of power allocated for the relaying operation) wade discuss the optimization of the superposition ratio in

optimized through simulations. An analysis and optimaati Section V. Finally, we present simulation results in Setctio

of the superposition ratio for AF and DF based superpositié and conclusions in Section VII.

modulation schemes has been presented in [9]. In the work

of [9], under the assumption that each cooperating node have Il. SYSTEM MODEL

a priori knowledge of its partner’s signal, the author usad a

equivalent multiple-access MIMO channel (with two transmi

8ure 1. The symmetric relaying scenario of [4].

In this section, we introduce the system model along with
the three transmission methods considered in this paper. We
. _are interested in the symmetric relaying scenario as shawn i
s%ig. 1, in which two nodes A and B have data to send to a

the superposition ratio with respect to maximizing the freéeommon destination D. The motivation behind the symmetric
distance of the resulting superimposed constellationhig t

work, we optimize the superposition ratio by using the pEsenario is that it does not require any additional relay(s)

. X . - 0 help the users in transmitting their data. Users cooperat

expressions of both the diversity combining and the code . . . X !

o ] ) among themselves to realize the cooperative diversitys Thi
combining methods for the following cases:

] ] i N scenario can be seen as an example of two users transmitting
« The baseline relaying scheme using superposition moqy-3 common base station in the uplink. Note that “symmetric”
lation. o only refers to the topology of the network and does not
« The proposed retransmission scheme with- 1. mean that the A-B, A-D or B-D channel gains or their
We also present results showing the optimal superposiito r statistics have to be the same. We consider only time-divisi
as a function of the spectral efficiency. Note that the tegphes half-duplex systems with nodes transmitting over orth@jon
presented in this paper can also be used for analyzing nehannels (different time slots). We assume that the duratio
relaying scenarios such as, a H-ARQ transmission systemoifiitime slots is the same for both users. L%t denote the
which an erroneous data packet is superimposed on a new datadata packet of node, k € {1,2,...} andn € {4, B}.
packet as in [20] or the multicast transmission setup in.[21Each data packet consists of a set of modulation symbols
Finally we present simulation results comparing the perfodrawn from a fixed constellatios. We assume that each
mance of the proposed retransmission scheme with a retramaasmission consuméeg channel uses and that we transmit
mission scheme based on non-cooperative transmission areha modulation symbol per channel use. We also assume
retransmission scheme based on the DF relaying schemeahaft we are interested in decoding node As data at the
[13]. We also study the effect of varying the superpositiodestination (node B’s data are treated in an analogous manne
ratio during the retransmissions. Without loss of generality, for simplicity, we assume thiag t
This work is an extension of our conference paper [22], imodulation symbols have unit energy. We consider a block
which we discussed the retransmission scheme using diver$ading channel in which the channel gains are constant gurin
combining only. Herein, we also consider the code combinirggne packet transmission and change independently between
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(a) Non-cooperative transmission.
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(b) Conventional DF relaying.
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| | l | Transmission from
/ / / 1 / ' node B
ACK/NACK ACK/NACK ACK/NACK ACK/NACK
aboutSs, , aboutS.,, aboutS, aboutS.,,

(c) Relaying with superposition modulation.

Figure 2. The three transmission methods considered fosythenetric relaying scenario [4].

the (re)transmissions. Ldtﬁj denote the channel gain fromA. Non-cooperative Transmission

i — j, i€ {4, B} andj € {B, D} during theith transmission  \jith non-cooperative transmission as shown in Fig. 2(a), in
of a data packet. We assume that these channel gains @ siot2k — 1, node A transmits its packet,, and in time
independent and Rayleigh fading, with perfect channeestajiot 25, node B transmits its data packt, . Since the nodes
information (CSI) available at the corresponding rec&viéde o not cooperate, this scheme cannot achieve diversity.
denote the average squared channel gainaby= E |1l |,
vl. We also assume that nodes A and B can transmit Wil ~|assical DE Relay Transmission
average power®, and P, respectively. Now we describe the

transmission schemes considered in this paper, illustrate lr_‘ conventional DF _relaying [1] as shown in Fig. Z_(b)’
Fig. 2. during the first half of time sloRk — 1, node A transmits its

data packetS4, and at the same time node B tries to decode
Sa,- If node B succeeds, it relays, (potentially re-encoded
using a different channel code) during the remaining half of
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"A’ transmits S,
Is1> L2 Decoded by 'B'?
No
t=t+2
E=k+1
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(a) Retransmission scheme for a non-cooperative system. (b) Retransmission scheme based on DF relaying.
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» <€
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Decoded by 'B'?
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t=i+1 =0
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ARQ request, ‘B’ transmits S, as
superimposed data
t=t+1
l¢
I=1+1 "
T No Yes
Decoded by 'D'?

(c) Proposed retransmission scheme using superpositighulatmn based relaying.

Figure 3. Flowcharts for the retransmission schemes ceresidin this paper.

the time slot. During time slo2k, the procedure is repeatedwherew,, , andwg, , denote the additive noise at nodes

for the packetS;, . When the inter-user channel is strong, eadd and B during time slo2k — 1. Node B decodes$,, using

data packet is transmitted from both the users and hence thimaximum a posteriori (MAP) detector as described in [4].

scheme achieves a diversity order of 2. A precise analysisAgsuming successful decoding 6f,,, node B re-encodes it

DF relaying is given in [23]. to obtain the packes;k and transmits it using superposition
modulation along with its own data packét, in time slot

C. Superposition Modulated Cooperative Transmission ~ 2k. The received signals at nodes D and A during time slot

In the superposition modulation based cooperation of [Aﬁk can be written as:
along with its own data, each node forwards the data ovethear
from other node in the previous time slot using superpasitio
modulation. The amount of superposition is varied by the y,, —=./P,h% (\/ﬁsBk + ﬁsgk) + wp,,
superposition ratiey, which is the fraction of the total transmit ,
power allocated for the partner’s data. As shown in Fig.,2(C) ¥Ya,, =\/P_Bhi’f3 (\/1 —Sg, + WSAk) + Wa,,
during time slot2k — 1, node A transmits its own packet
S., superimposed with node B’s packﬁfglH which it has
received during the previous time slot. The received sigaal
nodes D and B during time sl@k — 1 can be written as:

)

wherew,,, , wa4,, denote the additive noise at nodes D and A
during time slok. The destination node recovesg, using a
Yny ;=1 /Pahi’}’l ( 1—~ 7S, + \/75;3;671) +wp,, | MAP detector by_operating on the informatior_1 received dyrin
, the two successive slo&k — 1 and 2k [4]. Without loss of
YBop_1 =V PAhikB_l (\/ 1—~S4, + WSB,H) + wpg,, , generality, we assume that the noise samples per channel use
(1) atthe nodes A, B and D are i.i.d. with distributiév" (0, 1).



Time slots

t t+1 t+2 t+3 t+4 t+5 ‘416
SAi + SBJ‘—l 3 SB; + Slm 3 SAL + S/B.w 3 SBH—l + Sih 3 SAL+1 + S;ﬁ—l ESBJ‘FI + S/Ai+1 3 SA"+2 + SBJ+1 :
ACK for S, NACK for S, ACK for S, NACK for 5.,  NACKfor S, . ACK for S, ACK for S, .,
-1 g node A drops o
Sa,
§ 7/
Transmission Transmission
from node A from node B

Figure 4. An example scenario of the proposed retransmisstbeme based on superposition modulation based relaythgiw= 1.

1. RETRANSMISSIONSCHEMES FORTHE SYMMETRIC NACK signal from node D for its packef,, transmitted
RELAYING SCENARIO during time slot2k — 1, node A retransmits it during the

In this section, we present our new retransmission schefifgt half of the odd-numbered time slots and node B also
based on superposition modulation for the symmetric ratayi"€lays 5., during the other half of the odd-numbered time
scenario. Before that, we briefly describe a retransmissii9ts- In this retransmission protocol both node A and node B
scheme for the non-cooperative transmission as well agéransmit the data packet of node A which was in error.
retransmission scheme based on DF relaying. We chose these
base retransmission schemes from [13] and adapted theniCtoProposed Retransmission Scheme for the Symmetric Relay-
the symmetric relaying scenario. We consider type-ll H-AR@Mg Scenario
schemes with both diversity combining and code combining. Fig. 3(c) summarizes the proposed retransmission scheme
In case of the H-ARQ scheme based on diversity combiniR@ing superposition modulation based relaying. If the pack
(ie., 5, = Sa, and the same5,, is retransmitted if the g, s in error, node A will retransmit the same packet during
original transmission is in error), the receiver performBR®™  the odd-numbered time slots and superimpose node B's data
to decode the data packet. For the code combining case, W8t it received during the previous slot. During the even-
assume that the duration of the time slots for retransnriss® numbered time slots, node B will transmit its own packet (a
the same as that of the first transmission. We also assume @ packet or a retransmitted packet) as well as node As
the ACK/NACK signals sent by D are received both by node fiackets', using superposition modulation. This procedure is
and node B and that the feedback channel is instantaneous @ggkinued untilS,, is successfully decoded by node D lor
error-free. The source node (A in the present case) mastajgaches its upper limit.

a retransmission index countérand increments it for each An examp|e scenario of the proposed retransmission scheme

new retransmission. If becomes greater thah, it drops the with only one allowed retransmission is shown in Fig. 4. As

current packet and transmits the next one. shown in figure, when node A receives a NACK signal for the
packetS,, at the end of time slot+ 1, during time slott + 2,

A. Retransmission Scheme Based on Non-cooperative Tra@de A retransmits,, along with node B's packef,, using
mission superposition modulation. During time slot- 3, node B also

In a conventional non-cooperative retransmission pratoctt/ays Sai us(;ng supgrposr:tlo_nfmodu_latlo_n. The dgsctjlnz?\tlon
node A retransmits the erroneously received packet in fies to decodes’,, using the information it received during
allocated slots (odd-numbered time slots in Fig. 2) until fjme slotst to t+3. If it has not succeeded in decoding, it again

receives an ACK signal or it reaches the maximum number%‘?nd_s_ a N?Cﬁas\iggal_foS?i as_show(r; inAtr:je figurﬁ. AfteL
retransmissions limit. Note that node B does not contribate "€¢€VIng the signal again, node A drops the packet

the retransmission mechanism here. A flowchart for the noné: ano_l tr_ansmltsSAM in time slot¢ + 4. In gene_ral the :
cooperative retransmission scheme is shown in Fig. 3(a). packet indices of the users need not be synchronized during
the superposition operation.

o ] The proposed retransmission scheme with superposition

B. Retransmission Scheme Based on DF Relaying modulation based relaying has the same complexity as that of
Fig. 3(b) shows a flowchart of the retransmission schentige retransmission scheme with DF relaying. In both retrans

based on DF relaying that we consider. After getting thmission schemes, decoding operations need to be performed a



the cooperating node as well as at the destination node. Evetunder the assumptions stated above, we derive the packet
though joint detection is performed at the destination nfiode error probability (PEPL) expressions for the proposed
the proposed method, the complexity of soft demodulation ssheme whenL = 0 (after the first transmission) and
the same as that of the DF based scheme. This is due to the fact 1 (allowing for one retransmission). For mathematical
that the target spectral efficiency (number of bits per cklnriractability, we assume that node A always uses superpositi
use) of the DF based scheme is twice that of the proposmddulation during its transmission (that is, node B’s data i
method. always successfully decoded at node A). We also assume that

If one can design codes similar to the ones in [5] for théae nodes use the same superposition ré&fipvalue during
scenarios involving retransmissions considered herdian t the retransmissions.
superposition in the code domain could be used instead ofWe use outage events to characterize whether node D sends
superposition in the modulation domain. The complexity @n NACK/ACK signal after a transmission. A transmissiorklin
the receiver for the code-domain superposition schemedvowlith a received SNR off and a target spectral efficiency of
depend on the specific type of channel codes used. \Webits per channel use (bpcu) is in outage if the instantaneous
therefore have chosen not to include quantitative comgylexispectral efficiency given by I = log, (1 + 3) is smaller than
comparisons between the proposed retransmission sche®ndhe probability of outage can be written as:
with modulation domain superposition and code domain su- N
perposition. Pou = Pr(I < R) ®)

In the retransmission schemes based on DF relaying and et 1!, denote the average spectral efficiency along the path
superposition modulation which use node B for relaying, _, ; during theith retransmission and lét, .. (zy, 2y™)
we assume that the source node sends a “new packet” fifgote the average spectral efficiency at npdéter the MRC
bit with each data packet to enable node B to distinguigl a function ofry' andzy™, i.e., the information it received
between a new packet and a retransmitted packet. Baseda@dhg the pathe — y in the ith transmission and along
this information, node B will try to decode the retransntittetne path — y in the mth transmission respectively. Note
packet from node A only if it was not successfully decodeghat ; — 0 corresponds to the first transmission. Under the
during the previous (re)transmissions. assumption described earlier in this section, as an example

write I, = log, 1+Pf;alAD), whered!, , = \hlAD\Z, | =
IV. PACKET ERRORPROBABILITY ANALYSIS 0,1,...,L, with

In this section, we present analytical expressions for the 1 t
Hi 1 1 fl(t): at>01
outage probability of the proposed retransmission scheme @ Nij
based on superposition modulation. In superposition madul _
tion based relaying, the destination receives informagioput With ¢ € {4, B} andj € {B, D}.
a user’s data from both the nodes in two successive time slots
We assume that the receiver can use all data received in feAnalysis for the Diversity Combining Case
past and that it has a mechanism to accumulate all the r@belvel) Derivation of PEPY._: When there are no retransmis-

mutua_l informati_on abou_t a d_ata packgt for performi__ng &ons allowed(L = 0), the packet error probability for the
decoding operation. The iterative detection and decodiitly Wdiversity combining case can be written in terms of the

w;terferenge cancellation app:jroacr?_ of [6] is one wa% Of'ggttl probability of two disjoint events. First event being thaiH
close to this in practice. Under this assumption, the resulty,o jinks 4 . B and A — D are in outage simultaneously

that the SNR at node D for node A's data during two successigﬁd the second event being that even thodgks B is not in

. ’ 2 ’ 2 ’ A
SIQtSA ISP, |hap| aITdeB || ' erlerePA — Pﬁ (1-~)and outage, the destination is still in outage even after récgiv
Py :fPBHV' NOtelF ?t or pracnca SyTten:ijt ar: cannq\t}g:a ata alongA — D and B — D. By using the fact thatv, ,
use of all mutual information accumulated by the receives, t , anda,,,, are independent, we can write:

packet error probability expressions that we derive in what'
follows represent lower bounds. PEPY,, =Pr (19, < R)Pr (IS, < R) + (4)
A similar interferenc_e-free separation of users data apsum Pr (19, > R) Pr (Iuse (AD°, BD®) < R)
tion was also made in [10]. The paper [10] assumed that _ = _
perfect Costa precoding (also known as dirty paper codinghere 2 is the target spectral efficiency in bpcu and
DPC) [18] could be performed at the cooperating nodes.
However this assumption appears to be invalid, since one Tire
cannot use the assumption of perfect DPC for the symmethch is the number of information bits. theR — 22 Usin
relaying scenario with superposition modulation and aehie Il > nu " ' IS, Ihel = 7. Lsing
the SNRsP’ IhAD|2 and P’ IhBD|2 in two successive time the result in Appendix A, (4) can be S|mpl|f|edAtola£Qve at
A B . . s —
slots. The reason is that DPC is applicable only in scé@ shown on top of the next page, which X,,» =

PiXap’
narios where the destination is not interested in decoding
1

(AD, BD") = log, (1+ P, + Phal, )

the interference data. whereas in Symmemc relaying using This assumes an infinite block length and a Gaussian code btmkever
’ fogJ many practical schemes with adaptive modulation andngpdhe instan-

superposition modulation, the receiver is also interested (yn00us spectral efficiency can be expressedl aslog, (1 + ¢ 3), wherec
decoding interference (partners’) data. is a penalty factor (distance from the Shannon capacity). [19



[1 —exp (Xap)] [1 — exp (Xap)] + exp (Xap) X

exp(X .
— [1 —exp (X pp) — SREAD) (] _ oxpy (XBD5))} . 8 £0 -
[1 —exp (Xap)] [1 — exp (Xap)] + exp (Xap) %
[1—exp(Xpp)+ Xspexp(Xap)l, if6=0
PEPY, = Pr (Iyyne (AB°, AB') < R) Pr (Iyinc (AD°, AD') < R) + Pr (IS, < R, Lunc (AB°, AB") > R) x @)
Pr(Iyre (AD°,AD', BD") < R) + Pr (I3, > R) Pr (Ii;pc (AD°, AD', BD°, BD") < R)
(1 —exp(Xap) (1 — Xap)][I —exp(Xap) (1 — Xas)| -
Xapexp (Xap) [1 —exp (Xpp) + 22Xap)Xap=D) (1 _ exp (X ;5,0)) +
(1—0)exp(Xap) (exp (XBpd) (XBD — —) )}
eXp(XAB) |:1 — eXp(XBD) (1 — XBD) +exp (XAD) (XAD — 1) X
(0 (o) (K52 — &) 4 ) +
PEPéiV: (1—5)exp(XAD) (eXp(X306)< XBD +2XBD _%)_’_%)]7 if6 #£0 (8)
(1 —exp (Xap) (1 = Xap)][1 — exp (Xap) (1 - Xap)] -
Xapexp (Xan) [1 —exp (Xpp) — exp (Xap) (Xap — 1) Xpp + w] +
exp (XAB) |:1 — exXp (XBD) (1 — XBD) +
exp (Xan) (Xap — 1) Xpo — o0Xan)XanXhp | if5 =0
PEP., =Pr (IS, + I}, <R)Pr(I,+ I\, <R)+Pr(I%, <R, IS, +I.,>R)x (12)

Pr(I8, + I\, +15, <R)+Pr(IS,>R)Pr (1, + I\, +1I3,+1}, <R)

X, 2 % X,, 2 1,_2R ands 21— PBi& By B. Analysis for the Code Combining Case
AD

using a series expansion, it can be shown that” 1) Derivation of PEP? : In case of code combining at the

destination, when there are no retransmissions allowes, th

packet error probability can be written similarly based be t

1 1
PEPgiv =X pXas+ EXADXBD +0 (ﬁ) (6)
ﬁjomt events described in section IV-Al as:

From (6), we see that the superposition modulation base
relaying scheme has a diversity order of 2. 0 0 0
2) Derivation ofPEP,, : When only one retransmission is PEPce =Pr (I3, <R)Pr(L, <R)+ (10)
allowed (L = 1), the packet error probability for the diversity Pr (I3, > R) Pr (I3, + I}, < R)
combining case can be expressed in terms three disjointseeven
that the destination is still in outage depending on wheth8implifying Pr (19, + I3, < R) as in Appendix CPEPY,
the link A — B is i) in outage after one retransmission or iican be written as:
in outage after first transmission but not in outage after one R R
retransmission or iii) not in outage after first transmissio pppo _ x 2°Rn2-2"+1 <L> (11)
Sincea.,p, auy anday, are independent, we can write this ¢ PP AapAsp p3
outage probability as shown in (7) on top of this page. By
simplifying (7) as in Appendix B, we arrive at the expressiodhis scheme also achieves a diversity order of 2.
in (8) shown on top of this page. We can show that using a2) Derivation forPEP_: When only one retransmission is
series expansio?EP);, can be written as allowed, the packet error probability for the code comhinin
case can be written similarly based on the disjoint events
1 ) described in section IV-A2 as in (12) shown at the top of
P5 ) this page. Simplifying (12) as in Appendix (PEP.. can
be written as in (13) shown on top of the next page. The
From (9), we see that with one additional retransmissioexpression in (13) shows that the proposed retransmission
we can achieve a diversity order of 4 with the proposestheme achieves a diversity order of 4 for the code combining
superposition modulation based retransmission scheme. case.

1 1 1
PEP};, = fomxfw + EXABXiDXBD + ﬁX X2, +0 (



(2fRm2-2f 1 1) (28-1) (2R (RIn2)® -2 (2RRIn2 — 2% + 1))

PEP({C == 4 + 7\3 / +
(PA) /\?AD)‘QAB 2 (PA) PB/\?AD/\BD)‘AB (13)
2% (RIn2)° = 3 (2% (Rn2)*) + 6 (2" RIn2 - 27 4 1) )
/ / 2 + O <_5>
6 (PP, AapAsp) P
8 s (2%-1)7 . . -
where K, = o for both the diversity combining (D.
A .. . .
7t |——L=0 A C.) and the code combining (C. C.) methods dfigis given
—e-| = . by:
L=1 .
T <] ") o p.c
A e l PaPraprsn O G C.
0_% ar g A closed form solution to this optimization problem can be
;8 ,,f" obtained by taking the derivative of the objective functiaith
i o T respect toy and equating it to zero as follows:
2 - 0 2K 1 1
L f(;(v): 13+K2[ o 0
L ] v (-7 y1-y7 P0=7)
oo~ 2K Ky (2y—1
% 1 ‘2 g z‘l _;, é 7 :>(1_1)3 22((17_ )2)_0
R (bpcu) Z v v
= 2K1v"+K2(2v—-1)(1—v)=0
Figure 5. Power gain in dB for the code combining case overdibersity — 72 (2K1 _ 2K2) + 3Ky — Ky =0

combining case as a function &. We have usethap = Aap = App.
The optimal superposition ratio fdt = 0 is given by:

_ A/ 2 .
70 B { 3Ko+ 8K1K2+K2 |f Kl # K2
opt T

C. Maximal Ratio Combining vs Code Combining

In this subsection, we compare the analytical packet error ) 4(K1—K2)
5 if {1 =K,

probability expressions derived in Sections IV-A and IV-B. 3

By assuming thatPy = Pp = Puaiv for the the diversity For diversity combining, we see that the optimal superjmsit
combining case an®®y = Pp = P for the code combining ratio for &, +# K, is independent oR as both numerator and
case, we are interested in computing the power gain for thgnominator values scale by the same factor in (15) for fixed
code combining case over the diversity combining case. Rgfjues of average channel gains and the average power values
L = 0, by neglectingO (£5) terms, we computef= by Note that this conclusion is not valid for the code combining

i

equating (6) and (11). Similarly fof. = 1, the power ratio ¢ase.

is computed by neglecting (35) terms and equating (9)

and (13). Fig. 5 shows the power gain for code combining For 7, — 1
scheme over the diversity combining scheme as a function of = . . .
R. As we see from the figure, when there is one additional Using the approximate PEP expressions from (9) and (13)

H 1
retransmission, the gain for code combining over diversifé‘/ngm?ze;:gﬁt'ngoggerg PS) terms, we can formulate the
combining is significant. P P

(15)

C C C!
O<Irlyli<%-5 f2 (7) = (1 _1 )4 + (1 _ 2)3 + (1 _ 3)2 2
V. OPTIMIZATION OF THE SUPERPOSITIONRATIO h_ - v L 7
where
In this section, we discuss the optimization-pbased on (25-1)" for D. C
. . . . 432 2 . .
the PEP expressions derived in Section IV. Oy 2 4PaNapNag
(2" RIn2—2"41)
—5iy 2 o for C. C.
PA)‘AD)‘AB

A.ForL=0

Based on the PEP expressions for the diversity combining'n this work, we assumed that the same superposition rafigeva is
used for all the transmissions. This assumption may be gkred. If v

and the code combining cases, one can numerically optimiz@ -, denote the superposition ratio values during the first trassion and
the superposition ratio by considering minimizatiorP(EPgiV the retransmission for the case bf= 1, one can write the corresponding

andPEP?, subject to) < v < 0.5. From the approximate PEP©Ptimization problem as:
expressions in (6) and (11) and neglecting hé3;) terms,

. VI . C1 Ca
we have the following optimization problem: 0= 92205 (L= 32 (1= 72)® | (1 =72 (1—72)72 |
C3
K K>
' = 14 (=) (I =72)7
onin o f1(v) + (14) V11 =12)7

(1—7)° (@=7)7v



(r)*

C, 2 6P3PeA% ;A BDAAB for . C. 10°
27 (2F-1)(2F(Rm2)?—2(2%RIn2—2711)) for C. C I
Iz AT v Yy ort. L. I
and ; T, L=0
o TExal
(2R71)4 10 g‘\‘-\
O 2 24(PaPXapisp)? for D. C. \'."'"-\\...
3 2"%(RIn2)*—3(2"(RIn2)?)+6(2" RIn2—2"+1) for C. C 1020 ’
6(PaPeAapABD)> or &. . E
o,
Using a similar technique as in Section V-A, taking thi 107
derivative of the objective function with respect tp and .
equating it to zero, we have: 0% [ o Empirical
. —— Analytical-approx.
0 4C 3 1 10 ) 1
f;vw) = i ;)5 + Cs T 7)4 X 7)3 + —— Analytical-exact ,
2 2 10710 1‘2 £4 SNR%‘e(dB) 1‘8 éO 22
Cs (1- 7)3 ~2 a (1-— 7)2'}/3] B (a) With diversit ini
y combining.
4C 4v—-1)C 4y —2)C
L (27 ) f+(37 ) 5y
(I=7)" 1 =7)" +¥*1-9) 10
which gives the following cubic equation: Fee
107 TETe-l
(4Cy — 405 + 4C3) v% + (5C2 — 10C3) v*+ T L=0
-2 ~!‘~.
(803—02)’}/—203:0 (16) 10°¢ "‘€_~
[ *~_Q-~
The optimal superposition ratiq;pt can be obtained by 16°L % Tt
solving for the roots of (16). Since the constant ter2C’s) I
is negative, there is at least one positive real root for thsac &0l
equation. Furthermore, we can show that the Hessian of §16 L=1
always negative a€';, C; andCs are bounded in the interval 10°k
(0,1] for high SNR values. Hence there is a unique positiv a Empirical
real root for (16), which is the solution fqrgpt. WhenL =1, 10°% | Analytical-approx.
7§pt is independent of the spectral efficiency for the diversit .
combining case. T 12 1 < 1‘6(d ) 18 20 22
NR (dB
VI. SIMULATION RESULTS (b) With code combining.

In this section, first we compare the analytical packet erreigure 6. Analytical and empirical performance comparisfrihe packet
probability expressions derived in Section IV with empatic er_:gr ptrobabil_itY_for th; prOD?Sedf Sutr;]erpf?siti?r:_ mgiﬂhgti)ased/\relaying
results. Then we present results illustrating the vanet ‘;V;Drira;jg'sls_.,'g”i If;a:eoeésB o eoz't?r;”u;';’”val'fes e
the optimal superposition ratio as a function of the spéctréections V-A and V-B are used for generating the plots.
efficiency for fixed values of the average channel gains and
the average transmit power values. Finally, we compare the

performance of the proposed retransmission scheme balsed tina th For the di it bini e
on superposition modulation with the non-cooperativearetr or generating the curves. For the diversity combining ¢

mission scheme and the retransmission scheme based on irical (blue) curves are_obtained by generating the_rq:dfalan
relaying discussed in Sections IlI-A and IlI-B. For all thedains randomly and numerically comp_utmgthe probabﬂltn_a
simulation results, we havé,, = A = Aip = A, (4) and (7) (using Monte Carlo evaluation). For the “analyti

P, = P, = 0dB. We define the average SNR (per chann act” (red) curves, we have used the ex_pressions in .(5). and
use) as2 . Modulation symbols have unit energy and the noi ) to compute the packet error probability by substituting

> . . o the values ofP,, Py, Aap, Asp, Aas and R. The “analytical-
Ei?r\:\:ﬁ;gori setto 1. The SNR is varied by varyingin the approx” (black) curves are high-SNR approximations oledin

by neglecting theD () and O ($5) terms in (6) and (9)

. . respectively. For the code combining case, the empiricalesu

A. Analytical vs. Empirical Results are obtained by Monte Carlo evaluation of the probabilities
Fig. 6 shows a comparison of analytical and empiricaising (10) and (12), and the analytical approximations are

(using Monte Carlo simulation) results fBHEPL for both the the high-SNR asymptotes in (11) and (13). From Fig. 6(a),

diversity combining and the code combining cases. We hawe see that analytical-exact result matches closely wiéh th

usedR = 2 bpcu,A\,p = A\gp = A5, @and P, = P, = 0dB empirical result, proving the correctness of the expressio

in the simulation. Optimum superposition ratio values aedu derived in this work. From Figures 6(a) and 6(b), we also
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SNR (dB)

. . " . ) = (a) With diversity combining. A rat%— convolutional code with a con-
Figure 7. Optimal superposition ratip as a function of spectral efficiency. g ain length 7 and the generator function @f(133,171) is used for
The average channel gains for all the paths was set to 1 andv#t@ge e simulation. The number of information bifé; is set to 970. BPSK
transmit power for both the users was set to 30 dB. modulation is used for non-cooperative transmission atalirey with
superposition modulation, and 4-PAM modulation is usedXBrrelaying
case. The number of channel uses per transmissi@h=is2000.

see that the analytical approximation is tight for SNR value
higher than 15 dB for both the diversity combining and th
code combining cases. We can also see the difference in
diversity order for the curves witlh = 0 and L = 1.

20 25 30

B. Optimal Superposition Ratio

The variation of optimaly as function of R for both the 10°

diversity combining and the code combining cases is shou
in Fig. 7. From the figure, we see that for fixed average pow
and average channel gain values, the optimial independent
of the spectral efficiency for the diversity combining case ¢
discussed in Section V. For the code combining case, t
optimum~ is a function of R, and also a function of. for
higher values of?. Note that the optimurmy values shown in
the plot are slightly higher than the values obtained thhouy
simulations in [4]. The reason for this is that in our anadysi SNR(dB)

here, we assumed a Gaussian code book and interference-fse®ith code combining. A rate- convolutional code withV; = 972
decoding at the destination. However in the simulations RS is used for the simulation. The constraint length far ¢bde is 5 and
[4], a fixed BPSK constellation was used and the effect érgeegenerator function i& (37, 35,27, 33, 25, 35). BPSK modulation is

L ; : d for non-cooperative transmission and relaying witheguosition
interference from the superimposed signal was also preseiatiulation, and 4-PAM modulation is used for DF relayingecaBhe

during the decoding operation. number of channel uses per transmissiofl’is= 2000.

|
a
10°

—&— Non-cooperative transmission

10"

—e— Classical DF relaying

ulation
I
20

—e— Relaying with superposition mod
I I I
0

I
-5 5 10 15 25

Figure 8. Link-level simulation results of packet error Ipability comparison
for different L for both the diversity combining and code combining cases.

C. Performance Comparison for Differeiit

Fig. 8 shows an empirical comparisonEP” for different
values of L for both the diversity combining and the code
combining cases. For the diversity combining case in Fig),8(
we considered a rat§-convo|utional code with a constraint
length of 7 and generator functidi (133, 171)%. The number
of information bitsN; is chosen to be 970, and after appending *°
CRC and convolutional encoding, we have 2000 coded bits for

« For non-cooperative transmission, 2000 coded bits are
transmitted from node A i’ channel uses with BPSK
modulation.

For cooperation using DF relaying, 2000 coded bits are
transmitted from node A ir% channel uses with 4-PAM

transmission. The number of channel uses for transmission
is fixed to 2000. We transmit these coded bits using the three
transmission methods as follows:

30ptimal in terms of free distance [25].

modulation. If node B decodes node A's data successfully,
it relays node As bits in the remainin§ channel uses
with 4-PAM modulation.

For cooperation using superposition modulation based
relaying, node A transmits its 2000 coded bits as well as
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bit stream 1

> Block 1 (B1)

bit stream 2

Input bits bit stream 3
CRC .
— Convolutional encoder| p; Block 2 (B2)
encoder bit stream 4

bit stream 5
bit stream 6 > Block 3 (B3)

Transmission

/‘ ' / ' / from node B

NACK NACK ACKI/NACK

slot ¢ slott + 1 slot ¢ + 2 slott+ 3 slott 44 slott+5
BL LB I B3 |
NACK NACK ACKINACK
(a) Non-cooperative transmission.
slot ¢ slot¢ +1 slott + 2 slott +3 slott +4 slott+5
| 1 | 1 N
| | | | | - N
B1| B27% 't B3| Bl7, it B2| B3 ) |
! Transmission
/ 1 / } /  from node A
NACK NACK ACK/NACK
(b) Conventional DF relaying.
slot ¢ slott +1 slott + 2 slott +3 slott +4 slott+5
; s s § 1 i 7
| ! ! | ! ! %
B1 ' B2 ) B3 | Bl ! B2 | B3 !

(c) Relaying with superposition modulation.

Figure 9. Simulation model for the code combining basedansimission scheme using the three transmission methods.fétesimplicity, we show only
the transmission of data corresponding to node A. In the digais an example case, we assumed that the destination ibledb alecode node As data after
one retransmission.
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Time slots

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

SAt +SB]71 i Su +S;1. 3 SA : S

] i 1 i PB4

+8, 4 S, ' Sa,, + 5,

Bjt2

ACK for S, , NACK for ., ACK for S, NACK for S,

Transmission
from node A

Figure 10. An example scenario showing the case in which Wodees not

VA I A .

ACK for S, ACKINACK  for

__

Transmission
from node B

use superposition during retransmission of itsneous data packets.

node B’s data ifl" channel uses with BPSK modulationtransmission, and DF relaying, we showed the time slots as

(before superposition operation) for its data. In the ne

klank indicating that node A's data is not getting transedaitt

time slot, if node B has successfully decoded node Aduring these time slots. For the retransmission schemejusin

data, it relays node A's 2000 coded bits using BPS
modulation (before superposition operationYirchannel
uses.

Kuperposition modulation, during each time slot, we showed
only the data corresponding to node A. With 972 information
bits, after appending CRC and convolutional encoding, we

« For the retransmissions also, the same modulation melfave 6000 coded bits at the output (6 output streams and

ods are used with repetition of coded bits.

We set the superposition ratio valuetc= 0.15 and used the
same value ofy for all retransmission$.For L = 0 and at a
packet error probability o103, relaying with superposition
modulation has a performance gain of 2 dB compared

hence rate%). These 6000 coded bits are divided into 3 blocks
(B1, B2 and Bs) of 2000 bits each. The number of channel
uses per transmissidf is set to 2000. Transmission is done
using these blocks in an incremental redundancy fashion as
fellows: ©.

the classical DF r8|aying. This result is in agreement with o As shown in F|g g(a)' for the non-cooperative transmis-

the results in [4]. When. = 1 and 2, the performance
difference between relaying with superposition modutatiad

sion, node A transmits the bloci3,, B, and B3 during
each of its allocated time slots. A8 is set to 2000, we

DF relaying is 2.4 dB and 2.9 dB respectively. Note that with  yse BPSK for modulating the coded bits.

L = 2 and at a packet error probability af)—3, the non-

o Fig. 9(b) shows transmission using the incremental re-

cooperative retransmission scheme is performing bet&n th  dundancy based retransmission scheme with DF relaying.
the retransmission with DF relaying. This is due to the fact The T channel uses are divided int§ channel uses

that the target spectral efficiency is double for the DF bas
relaying scheme and that its diversity advantage is conmtug i
picture only for packet error probability values smallearth

1074

ed each between the nodes A and B as they cooperate with
each other. For this case, 4-PAM modulation is used
as each block of 2000 bits should be transmitted using

% = 1000 channel uses. Ifh,, = 0, at the end of

The result for the code combining case is shown in Fig. each transmission, the destination node will have the

8(b). For this simulation, we used a r%econvolutional

same amount of information as in the non-cooperative

code with a constraint length 5 and generator function transmission scheme.

G (37,35,27,33,25,35)°. We transmitted the coded bits in

o Fig. 9(c) shows only the transmission of node A's data

an incremental redundancy fashion as shown in Fig. 9 for ysing the proposed retransmission scheme with incremen-
the three transmission methods. In Fig. 9, for simplicity, tal redundancy. In each transmission, 2000 coded bits

we showed only the transmission of data corresponding
node A. During the time slotg + 1,¢ + 3 andt + 5 in the

to  are transmitted irf” channel uses. Here, node As data

figure, for the retransmission schemes using non-cooperati 6Note that here we have used repetition of blocks for retrégson

4Optimized through simulations. Note that the,: shown in Fig. 7 is
optimal only under the assumption described in Section |9 anGaussian
code book with an infinite block size.

50Optimal in terms of free distance [25].

schemes with DF relaying and relaying using superpositiodutation. This

is not strictly optimal, however, combination of standatthiecnel codes and
repetition generally performs well for very low rates. Irseaf retransmission
schemes with DF relaying and relaying using superpositioodutation,

ideally a rate-1/12 code should be used in this setup.
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D. Varying Superposition Ratio for Retransmissions

Next we present simulation results for the case in which
node A transmits its own packet without superimposing the
partners data during the retransmission. Node B still trétss
node As packet, which was in error, using superposition
modulation. In a way this scenario reflects the case in which
node A is not “fair” to node B. Fig. 10 shows an example of
4 this scenario. As shown in figure, node A does not superpose
node B’s data during retransmission of its packgt in
time slotst + 2 andt¢ + 4. However node B still superposes
SA during time slotst + 3 and ¢t + 5. The motivation for
this simulation is that if the receiver could send additiona
feedback about the reliability of the previous transmissjo

—&—y = 0.15 for the retransmissions at node [A

—e—y = 0 for the retransmissions at node A

. ‘ ‘ ‘ ‘ ‘ N ‘ the transmitter could vary its superposition ratio (redtlue

R 0 2 4 6 8 10 12 power allocated for partner’s data) during the retransionss
SNR (dB) Fig. 11 shows a performance comparison of the packet error

(a) With diversity combining. probability with diversity combining and code combiningr f

the case when node A does not superimpose node B’s data
during the retransmissions. We see that, wies 2, setting

~v = 0 for retransmissions at node A can only provide a
marginal gain of about 0.5 dB at a packet error probability of
102 for both the diversity combining and the code combining

10°F L=1 3 cases. This result shows that even if the node, whose packets
are in error is not “fair” to the cooperating node, the gains i
- can get are not significant.
Hg2 E
P VII. CONCLUSIONS
L=2 The proposed retransmission scheme based on superpo-
o | sition modulation based relaying has superior performance
—a—y = 0.10 for the retransmissions at node|A compared to the retransmission schemes based on classical
—o—y= 0 for the retransmissions at node A N DF relaying _angl non-cooperative transmission. When only
two retransmissions are allowed, at PEP values of integest,
10— 5 5 n . s 10 12 non-cooperative retransmission scheme has better pexfmen
SNR(dB) than the baseline retransmission scheme based on DF mglayin
(b) With code combining. With the proposed retransmission scheme for the symmetric

' - _ relaying scenario, nodes can still cooperate with eachrothe
Figure 11.  Packet error probability comparison for the caden no  ayen when their packets are received in error at the deistinat
superposition modulation is used at node A during retrassion of its h . h ith di . bini
erroneous packets. The simulation parameters are sirpiltiret ones in Fig. For t_ € retransmls-sllon SC_ eme wit Iversity combining,
8. the optimal superposition ratio is independent of the spéct

efficiency. For the retransmission scheme with code combin-
ing, with fixed average powers and average channel gains, the
optimal superposition ratio depends on the maximum number

of retransmissions allowed at high spectral efficiency eslu

gets transmitted both from node A as well as node B
using superposition modulation. In this case also, when
h.sz = 0, this scheme reduces to the one with non-
cooperative transmission scheme (this is the basic ide
of superposition modulation based cooperation schef€ Note that

APPENDIXA
PROOF OF(5)

(,jl‘t"EPgiV can be derived as follows. From Equation (4), first

proposed in [4]). Pr(I%, < R) £Pr (log2 (1 + P;agB) < R)
R
=Pr (agB < %)
For the simulation, the superposition ratias set to 0.1. For SR, 4
L = 0 and at a packet error probability ®6—2, relaying with Y A t it
superposition modulation shows a performance gain of 2.4 dB o /t:O Aas oxXp <_E)
compared to the classical DF relaying. Hor= 1 and 2, the =1 —exp (Xas) (17)

gain for the relaying with superposition modulation ovee th
DF relaying is 2.5 dB. 7Optimized through simulations.
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Similarly, we have Defining Py £ Pr (1Y, < R, Lirc (AB°, AB') > R), we

have
Pr (19, <R)=1—exp(X.p) (18) oR _ 1 oR _ 1
0 1 0
Pl_Pr{(aAB+aAB)>T7aAB< P, }
and A A
0 2 2R _ 1 1 t
PI' (IAB >R) :eXp(XAB) (19) :/ Fa PI‘{Q{]AB > — —t}—exp (_—> dt
0 PA AAB )\AB
where X,,, X., are defined in Section IV-A1l. Now - 1_9oR " 1 "
Punrco = Pr (Iuze (AD°, BD) < R) can be simplified as :/ "2 exp </— + —> ——exp (— > dt
0 PAAAB AAB AAB )\AB
=— Xipexp (Xas) (24)

Punco =Pr{(PiaS, + Phal,) < 2% -1}
Defining Pure2 2 Pr(lurc (AD°,AD',BD') < R), we

2R ,
. 2F 1 - Pt
:/ Pp Pr{a?w < #‘3} fan, () dt have
0 ’ ’
2R , i R Pyre, :Pr{(ajDPA "rOéllaDPB) < oft _ 1}
! Pt+1-2
Pp B R_
= l—exp| —F5~+— X 271 R_1_+p
/ l ( Pidan )] =/ s Pr{a2D<72 ]’E, tPB}x
1 t 0 A
— dt
Aoo eXp( )\BD) 1 < ¢ )d
exp | — t
1—2F Asp Asp
= —e&Xp| 55— | X (20) 2R g ,
tP,+1—2R
1—exp <7BP’/\ ) X
ANAD

)dt ’ , ,
tP,+1-2 1 t
14 2 | g (<D Yar
( ) Noo P\ s

PAAAD
(25)

B

The termZ can be further simplified to arrive at _ o )
Py ke in (25) can be further simplified as in (26) shown at

;. {l [1—exp(Xppd)] ifd#£0 the top of the next page. The integrals in (26) can be further

0 . (21) simplified to arrive at:
—Xep ifd=0

Zy =1 —exp(Xgp)

Using (17)—(21) in (4), we arrive at (5 .
g (17)~(21) in (4) ) g [3 e (X)) i3 £0
—Xsp ifo=0
APPENDIXB Ao Texp (X ..8) (XBp — 1LYy 4 17 5
p + if§#£0
PROOF OF(8) 23 _ B)?B[D (QRgl)BD ) ( o 52) 52] . 7£
-5 ifd=0
B
From (7), (27)
. 0 . Pr (19, > R) is as given in (19). DefiningPyncs =
Piros =Pr (Iure (AB°, AB') < R) Pr (Inre (AD°, AD', BD°, BD") < R), we have
2ft 1
_ 0 1 ’ ’
_Pr{(aAB + aAB) < P—;} PMRC,S =Pr { [a:DPA + O‘;;DPB:| < 2R - 1}
(@) L2t 22 2R 1 P
_Pr{ozAB<P—;1 _/0 i Pr{afw<7p, B}x
Sl t '
A t t
= ——exp|———)dt — -
7 e ( AAB) X, o ( ABD> «
=1 —exp (Xaz) (1 — Xan) (22) 2t tP. +1—2F
:/ s l—exp| —Z2+——| x
In (a),a%, = oY, +al,, which is the sum of two independent 0 PiAap
exponential random variables with the same meap. Hence ‘P 41 -—2R " ¢
R o e 14— - % )| - dt
its distribution is given byf.- (t) = 35— €Xp ( AAB) Jt> + P on 2 exp < /\BD>

0. Similarly, we have (28)

Pr (Iyne (AD?, AD'") < R) =1 —exp(Xap) (1 — Xap)  Puncys in (28) can be further simplified as in (29) shown on
(23) top of the next page.
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2R _ 1 2Ry ,
4 t P’ 1 1 P
N - dt + [X Xap) — X B —t _ > dt
MRC,2 /0 Aon exp ( )\BD) + [ AD exp( AD) €xXp ( AD)] /0 Ao €xp < <)\BD PA/\AD ))
ézl éZZ
P/ (X ) 2R—1 1 P/
. exp (X ap / Pl -
- S exp | —t - — dt 26
Pxo  Jo den 7V ( (ABD PAAAD>> (20)
27,
2R/ 1 . . 2R71 " 1 P/
Puncs= | '® - dt+[X X.p) — X s —t - = dt
MRC,3 /O /\QBD exp ( BD) + [ ap €xp ( AD) exp ( AD)] /0 /\QBD exp < (/\BD P:l)\AD ))
éYl é)/2
Plexp (Xap) [0 12 1 P
5 €XP (X ap Py B
7 (S t - 7 dt 29
Pihan /0 2, Xp( <)\BD PA/\AD>> (29)
Ly,
Y1 =1—exp(Xpp) (1 — Xzp)
(exp(XBDé) (X’gD —5%)4—5%) ifd#£0
Yy = X2 .
LD if§ =
(30)
2
Asp |exp (Xgspd) (—X(;ﬁ-i-”fsiff’ _623)+(52—3] ifd#£0
Y5 =) xiwl2iy) if 5 —
3P, -
2th 2t

The integrals in (29) can be simplified as in (30) shown
on top of this page. Using (22)—(30) in (7), we obtain the

expression foPEP).  as in (8).

APPENDIXC
PROOF OF(11)

From (10), the termP..o £ Pr(I9,+1%, <R)
Pr{(z +y) < R}, wherez = log, (1 + ongP;) andy
log, (1 +a?3DP};) can be simplified as follows. Using the
following distributions forz andy

In2 1—2t>
(1) = — ex . 2!, ¢t >0 and
0 = p<PAAAD
In2 1—2t>
) = — ex . 2L t>0
0 = Fhe p<PBABD

we can write

R
P :/ Priz < R—t} f, (1) dt
0

R 1_2R—t
:/O (1—exp (7P:1)\AD )) fy (t)dt
R R 1_2R—t
— t) dt — . t) dt
Crwa- [Ceo (L) n
R In?2 1 1
- t) dt —
/0 Jy () dt = 5 exp (P;AAD + P,;/\BD> X

R
/ exp ( > 2tdt
0

" PAap Plso

R
()/ In2 < 1 1 )
= t)dt —— ex - + — X
o fy () Povo P\ P A Pun
21,
2R7t 2t
(31)

" Pan Plso

A i

In (b), we have used the expansietp (z) = 1+ + O (2?).
The integrals in (31) can be simplified to get

21,

1 — 2R
L=t - e (o —)
P Aap (32)
2R 1 2R R2F

Lo = — _
T2 2n2P s P

Using (32) in (31) and simplifying using a series expansion,

we get
+o( )

Now using (17)—(19) with a series expansion and (33), from
(10) we arrive at (11).

1

2BRIn2 -2 41
P3

P,P.AipAsp

(33)

Pcc,O =
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R ,R—t ,R—t-u
Pccgz/ / / Pr{w<R—t—u—v}fu(t)fy(w) f.(v)dvdudt
o Jo 0
R pR—t pR—t-u  oR—t—u—v
:/0 /0 /0 <1 — exp (%)) [z (t) fy (w) f2 (v) dvdudt
R ,R—t pR—t-u
:/0 /0 /0 [z () fy (W) fz (v) dv dudt—
R R—t R—t—u __ 9R—t—u—v
/0 /0 /0 exp (%) fo () fy (w) f2 (v) dvdudt
R R—t R R—t 1— 2R7t7u
_/0 /0 fo () fy (u) dudt — /0 /0 exp <m) fz (t) fy (u) dudt —
ENYE 20,
R R—t R—t—u 1— 2R7t7ufv
/0 /0 /0 exp (W) fo () fy (w) f2 (v) dvdudt (36)
2 Ms
APPENDIXD The termPec3 £ Pr (IS, + Iip + I p < R) is equal to

PROOF OF(13)
In (12),Pr (19, + I}, < R) andPr (1%, + I}, < R)
be simplified similarly as in Appendix C, to get

28RIn2 —28 41 (1)

can

Pr(I9,+1I., <R)=

(Pidan)? p3
2BRIn2 — 28 +1 1
Pr (19, + 1!, < R) = o <ﬁ>
anar (34)

Considering the term 1]

Poen 2Pr (I8, <R, 1%, + 1}, > R)
=Pr(z<R,z+y>R)

(2]

(3]
(4]

I' . we have

AB!

with = 1%, andy =

R
Pcc,lz/ Pr{y>R—t}fm(t)dt
. (5]

R 1— 2R—t
:/ exp (,7) fu () dt
0 PA/\AB [6]
m2 ( 2 ) /Re ( 2R—t +2t> ot gt
= ’ X / X _/7
Pdas P\Phs ) Sy TP\ TP, -
In2 2 R of—t 4 ot
= /n exp( - )/ (1—,74_) 2tdt
P Aas Paas) Jo IZ -
1
= X, +0 (—2> (35)
P
[0l
Now considering the term
Poen 2Pr (19, + 1%, + 19, + I), < R) [10]
=Pr(z+y+z2z+w<R) 1]
with 2 = 19,y = I,z = 1%, andw = I},, we can

write P.. 2 as in (36) shown at the top of this page. Using A2]
series expansion and simplifying, the expressiond\fgr M;

and M3 in (36) can simplified to arrive at the expressions in
(37)—(39) shown on top of the next page. This yields the fin%l?’]
expression forP,. 2 as shown in (40).

Pcc.,3 =

M, — M, , and hence

(2% (Rn2)* -2 (2RRIm2 - 27 4 1))
2 (Pidan)’ Podso

~0(7)

(41)

From (34), (35), (40) and (41), we arrive at the PEP expressio
in (13).
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