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Abstract. The need of image registration is increasing, especially in
the medical image domain. The simplest kind of image registration is
to match two images that have similar intensity. More advanced cases
include the problem of registering images of different intensity, for which
phase based algorithms have proven to be superior. In some cases the
phase based registration will fail as well, for instance when the images to
be registered do not only differ in intensity but also in local phase. This
is the case if a dark circle in the reference image is a bright circle in the
source image. While rigid registration algorithms can use other parts of
the image to calculate the global transformation, this problem is harder
to solve for non-rigid registration. The solution that we propose in this
work is to use the local phase of the magnitude of the local structure
tensor, instead of the local phase of the image intensity. By doing this,
we achieve invariance both to the image intensity and to the local phase
and thereby only use the structural information, i.e. the shapes of the
objects, for registration.

1 Introduction

Image registration is needed in a lot of applications. One example is medical
imaging where image registration is necessary to for example be able to compare
images of the brain before and after surgery. A problem with the image modalities
used in medical imaging is that the images produced often differ significantly in
intensity. The most common approach to register images of different intensity
is to maximize the mutual information (MI) between the images [11, 10]. While
this approach is sufficient to handle many registration problems, it is not very
hard to create a set of test images where the mutual information approach fails,
such an example is given in Fig. 1.

The main problem with the mutual information approach, and many other
similarity measures, is that they are based on the intensity of the image. A
better approach is to use the local phase [8, 9, 1, 4, 2, 13]. In this work we take
the phase idea one step further and use the local phase of the magnitude of the
local structure tensor, instead of the local phase of the image intensity. Local
phase is commonly estimated by using quadrature filters [3].
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Fig. 1. Two simple test images for which intensity based registration algorithms fail.

2 Methods

2.1 Quadrature Filters and Local Phase

A quadrature filter is a complex valued filter for combined edge and line detec-
tion. The real part of the filter, which is even, detects lines and the imaginary
part, which is odd, detects edges. The magnitude of the complex filter response
is an estimate of the phase invariant signal intensity and the phase determines
whether there is an edge or a line and what kind of line or edge. We use log-
normal quadrature filters Q, which in the Fourier domain are expressed as two
polar separable functions R, and D.

Qk(u) = R(||u||)Dk(u) (1)

R(||u||) = e
Cln2

(

||(u)||
u0

)

C =
−4

B2ln(2)
(2)

Since the phase concept is only valid if we define a direction of the signal, we
construct quadrature filters with different directions. The directions are defined
such that

Dk(u) =

{

(uT n̂k)2 uT n̂k > 0

0 otherwise
(3)

We use four quadrature filters with the directions, Ψk ∈ {00, 450, 900, 1350}.
The complex filter response q is an estimate of a bandpass filtered version of the
analytical signal

q = A · (cos(φ) + i · sin(φ)) = A · eiφ (4)

with magnitude A and phase φ. For image registration applications, it is
important that the filters have a nice and smooth phase. This can be obtained
by optmizing the filters in the spatial domain and the frequency domain at the
same time [7].
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2.2 The local structure tensor

The local structure tensor was introduced by Knutsson [5] to represent the local
structure in images and volumes. For an image it is a 2 x 2 matrix in each pixel.
The structure tensor can for example be used for adaptive filtering, to steer the
orientation of enhancement filters. The tensor can be constructed by using the
complex valued filter responses q from quadrature filters. We sum over all filters
k and multiply the magnitude of the filter response with the outer product Nk

of the filter direction vector n̂k, I is the identity matrix.

T =
∑

k

|qk|

(

4

3
Nk −

1

3
I

)

, T =

(

t1 t2
t2 t3

)

(5)

The magnitude of the tensor is given by

|T | =
√

t2
1

+ 2t2
2
+ t2

3
(6)

2.3 Local phase of the magnitude of the local structure tensor

The problem with using the local phase for image registration is that we might
have structures in the images that are similar but have different phase, for ex-
ample a white circle on a black background in one image and a black circle on
a white background in another image. The mutual information of the phase can
handle this, as long as the mappings are consistent, but not if we want to map
a dark line to a bright line in one part of the image and to map a dark line
to a dark edge in another part of the image. To fully take advantage of the
structural information, a better approach is to use a signal representation that
is invariant both to a change in intensity and to a change in the local phase.
The magnitude of the local structure tensor is invariant to a change in phase,
since the orientation for a line and an edge is the same, but not to a change
in intensity. The local phase on the other hand is only invariant to a change in
intensity. By using the local phase of the local structure tensor magnitude, we
achieve a representation that is invariant both to a change in intensity and to a
change in phase. An example of this is given in Fig. 2.
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Fig. 2. First row left: A test image with all the kinds of phase for three different in-
tensities. First row right: The test image with modified intensity and phase, a shading
from right to left and noise. Second row left: The phase, in the y-direction, of the
original test image. Second row right: The phase of the modified test image. The
phase is only invariant to a change in intensity. Third row left: The tensor magni-
tude of the original test image. Third row right: The tensor magnitude of the modified
test image. The tensor magnitude is only invariant to a change in phase. Fourth row

left: The phase of the tensor magnitude, in the y-direction, of the original test image.
Fourth row right: The phase of the tensor magnitude of the modified test image. The
phase of the tensor magnitude is invariant both to change in intensity and to change
in phase and thereby we can register the images by using the structural information
only. Since quadrature filters are bandpass filters, they are robust to low frequencies,
e.g. shadings, and high frequencies, e.g. noise.
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3 Results

We have made a comparison between mutual information of the intensity, mutual
information of the phase of the intensity and mutual information of the phase
of the tensor magnitude. One image was rotated between -30 degrees and 30
degrees while the other remained still. We divided the 60 degree interval into
101 evaluations. As test images, we used the synthetic test images shown in Fig.
2 and four MRI images, shown in Fig 3. These MRI images differ significantly
in intensity and for some parts of the image, but not all, the phase has been
inverted. We normalized all similarity measures to have a maximum of 1, to easier
compare the slopes. The resulting plots of the similarity measures as function of
rotation are given in Fig. 4.

Slice 1 Slice 2

Slice 3 Slice 4

Fig. 3. Four MRI slices that are collected from the same location of one subject. The
slices were acquired with a 1.5 T MR scanner. Different scanner settings were used to
generate the different slices. The purpose of the image acquisition was pixel-wise quan-
tification of physical parameters, based on signal intensity changes as a function of MR
scanner settings. MRI quantification requires a motionless subject and image registra-
tion improves the result (courtesy of J.B.M. Warntjes, CMIV, Linköping, Sweden).
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Fig. 4. Similarity measures as function of rotation between two images. The blue line is
the mutual information of the intensity values, the green line is the mutual information
of the phase of the intensity and the pink line is the mutual information of the phase
of the tensor magnitude. First row left: Original test image and modified test image,
from Fig. 2. First row right: Slice 1 and slice 1. Second row left: Slice 1 and slice 2.
Second row right: Slice 1 and slice 3. Third row left: Slice 1 and slice 4. Third row

right: Slice 2 and slice 3. Fourth row left: Slice 2 and slice 4. Fourth row right:

Slice 3 and slice 4.
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To show that the local phase of the tensor magnitude is better than the
local phase of the image intensity for image registration, we performed non-rigid
registration on the two synthetic test images given in Fig. 2 and on two of the
MRI images given in Fig. 3. The MRI images are used for quantitative MRI,
in order to measure physical properties [12]. To obtain good measurements it is
important that the images are registered. The registration algorithm used is the
Morphon [6], which is a phase based non-rigid registration algorithm.

The results of the registration of the synthetic test images are shown in Fig.
5. The results of the registration of the MRI images are shown in Fig. 6.

4 Discussion

The similarity measure comparison in Fig. 4 clearly shows that our new similarity
measure decays faster than the other similarity measures. The biggest difference
is however between the intensity and the local phase.

As can be seen in Fig. 5, the local phase of the intensity does not work at
all to register the synthetic test images. By instead using the local phase of
the tensor magnitude we achieve invariance to the local phase and can use the
structural information, i.e. the shape of the objects, for registration.

For the MRI images similar results are obtained, the local phase of the in-
tensity works rather well for the fat border surrounding the brain, but it does
not work at all for the ventricles since they are bright in one image and dark in
the other. With the local phase of the tensor magnitude the registration works
for the ventricles as well. For rigid registration, the local phase of the intensity
works as well as the local phase of the tensor magnitude. The reason for this is
that the fat border surrounding the brain is the same in all the images. If the
fat border is removed, the rigid registration with the local phase of the intensity
fails, while the registration works if the local phase of the tensor magnitude is
used.

A major advantage with the presented approach is that existing image regis-
tration algorithms can be used without modification. Instead of using the refer-
ence image and the source image as inputs, the tensor magnitude of the reference
image and the tensor magnitude of the source image are used. The found dis-
placement field is then applied to the source image. The increase in processing
time is thus rather small.
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Fig. 5. Top: The original intensity difference between the original test image and the
altered test image. The images have been shifted 3 pixels in the x-direction and 5 pixels
in the y-direction. Middle: The intensity difference after the non-rigid registration with
the phase of the intensity. The altered phases confuse the registration algorithm and the
registration does not work at all. Bottom: The intensity difference after the non-rigid
registration with the phase of the tensor magnitude. By using the phase of the tensor
magnitude we achieve invariance both to the intensity and to the local phase and now
the registration works correctly.
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Fig. 6. Top left: The original absolute intensity difference between slice 3 and slice 1.
Top right: The absolute intensity difference between slice 3 and slice 1 after shifting
the images 6 pixels in the x-direction and 7 pixels in the y-direction. Bottom left:

The absolute intensity difference after the non-rigid registration with the phase of the
intensity. The registration works rather well for the fat border surrounding the brain
but not at all for the ventricles, where the phase is inverted. Bottom right: The ab-
solute intensity difference after the non-rigid registration with the phase of the tensor
magnitude. Now the registration works for the ventricles as well.
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