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Abstract 

  

While designing jet-engine components information about the loads that the component will be 

subjected to, is critical. For this, a full system analysis of the engine is often performed with 

every component put together in a large finite element model, which is called the whole engine 

model (WEM). This model will mostly be composed of lower order shell elements with a few 

thousands of elements. At the design level of a component, the FE model is detailed with several 

hundred thousand higher order solid elements. The detailed model cannot be directly put into the 

whole engine model due to excessive run times. Therefore there must be a simpler representation 

of the component -a sub-model- with much fewer elements so that it can be assembled into the 

whole engine model. This simple model must have the same stiffness (load/displacement) in 

chosen directions, the same mass and the basic mode shapes and frequencies should also be the 

same with the detailed model. 4 different structural optimisation schemes were studied to prepare 

a model: sizing optimisation, optimisation with material properties as design variables, combined 

sizing and material property optimisation and free-size optimisation. Among these free-size 

optimisation where each element in the model has its own design variable -thickness- was found 

to be the most effective method. The stiffness could be matched to the detailed model as close as 

5% and so also could the first two fundamental mode shapes and frequencies. Additionally, the 

initial sub-model prepared was used to do a preliminary study on how variations in casting 

dimensions would affect the stiffness of the component in a certain direction. This was done by 

creating a design of experiments (DoE) for the stiffness. A response surface for the stiffness was 

created in terms of the dimensions that have the most significant effect. This was later used to 

predict an interval for the stiffness based on variations in the cast dimensions with a confidence 

level of 99.7%. 

Keywords: Sub-modelling, Structural Optimisation, Design of Experiments. 
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1. Introduction 

Projects in aerospace industry, especially those concerning engine development are so large that 

it’s often difficult for a single manufacturer to produce every component in an engine. Therefore 

the firm (the Original Equipment Manufacturer or OEM) that is responsible for the engine 

entrusts a number of partners to design and manufacture critical components of the engine. Volvo 

Aero Corporation (VAC) in Trollhättan  designs and manufactures a number of such components 

like the intermediate casing (IMC), nozzles, fan frames, turbine frames etc. VAC produces 

components that operate in both hot and cold working conditions in the engine and according to 

Volvo Aero web-site, it is likely that almost 90% of large commercial engines that are used world 

wide has VAC components in them. 

1.1. Background 

In the development process of an engine, for performing full system analyses (analysing the 

engine as a whole), a whole engine model (WEM) is prepared by the OEM.  The full system 

analysis may for example simulate a fan blade out event when the engine loses a fan blade. 

Severe imbalance loads are created during such situations. It is important that the sub-component 

is designed to sustain such loads. Therefore the full system analyses must be performed with the 

sub-component in the WEM. When used in WEM the sub-component has a simple, coarse 

representation. If the detailed model at the design level is used in the WEM, it would result in too 

extensive run times. The loads that act on the component are determined from this full system 

analysis. Later a detailed analysis of the sub-component is performed with these loads. Such an 

analysis chain is depicted in the figure below. 

 

 

Figure 1:  A WEM – Sub-component – WEM analysis chain; Reimers, Robert. Thesis description 

 

Assuming that a transient load case is run, the different steps in the analysis chain would be 

1. perform a transient analysis on the WEM 
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2. transfer the loads at the sub-component interface to a centre line loads scheme
1
 

3. identify the worst time steps 

4. transfer the loads at these time steps to the component 

5. assuming static conditions, analyse the component. 

The steps 2 and 3, when loads are transferred to a centre line load scheme and identifying the 

worst time step, are dealt with in a separate thesis at VAC. Please refer Holmgren, Mikael, Sub-

component Analysis and Load Breakdown of Jet Engine Structures. 

For to enable steps 4-5 and 5-4 a model for the component must exist which is simple enough to 

be assembled to the whole engine model (WEM) and yet faithful enough so that it gives a 

sufficiently accurate detail of the loads that act on it from a full system analysis. The simple 

model of the sub-component must satisfy some requirements. It must have the same stiffness as 

the detailed model at the interfaces to the WEM, it must have the same mass as the detailed 

model and the basic mode shapes and frequencies should also be the same. Since exact 

replication of stiffness, mass and frequencies is difficult, a tolerance is allowed for the matching. 

The simpler finite element model (FE model), based on shell theory, could be created from a 

traditional meshing process where the geometry is imported into a meshing program and 

individual surfaces are meshed. However this model will not have the desirable properties of the 

detailed mesh mentioned above and must be tuned to have the properties of the detailed model. 

This is usually done using structural optimisation techniques where the design variables are 

either the structural thickness or material properties: Young's modulus and density or both. Free-

size optimisation where each finite element in the simple model has its own design variable 

(thickness) is also a very promising method.  

Additionally once a simpler model is prepared from the available geometry it could then be used 

for a preliminary study on how casting tolerances affect stiffness of the component. Castings for 

the sub component under study is manufactured in VAC by providing quite high tolerance. Since 

the initial simpler model has the exact same local thickness as the detailed model, an 

investigation where the thickness are varied at the cast locations to see how the stiffness is 

affected could be interesting; at least for a preliminary estimate on how randomly varying 

thicknesses would affect the model. This is achieved by first creating a design of experiments 

(DoE) for stiffness on the simpler model, then constructing a response surface for the concerned 

stiffness in terms of the thicknesses and then predicting how the stiffness would vary if the 

casting tolerances are allowed to vary randomly. Thus it would be possible to say that there is a 

certain percentage probability that a certain percentage of the components will have thickness 

varying between two predetermined values. 

This thesis report is concerned with the sub-component tuning and creation of an interval for the 

stiffness at a certain location in a certain direction. The sub-component considered here is the 

core structure of an intermediate casing (IMC).  

                                                 
1
 A center line load scheme would transfer loads that act on a number of points to the center of those points. For 

example, on a flange, the loads that act around the circumference of the flange will be transferred to the center of the 

flange. This results in a single load at the center node instead of several around the circumference.  
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1.2. The Intermediate Casing (IMC) 

The intermediate casing is an essential static component in a turbo-fan engine. Air is taken in by 

the action of intake fan. Part of this air would get compressed and the other part bypassed. The 

compression of air is usually done in two steps, first in a low pressure compressor and then in a 

high pressure compressor. The air from the high pressure compressor is let into the combustion 

chamber. The compressed air is mixed with aviation fuel in the combustion chamber and the 

combustion gases produced expands in a turbine. The turbine drives the compressor and the 

intake fan. The combustion gases from the turbine are ejected through a nozzle and produce the 

thrust. Thrust is also produced from the bypass air. The total thrust produced by a turbo-fan 

engine is the sum of thrusts produced by the bypass air and compressed air. The IMC is located 

between the high pressure compressor (HPC) and the low pressure compressor (LPC). This can 

be seen in figure 2. The IMC has two parts the bypass structure and the core structure. This can 

be seen from figure 3. The portion of air that is compressed passes through the core structure. 

The remaining portion of air is passed through the bypass structure. The largest diameter of the 

IMC is about 2m and the width 0.3 m. The core structure is 1m in its largest diameter and the 

largest width is about 0.3m.  

 

 

 

 

 

 

 

 

 

 

 

 

 

  

Figure 2: The VITAL jet engine with the IMC; the core structure of the IMC is 

highlighted in a darker shade.  
Figure 3: the IMC. Grayed out portion is the 

bypass structure and the remainng portion is the 

core strucure 

LPC side 

HPC side 

Pylon Bypass structure Central structure 

Engine outer casing 

Guide vanes 

Intake fan 

location 
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1.3. IMC Core Structure Geometry Listing 

 

 
Figure 4: IMC core structure geometry: view 1 (HPC side) 

 

 

Figure 5: IMC core structure geometry: view 2 (LPC side) 

 

The LPC flange connects the core structure to the low pressure compressor and the HPC flange 

to the high pressure compressor. The front and rear flanges carry the bypass structure. Through 

the flow paths air passes from low pressure compressor to the high pressure compressor and the 

core vanes help direct the airflow. The struts at the leading and trailing edges would transfer 

bearing loads to the core structure. For ease of modelling struts and vanes were modelled 

together. The thrust lugs are attached to the aircraft pylon and as the name indicates carries the 

thrust generated from the engine to the aircraft.  

Rear flange 

Rear wall 

HPC flange 

Core vane 

Thrust lug 

Bearing 2 flange 

Gearbox casing 

Bearing 1 flange 

Outer flow path 

Front flange 

Inner flow path 

LPC flange 

Beams 

Bearing 3 flange 

Front wall 
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1.4. Reasons for Stiffness Matching  

It was mentioned in section 1.1 that the stiffness of the simple model must match that of the 

detailed model. While designing components, stiffnesses are often termed as design drivers. This 

means that stiffness at a certain location in a certain direction is the primary parameter that must 

be met by the design. The need for stiffness matching may come from a tip clearance 

requirement for the inlet fan. The fan blades must always have a certain amount of clearance 

with the engine outer casing. In a number of situations, like manoeuvres, landing and takeoff the 

whole engine can be subjected to a pitch moment about the HPC flange. This is because IMC 

core structure, as it connects the high pressure and lower pressure compressors, is located at a 

region of the engine where the overall diameter suddenly reduces. Therefore the bending 

stiffness about Y axis or the pitch bending stiffness at HPC flange is an important consideration 

while designing the IMC core structure. 

 Situations may arise when an estimate of the fan blade tip clearance or the displacement at the 

HPC flange is required with a modified design. To get reasonable estimates of these 

measurements from the WEM, it is necessary that the simplified model created from the detailed 

model have the correct stiffness at the required locations. Thus a correct stiffness is required for 

the simplified model, not just for accurate load transfer but also for later runs in the WEM when 

the design has been modified. Matching frequencies and mode shapes would ensure that the 

simple model would have the same behaviour as the detailed model in the WEM.  

1.5. Assumptions and Limitations 

Linear static analysis is assumed. The simplified component is prepared only to match a centre 

line load scheme. If at a particular sector along the circumference other design criteria are 

required then a direct load transfer scheme must be used where each node around the 

circumference gets the load form the WEM and these loads are later interpolated into the detailed 

model. Such a situation is not considered here. The difference in centre of gravity between the 

simple and detailed models, compared to the overall dimensions is negligible when compared to 

the overall dimensions of the IMC. Hence centre of gravity was not considered for matching. 

The IMC core structure is considered as a cold structure which means it is operating in a 

relatively low temperature region in the engine. Therefore thermal effects are not considered 

while generating the simple model. Stiffness of the LPC flange was also not considered while 

generating the simple model. This could also have been included though the other locations are 

relatively more significant than the LPC flange for a load transfer.  

For the creation of an interval for stiffness, the initial simple model, without any stiffness 

matching was used. The Y bending stiffness at HPC flange differ from that of the detailed model, 

but this was ignored since the study is preliminary. 

2. Initial analysis set-up and results 

In order to evaluate the stiffness, a finite element analysis of both the detailed and the simplified 

model was performed. A brief description of the relevant theory, the analysis setup and results 

are given in the following sections.  
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2.1. Modal Assurance Criterion (MAC) 

The modal assurance criterion is measure that assigns a quantitative value of how close the mode 

shapes of two different models match. MAC has a maximum value of 1 indicating that the mode 

shapes for the two models under consideration show perfect correlation. If    and    are the 

eigen vectors for the detailed and simple models respectively the MAC is constructed as    

                     
      

       
 

   
     

   
     

 

where   and   represent the modes of the detailed and simple models under investigation. The 

positions at which the eigen vectors were measured to construct the criterion for both models are 

shown in appendix A. A MAC value close to 1 indicates good correlation between two modes 

[10] [11]. 

2.2. Analysis Procedure 

The IMC core structure is connected to the WEM at the flanges, the front and the rear flange. 

There are 6 locations where the IMC core structure will be loaded from the WEM and the 

stiffness for the simple model at exactly these 6 locations needs to match that of the tetra model. 

If a simple model is to be compared with the detailed model, both models must be solved for the 

stiffnesses at the required locations. The stiffness is measured as applied force/displacement or 

moment/rotations. Displacements and rotations are directly measured from the node where load 

is applied. The locations are HPC-Flange, Bearing 1, Bearing 2, Bearing 3 flanges and the two 

thrust lugs. For the geometry of the component please refer section 1.3. Section 2.4 details the 

loads on the component and locations in its sectional view. 

2.3. FE Models 

For the simple model, a mid-surface model is created from the geometry available and is meshed 

using shell elements completely. The mid-surfaces were created only for a sector of the geometry. 

The sector was rotated after meshing to create the full model. Uniform thicknesses are found 

only at the flanges. However the surfaces were still fit in the middle with the elements on it being 

given an averaged thickness. For the detailed model, mesh was generated from a traditional 

meshing process wherein a closed surface mesh on the IMC core structure solid model is created 

and later generating tetrahedrons inside them. The surface mesh is generated automatically using 

batch meshing (BATCHMESHER) in HYPERMESH and the tetrahedrons are generated in 

HYPERMESH. The meshes are shown in figure 6 and figure 7. 
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The IMC core structure is made of titanium casting and material properties assigned are generic 

and are given in the table below:  

Young’s modulus 1.1 E
5 

N/mm
2
 

Poisson’s ratio 0.34 

Density 4.4 E
-9

 ton/mm
3
 

 

Figure 8 and figure 9 show the initial thickness distribution from local measurement on the shell 

model. The maximum observed thickness is at the thrust lug and the minimum is at the leading 

and trailing edges of vanes which are respectively 24 mm and 1.75 mm.  

Figure 6: Tetra Model (10 node TETRA) 

 

No of nodes : 958908 

No of elements : 498972 

Mass  : 69 kg 

Figure 7: Shell Mode (4 node QUAD and 3 node TRIA) 

 

No of nodes : 7786 

No of elements : 8024 

Mass    : 64.5 kg 
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2.4. Boundary Conditions and Loads 

Both the front and rear flanges, around the circumference, are bolted to the bypass structure and 

are rigidly fixed. Therefore these locations were arrested for all DOF (SPCs). In case of the tetra 

model 3 DOF were arrested and in case of shell model 6 DOF were arrested. At each 6 locations 

mentioned in section 2.2, 1000 N force in X, Y, Z directions and moments of 1000 N m in X, Y, 

Z rotational direction were applied as separate load cases totalling 36 load cases in all. At HPC 

Flange, Bearing 3, Bearing 2 and Bearing 1 flanges, all circumferential nodes were connected to 

a single node at the centre using constraint equations (RBE3
2
 elements in OPTISTRUCT : 

Interpolation constraint element) and loads were applied to this single node. At the other two 

locations, the thrust lugs on positive and negative Y axes, constraint equations (RBE3 elements 

in OPTISTRUCT: Interpolation constraint element; details can be found in appendix B) were 

modelled at the centre of the bolt-hole and loads were applied in all 6 directions. Additionally a 

separate analysis (load case 37) was also carried out to extract the natural frequencies. Free – 

free run was given without any arrested DOF. 

The stiffness are measured as (applied load) / (displacement at the point of application). When 

forces are applied stiffness is measured in Nm and when moments are applied stiffness is 

measure in Nm/rad. Figure 10 shows the boundary conditions and loads on the IMC core 

structure.  

 

                                                 
2
 Another approach where multipoint constrains are used to connect the center nodes to the circumferential nodes is 

sometimes used. However that approach was not considered for this thesis.  

Figure 8: Thickness distribution View 1(HPC side) Figure 9: Thickness distribution view 2 (LPC side) 
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Figure 10: Loads and boundary conditions. The long rectangles with black dot in the middle represent constraint equations. The 

black dots in the middle are the centre nodes where loads are applied.  

2.5. Initial Results 

The initial results comparing the stiffness for both models at all 6 locations are shown in figure 

11 through figure 15. Shell stiffness is normalised using corresponding tetra stiffness. 

Considering the tetra-stiffness as full measure, the bar charts indicate how much the shell 

stiffness matches that of the tetra at different locations for different load cases.  

The different load cases for a particular location are shown on the X axis. On the Y axis, the 

normalised stiffness with respect to the tetra model is shown. FX, FY and FZ on the X axis 

indicate load cases when forces are applied in X, Y and Z directions. Similarly, MX, MY and MZ 

on X axis indicate load cases when moments are applied in X, Y and Z directions respectively. It 

would be illustrative of the significance of a simple model for the WEM if it’s noted here that the 

detailed model takes about 36 minutes to solve and the simple model, 1 minute.  

Rear flange 

HPC flange 

B2 flange 

B3 flange 

B1 flange 

Thrust lug 

Front flange 

Force = 1000 N (in X,Y,Z) 

Moment = 1000 Nm (in X,Y,Z) 

 



10 
 

 

0

0.2

0.4

0.6

0.8

1

1.2

FX FY FZ MX MY MZ

HPC Flange

tetra mesh shell: initial

0

0.2

0.4

0.6

0.8

1

1.2

FX FY FZ MX MY MZ

B2 Flange

tetra mesh shell: initial

0

0.2

0.4

0.6

0.8

1

1.2

FX FY FZ MX MY MZ

B1 Flange

tetra mesh shell: initial

0

0.2

0.4

0.6

0.8

1

1.2

FX FY FZ MX MY MZ

B3 Flange

tetra mesh shell: initial

0

0.2

0.4

0.6

0.8

1

1.2

FX FY FZ MX MY MZ

Thrust Lug (-Y)

tetra mesh shell: initial

0

0.2

0.4

0.6

0.8

1

1.2

FX FY FZ MX MY MZ

Trust Lug (+Y)

tetra mesh shell: initial

Figure 11: Stiffness comparison at HPC flange Figure 12: Stiffness comparison at B2 flange 

Figure 13: Stiffness comparison at B3 flange Figure 14: Stiffness comparison at B1 flange 

Figure 15: Stiffness comparison at Thrust Lugs Figure 16: Stiffness comparison at Thrust Lugs 

Figures 11-16: Stiffness comparisons between tetra and shell model from initial results 
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It is clear from the figures that at most locations the stiffnesses for the shell-model as compared 

to the tetra-model do not match. Figure 17 through figure 20 show the first two
3
 fundamental 

modes for the tetra model as well as the shell model. The mode shapes can roughly be described 

as bending about Y and Z axes.  

 

                                                 
3
 Higher modes were not considered as they are harder to match and according to VAC, for a load transfer from 

WEM it is sufficient to match the first two modes. 

Figure 17: Tetra model; Mode 1 

Frequency 246.4 Hz 

Figure 18: Shell model; Mode 1 

Frequency 213.7 Hz 

Figure 19: Mode 2 Tetra model; Mode 2 

Frequqncy 250.1 Hz 

Figure 20: Mode 2 shell model; Mode 2 

Frequency 218.26 Hz 
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It can be observed from the figures that the mode shapes, though similar are swapped for the 

models. The first mode for the tetra model appears as second for the shell model and the second 

mode for the tetra model appears as first for the shell model. This must be because of the 

simplifications involved in creating the shell model. For instance the gear box casing was not 

modelled in the shell model for simplicity. Bosses and other features were also not incorporated 

in the shell model. Also both modes have very close frequencies. They also appear as though one 

mode is approx 45
0
 shifted clockwise of the other mode. The MAC value for tetra-mode 1/shell-

mode 2 and tetra-mode 2/shell-mode 1 were 0.995 and 0.991 respectively which indicate very 

good correlation. For optimisation runs the fact that the modes were switched was ignored and 

for matching frequencies, the first mode of tetra was considered for matching with the first mode 

of shell and the second mode of tetra with the second mode of shell. However when the mode 

shape comparisons were made, the first mode of tetra was compared to the second mode shell 

and the second mode of tetra with the first mode of shell model. This was done only because for 

both the models consecutive modes have very close frequencies. Thus the mode shapes match, 

but frequencies do not.  

The aim is to match the stiffness of the shell model for all load cases at the respective locations 

to the tetra model as closely as possible and also to match the first two modes. To achieve this, 

structural optimisation schemes were used.  

3. Creation of the Sub-model 

The sub-model described in earlier sections is made to have comparable properties with the tetra-

model by means of structural optimisation techniques. This section describes sub-modelling and 

structural optimisation briefly and then proceeds to a general formulation of the problem in the 

context of this thesis and then to individual formulations for different approaches and their 

results.  

3.1. Sub-modelling 

While performing finite element analysis of large structures details such are small holes, fillets, 

corners, grooves or other geometric irregularities which act as stress raisers may not have enough 

resolution in the model to be able to calculate the stresses correctly. A sub-model is prepared 

which includes these details with a sufficient number of elements. The sub-model wouldn’t 

include all parts of the original model either. Only the locations which did not have sufficient 

resolution in the original mesh with some of the surrounding regions will be included in the mesh. 

The sub-model exists in addition to the original model and provides information about the 

stresses at a location in the original model which is likely to have not accurate enough results. 

Analysis on the sub-model is carried out by applying displacement on the sub-model exactly at 

the boundaries from which it was modelled. Figure 21 gives illustration about the original model 

and the sub-model. The results from a sub-model are not exact as approximations are involved 

while interpolating the displacements to the nodes in sub-model [2]. 
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Sub-modelling in this thesis can be thought of as a preparing stand-in model that is sufficiently 

accurate to be used in WEM, in place of a detailed model. Apart from lacking in details, the sub-

model will have greatly reduced number of elements. Additionally the sub-model will have 

certain properties similar to that of the original model which applies to the analyses that it is used 

in. Thus the process of creating a sub-model in this thesis will be going from right to left in 

figures 21 and 22. 

3.2. Structural Optimisation  

Structural optimisation is the processes of making an assemblage of structures withstand loads 

they are subjected to in the best way possible [1]. Optimisation is done towards minimising an 

‘objective function’. The objective function for example could be to make the structure as stiff as 

possible. The objective function is most often minimised by simultaneously satisfying some 

‘constraints’. Not letting the volume be above a limit could be a constraint. This is achieved by 

varying a characteristic of the structure, for example the thickness or the shape. This 

characteristic of the structure is called the design variable. It is necessary after each run of 

optimisation to check if the structure is optimum or not. Some ‘responses’ from the structure 

could be measured after each optimisation run to do this. These responses from the structure are 

often called the state variables. Structural optimisation could be divided into three classes [1]:  

Sizing optimisation 

The design variables are structural thicknesses.  

Shape optimisation 

The design variables are the shape of the structure, may be the contour of the boundary. 

Topology optimisation 

This technique provides a structure with optimised shape and material distributions within a 

Figures 21 and 22: Original coarse model and sub-model. The dark dots are the boundaries 

at which displacements from the coarse model (on left) are applied to the fine model (on 

right). The displacements at other nodes are interpolated.  
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given package space [4]. The aim here is make the structure so that it has only ‘full’ thickness 

regions or ‘zero’ thickness regions. Thus the structure can have a region where there are no 

materials or is a ‘hole’ which means the connectivity of the structure is allowed to change.  

The aim here is not to withstand loads, but to replicate the properties of another model. However 

the theoretical description of different optimisation schemes is given assuming a compliance 

minimisation under volume constraint. Interchanging the objective function and constraint would 

result in the problem considered here. Minimise the difference in mass of the models (mass is 

volume times density) under stiffness constraints. Stiffness is the inverse of compliance. Also the 

boundary of the model is not allowed to change as it represents the boundaries of an already 

finalised design. Therefore shape optimisation does not apply here. Sizing optimisation is the 

method employed along with free-size
4
 optimisation. In free-size optimisation each element in 

the FE model can have its own thickness. Thus the design variable is the same as in sizing 

optimisation but the number of design variables is equal to the number of shell elements in the 

FE model.  

3.2.1. Sizing Optimisation  

Sizing optimisation problem can be conceived as a variable thickness sheet problem. The 

variable thickness sheet problem is to find the optimum thickness of a sheet which will sustain 

loads applied to it. The design variable is the thickness of the sheet and the there are limits on the 

maximum and minimum values that the thickness can take. The objective is to make the sheet as 

stiff as possible. This could be achieved by minimising the compliance which is the displacement 

of the boundary which is free to move under the application of the given load. The thickness is to 

be optimised for this load. An additional constraint will be on volume which must not be above a 

set limit [1] 

If a two dimensional domain is considered,   which are divided into a number of elements 

                with constant thickness for each element then an element stiffness matrix can 

be written as 

                  
  

where    is the approximate value of thickness in the domain    ;    
  is the element stiffness 

matrix for unit thickness. Then the global stiffness matrix is written as 

                 
  

    

where              
  is the thicknesses.   

     
   

    which is the global version of the 

stiffness matrix for element  . The matrix    performs the assembly operation. 

The compliance can be written as   .   is the vector of nodal forces and   is the vector of nodal 

displacements. Then equilibrium is written as 

                                                 
4
 Free-size optimization is characterised as a variant of topology optimisation in OPTISTRUCT. However free-size 

optimisation is not pure topology optimisation as intermediate values or thicknesses are allowed for the design 

variables rather than limiting them to ‘full thick’ or ‘zero thick’ regions. Thus free-size optimisation is sizing 

optimisation with a larger number of design variables. 
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Since each element has constant thickness, the area would be     where   is the vector of areas, 

            . 

Then the variable thickness sheet problem after the finite element discretisation becomes 

           

        

       

     
                  

  

3.2.2. Approximations to the Optimisation Problem 

The optimisation problem based on an FE formulation is not solved directly. Explicit 

approximations of the problem are made by any of the several techniques available and are 

solved using optimisation algorithms. There exist many approaches to create an explicit 

approximation for the problem. Some of them are the Sequential linear programming (SLP), 

sequential quadratic programming (SQP), convex linearization (CONLIN) and method of 

moving asymptotes (MMA). Each of these methods involves finding the gradients of the 

objective and the constraint functions. Once the gradients are known, the approximations can be 

fully calculated and hence the name explicit approximations. When the approximation is linear, it 

is SLP, when it’s quadratic it is SQP. CONLIN linearizes the functions depending on whether the 

gradient at a given design is greater or less than zero. CONLIN selects a variable upon which the 

function must be linearized depending on the value of the gradient. This variable is called the 

intervening variable. MMA also linearizes the problem but the intervening variables used are 

different. They incorporate parameters called upper and lower asymptotes which are adjusted 

during iterations so that the problem is made more conservative or less conservative depending 

on the behaviour at a certain design. The adjustment of the asymptotes follows some heuristic 

criteria [1]. In OPTISTUCT adjustment is done automatically.  
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3.3. The Optimisation Set-up 

In general, the objective function for the optimisation run can be formulated as 

                              

where     

                           
                        

         
          

            means mass of tetra model and             means mass of shell model. 

 

For each load case where a force or moment gets applied at a certain location, box constraints are 

given for the stiffness. Consider load case 1. During load case 1 an axial load of 1000N gets 

applied on the HPC flange. If stiffness for the HPC flange in the axial direction for the tetra 

model (calculated beforehand) is             , then constraints for the shell model optimisation 

is formulated as 

               
 

   
                               

 

   
  

In words, this limits the translational stiffness of the HPC flange in shell model within 5% above 

or below of the corresponding tetra model. 

Additionally, when design variables are specified as thicknesses, a minimum thickness is also 

given which is non-zero. The maximum thickness is set to the 35 mm. This was done after 

observing trial optimisation runs during which the solver never increased the thickness beyond 

35 mm. This can be formulated as 

                  

where      is the thickess of the     component or the     element; component in case of  sizing 

optimisation and element in case of free-size optimisation and                ;   = no of shell 

component in case of sizing optimisation and    = no of shell elements in case of free-size 

optimisation.      is the lower limit on thickness and      is the upper limit on thickness. 

                   

where            = mass of shell elements. A global constraint on mass is also given where the 

mass of the shell model is not allowed to be below 60kg.  

For the load case for fundamental frequency extraction, constraints on frequencies will be active. 

The first two fundamental frequencies for the shell model must have frequencies within 5% 

above or below that of the tetra model frequencies. This can be formulated as  

            
 

   
                         

 

   
  

            
 

   
                         

 

   
  

Where    and    represent the first and the second fundamental frequencies. The starting point 
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for the all optimisation schemes is the initial shell model that was created. The thicknesses or 

material properties that the optimiser changes to achieve the objective are that of the initial shell 

model. From the initial analysis the start point is infeasible since most constraints are not 

satisfied. OPTISTRUCT uses a procedure known as the ‘local approximation method’ to solve 

the problem. The procedure and implantation of different optimisation schemes in 

OPTISTRUCT are described briefly in appendix C. 

3.3.1. Mode Tracking 

It is likely that the fundamental modes change during optimisation runs. For run k, a mode which 

was characterised as the first mode may appear as the second mode in the run k+1. A mode 

tracking option is available to track the modes so that the numbering remains the same for each 

mode for each optimisation run. Mode tracking works by constructing orthogonality check 

between two consecutive optimisation runs [3]. 

        
 
   

 
   
 

    
  

 denotes the mass normalised eigen vector,   is the current design iteration and    is the mass 

matrix. If mode shapes, order or mass are unchanged, the cross orthogonality check would yield 

a diagonal matrix. If the mode shapes change due to change in mass or stiffness, the diagonality 

would no longer be true. There would be dominant off diagonal terms in the matrix  . Further, 

the correlation in the variation of mass and stiffness would be less than 1. In cases where 

sufficient correlation exists, the results of this check are used to determine which modes have 

changed [3]. This is automatically done in the solver. 

The formulation for the sizing, young’s modulus and density variation, combined sizing and 

young’s modulus and density variation and free-size optimisation are discussed as and when 

these methods are detailed.  

3.4. Sizing Optimisation 

The design variable is allowed to vary continuously in case of sizing optimisation. It can take 

any value from a lower minimum to an upper maximum and the mathematical formulation is 

given in the succeeding section.  
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3.4.1. Formulation 

The sizing optimisation problem    can be formulated as 

 

   

 
 
 
 
 

 
 
 
 

                                 
 

    

 
 
 
 

 
 
             

 

   
                         

 

   
                                 

 
            

 

   
                         

 

   
          

            
 

   
                         

 

   
          

 

                                                                                                                                           

                                                                                                                                  

 
 

where    represents the loadcases;          
                        

         
 ;          is the stiffness 

corresponding to load case  ;    and    represent the first and the second fundamental 

frequencies,    represents an individual shell component and    is the total number of shell 

element components in the model.      is the thickness of the component        is a very small 

value of thickness. A thickness of 0mm causes convergence difficulties for the optimisation 

problem and to avoid this non-zero lower limit is specified. There are 21 shell components in the 

model and thus the number of design variables is 21.  

3.4.2. Results from Sizing Optimisation 

The results show improvement over the initial method of creating the shell model with thickness 

locally measured on the respective geometrical locations. The resulting thickness distributions 

are shown in figure 23 and figure 24. The stiffness comparisons are presented in figure 25 

through figure 30. 

Figure 23: Sizing optimisation; thickness 

distribution view 1 (HPC side) 

Figure 24: Sizing optimisation; thickness 

distribution view 2 (LPC side) 
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Figure 25: Stiffness comparison at HPC flange Figure 26: Stiffness comparison at B2 flange 

Figure 27: Stiffness comparison at B3 flange Figure 28: Stiffness comparison at B1 flange 

Figure 29: Stiffness comparison at thrust lugs Figure 30: Stiffness comparison at thrust lugs 

Figures 25-30: Stiffness comparisons between tetra and shell for sizing optimisation 
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The stiffnesses compare favourably with that of the tetra model. However there sill are locations 

where the stiffness differ by about 20%. The mode shapes do not match. It is observed that sizing 

optimisation produces a frequency that is close to the first and second fundamental mode of the 

tetra model but the mode shapes are completely different. The modes produced are local modes 

with a MAC of 0.253 and 0.091 for tetra-mode 1/shell-mode 2 and tetra-mode 2/shell-mode 1. 

The mode shapes are shown in figure 31 and figure 32. This is understandable as the thickness at  

 

 

most locations is about 0.5mm that will yield lower stiffness which consequently produces 

unrealistic modes. 

Thus the thickness of component alone as design variables does not work very well in producing 

a tuned model. Either the design variable needs to be other than individual component thickness 

or there must be further design variables added. Another optimisation scheme was tried which 

includes the young’s modulus and density the design variables. This is discussed in the next 

section.  

 

 

 

 

 

Figure 31: Sizing optimization; 

 mode 1: frequency 239.2 Hz 
Figure 32: Sizing optimization; 

 mode 2: frequency 242.8 Hz 



21 
 

3.5. Optimisation with Young’s Modulus and Density as Design 

Variables 

3.5.1. Formulation 

The optimisation with young’s modulus and density as design variables,    , can be formulated 

as, 

   

 
 
 
 
 
 
 

 
 
 
 
 
 

                                
 

    

 
 
 
 
 
 

 
 
 
 
             

 

   
                         

 

   
                                 

 
            

 

   
                         

 

   
           

            
 

   
                         

 

   
          

 

 

 
                                                                                                            

 

 
                                                                                                            

                                                                                                                                  

 
  

where    represents the loadcases;          
                        

         
 ;          is the stiffness 

corresponding to loadcase ;    and    represent the first and the second fundamental frequencies, 

    and     are the initial values of young’s modulus and density for the    component and 

            is the mass of the shell-model.  is the total number of shell components. Each of the 

21 shell components can have its own young’s modulus and density. Thus the number of design 

variables is 42.  

3.5.2. Results from Optimisation with Material Properties as Design Variables 

The stiffness comparisons are illustrated in figure 33 through figure 38. The stiffness do not 

compare favourably. None of the locations have its stiffness matched to that of the tetra model 

for any load case. It can also be observed that at each location, for every load case, the stiffness 

is higher than that for the initial shell model. The optimisation algorithm adds stiffness to the 

model. The mode shapes are shown in figure 39 and figure 40. No thickness plots are included 

since the thickness was not a design variable.  
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Figure 33: E and rho variation; comp. at HPC Flange Figure 34 E and rho variation; stiffness comp. at B2 flange 

Figure 35: E and rho variation; stiffness comp. at B3 flange Figure 36: E and rho variation; stiffness comp. at B1 flange 

Figure 37: E and rho variation; stiffness comp. at Thrust lugs Figure 38: E and rho variation; stiffness comp. at Thrust lugs 

Figures 33 - 38: Stiffness comparisons between tetra and shell model for optimization with Young’s modulus and density 

as design variables 
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The mode shapes are unchanged. The MAC values for tetra-mode 1/shell-mode 2 and tetra-mode 

2/shell-mode 1 are 0.95 and 0.97 respectively. Due to the increased stiffness the frequencies also 

change and are higher than for the tetra.  

By looking at figures from 33 through 38 it can be seen that from the location where the stiffness 

match is least (figure 36; B1 Flange, MX load case) there is an increase in stiffness throughout 

the locations. The optimiser increases the value of young’s modulus to obtain a match. However 

since the properties given are isotropic, a match obtained for the stiffness in a particular direction 

will not satisfy the requirements in another direction. Any increase in young’s modulus will 

result in increase in stiffness and would cause increased stiffness in all directions. Thus this 

scheme of optimisation will not be able to produce a tuned shell model with respect to the tetra 

model. In the next section an optimisation scheme with both component thickness and material 

properties as the design variables is considered.  

 

 

 

 

 

 

 

Figure 39: Optimisation with material property variation;  

mode 1: frequency 260.7 Hz 
Figure 40: Optimisation with material property variation;  

mode 2: frequency 265.9 Hz 
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3.6. Optimisation with Sizing and Material Property Variations 

In this scheme the thickness of the component, the young’s modulus and the density are design 

variables. A mathematical formulation for the problem is given below.  

3.6.1. Formulation 

The optimisation problem,    , where young’s modulus, density and thickness of individual 

components can be formulated as, 

 

   

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 

                                
 

    

 
 
 
 
 
 
 

 
 
 
 
 
             

 

   
                         

 

   
                                 

 
            

 

   
                         

 

   
           

            
 

   
                         

 

   
          

 

 

 
                                                                                                            

 

 
                                                                                                            

                                                                                                                                              

                                                                                                                                  

 
  

Where    represents the loadcases;          
                        

         
 ;          is the stiffness 

corresponding to loadcase  ;    and    represent the first and the second fundamental 

frequencies,    represents an individual shell component and    is the total number of shell 

element components in the model;     and     are the initial values of young’s modulus and 

density for component  ;       is the thickness of the component       is a very small value. A 

thickness of 0mm causes convergence difficulties for the optimisation problem and to avoid this 

non-zero lower limit is specified. Of the 21 shell components each can have its own thickness, 

young’s modulus and density. Thus the number of design variables is 63.  

3.6.2. Results from the Combined Optimisation 

The stiffness comparisons are presented in figure 41 through figure 46. At almost all locations 

the stiffness is acceptable. The thicknesses distribution is shown in figure 47 and figure 48. The 

thickness though allowed a much lower lower limit is at 1.75 mm which is the lowest thickness 

in the model. The highest thickness value is around 37 mm which is not very much above the 

limit of 35 mm imposed on other optimisation runs.  
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Figures 41-46: Stiffness comparisons between tetra and shell models for optimization with E, rho and thickness as design 

variables 

Figure 41: Stiffness comparison at HPC Flange Figure 42: Stiffness comparison at Bearing 2 

Figure 43: Stiffness comparison at Bearing 3 Figure 44: Stiffness comparison at Bearing 1 

Figure 45: Stiffness comparison at thrust lugs Figure 46: Stiffness comparison at thrust lugs 
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The mode shapes are shown in figure 49 and figure 50. It can be seen that the mode shapes do 

not exactly correspond to that of the tetra model. The MAC values for the tetra-mode 1/shell-

mode2 and tetra-mode 2/shell-mode 1 are 0.48 and 0.44 respectively. However the general 

behaviour of alternate bending along the Y and Z axes are represented and the frequencies are 

also in comparable tolerance with that of the tetra model. A further refined optimisation 

technique can then match all the requirements. The free-size optimisation is next tried out. 

 

Figure 47: Optimisation with E, rho and thickness 

as design variables; thickness distribution view 1 
Figure 48: Optimisation with E, rho and thickness 

as design variables; thickness distribution view 2 

Figure 49: Optimisation with E, rho and thickness as design 

variables; mode 1: frequency 237.5 Hz 
Figure 50: Optimisation with E, rho and thickness as design 

variables; mode 1: frequency 240.5 Hz 
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3.7. Free-size Optimization 

In free-size optimisation every element has its own thickness as design variable. Similar to sizing 

optimisation the variables can take any value from a lower minimum to a higher maximum. In 

this case the values specified are 1.75 mm as the lower limit (the thickness at the leading and 

trailing edges of vanes) and 35 mm as the higher limit. Lower limits below 1.5 mm caused 

convergence difficulties and the after repeated trial runs, the higher limit never exceeded 35 mm.  

3.7.1. Formulation 

The free-size optimisation problem,    , can be formulated as,  

 

   

 
 
 
 
 
 

 
 
 
 
 

                                
 

    

 
 
 
 
 

 
 
 
             

 

   
                         

 

   
                                 

 
            

 

   
                         

 

   
           

            
 

   
                         

 

   
          

 

                                                                                                        

                                                                                                                                  

 
  

where    represents the loadcases;          
                        

         
 ;          is the stiffness 

corresponding to load case  ;    and    represent the first and the second fundamental 

frequencies,   represents an individual shell element and    is the total number of shell elements 

in the model.      is the thickness of the element  . The total number of shell elements is 8024 

and thus the number of design variables is 8024. 

3.7.2. Results from Free-size Optimisation 

The stiffness distributions are shown in Figure 51 through figure 56. It is evident from the 

figures that the stiffness is matched for all locations for all load cases very close to that for the 

tetra model. The thickness distribution is shown in figure 57 and figure 58. It could readily be 

noted from the figures that the thicknesses for each element is different.  
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Figures 51 - 56: Stiffness comparisons between tetra and shell models for free-size optimization 

Figure 51: Stiffness comparison at HPC flange Figure 52: Stiffness comparison at B2 flange 

Figure 53: Stiffness comparison at B1 flange Figure 54: Stiffness comparison at B3 flange 

Figure 55: Stiffness comparison at thrust lugs Figure 56: Stiffness comparison at thrust lugs 



29 
 

 

The mode shapes for the shell model after free-size optimisation is shown in figure 59 and figure 

60. The mode shapes are similar to the ones obtained from the initial shell models. The 

frequencies are very close to that of the tetra model and the MAC values for tetra-mode 1/shell-

mode 2 and tetra-mode 2/shell-mode 1 are 0.97 and 0.98 respectively. 

 

 

 

Figure 57: Free-size optimisation; thickness 

distribution view 1 
Figure 58: Free-size optimisation; thickness 

distribution view 2 

Figure 59: Free-size optimisation; mode 1:  

frequency 253.6 Hz 
Figure 60: Free-size optimisation; mode 2:  

frequency 257.5 Hz 
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4. General Comments and Conclusions 

A summary of the optimisation schemes and the results from them is given in Table 1. 

Optimisation Scheme Sizing 
Material  

Properties 

Combined  

Sizing and 

Material  

Properties 

Free-size 

Objective Function Minimise difference in mass of the tetra and shell model 

Constraints 
Stiffnesses ± 5% of that of tetra at chosen locations, first two 

fundamental mode frequencies ± 5% of the tetra model 

Design Variables 

Thickness of 

individual 

components 

Young's 

modulus and 

density of 

individual 

components 

Thickness, 

young's 

modulus and 

density of 

different 

components 

Thickness of 

individual 

elements 

No of  

Design Variables 
21 42 63 8024 

Solution Produced Infeasible Infeasible Feasible Feasible 

Convergence  

Soft 

convergence; 

unchanged 

design 

variables 

Soft 

convergence; 

unchanged 

design 

variables 

Soft 

convergence; 

unchanged 

design 

variables 

Stopped 

iterations  

due to small 

design changes 

Number of Iterations 28 66 28 25 

Match for Stiffness NO NO YES YES 

Match for Frequency  YES YES NO YES  

Mode  

Shape 

Correspondence 

tet-mode 1/shell-mode 2 0.253 0.95 0.48 0.97 

tet-mode 2/shell-mode 1 0.091 0.97 0.44 0.98 

Comments 

Unrealistic as 

modes do not 

correspond  to 

the ones found 

in tetra 

The modes do 

not change 

from the initial 

model and thus 

correspond to 

that of tetra 

model. 

As in sizing 

unrealistic 

results since 

the optimiser 

do not produce 

modes 

corresponding 

to that in tetra 

model. 

The mode 

shapes match  

             

Table 1: Summary of results from optimisation schemes 
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Optimisations with only thickness as the design variable (section 3.4) and only material 

properties as the design variable (section 3.5) failed to produce a feasible solution and the 

stiffness values were far out of bound. The optimisation with design variables as both thickness 

and material properties (section 3.6) yields an optimum solution; however it does not give a 

solution with the mode shapes matching to the compared tetra model. The free-size optimisation 

(section 3.7) stops after a few iterations (due to small design change; in this case about 25 

iterations).  

 The free-size optimisation manages to match the mass of the model to that of the tetra model 

and the mode shapes and frequencies are the closest to the tetra model. From a model preparation 

point of view, there are fewer commands that need to be incorporated in to the run files. One 

could see a topology comparison in figure 61 and figure 62.  

 

 

As can be noted from the topology, the thickness distribution is not very realistic. For instance 

one would expect uniform thickness for the flanges, where, after the optimisation the thickness is 

different from element to element. This is because each element can be given its own thickness 

and the optimiser, to have a matching mass and stiffness adds or subtracts thickness locally. If no 

stress evaluations are made and the model is strictly used for estimating the forces and moments 

from the whole engine model, the results of free-size optimisation could be used. 

Figure 61: Topology in tetra model for the thrust lug 

Figure 62: Topology for the thrust lug after free-size optimisation of the shell model 
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The number of design variables for free-size optimisation is very large. Compared to other 

optimisation schemes this makes the problem larger and time to produce a solution slightly larger. 

About 20 minutes for free-size optimisation in this case compared to average of 10 minutes in 

others.   

The shell model could only be optimised to the extent as the initial geometry permits it to. If 

there is a method to create a simplified geometry automatically much of the work can be 

simplified. The current method where the geometry and FE model is created manually is time 

consuming and some level of expertise is needed to get a sufficiently good quality for the model. 

Therefore using free-size optimisation for a stiffness matching between simple and detailed 

model is an effective method as long as the aim is to obtain the forces and moments transferred 

to the component form the WEM.  
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5. Creation of Stiffness Interval for IMC Core Structure 

The tolerance for castings in VAC is quite high for the IMC core structure. For example the 

dimension of the vanes can be read as           . The variation in dimensions of the vanes 

can be from         to        . This variation in the dimensions will cause a variation in the 

stiffness of the component at different locations. The effect of casting tolerances on the stiffness 

of the IMC could be determined from a design of experiments (DoE) study. The model used in 

this study is the initial simple model created without any stiffness matching since only a 

preliminary estimate of the variation of the stiffness is required. It could be interesting if a limit 

is predicted for the stiffness. The theoretical background, the method and results from such a 

study are discussed in the sections below.   

5.1. Design of Experiments 

Design of experiments is a statistical technique by which the responses from a physical 

phenomenon are evaluated by varying the factors that affect the phenomenon. It can be a 

situation discussed in this thesis wherein the stiffness in a certain direction has to be evaluated 

for a complex structure for a number of sets of dimensions at different locations. A particular 

combination of the factors for evaluating the response is called a design and when the response is 

evaluated, an 'experiment' is performed There are several techniques of performing a DoE but 

only the techniques that were used in this study are discussed here. 

5.1.1. Fractional Factorial Design 

A fractional factorial design comes from full factorial design. A full factorial design is one in 

which the responses from change in levels of the factors that affect the response is evaluated for 

all levels of factors. For example consider the displacement of a bar which is given as 

        
  

  
 

If the young's modulus   is assumed to be constant, then the factors that displacement will 

depend on are the force applied,  , cross sectional area of the bar   and the length of the bar  .  

Assume that     and   can take two values, say a maximum and minimum value. Then there can 

be        sets of values of     and   for which   can be evaluated. When   is evaluated for 

all these sets the DoE is called a full factorial design. For structural analyses that take time and 

disc space to complete, full factorial experiments are impractical. 

 A fractional factorial design reduces the number of run by deleting certain combinations 

of the factors. For example, a quarter fractional factorial run requires 
 

 
 of the full factorial run. 

That is the number of runs for fractional factorial run 
 

 
      . Thus there would only be 4 

sets of   evaluated. The factor levels to be run are chosen automatically by the program used for 

the study, the HYPERSTUDY module of HYPERWORKS suite. 

The fractional factorial design is used to make a screening: to know which factors are dominant 

in determining the value of the response. This can be done by looking at the main effects. See 

section 5.1.3. It is also possible to determine which factors contribute to the stiffness by 
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performing a sensitivity analysis during the optimisation. However this approach is not discussed 

here.  

 

 

 

 

 

 

 

 

5.1.2. The Central Composite Design 

For a fractional factorial design only two levels of the factors are considered. Thus the variation 

for the response is linear. A central composite design is essentially a full factorial or fractional 

factorial run with a centre point and star points. This is illustrated in Figure 64 . This enables 

determination of any curvature effects for the response. Three configurations are possible for the 

central composite design. These are the circumscribed, inscribed and the face centred design. It 

can be seen that in Figure 64, the star points are outside the extreme values for the factors. Such 

a design would be circumscribed design. The inscribed design is a scaled down version of the 

circumscribed design. Both the designs require 5 levels for each factor [9]. 

 

 

 

 

 

 

 

 

The distance of the star points from the centre point is denoted by   which depends on the 

number of factors. The face centred configuration can be seen in figure 65. In this case the star 

points are located on the face of the factorial space. The design is such that the individual sets of 

-1 

-1 

1 

1 

Figure 63: The full factorial design for two factors with two levels. The dark dots are the run points. Two extremes for the factors 

are represented in the horizontal and the vertical direction in the box. The extremes are denoted as -1 and +1 for lower and upper 

extremes. 

-1 

-1 

1 

1 

Figure 64: The central composite design. The white dot in the middle is the center point. Star points are also shown. 
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factors generated for a run is never outside the extremes defined for a factor. This ensures that no 

value is generated out side the tolerance limit of the dimensions. 

 

 

 

 

 

 

 

5.1.3. Main Effects 

Main effects show how the response changes for a change in the values of a single factor. In case 

of a factorial design, it is obtained by subtracting the average response when the factor is at its 

lower extreme from the average response when the factor is at its higher extreme and dividing 

the result by 2. As described in section 5.1.1 the main effects are the basis upon which screening 

is done. The factors with the largest main effects are chosen for further study [9]. 

5.2. Response Surfaces 

A response surface creates an approximation for the response in terms of the major factors. Once 

the major contributing factors are determined, any of the regression methods could be used to 

determine the value of the response in terms of the contributing factors. The method of 

predicting the value of a response in terms of one or more factors that affect it is called 

regression analysis. First a plot of the data is made and then a relationship between the response 

and factors is tried to be made based on engineering judgement. A second order least square 

regression technique was chosen as the response surface method in this case since second order 

methods are considered more accurate. 

5.2.1. Least Square Regression 

Suppose the response that needs to be predicted is   and the factor that   depends on is . Then 

the relationship between y and x can be expressed as 

          

where    denotes the value of   that is determined as the estimate [6]. If there is more than one 

factor, then a multivariate, second order approximation can be thought of which takes the form  

                          [5]   

This is the form used in this study. Now the coefficients are left to be determined. These can be 

determined saying that the coefficients are such that the squared error between the predicted 

1 

-1 

-1 

1 

Figure 65: The face centered central composite run with one central point for two factors. It needs 3 levels for reach factor to run. 



36 
 

value and the observed value of the response is a minimum. That is the coefficients would 

minimize  

              
  

    

The response surface is created in the software with a certain confidence level. An    is value 

defined as  

          
          

  
   

         
  

   

   , where   is the average of observations, is 

used as a measure of quality or the goodness of fit. The    value along with the residual plot can 

be used to determine how good an approximation is. The closer the    value gets towards 1, the 

better the fit.  

5.3. Monte Carlo Simulation 

A Monte-Carlo simulation generates random sets of values for the factors according to the 

distribution specified. The variations in casting dimensions are assumed to follow a normal 

distribution. In this case 10,000 sets of the thickness dimensions are generated assuming each 

dimension is normally distributed.  

5.4. Normal Distribution 

For a normal distribution, the observed values of the responses are crowded around both sides of 

the mean of the response. As the distance from the mean value increases towards both sides, the 

number of observations reduces. A normal distribution is also called a Gaussian distribution. For 

each random value of thicknesses generated from the Monte-Carlo simulation, using the 

response surface the value of response (the bending stiffness) could be calculated and a normal 

distribution plot could be generated.  

5.5. Confidence Levels 

Confidence levels indicate how likely it is for an observation to fall within a specified range of 

values. The most common confidence levels are 90, 95 and 99.7%. For a normal distribution 

with known mean and standard deviation, limits of 3 times standard deviation towards both sides 

of the mean value indicate a confidence level of 99.7%. 

5.6. Methodology 

The steps for this study could be summarised as below 

1. Identify the dimensions for IMC core structure that are cast and not machined later 

2. Identify a response: In this case, the Y direction bending stiffness of IMC core structure at the 

HPC flange 

3. Perform a DoE (fractional factorial) to screen the most important factors (dimensions) 

4. Perform a second DoE, (the central composite) in order to ascertain non-linear effects  
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5. Construct a response surface from the second DoE  

6. Generate a number of random samples for the factors (dimensions) using Monte-Carlo 

simulation 

7. Calculate the response (bending stiffness) for each set of the factors (dimensions) 

8. Plot the responses in a frequency histogram 

9. Identify the probability that the stiffness is within two limits. 

While performing steps 3 and 4, the dimensions other than the cast ones remain at their nominal 

value. 

5.6.1. Cast Dimensions  

The dimensions or locations in the IMC core structure which are cast and are not machined later 

shown in the Figure 66. In all there are 10 dimensions or thicknesses which are identified as cast.  

 

 

Figure 66: The cast dimensions chosen for DoE study 

 

 

Out of these 10 dimensions (thicknesses) the ones which are most important must be isolated. 

This is done by a screening DoE run which is discussed in the next section.  
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5.6.2. Fractional Factorial Run: Screening 

The figure below shows the main effects plots from the fractional factorial run. From the figure it 

is evident that 4 dimensions affect the bending stiffness of the IMC core structure more than all 

others. These dimensions were isolated for further studies using the central composite scheme. 

The locations are the vanes, flow paths and the beams. (Refer section 1.3 for solid geometry). 

 

. 

 

 

 

 

 

 

 

Figure 67: Main effects from fractional factorial design. On the Y axis the bending stiffness in Y direction is plotted and on 

the X axis the change in factor levels from one extreme to the other. Arrows from the main effects plots point to the 

dimensions that have the respective effect on the stiffness. 
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5.6.3. Central Composite Run 

The main effects plot from the central composite run is shown in the figure below. The total 

number of runs were 30. It can be noted that the straight lines that appear in the fractional 

factorial run now indicate curvature.  

 

 

 

 

 

 

 

 

 

 

 

 

5.6.4. Response Histogram 

A response surface was created from the central composite run for the bending stiffness. After 

that,        dimension sets were generated. A dimension is expressed as              
where          is the nominal value of the dimension and   is the standard deviation of the 

dimension. In this case the tolerance specified was          . For generating the random 

values of the thickness from Monte Carlo simulation each dimension was assumed to have the 

same tolerance. The generation followed the normal distribution with mean as the nominal value 

and the standard deviation as               . The bending stiffness at HPC flange for each 

of these sets was calculated form the response surface. The accuracy of the response surface or 

the   value was obtained as      

 

Figure 68: The main effects from the central composite run. On the Y axis the bending stiffness in Y 

direction is plotted and on the X axis the change in factor levels from one extreme to the other. 
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If each set of dimensions generated is thought as belonging to an IMC core structure, then the 

plots show the number of IMC core structures with a certain normalised stiffness value for its 

bending stiffness. The normalisation is done with the stiffness evaluated when all dimensions are 

at their nominal values.  

In the figure the red lines indicate a confidence level of                    The green lines 

indicate a confidence level                   and the blue lines indicate a confidence level of 

Figure 70: The response histogram. X axis has the normalised bending stiffness values and the Y axis indicate with what 

frequency those stiffness values occur for different IMC central structures in a distribution of 10,000 IMC central structures. 

Figure 69: The residuals plots for a second order least square regression from the central composite run. Y axis 

represents the predicted value and X axis the observed value. The R2value could also be seen from the figure. 
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                . From the figure such a statement can be made. 

The stiffness of         of the IMC core structures would lie in the range               with 

      confidence where S represents the value of the bending stiffness at HPC flange in Y 

direction with all dimensions set at the nominal value.  

Put in another way,  

With    confidence level,        of IMC core structures would have their bending stiffness in Y 

direction at the HPC flange in the range               where   is the nominal bending stiffness.  

6. General Comments and Conclusions 

DoE offers a convenient and simple way to screen the factors that most affect the stiffness. It is 

also possible to make an optimisation from the response surface created towards a certain 

objective. This offers substitution of the optimisation methods discussed in the beginning to tune 

the model. The study could also be a precursor to evaluating how robust is the stiffness for 

variations in different dimensions. It must be noted that the prediction of the stiffness is only as 

accurate as the response surface is. Since the response surface is created with a small percentage 

of error, the predicted values of stiffness would also differ. This is the reason why the final 

normal distribution curve for the bending stiffness at HPC flange in Y direction do not have a 

mean value at 1 (when normalised with nominal stiffness values) 

It must be noted that the study here is done only with a constant thickness assumed for each 

component. For example the thickness for all 9 vanes is assumed to be 2mm. The variation for all 

vanes is uniform. However in reality when measurements are made the thickness for each vane 

will vary, example 2.03 mm and 2.07 mm. It is also possible that at different locations in a single 

vane thickness differ. In such situations, locations where measurements are made can be grouped 

into a single component and further studies could be made. There is a drawback to this approach 

that the number of factors that need to be considered for the DoE study will be very large. DoE 

schemes for a large number of factors have to be used in such cases and the screening needs to be 

tighter.  
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7. Possible Future Work 

7.1. Sub-model Creation  

Another approach for creation of a sub-model would be to select some regions of the model for a 

sizing optimisation set-up and the other regions for free-size. However which regions are 

grouped or not and what scheme is used for those regions is a question of engineering judgement 

and must be done carefully. The current method of creating a simple model from the detailed 

model involved much manual work. Therefore a method can be thought of that automatically 

generates a simplified geometry from the original geometry which when converted into a shell 

model will have comparable properties with the detailed model.  

7.2. Creation of Stiffness Interval 

As indicated in the comments section, when each measurement location is converted into a 

component, the number of factors will be large. In such a situation a gradient based sensitivity 

study could be made to ascertain which dimensions have the highest sensitivity in the stiffness. If 

needed the components thus isolated could again be subjected to a DoE screening and later 

varied randomly to predict the stiffness interval making use of a response surface.  
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Appendix A 

Modal Assurance Criteria Points 

The points on the tetra and the shell model where values of the eigen vectors were taken is given 

in the figures below. 2545 nodes were taken from the shell model and the points that lie closest 

to each shell node were found out in the tetra model. The locations where these nodes were taken 

are in the front flange, rear flange, and the walls.  

 

 

 

The red dots on both models correspond to nodal locations that have the same spatial coordinates. 

Nodal locations corresponding to same spatial coordinates were extracted in HYPERMESH. The 

locations wouldn’t exhibit an exact match. However error involved was ignored as this is within 

a low tolerance, managed by the software.  

 

  

Tetra model showing MAC points Shell model showing MAC points 
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Appendix B  

The RBE3 Element  

The RBE3 or the interpolation constraint element is used for ‘beaming’ loads on a set of nodes. A 

set of nodes with independent degrees of freedom are connected to a reference node. Loads 

applied at the reference node are transferred to the connected nodes proportional to the weighting 

factors specified for the connecting nodes and the geometry of the element. The figures below 

show how an RBE3 element transfers forces and moments applied at the reference node to the 

connected nodes.    are the weights given to individual nodes. Probably the weight calculations 

are managed in the software automatically based on the geometrical location of the nodes with 

respect to the reference node. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Ref: MSC.Nastran 2004. Linear static analysis users guide   

The dark dot is the reference node. All other dots are the nodes that are connected to the reference node. The 

figure shows how a force applied at the reference node is transferred to the connected nodes.  

Where       
  

   
  

   

   

   

   

   

   

Where       
    

      
   

   

   

   

   

   

   
   

   

   

Similar to the above figure, this figure shows how a force applied at the reference node is transferred to the 

connected nodes.  



iii 
 

Appendix C 

OPTISTRUCT  Implementation of Optimisation Methods 

The shell model according to the thicknesses is divided into separate components. Each 

component can have its own thickness and material properties. The design variables are 

components’ properties. Objective function could only be defined in terms of responses. A 

response is result from the FE model after an analysis. For all optimisation methods mass of the 

shell model is defined as a response. Also the first and second modes frequencies are defined as 

responses. The displacement/rotations depending on whether a force or moment is applied at the 

interface nodes are responses too. Using these ‘primary’ responses for displacements secondary 

responses are defined which correspond to stiffness. A secondary response is also created for the 

equation that forms the objective function. A stiffness constraint in a certain direction is only 

applicable for the load case when the load is applied in that particular direction. Global 

constraints are present for all load cases that do not allow the mass of the model to fall below a 

limit. Thus the difference between the optimisation methods is only associated to what design 

variables defined. The table below presents a summary of design variables for each optimisation 

methods. 

 

 

 

 

 

 

 

 

 

Optimisation method Design variable 

Sizing Component thickness 

Material property variation Component mat. properties : E and rho 

Combined sizing and material property Component thickness, Component properties 

Free-size  Element thicknesses 

 

Primary response Secondary response 

Constraints 

Objective function 

Constraints 

Schematic of how responses can be used to create constraints 
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The Local Approximation Method 

The steps used in local approximation method for an optimisation problem are  

1. Performing the FE solution of the problem under consideration 

2. Check for convergence 

3. Screen the responses that are active at the current iteration 

4. Determine the sensitivity (gradients) of responses with respect to design variables 

5. Form an explicit approximation of the problem based on sensitivity information. Go to step 1. 

The formulation techniques used in OPTISTRUCT usually ensure convergence in a few 

iterations as the biggest change in design variables are observed in the first few iterations. Also 

to ensure that the convergence is stable, the design variable changes are limited in a narrow 

bound called move limits. The move limits are changed for each iteration.  

Ref: HyperWorks  10, RADIOSS, MotionSolve and OPTISTRUCT user’s guide 


