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Abstract

The Bose-Hubbard model is used to study bosons in optical lattices. In this the-
sis we will use an extended Bose-Hubbard model to study a type of completely
localized solutions, called compactons.

The compactons are a special case of the much studied solitons. The soliton
is a familiar concept in non-linear physics. It is a stable, localized wave-solution,
found in a range of different systems; from DNA-molecules to optical fibers. The
compacton is a soliton that is completely localized, i.e. strictly zero outside a
given area.

The dynamics of the (extended) Bose-Hubbard model is based on the tun-
neling of particles between the lattice sites. The ordinary Bose-Hubbard model
only accounts for one-particle tunneling processes. We will consider a model
that also takes some two-particle tunneling processes into account, basically by
considering long-range effects of the particle interaction.

The aim of this thesis is to find and study the quantum analog of the com-
pactons found in an extended Discrete Non-Linear Schrödinger equation. We
will study analytical solutions and try to find if and under which conditions spe-
cific compactons exist. Numerical calculations are made to study the properties
of the compactons and to study how compacton solutions arise in the classical
limit.
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Chapter 1

Introduction

1.1 The Bose Hubbard model

The Bose-Hubbard model describes the dynamics of bosons placed in a lat-
tice. It has become a popular model to study, especially since the experimental
realization of Bose-Einstein condensation in 1995. Among other things, the
Bose-Hubbard model has been used to study superfluid-insulator transition of
liquid He [1], ultra-cold bosons in an optical lattice [2] and vibrations in benzene
molecules [3].

The model is based on the notion that the bosons can tunnel, or ”hop”, from
one site to a neighbour site. It contains two parameters, the on-site parameter
and the hopping parameter, and the dynamics depends on the ratio between
these two.

The Bose-Hubbard model is an approximative model and it assumes, among
other things, that the interaction between particles is so short-ranged that only
interactions between bosons on the same site must be considered. But the
interactions are in general finite-ranged and there are certain situations when
it might be appropriate to extend the model by also considering interactions
between particles on neighbouring sites. This will, consequently, lead to an
extended Bose-Hubbard model, namely the one studied in this thesis. Note that
there are other ways to extend the Bose-Hubbard model, e.g. by considering
tunneling to next-nearest neighbour sites [4].

The Bose-Hubbard model is, as the name implies, a bosonic version of the
famous Hubbard model, that was derived by John Hubbard in 1963 to study
how electrons (fermions) behave in a solid [5].

1.2 Compactons

The Bose-Hubbard Model has also gained attention for being a quantum me-
chanical counterpart of the celebrated Discrete Non-Linear Schrödinger equation
(DNLS) [6]. In certain non-linear equations stable localized solutions, called

1



2 CHAPTER 1. INTRODUCTION

solitons, arise as generic objects. One can say that the soliton arises due to
the competition between the non-linearity and other properties, e.g. dispersion,
diffraction or diffusion [6]. It is therefore necessary that the equation in question
contains some terms with any of these properties. A compacton is a special case
of a soliton that is strictly zero outside a given area [7].

Solitons, and compactons, can exist in both continuous and discrete systems.
The extended Bose-Hubbard model is a discrete model and we can interpret an
n-site quantum compacton as the case when all the bosons are located at n

neighbouring sites (the quantum mechanical aspects of this will be discussed
later). Classical discrete compactons have been studied in several papers, both
for DNLS-like models [8, 9] and other equations, for example discrete non-linear
Klein-Gordon models [10].

1.3 Aim

Discrete compactons were found in an extended DNLS by Öster et al in [8, 11]
and the aim of this thesis is to find and study the quantum mechanical coun-
terpart. We will try to find under which conditions these quantum compactons
exist in the extended Bose-Hubbard Model and compare the results with the
classical ones. We will also see how compacton solutions arise in the classical
limit.

1.4 Method

A one-dimensional lattice with periodic boundary conditions is studied. A lat-
tice with four sites is typically considered and 30 particles are considered at
most.

A program in Matlab has been designed to construct Hamiltonian matrices
for the extended Bose-Hubbard model and to calculate their eigenvectors and
eigenvalues.

1.5 Outline

The outline of this masters thesis is as follows. Chapter 2 will review the neces-
sary theoretical background. The quantum mechanical formalism, second quan-
tization, is first introduced. We will then present much of the physical back-
ground, such as optical lattices and Wannier functions and give a more precise
definition of the quantum compacton. The chapter will end with derivation and
discussion of the Hamiltonian of the extended Bose-Hubbard model.

Chapter 3 presents the analytical results for the one-site compacton. Con-
ditions for the one-site compactons to exist are derived and compared with the
classical. Numerical results for the one-site compacton are also presented and
compared with classical results.
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Chapter 4 extends the discussion to several-site compactons. Conditions
for several-site compactons are discussed, especially in the case of a two-site
compacton.

Chapter 5 contains a summary of the results and conclusions.
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Chapter 2

Theory

2.1 Second Quantization

2.1.1 General Formalism

Second Quantization is a formulation of Quantum Mechanics that is very well
suited for many-body problems. Let us say that we have N identical bosons and
that they occupy k different states, with ni bosons in the i-th state characterized
by a unique set of quantum numbers qi, so that

∑k

i=1 ni = N . In quantum
mechanics we cannot associate a specific particle with a certain state. In fact,
we cannot even say that a specific particle is more probable than another to be
in a certain state. Therefore, a normalized many-particle state will be written
in terms of one-particle states as

1
√

(N !n1 . . . nk)

∑

P̂

P̂ |1q1 > . . . |n1q1 > . . . |(n1 + 1)q2 > . . . |Nqk >, (2.1)

where the first number in the kets is the particle index and the second number
is the quantum number. P̂ is a permutation operator and the sum in (2.1) runs
over all the different permutations of the particles. As an example we consider
three bosons, two placed in state q1 and one placed in q2;

1√
3!2!1!

(|1q1 > |2q1 > |3q2 > +|3q1 > |1q1 > |2q2 > +|2q1 > |3q1 > |1q2 >

+ |1q1 > |3q1 > |2q2 > +|2q1 > |1q1 > |3q2 > +|3q1 > |2q1 > |1q2 >) =

2√
3!2!1!

(|1q1 > |2q1 > |3q2 > +|3q1 > |1q1 > |2q2 > +|2q1 > |3q1 > |1q2 > .

Notice that it is because we are working with bosons that we have plus signs
between the states. This makes it possible to place any number of particles in
a state. If we would have fermions then each permutation in (2.1) would also
generate a minus sign. Therefore, if we were to place two fermions in the same

5



6 CHAPTER 2. THEORY

state q1;
1√
2
(|1q1 > |2q1 > −|2q1 > |1q1 >) = 0. (2.2)

This is the famous Pauli exclusion principle and motivates why bosons have
symmetric (plus signs) and fermions anti-symmetric (minus signs) states.

In Second Quantization, state (2.1) will be written much more concisely as

|n1, n2, . . . , nk > . (2.3)

Much of the formalism of second quantization is based around the annihilation
operator, âi and its hermitian conjugate, the creation operator â†i . They are
defined as

â†i |n1, . . . , ni, · · · >=
√
ni + 1|n1, . . . , ni + 1, · · · > (2.4)

and
âi|n1, . . . , ni, · · · >=

√
ni|n1, . . . , ni − 1, · · · > (2.5)

with the commutation relations

[âi, â
†
j ] = δi,j (2.6a)

[âi, âj ] = 0 (2.6b)

[â†i , â
†
j ] = 0. (2.6c)

Using these operators we can also define a number operator

N̂i = â†i âi (2.7)

so that
N̂i|n1, . . . , ni, · · · >= ni|n1, . . . , ni, · · · > . (2.8)

It is also convenient to define the total number operator

N̂ =
k∑

i=1

N̂i (2.9)

which counts the total number of bosons in the system.

2.1.2 Operators

Let us consider an operator of type

Ĥ =
∑

m

Ĥ(1)
m +

∑

m 6=n

Ĥ(2)
m,n, (2.10)

where Ĥ
(1)
m acts on particle m and Ĥ

(2)
m,n acts on both particle m and n. Ĥ

(1)
m

might be the kinetic energy and Ĥ
(2)
m,n might be Coloumb interaction. Operator

(2.10) will then be written in the Second Quantization formalism as

Ĥ =
∑

i,j

< qi|Ĥ(1)|qj > â†i âj +
∑

k,l,m,n

< qk| < ql|Ĥ(2)|qm > |qn > â†kâ
†
l âmân.

(2.11)
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We can motivate the form (2.11) by considering the one-particle operator Ĥ(1) =
∑

m Ĥ
(1)
m . If {|mqj >}j,m is a complete ON-basis, then the closure relation,

I =
∑

i,m

|mqi >< qim|,

can be used to rewrite the operator as

Ĥ(1) =
∑

i,j,l,m,n

|mqi >< qim|Ĥ(1)
l |nqj >< qjn|

=
∑

i,j,m

< qim|Ĥ(1)
m |mqj > |mqi >< qjm|

=
∑

i,j

(
< qi|Ĥ(1)|qj >

∑

m

|mqi >< qjm|
)
. (2.12)

In doing this we have used two things. First, < qim|Ĥ(1)
l |nqj >= 0 unless the

particles indices, l, m and n, are equal. Second, since all particles are identical,

< qim|Ĥ(1)
m |mqj > = < qin|Ĥ(1)

n |nqj >, it is possible to omit the particle index,

thus < qim|Ĥ(1)
m |mqj > .

=< qi|Ĥ(1)|qj >. We realize that if we want to go from
(2.12) to the form (2.11), then there must be some sort of equivalence between
∑

m |mqi >< qjm| and â†i âj . Let us illustrate this with an example. Let us
say that we have one particle in state k, |1qk >= |0, . . . , nk = 1, 0, · · · >. What
happens if |1qi >< qj1| acts on this state?

|1qi >< qj1|1qk >= δjk|1qi > .

Basically, |1qi >< qj1| destroys the state |1qk > and creates state |1qi >, if

k = j. Otherwise it will only give the answer zero. This is exactly what the
operator â†i âj does;

â†i âj |0, ., ni = 0, ., nk = 1, . >=

{

|0, ., ni = 1, ., nk = 0, . > if k = j,

0 if k 6= j.

It gets a bit more complicated if there are more particles in the system. The
basic idea is the same,

∑

m |mqi >< qjm| destroys a particle in state j and
creates one in state i. However, we do not say anything about which particle
it is that makes this transition. It is the fact that this transition can be done
in many ways that complicates the whole thing. Let us illustrate this with a
simple example. Consider three particles, two in state q1 and one in state q2.
Let us act with

∑

m |mq2 >< q1m| on this state, i.e. one particle goes from
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state q1 to q2

(|1q2 >< q11| + |2q2 >< q12| + |3q2 >< q13|)
1√
3
(|1, q1 > |2, q1 > |3, q2 >

+ |1, q1 > |2, q2 > |3, q1 > +|1, q2 > |2, q1 > |3, q1 >)

=
1√
3
(|1, q2 > |2, q1 > |3q2 > +|1, q1 > |2, q2 > |3q2 > +|1, q2 > |2, q2 > |3q1 >

+ |1, q1 > |2, q2 > |3q2 > +|1, q2 > |2, q2 > |3q1 > +|1, q2 > |2, q1 > |3q2 >

= 2
1√
3
(|1, q1 > |2, q2 > |3, q2 > +|1, q2 > |2, q1 > |3, q2 > +|1, q2 > |2, q2 > |3, q1 >).

Let us now do the same calculation in the Second Quantization formalism with
â†2â1 acting on state |2, 1 >;

â†2â1|2, 1 >=
√

2â†2|1, 1 >=
√

2
√

2|1, 2 >= 2|1, 2 > .

We see that they give identical answers. Second quantization handles the com-
binatorical aspects of the problem automatically with the prefactors to the cre-
ation and annihilation operator and this simplifies the calculations greatly. Ar-
guments similar to the one above can be applied on the two-particle operator as
well. Note that this is not a proof but merely a motivation of why an operator
can be written as (2.11). For more details see [12].

2.2 Physical Background

2.2.1 Lattices

It was stated before that the Bose-Hubbard model and its extended versions
deal with bosons placed in optical lattices. The optical lattice is basically a
standing wave created by two lasers. The inhomogenous electromagnetic field
will exert a force upon the atoms which makes it possible to confine them at
specific regions in space, i.e. at the lattice sites. For further details see [13].

In this master’s thesis we will only consider one-dimensional lattices with
periodic boundary conditions. The periodic boundary conditions gives us a
translationally invariant system which greatly simplifies the actual calculations.
Periodic boundary conditions can be realized experimentally with so called neck-
lace potentials, a lattice with the sites placed in a ring [14, 15].

Results obtained for the periodic lattice can in fact also be valid for systems
without periodic boundary conditions. The extended Bose-Hubbard model, that
will be derived in section 2.3.1, assumes that particles do not interact if they
are further away from each other than neighbouring sites. Let us consider an
m-site compacton placed in an (m+2)-site lattice. We will define the compacton
properly in section 2.2.2, but for this section it is enough to say that it occupies
m consecutive sites. This means that there will be two empty sites in the lattice.
Each side of the compacton will interact with one of the empty sites and the
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empty sites will in their turn interact with the compacton on one side and an
empty site on the other. Let us now say that we increase the size of the lattice
and place additional empty sites in-between the two original empty sites. The
compacton will still interact with empty neighbour sites that have got another
empty site on their other side. The compacton will therefore also be a solution
for this lattice. We realize the we can put in as many additional sites as we want
and that the m-site compacton, placed in an (m+2)-site periodic lattice, is also
a solution for an infinite lattice. Also, solutions that are almost compactons are
assumed to be close to the exact solution for an infinite lattice, since there is
very low population on the previously empty neighbour sites.

In this section we have avoided some of the quantum aspects, namely that
the solution will be a superposition of the translated states. This is discussed
more in detail in later sections. The argument above still holds since it can
be applied separately to each term in the superposition. But we should note
that the solutions for different lattices may therefore not be equivalent since a
solution for a larger lattice consists of more terms.

The periodic boundary conditions means that âf+1 = â1, if f is the lattice
size. We can now define the translation operator as

T̂ |n1, n2, . . . , nf >= |n2, . . . , nf , n1 >, (2.13)

with the commutation relation

T̂ â†m+1 = â†mT̂ (2.14a)

T̂ âm+1 = âmT̂ . (2.14b)

2.2.2 Compactons

There are some interesting phenomena that occur especially in non-linear physics.
The mythical chaos is perhaps the most famous but it is rather the so called
solitons that are interesting for this thesis. Solitons are stable localized solu-
tions that can be found for certain non-linear equations. Further details about
solitons can be found in [6]. We will now try to motivate why some non-linear
equations support solitons. The example will be given for a continuous equation,
for simplicity, even though we are actually working with a discrete model.

Linear partial differential equations do not generally support localized solu-
tions. We can see this if we consider equation

∂u

∂t
+
∂3u

∂x3
= 0. (2.15)

This is in fact the linear part of the famous Korteweg-de Vries equation. If we
try the standard plane wave solution, u = uke

i(kx−ωt), we get the dispersion
relation ω(k) = −k3. We know that we can construct a general wave-packet
solution to (2.15) by superposing different plane waves,

u =

∫

uke
i(kx−ω(k)t)dk. (2.16)
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If we want to have a spatially localized solution, then many different components
must be included in (2.16). It is a well known fact, related to the Heisenberg
uncertainty principle, that a localized solution in real space is delocalized in
k-space. The dispersion relation makes each component in (2.16) travel with a
different phase velocity, vp = ω(k)/k = −k2. We then realize that an originally
localized wave-packet will spread out with time. It is therefore impossible to
have a solution to (2.15) that remains localized.

We should mention that there are important exceptions when linear equa-
tions do support localized solutions. This happens when the spatial and tem-
poral derivatives are of the same order and the wave-packet is traveling in a
non-dispersive medium, e.g. when light is traveling in vaccum.

Non-linear equations on the other hand support solutions that contract with
time. This can be seen from equation

∂u

∂t
+ u

∂u

∂x
= 0, (2.17)

which is the corresponding non-linear part of the Korteweg-de Vries equation.
Traveling solutions to (2.17) of the form u(x, t) = ũ(x− vt) will have a velocity
proportional to its amplitude. We can then imagine that parts of the wave with
high amplitude will catch up with and take over parts of the wave with lower
amplitude, causing a compression of the wave. Just think about water waves
approaching land. A solution to the full Korteweg-de Vries equation,

∂u

∂t
+ u

∂u

∂x
+
∂3u

∂x3
= 0, (2.18)

will therefore be subject to two competing processes, spreading from the linear
term and compression from the non-linear term. It is possible to balance these
two processes to obtain localized stable solutions, i.e. solitons. Equation (2.18)
has, among others, the soliton solution

u(x, t) = 12a2sech2[a(x− 4a2t)], (2.19)

which is shown in figure 2.1 with t = 0 and a = 1. Solitons are studied in
many different contexts, from optical fibers [16] and water waves [17] to DNA-
molecules [18]. Function (2.19) falls off exponentially, but there exist in fact
other solitons that are strictly zero outside a given area. These solutions do
however only exist for certain types of continuous equations, e.g. equations
with only non-linear dispersion. We say that they have a compact support and
therefore call them compactons [7].

The discussion so far has only been for continuous systems but solitons, and
compactons also for that matter, exist also in discrete systems. Discrete solitons
are sometimes refered to as discrete breathers, especially when one deals with
DNLS equations. Compactons differ somewhat between discrete and continuous
systems. As previously stated, continuous compactons do not exist in equations
that contain linear dispersion, basically since there exists a region with low
amplitude where the non-linear dispersion can be neglected, and we have seen
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Figure 2.1: Soliton for the Korteweg-de Vries equation

above that equations with only linear dispersion cannot support localized stable
solutions. This is not the case for the discrete equation, as shown in [8, 9, 10]. It
is thus possible to have discrete compactons in equations with both non-linear
and linear dispersion.

In this thesis, the m-site discrete quantum compacton (hereafter only refered
to as compacton) is defined as an eigenstate to the Hamiltonian with absolute
certainty of finding all particles located on m neighbouring sites. It will there-
fore generally be a superposition of different ways of placing N particles on m
consecutive sites. Note that we did not say anything about where the particles
should be located. Since we are working with periodic potentials, the Bloch
theorem tells us that the compacton will be equally probable to be located any-
where on the lattice! This means, for example, that the one-site compacton will
have the form

1√
f

f−1
∑

j=0

T̂ j|N, 0, . . . , 0 > .

2.2.3 Wannier Functions

When we derived (2.12) in section 2.1 we used a complete set of orthonormal
states {|nqj >}. How these states are chosen depends very much on the specific
problem. We are interested in localized solutions so the common Bloch functions
do not seem to be the best choice. Instead, the so called Wannier functions

are a much better option. Note once again that we do not mean an absolute
localization in the sense that we expect to find the particles on a specific site.
Rather, we mean how the particles are correlated. The Wannier functions are
often defined as the inverse Fourier transform of the Bloch functions, Ψm(k̄, r̄),
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wherem is the band index and ~k̄ the crystal momentum. Now, the Bloch states
are periodic in k-space i.e. Ψm(k̄ + Ḡ, r̄) = Ψm(k̄, r̄) where Ḡ is a reciprocal
lattice vector. It is therefore possible to develop the Bloch functions in Fourier
series,

Ψm(k̄, r̄) =
1√
N

∑

j

eik̄·R̄jam(R̄j , r̄), (2.20)

which gives us the Wannier functions, am(R̄j , r̄), from the inverse formula as

am(R̄j , r̄) =
1√
N

∑

k̄

e−ik̄·R̄j Ψm(k̄, r̄). (2.21)

It can be shown that the Wannier functions form a complete, orthonormal set
and the am(R̄j , r̄) are localized around lattice site R̄j [19]. They are however
not completely localized so Wannier functions from different sites will overlap.
In this thesis we assume that all bosons are located in the lowest band, m = 1.
We can therefore omit the band index and use the following notation: |wj >=
a1(R̄j , r̄).

Operators in the Second Quantization formalism, see (2.11), contain matrix
elements, < wi|Â|wj >. Generally we would have to calculate the matrix ele-
ment for all wi and wj but fortunately this will not be necessary. The Wannier
functions in the same band will, apart from being localized around different
lattice sites, be identical to each other, i.e. am(R̄j , r̄) = am(R̄i, r̄+ R̄i − R̄j). If
we therefore have an operator that is either independent of the position or has
the same period as the lattice then < qi|Â|qj >=< qi+k|Â|qj+k >.

We will consider a boson in state |wj > to be entirely located at site j, which
is not completely true. This is a result from the fact that we are working with a
discrete model that is an approximatation of a continuous system. We are able
to do this approximation since the bosons are assumed to be well localized to
the lattice sites. In practice this means that we have a lattice with sufficiently
deep potential wells. But even though the boson is said to be localized to a site
in the discrete model, this will not be the case in the continuous model since the
Wannier functions themselves are not completely localized. But the Wannier
functions will however be completely localized to a good approximation for a
lattice that is deep enough.

It should be emphasised that the Wannier functions are basis functions, not
eigenfunctions.

2.3 The Model

2.3.1 Hamiltonian

Consider N bosons placed in a one-dimensional optical lattice. The Hamiltonian
for this system is given, in the form (2.10), by

Ĥ =
∑

i

p̂2
i

2m
+ V̂OL(~ri) +

1

2

∑

i6=j

V̂int(|~rj − ~ri|). (2.22)



2.3. THE MODEL 13

VOL is the potential that the bosons feel from the optical lattice and is due to
the AC-Stark effect [13]. Vint is the potential that arises from the interaction
between the bosons themselves.

Using Wannier functions as basis functions, the Hamiltonian can be written
in the Second Quantization formalism as

Ĥ =
∑

i,j

< wi|
p̂2

2m
+ V̂OL|wj > â†i âj+

1

2

∑

k,l,m,n

< wk| < wl|V̂int|wm > |wn > â†kâ
†
l âmân. (2.23)

This equation will be very hard to solve in this form and it is therefore necessary
to do some approximations to simplify it. As a first approximation we can
assume that the overlap of the Wannier functions at different lattice sites is
so small that we only have to consider particles on the same and neighbouring
sites in the first sum over i and j. We can also assume that the interaction is
so short-range that we only have to consider particles at the same lattice site in
the second sum. This reduces (2.23) to

Ĥ =
∑

i

(

−J(â†i âi+1 + â†i+1âi) + εâ†i âi +
U

2
â†i â

†
i âiâi

)

, (2.24)

where

J = − < w1|
p̂2

2m
+ V̂OL(~r)|w2 > (2.25)

is called the hopping parameter,

ε =< w1|
p̂2

2m
+ V̂OL(~r)|w1 > (2.26)

the on-site parameter and

U =< w1| < w1|V̂int(|∆~r|)|w1 > |w1 > (2.27)

the interaction parameter. Now since
∑

i â
†
i âi =

∑

i N̂i = N = constant,

ε
∑

i â
†
i âi can be removed from the Hamiltonian by a rescaling of the energy.

Thus,

ĤBH = −J
∑

i

(â†i âi+1 + â†i+1âi) +
U

2

∑

i

â†i â
†
i âiâi. (2.28)

This is the Hamiltonian for the Bose-Hubbard model. However, we can imagine
that there are certain regimes where it may be appropriate to work with a model
that also takes other effects into account. For instance, the interaction potential
might be long-ranged enough so that we also have to consider neighbouring sites.
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In that case (2.23) will become

ĤeBH =
∑

i

Q1N̂i +
Q2

2
(â†i âi+1 + â†i+1âi) +Q3N̂

2
i +

Q4[4N̂iN̂i+1 + (â†i+1)
2(âi)

2 + (â†i )
2(âi+1)

2]+

2Q5[((â
†
i )

2 + (â†i+1)
2)âiâi+1 + â†i â

†
i+1((â

2
i ) + (âi+1)

2)], (2.29)

where

· Q1 =< w1| p̂2

2m
+ V̂OL|w1 > − < w1| < w1|V̂int|w1 > |w1 >

· Q2 = 2 < w1| p̂2

2m
+ V̂OL|w2 >

· Q3 =< w1| < w1|V̂int|w1 > |w1 >
· Q4 =< w1| < w1|V̂int|w2 > |w2 >
· Q5 =< w1| < w2|V̂int|w2 > |w2 >

(2.29) is the extended Bose-Hubbard Hamiltonian that is studied in this thesis.
This specific model has been used to study phase transitions in [20]. Schneider
et al also used it in their study of two ultracold atoms in an optical lattice[4],
where they also discussed in which parameter regime the model is valid. The
model was also studied for dimer and trimer systems (lattices with two and
three sites respectively) in [21]. It is instructive to interpret some of the terms
in the Hamiltonian as tunneling processes:

· â†i+1âi tunnels one particle from site i to i+ 1

· N̂iN̂i+1 = â†i â
†
i+1âi+1âi is simultaneous tunneling of two particles in op-

posite directions, one from site i to i+ 1 and one from site i+ 1 to i.

· (â†i+1)
2(âi)

2 is simultaneous tunneling of two particles from site i to i+ 1

· (â†i+1)
2âiâi+1 tunnels one particle from site i to i + 1, but only if there

already exist some particles at site i+ 1

· â†i â
†
i+1â

2
i tunnels a particle from site i to i + 1, but only if there are at

least two particles at site i to begin with.

2.3.2 Parameters

Hamiltonian (2.29) has six independent variables, the five Q -values and the
number of particles. Since we are interested in the eigenstates rather than the
eigenvalues, this number can be reduced. First, since we work with a constant
number of particles, Q1

∑

i N̂i will just scale the energy and does not affect the
eigenstates. Also, it is only the relative value of the Q -values that matters, which
means that we can choose one of the Q -parameters as a reference-parameter. In
this thesis we have chosen Q3. In practice this means that we will work with a
redefined Hamiltonian, Ĥ ⇒ Q−1

3 (Ĥ −Q1N̂). It is then convenient to redefine
our parameters as Qi → Qi/Q3, i = 2, 4, 5.

One of the main objectives of this thesis is to compare the results with
the ones obtained for the corresponding classical model in [8]. It is therefore



2.3. THE MODEL 15

necessary to define the classical limit properly. We know that the classical limit,
in principle, corresponds to infinitely many particles. But we realize, if we look
at equation (2.29), that just letting N → ∞ would not give any reasonable
answers. We will have to take care of the inconvenient infinities in some good
way. One way to do this is to work with relative rather than absolute number
of particles and to look at the energy per particle pair instead of total energy.
To achieve this we redefine the Hamiltonian as Ĥ ′

eBH = ĤeBH/N
2 and the

creation and annihilation operator as â′
(†)

= â(†)/
√
N . This will give us the

relative number operator N̂ ′ = N̂/N . The Hamiltonian will then look like

Ĥ ′
eBH =

Q2

2N
(â′

†

i â
′
i+1 + â′

†

i+1â
′
i) + N̂ ′

2

i +Q4[4N̂ ′
iN̂ ′

i+1 + (â′
†

i+1)
2(â′i)

2+

(â′
†

i )
2(â′i+1)

2] + 2Q5[((â′
†

i )
2 + (â′

†

i+1)
2)â′iâ′i+1 + â′

†

i â
′
†

i+1((â
′
2

i ) + (â′i+1)
2)].
(2.30)

We see that in order for the Q2 parameter to remain finite it must be propor-
tional to N .1 But since we do not want to work with parameters that goes
towards infinity it will be more appropriate to work with Q2/N instead of Q2,
i.e. Qclassical

2 → Q2/N .
This can also be motivated from a more physical standpoint. The Q2-term in

Hamiltonian (2.29) is connected to all particles, through the kinetic and optical
lattice energy, while the Q3-, Q4- and Q5-terms are connected to all the particle

pairs, through the interaction energy. Therefore, the Q2-term will increase as
N while the other terms will increase as N2. In order to compensate for this,
we will have to increase Q2 itself as N . And with the same argument as above
we can conclude that it is therefore better to study Q2/N than Q2. From this
argument one can realize that it is also necessary to work with Q2/N if we wish
to compare small system with different particle numbers. It will become evident
later that this is in fact the proper way to work with the parameters.

The classical model deals with a wave-function rather than occupation num-
ber. The wave-function corresponds to

|Ψj |2 → nj

N

The classical compacton condition[8] then reads

Qclassical
2 = −4Q5|Ψj|2.

But since we have said that Qclassical
2 corresponds to Q2/N we will get

Q2

N
= −4Q5|Ψj|2 ⇒ Q2 = −4Q5|Ψj |2N ⇒ Q2 = −4Q5nj .

Once again, it might be more physically correct to say that it is Qclassical
5 that

corresponds to Q5N but the results will be the same.

1In reality it might be the rest of the parameters that are proportional to N−1. Remember
that it is only the relative value that is important and that we have fixed Q3.
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In this thesis we will focus on finding the compactons in the highest eigen-
state. This is motivated by that we expect to find the compacton in the high-
est state for a repulsive model. A repulsive model corresponds in principle to
Q3 > 0. The compacton is the most compressed state possible and the repulsive
interaction tries to spread out the particles over the lattice. We should however
note that the repulsive model can be transformed to an attractive model by the
following parameter transformation

â
(†)
i → (−1)iâ

(†)
i

Q1 → −Q1

Q3 → −Q3

Q4 → −Q4.

This transforms ĤeBH → −ĤeBH . Note once again that Q1 only shifts the
energy scale and that it is therefore not necessary to change this parameter to
go from a repulsive to an attractive model. The compacton will then be found
in the lowest eigenstate instead, which perhaps may be more easily realized
experimentally.

2.3.3 Number State Method

Consider a lattice that consists of f sites. Since there generally can be any
number of particles at each lattice site, it would require infinitely many basis
states of type |n1, . . . , nf > to span the entire Hilbert space. This would make
it computationally very demanding to solve problems. Therefore it is necessary
to use methods that break up the problem into smaller bits that can be solved
separately. The Number State Method is one of these methods[22]. It takes
advantage of the fact that the Hamiltonian commutes with the total number
operator. If the Hamiltonian acts on an eigenstate to N̂ with eigenvalue N, the
answer will still be an eigenstate with eigenvalue N ;

N̂(Ĥ |Φ(N) >) = ĤN̂ |Φ(N) >= N(Ĥ |Φ(N) >) = N |Φ′(N) > .

We use |Φ′(N) > to emphasize that it does not have to be the same eigenstate,
but it must have the same eigenvalue. This makes it possible to diagonalize the
Hamiltonian into blocks with a fixed number of particles since

< Ψ(N ′)|Ĥ |Φ(N) >=< Ψ(N ′)|Φ′(N) >= 0 if N 6= N ′.

That the Hamiltonian commutes with the total number operator means that
the number of particles in our system is conserved, which is very reasonable.
This would however not be true for photons.

It can be readily checked that the translation operator (2.13) commutes
with both Hamiltonian (2.29) and the total number operator. This means that
we can diagonalize the Hamiltonian even further if we can find states that are



2.3. THE MODEL 17

eigenstates to both the translation and number operator. It can be readily
controlled that

f−1
∑

j=0

τ j T̂ j|n1, . . . , nf >, (2.31)

is such a state with translational eigenvalue τ , if τf = 1. Thus τ = e
2πi
f

k where
k is an integer. Note that k′ = k + f and k gives the same eigenvalue since

e
2πi
f

k′

= e
2πi
f

(k+f) = e
2πi
f

ke2πi = e
2πi
f

k. We therefore only have f independent
quantum numbers k. The results above are in fact very familiar concepts from
solid state physics, namely the Bloch theorem and first Brillouin zone. We can
therefore identify ~k with the crystal momentum. The basis states that achieve
the desired block diagonalization are

|ΦN,k >s=

f−1
∑

j=0

(e
2πi
f

k)j T̂ j|n(s)
1 , . . . , n

(s)
f >, (2.32)

where s indicates the different proper ways to place N particles at f lattice sites.
What do we mean with proper ways? First of all, if

T̂ a|n(s)
1 , . . . , n

(s)
f >= |n(s′)

1 , . . . , n
(s′)
f >,

a 6= f , then both these states will generate the same basis state in (2.32) with
some phase shift. Therefore we only need to use one of them in (2.32). Secondly,
some state may have additional translational symmetries, i.e.

T̂ a|n(s)
1 , . . . , n

(s)
f >= |n(s)

1 , . . . , n
(s)
f >

for a < f . One can convince oneself that f must be an integer multiple of
a, f = m · a, (this follows from a well known theorem in group theory, called
Lagrange’s theorem). If ψ has translational symmetry a then

f−1
∑

n=0

(e
2πi
f

k)nT̂ n|ψi >=

a−1∑

n=0

(e
2πi
f

k)nT̂ n|ψi > +

2a−1∑

n=a

(e
2πi
f

k)nT̂ n|ψi > + . . .

+

ma−1∑

n=(m−1)a

(e
2πi
f

k)nT̂ n|ψi >=

a−1∑

n=0

(e
2πi
f

k)nT̂ n|ψi > +

a−1∑

n=0

(e
2πi
f

k)n+aT̂ n+a|ψi > +

· · · +
a−1∑

n=0

(e
2πi
f

k)n+(m−1)aT̂ n+(m−1)a|ψi >=
m−1∑

l=0

e
2πi
f

kla

a−1∑

n=0

e
2πi
f

knT̂ n|ψi >

Since k and l are integers then

m−1∑

l=0

e
2πi
f

kla =

m−1∑

l=0

e
2πi
m

kl =

{

m if k is a multiple of m,

0 otherwise.

Thus a state with translational symmetry a should only be included in the basis
states when k is an integer multiple of m = f/a. This also shows that we must
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be careful with the normalization of the states. In this thesis we only consider
the case when k = 0, so all states should be included in the basis. However,
caution with the normalization factor is still required.



Chapter 3

One-Site Compactons

In this chapter we will consider the simplest compacton solution, namely the
one-site version. We will study analytically solutions in the first section and
then look at certain numerical calculations in the second section.

3.1 Analytical Result

Hamiltonian (2.29) is rather complicated and it is in general not possible to
analytically find non-trivial solutions. But it turns out to be possible for one-
site compactons! The strategy is to rewrite the Hamiltonian in such a way that
the terms that tunnel the same number of particles are grouped together. We
can then study how each part acts on a compacton state and from this draw
conclusions about when the compacton is an eigenstate. We know from the
classical model that the classical one.-site compactons exist under the condition
Q2 = −4Q5N [8]. Does the one-site quantum compactons exist under similar
conditions? Using the commutation relations of the creation and annihilation
operators, the Hamiltonian (2.29) can be rewritten to the desired form:

Ĥ = Ĥ(0) + Ĥ(1) + Ĥ(2) (3.1)

where

Ĥ(0) =
∑

p

(

Q1N̂p +Q3N̂
2
p + 4Q4N̂pN̂p+1

)

(3.2)

Ĥ(1) =
∑

p

(

â†pâp+1 + â†p+1âp

) (
Q2

2
+ 2Q5(N̂p + N̂p+1 − 1)

)

(3.3)

Ĥ(2) =
∑

p

Q4

(

(â†p+1)
2(âp)

2 + (â†p)
2(âp+1)

2
)

. (3.4)

19
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The superscript indicates how many particles the operator tunnels. Let us now
see how each part of Hamiltonian (3.1) acts on the one-site compacton state

|Φ >=
1√
f

f−1
∑

i=0

τ iT̂ i|N, 0, . . . , 0 > . (3.5)

The compacton will always be an eigenstate to Ĥ(0) since

Ĥ(0)

f−1
∑

i=0

τ iT̂ i|N, 0, . . . , 0 >= (Q1N +Q3N
2)

f−1
∑

i=0

τ iT̂ i|N, 0, . . . , 0 > . (3.6)

But it can never be a non-vanishing eigenstate to either Ĥ(1) or Ĥ(2)

Ĥ(1)

f−1
∑

i=0

τ iT̂ i|N, 0, . . . , 0 >=

(
Q2

2
+ 2Q5(N − 1))

√
N

f−1
∑

i=0

τ iT̂ i(|N − 1, 1, . . . , 0 > +|N − 1, 0, . . . , 1 >).

(3.7)

Ĥ(2)

f−1
∑

i=0

τ iT̂ i|N, 0, . . . , 0 >=

Q4

√

2N(N − 1)

f−1
∑

i=0

τ iT̂ i(|N − 2, 2, . . . , 0 > +|N − 2, 0, . . . , 2 >). (3.8)

This it not very surprising. We start with a state that is completely localized
on one site and then act with operators that tunnel particles to the neighbour
sites. Obviously, this state cannot still be localized on one site. It is is therefore
necessary that the effects of the two operators vanish and the question is if they
can be tuned in such a way that they cancel out each other. If we look at
the equations above we will realize that this is not possible. The two operators
generate two completely different states. Ĥ(1) generates states with one particle
on the neighbour site and Ĥ(2) states with two particles on the neighbour site.
It is therefore required that Ĥ(1) and Ĥ(2) vanish separately, i.e. Ĥ(1)|Ψ >= 0
and Ĥ(2)|Ψ >= 0. By looking at equations (3.7) and (3.8), we can see that this
imposes the following conditions on the parameters:

Q2

2
+ 2Q5(N − 1) = 0 (3.9)

Q4 = 0. (3.10)

Note that there are no restrictions on Q1 and Q3 at all. These conditions
basically mean that two-particle tunneling is forbidden and that the two different
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one-particle tunneling processes (the Q2 and Q5 terms in the Hamiltonian) are
tuned so that they cancel each other. Equations (3.9) and (3.10) will be refered
to as the ”compacton conditions” or the ”one-site compacton conditions” if
there might be some reason for confusion.

The conditions above differ somewhat from the one obtained for the classical
model.1 First of all, there are no restrictions at all on the value of Q4 in the
classical model. It will therefore be interesting to see what happens with the
compacton when we relax this condition. Condition (3.9) looks almost the same
in the classical case, the only difference it has got N instead of N − 1. This is
no problem since the classical model corresponds to N → ∞ and one particle
more or less in this context makes no difference.

3.2 Numerical Results

In this section the numerical results for the one-site compacton are presented.
We should remind ourselves that we are working with periodic lattices and that
we are focusing on the highest eigenstate. The calculations are made for a four-
site lattice and we limit ourselves to the case when k = 0. In the first section
we will see in which parameter regime that the compacton has the highest
eigenvalue. In the next section we will examine how parameter variations, i.e.
violations of the compacton conditions, affect the compacton.

3.2.1 Highest Energy

The one-site compacton will always be an exact eigenstate when conditions (3.9)
and (3.10) are fulfilled. It is however not certain that it will have the highest
eigenvalue. In figure 3.1 the two highest eigenvalues are shown as a function of
Q5 (Q2 is also varied so that condition (3.9) is fulfilled). Note that the actual
energy values in figure 3.1 are irrelevant, since we have rescaled the parameters.
We know that both Ĥ(1) and Ĥ(2) vanish for the compacton so its energy will
only be dependent on Ĥ(0). This means that the energy of the compacton
is independent of the value of Q2 and Q5. We can therefore easily identify
the compacton energy, in figure 3.1, as the straight line. We see that there is
an intersection between the compacton and another eigenstate at Q5 ≈ ±0.37.
Figure 3.2 shows the value of Q5 for this intersection as a function of the number
of particles. We see that it is an increasing function which indicates that there
is a regime in the classical limit where the compacton has the highest energy.
It is however hard to tell from this graph if this regime will be finite or not.
There are classical results for a bigger lattice (50 sites) that show that there is a
highest value of Q5 for the one-site compacton to have the highest energy[8]. It
may therefore be reasonable to assume that this is the case also for the four-site
lattice.

1[8] uses Q2 rather than Q2/2 in the Hamiltonian. We should therefore replace Q2/2 with
Q2 in our expressions if we want to compare the results.
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Figure 3.1: Highest and second highest eigenvalues for 16 particles. The com-
pacton is associated with the constant energy (≈ 255). Note the exact crossings
at ±0.37.

5 10 15 20 25 30
0.366

0.368

0.37

0.372

0.374

0.376

0.378

number of particles

Q
5

Figure 3.2: Maximum value of Q5 for compacton to have highest energy when
Q4 = 0.
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Figure 3.3: When the compacton conditions are violated the compacton will
not be an exact eigenstate. This results in an avoided crossing, shown in the
figure between the highest and next highest eigenstates for Q4 = 0.25 and 16
particles.

It is worth noting that there is an actual crossing of the eigenvalues for
Q5 ≈ ±0.37. Usually, the eigenvalues do not intersect, unless they belong to
different symmetry groups. Instead there will be a so called avoided crossing,
shown in figure 3.3 for Q4 = 0.25. The exact compacton will be built up by
only one basis state, |φ1 >=

∑f−1
i=0 τ

iT̂ i|n, 0, . . . , 0 >. Since the eigenstates are
orthogonal to each other, |φ1 > cannot be contained in any other eigenstate.
The compacton will therefore not interact with the other eigenstates, which
explains the exact crossing of the eigenvalues. If the compacton conditions
would be violated then there would be a mixing of the basis states and the
avoided crossing, illustrated in figure 3.3, would appear.

3.2.2 Parameter Variations

In this section we will study how different ways of varying the parameters affect
the one-site compacton.

Variations of Q4

In this section we will study what happens when condition (3.10) is violated,
i.e. when Q4 6= 0. The solution will not be an exact compacton anymore, so
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Figure 3.4: The figure shows |cone−site|2 in the highest eigenstate as a function
of Q4 and Q5, when the second compacton condition is violated, i.e. Q4 6= 0
(Q2 is implicitly varied so that the first compacton condition is fulfilled).

the eigenstate will now contain more basis states than in (3.5),

|Φ >=
cone−site√

f

f−1
∑

i=0

τ iT̂ i|N, 0, . . . , 0 > +
∑

j

cj |ψj > . (3.11)

In figure 3.4 we plot |cone−site|2 as a function ofQ5(with condition (3.9) fulfilled)
and Q4. This specific graph is for 16 particles but graphs for other particle
numbers look similar.

We see that there are two distinct areas with high and low probability and
that there is a sharp transition between these areas. We can identify this transi-
tion with the intersection of eigenvalues discussed in the previous section. If we
only look at the region with high probability then we can see that the probability
amplitude falls of quite slowly when Q4 deviates from zero. This is in accor-
dance with the fact that (3.10) disappears in the classical limit and we expect
that the decrease of the probability amplitude should be even slower when the
number of particles is increased. To see this we plot the probability amplitude
as a function of particle number in figure 3.5. We see that this is an increasing
function which supports the notion that the compacton becomes independent
of Q4 when N → ∞. Even though Q4 does not affect the probability for the
compacton, it does affect whether it has the highest eigenvalue or not. We see
in figure 3.4 that the range over Q5 when the compacton has the highest energy
is increasing with decreasing Q4 and that there exists a critical point (Q4 ≈ 0.4)
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Figure 3.5: |cone−site|2 as a function of the number of particles with Q4 = −1
and Q5 = 0.5.

above which the compacton will never have the highest energy. This result can
be seen both for the quantum model in [21] and for the classical model in [8].
They studied different regions of stability, i.e. regions where a certain solution is
in the ground state. Note especially the intersection for Q4 = 0, i.e. Q5 ≈ 0.37.
This is the same intersection as in figure 3.1.

Variations of Q2 and Q5

In this section we will study what happens when the other condition is violated,
i.e. when Q2 and Q5 are varied. In figure 3.6 we plot the probability for the
one-site state as a function of Q5 and Q2/N with Q4 = 0. We can see that the
probability peaks around condition (3.9), i.e. when Q2 = −Q5/(4(N − 1)). We
can also see that there is a limit around Q5 ≈ ±0.37 when the peak vanishes,
which we identify with the eigenvalue intersections from the previous sections.

Figure 3.7 shows cross sections of figure 3.6 at different values for Q2. The
curves are shifted so that the maximas coincide. We see that the curve gets
narrower on one side when Q2 deviates from zero. For positive Q2 it gets
narrower when Q5 > Qmax

5 and for negative Q2 when Q5 < Qmax
5 . Notice

especially the discontinuous shift for Q2/N = 1.375 which is a result of the
exact crossing of the eigenvalues.

In figure 3.8 we can see how the cross sections change with the number of
particles when Q2/N = 0.2. We can see that the curve gets narrower with
increasing number of particles. It is hard to tell if there will be a peak in the
classical limit or if it goes asymptomatically towards a specific curve.
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Figure 3.6: |cone−site|2 when the first compacton condition is violated, i.e. vari-
ations of Q2/N and Q5 with Q4 = 0.
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Q4 = 0 and 16 particles.
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Figure 3.8: |cone−site|2 as a function of Q5 for different number of particles,
with Q2/N = 0.2 and Q4 = 0.

Variations of Q2, Q4 and Q5

We will now see how Q4 affects the cross sections in the previous sections. In
figure 3.9 the cross sections are plotted for negative Q4 with 16 particles and
Q2/N = 0.2. We can see that the curve gets broader with decreasingQ4 but that
the maximum value decreases at the same time. One can therefore imagine that
it might be desirable to have a slightly negative value of Q4 in an experimental
setup. It will give a slightly smaller maximum value but the benefit is that the
tuning of Q2 and Q5 becomes less sensitive.

In figure 3.10 we have the same situation but with positive Q4 instead. Just
as before, the curve gets narrower with increasing Q4. However, we can also
see that the maximum value decreases much faster now and that the curve is
almost identically zero for Q4 = 0.4. This means that the compacton has moved
to a lower eigenvalue. This behaviour can be seen in figure 3.4.



28 CHAPTER 3. ONE-SITE COMPACTONS

−0.5 0 0.5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Q
5

|c
on

e−
si

te
|2

 

 

Q
4
=0

Q
4
=−0.2

Q
4
=−0.4

Figure 3.9: |cone−site|2 as a function of Q5 for negative values of Q4 and
Q2/N = 0.2.
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Chapter 4

Several-Site Compactons

In this chapter we extend work done in the previous chapter to several-site
compactons. We will review the analytical results in the first section and the
numerical results in the second section.

4.1 Analytical results

In this section we will study if and under which conditions several-site com-
pactons exist. We will use the same approach as for the one-site compacton.
An m-site compacton will have the form

|Φ >=
∑

k

f−1
∑

i=0

ckτ
iT̂ i|n(k)

1 , . . . , n(k)
m , 0, . . . , 0 > . (4.1)

Note that this, unlike the one-site compacton, can be a superposition of states,
namely the different ways to place N particles on sites 1 to m. It is there-
fore possible that the Hamiltonian generates the same state several times. State
|1, 2, 1, 0 > is for example generated by both â†3â2|1, 3, 0, 0 > and â†1â2|0, 3, 1, 0 >.
It is therefore possible that the undesired states, i.e. states that occupy (m+1)
sites, cancel each other.

There might also be some states in (4.1) where n
(k)
j = 0, for 1 < j < m. If

this however is true for all k then the eigenstate will not be considered as one
m-site compacton, but rather two smaller compactons.

Since it was Ĥ(1) and Ĥ(2) that caused problem for the one-site compacton,
we will start to look at those two. Just as before, they will generate some states
that are spread out over more than m sites and we will see if it is possible to
make these states disappear.

29
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Ĥ(1)
∑

k

f−1
∑

i=0

ckτ
iT̂ i|n(k)

1 , ., n(k)
m , 0, ., 0 >=

∑

k

f−1
∑

i=0

ckτ
iT̂ i

[√

n
(k)
m (

Q2

2
+ 2Q5(n

(k)
m − 1))|n(k)

1 , ., n(k)
m − 1, 1, ., 0 > +

√

n
(k)
1 (

Q2

2
+ 2Q5(n

(k)
1 − 1))|n(k)

1 − 1, ., n(k)
m , 0, ., 1 > + . . .

]

(4.2)

Ĥ(2)
∑

k

f−1
∑

i=0

ckτ
iT̂ i|n(k)

1 , ., n(k)
m , 0, ., 0 >=

∑

k

f−1
∑

i=0

ckτ
iT̂ i

[

Q4

√

2n
(k)
m (n

(k)
m − 1)|n(k)

1 , ., n(k)
m − 2, 2, ., 0 > +

Q4

√

2n
(k)
1 (n

(k)
1 − 1)|n(k)

1 − 2, ., n(k)
m , 0, ., 2 >) + . . .

]

. (4.3)

As stated above, there might be terms generated by Ĥ that cancel each other.
We realize that there are three ways for an (m + 1)-state to vanish. It can be
canceled by a state generated by Ĥ(1), canceled by a state generated by Ĥ(2)

or it can vanish by itself. The third way is the only one that is possible for the
one-site compacton and we realize that this means that we tune the parameters
as Q2 = −4(n∗ − 1)Q5, where n∗ is the number of particles at the boundary.
With boundary site we mean the site that is the neighbour to the first empty
site, i.e. sites 1 and m in (4.1). All states that are disappearing by themselves
must therefore have n∗ particles at that boundary site. Note that we do not
demand that it has n∗ on both sites. It is possible that the undesired states
that are ”generated on the other side” disappear by other means.

We will start by examining under which conditions we can include states that
cancel each other. The idea is to see which undesired states that get generated
by the Hamiltonian and which states we are forced to include in our eigenstate
to take care of them. This will eventually lead to certain conditions on the
original state.

Let us assume that one of the states in the superposition, that does not
vanish by itself, is

|n1, n2, . . . , nm−1, nm 6= n∗, 0, . . . , 0 > . (4.4)

We do not write out the translated parts of the state explicitly. When Ĥ(1) acts
on this state, some (m+ 1)-states will be generated, for example

|n1, n2, . . . , nm−1, nm − 1, 1, 0, . . . , 0 > . (4.5)
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Now, if this state does not disappear by itself we are forced to include another
state that also generates (4.5), so that they can cancel each other. This state
must also be an m-site state, if we wish to have a compacton. State (4.5) will
thus be obtained by tunneling particles from the boundary sites. Since this
only affects the boundary sites, we can draw the conclusion that ni = n′

i, i =
2, . . . ,m− 1, where n′

j is the number of particles at site j for the new state.
The Hamiltonian tunnels either one or two particles. We can therefore not

obtain state (4.5) by tunneling particles from site m to (m + 1), since two
particles would give the wrong number of particles at site (m + 1) and one
particle would require that we started with state (4.4). The new state must
therefore be of the form

|0, n1 + n2, . . . , nm−1, nm − 1, 1, 0, . . . , 0 > . (4.6)

But since the Hamiltonian only can tunnel one or two particles, this means that
n1 = 1 or 2.

We will try to clarify the reasoning above with an example concerning a
two-site compacton on a four-site lattice. Let us say that the state we start
with is |1, 3, 0, 0 >. When the Hamiltonian acts on this state, it will generate,
among others, state |1, 2, 1, 0 >. We should, following the arguments above,

then include |0, 3, 1, 0 > in our eigenstate. Indeed, we can see â†1a2|0, 3, 1, 0 >→
|1, 2, 1, 0 >. We realize that it may be possible, by some clever tuning of the
parameters, to make |1, 2, 1, 0 > disappear. On the other hand, |3, 5, 0, 0 > will
generate |3, 4, 1, 0 > which we cannot generate from another two-site state using
only one- and two-particle tunneling.

To summarize our strategy, we will see which undesired states the Hamilto-
nian generates when it acts on an m-site state. We will then see which m-site
states that can generate the same states, in general by tunneling particles in
the opposite direction. By repeating the procedure on the new states, and ex-
ploring the different possible ways for the undesired states to disappear, we will
eventually derive some restrictions on the states that can be included in the
eigenstate.

Let us assume that Q2 6= 0. When the Hamiltonian acts on state (4.6), it
will generate the following state

|0, n1 + n2, . . . , nm−1, nm − 1, 0, 1, . . . , 0 > . (4.7)

To cancel this term it is necessary to also include state

|0, 0, n1 + n2 + n3, . . . , nm−1, nm − 1, 0, 1, . . . , 0 > . (4.8)

in the eigenstate. We therefore realize that n1 + n2 = 1 or 2. The arguments
above can be repeated until the lattice ends. Let us say that we have a lattice
with m + s + 1 sites, with s < m. This will eventually force us to include the
following state in our eigenstate:

|0, . . . , ns = 0,
s+1∑

j=1

nj, . . . , nm−1, nm − 1, 0, . . . , 0, nm+s = 1, 0 > . (4.9)
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We must however stop here since the state above will generate

|0, . . . , ns = 0,

s+1∑

j=1

nj , . . . , nm−1, nm − 1, 0, . . . , 0, 0, 1 > . (4.10)

which can be canceled by

|1, . . . , ns = 0,

s+1∑

j=1

nj , . . . , nm−1, nm − 1, 0, . . . , 0, 0, 0 > . (4.11)

But we can at least draw the conclusion that
∑s

j=1 nj ≤ 2, which greatly limits
the form of the states. If we instead have s ≥ m then the above reasoning can
be continued beyond site m and we will therefore get

∑m

j=1 nj ≤ 3 (3 since
we have nm − 1 particles left on site m, see (4.7)). This means, provided that
Q2 6= 0, that in a lattice that is more than twice as big as the compacton, there
can at most be three particles in the compacton!

It is quite hard to draw conclusions about the general case so we will con-
centrate on two-site compactons in a four-site lattices. The classical two-site
compacton has got equally many particles on both sites and it exists under the
condition Q2 = −2Q5N [8]. The question is if this classical compacton also
corresponds to a compacton in the quantum model.

Let us assume that the system has got N particles and that

|N − n, n, 0, 0 > (4.12)

is one of the states included in the eigenstate. Let us also assume that (4.12)
does not disappear by itself, i.e. that n 6= n∗. Note that |n,N − n, 0, 0 > will
also be included in the superposition for symmetry reasons.

Let us first study the case when Q4 = 0. This means that the Hamiltonian
only can tunnel one particle, not two. When the Hamiltonian acts on state
(4.12) it will generate, among others, the three-site state

|N − n, n− 1, 1, 0 > . (4.13)

We now want to cancel this state with another two-site state that tunnels a
particle in the other direction. The only acceptable state is (cf. (4.6))

|0, N − 1, 1, 0 > . (4.14)

if N − n = 1. Thus, state (4.12) is in fact

|1, n, 0, 0 > . (4.15)

But (4.15) will generally not only generate three-site states, but also some other
two-site states:

|2, n− 1, 0, 0 > . (4.16)

This state must either be part of the eigenstate or disappear in some way.
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Let us start with the case when it is included in the eigenstate. The state
will then generate some three-site states that we must cancel out, for example

|2, n− 2, 1, 0 > . (4.17)

Now this state cannot be canceled by

|0, n, 1, 0 > (4.18)

since Q4 = 0 (the Hamiltonian cannot tunnel two particles to site 1). So in order
for (4.17) to disappear, we must have either n− 1 = n∗ or n = 2 ⇒ N = 3. If
we assume that n− 1 = n∗ then state (4.16) will also generate

|1, n− 1, 0, 1 >, (4.19)

which can be canceled in two ways. We can either do it with

|n, 0, 0, 1 > (4.20)

if n = 2, which means that N = 3. The other way is if n∗ = 2 which implies
that n = 3 ⇒ N = 4. The conclusion is that states of the type |2, N − 2, 0, 0 >
can only be included in the eigenstate if we have less than five particles in our
system.

We have now considered all possibilities when (4.16) was included in the
eigenstate. The other option was to demand that (4.16) disappears, which can,
once again, be done in two ways. If we have n = 3 then both |1, 3, 0, 0 > and
|3, 1, 0, 0 > will generate |2, 2, 0, 0 >, which will cancel each other if we have an
anti-symmetric eigenstate, i.e. |Φ >= |1, 3, 0, 0 > −|3, 1, 0, 0 >.

The other way is if (4.16) disappears by itself i.e. if

â†1â2(
Q2

2
+ 2Q5(N̂2 + N̂1 − 1))|1, n, 0, 0 >

=
√

2n(
Q2

2
+ 2Q5(n+ 1 − 1))|2, n− 1, 0, 0 >= 0. (4.21)

Since N = n+ 1, it gives us the condition

(
Q2

2
+ 2Q5(N − 1)) = 0 (4.22)

which, since we have also assumed that Q4 = 0, means that we have exactly the
same conditions as for the one-site compacton. But (4.15) will always have a
lower energy than the one-site compacton (in a repulsive model). The difference
will be ∆E = Q3N

2−Q3

(
(N −1)2 +1

)
= 2(N −1)Q3. We can note right away

that this compacton does not correspond to the classical two-site compacton
but rather to the one-site compacton, since the particle that is alone on one site
will not be noticeable in the classical limit.

Let us now instead assume that Q4 6= 0. We can straight away conclude
that we cannot include states like

|N − n, n, 0, 0 >, (4.23)
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with both N −n > 2 and n > 2, in the eigenstate. The Hamiltonian would then
generate state

|N − n, n− 2, 2, 0 > (4.24)

which we cannot cancel with state

|0, N − 2, 2, 0 > (4.25)

if N − n > 2. Let us then consider the case when n = 1, i.e. state

|N − 1, 1, 0, 0 > (4.26)

belongs to the eigenstate. The Hamiltonian will then generate

|N − 3, 3, 0, 0 > . (4.27)

If N ≥ 6 then this state cannot be included in our eigenstate, since this whould
mean that N − n > 2 and n > 2. In order to cancel it out we must include
either of

|N − 2, 2, 0, 0 >, |N − 4, 4, 0, 0 >, |N − 5, 5, 0, 0 > . (4.28)

|N − 4, 4, 0, 0 > will only be allowed if N ≤ 6 and |N − 5, 5, 0, 0 > will only be
allowed if N ≤ 7. We will therefore turn our attention towards |N − 2, 2, 0, 0 >,
which corresponds to n = 2 in (4.23). This state will generate

|N − 4, 4, 0, 0 > . (4.29)

which we have to cancel out if N ≥ 7. We must therefore include either of

|N − 3, 3, 0, 0 >, |N − 5, 5, 0, 0 >, |N − 6, 6, 0, 0 >, (4.30)

which means that N ≤ 8. To summarize, we cannot have a compacton with
more than eight particles if Q4 6= 0.

Note that the arguments above give us necessary but not sufficient conditions
for the compactons to exist (when the undesired states cancel each other). The
conclusion is that, apart from state (4.21), the compactons only exist for fairly
small particle numbers and that they only exist in rather asymmetric forms,
|1, N − 1, 0, 0 > or |2, N − 2, 0, 0 >.

We will now examine if we can get any compactons by tuning the parameters
so that all the generated three-site states disappear by themselves. If we look at
equations (4.2) and (4.3) we realize that in order to achieve this, the parameters
must be related as

Q2

2
+ 2Q5(n

(k)
m − 1) =

Q2

2
+ 2Q5(n

(k)
1 − 1) = 0 (4.31)

Q4 = 0. (4.32)



4.2. NUMERICAL RESULTS 35

Condition (4.31) implies that all states must have equally many particles on

their boundary sites, i.e. n
(k)
m = n

(k)
1 = nm, ∀k. Let us act with the operator

Ĥ(1), with condition (4.31) fulfilled, on such a state.

Ĥ(1)

f−1
∑

i=0

τ iT̂ i|nm, n2, ., nm−1, nm, 0, ., 0 >k=

f−1
∑

i=0

τ iT̂ i
[√

nm(n2 + 1)(
Q2

2
+ 2Q5(nm − 1)

︸ ︷︷ ︸

=0

+2Q5(n2))|nm−1, n2+1, ., nm, ., 0 > +

√

nm(nm−1 + 1)(
Q2

2
+ 2Q5(nm − 1)

︸ ︷︷ ︸

=0

+2Q5(nm−1))|nm, ., nm−1+1, nm−1, ., 0 >)+. . .
]

=

f−1
∑

i=0

τ iT̂ i
[√

nm(n2 + 1)2Q5(n2)|nm − 1, n2 + 1, ., nm, ., 0 > +

√

nm(nm−1 + 1)2Q5(nm−1)|nm, ., nm−1 + 1, nm − 1, ., 0 >) + . . .
]

We see that some states with n1 6= nm are generated. These state must dis-
appear if we want it to be an eigenstate. Therefore, n2 = nm−1 = 0. What
we have here is in fact two one-site compactons located at sites 1 and m. The
arguments above prove that we can never, apart from the previously mentioned
cases, have a compacton that is located on more than one consecutive site! The
boundary site must have zero particles on both its neighbour sites and it is
then by definition a one-site compacton. We can however have multiple one-site
compactons spread out over the lattice.

The main conclusion from this section is that we cannot find a two-site
quantum compacton yielding a classical two-site compacton in the classical limit.

4.2 Numerical Results

We showed in the previous section that a two-site compacton with equally many
particles on both sites (at least if N ≥ 4) cannot be an exact solution. But since
two-site compactons of this kind do exist in the classical model we expect to find
some sort of compacton-like solutions in the classical limit. We will study how
these solutions appear for two-site compactons in this section. All calculations
will be made for a four-site lattice and k = 0.

4.2.1 Optimum

The two-site compactons in the classical model have equally many particles on
both sites and exist under the condition Q2 = −4Q5N/2. It is therefore a
reasonable hypothesis that the two-site quantum compactons appear as super-
positions of mainly two-site states and that states that have equally or close
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Figure 4.1: Maximum value of the compactness as a function of the number of
particles. The blue curve with stars shows the global maximum while the red
curve with circles shows the maximum when Q2 = −4Q5(N/2 − 1).

to equally many particles on both sites have the highest probability. We also
expect to see some kind of compacton solutions when Q2 ≈ −4Q5(N/2−1) and
there is a large number of particles in the system, since this corresponds to the
classical compacton-condition. Note that we choose N/2 − 1 instead of N/2.
We did not get an exact condition as in the one-site so this might not be the
most optimal value. It is however interesting to study how well this condition
works.

There is no obvious way to characterize a compacton-like state. One type of
measurement is the total probability of finding the particle on two neighbouring
sites;

∑

j=two−site
states

|cj |2.

This quantity will be refered to as the compactness. Figure 4.1 shows how the
maximum compactness changes with the number of particles. The blue curve
with stars is the global maximum value and the red curve with circles is the
maximum value when Q2 = −4Q5(N/2 − 1).

We can see that the compactness is increasing with the number of particles
and that the best solution for Q2 = −4Q5(N/2 − 1) is approaching the global
maximum for large n. Table 4.1 shows the parameter values for the points in
graph 4.1.

It is also interesting to look at how the probability for the two-site states
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Table 4.1: Parameter values for Figure 4.1

Nr of Particles Q
(max)
2 /N Q

(max)
4 Q

(max)
5 Q

(condition)
4 Q

(condition)
5

8 -0.965 0.736 0.445 0.587 0.203
10 -0.575 0.570 0.254 0.511 0.105
12 -0.421 0.509 0.184 0.479 0.075
14 -0.341 0.478 0.150 0.461 0.064
16 -0.293 0.460 0.131 0.449 0.061
18 -0.260 0.446 0.118 0.439 0.061
20 -0.239 0.435 0.110 0.430 0.062
22 -0.214 0.420 0.099 0.421 0.061
24 -0.205 0.416 0.096 0.413 0.060
26 -0.189 0.407 0.089 0.406 0.059
28 -0.176 0.400 0.083 0.399 0.057
30 -0.167 0.394 0.079 0.393 0.055

that build up the eigenstate are distributed. In order to do this we must order
the states in a convienent way. The two-site states will be enumerated as

|ψn >= 1/
√

4
∑

i

T̂ i|N − n, n, 0, 0 > . (4.33)

Figure 4.2 shows |cn|2 for the global maximum for 30 particles. We see that the
symmetric state is the most probable and that the more a state deviates from
this form, the less probable it gets. Later on we will see that this distribution
can be well approximated by a Gaussian function.

4.2.2 Parameter Variations

In this section we will study how parameter variations affect the two-site com-
pacton.

Variations of Q4

In figure 4.3 we plot the compactness as a function of Q4 and Q5 (with Q2 =
−4Q5(N/2−1)). We first notice that the black area matches the region in figure
3.4 where the one-site compacton has the highest eigenvalue. This is the first
indication that the one and two-site compacton, in the highest eigenstate, are
connected in some way. Next, analogous to the one-site compacton, Q4 does not
affect the compactness very much in the region the where Q4 > 0.3. However,
it shows a bit more complicated pattern than in the one-site case. In figure
4.4 we see how the compactness increases with the particle number for different
values of Q4. We can see that the function is increasing for all plotted values of
Q4, which supports that compactons become independent of Q4 in the classical
limit. It is perhaps hard to determine if all curves are going asympotically
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Figure 4.2: The figure shows the probability for the individual two-site basis-
states that constitutes the eigenstate with the highest compactness. State n
corresponds to the basis-state containing |n, 30 − n, 0, 0 >.

towards one, especially for the higher values of Q4, but this is nevertheless what
we expect from the classical model.
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Figure 4.3: Compactness as a function of Q4 and Q5 (with Q2 = −4Q5(N/2 −
1)).
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Figure 4.4: Compactness for Q5 = 0.5, Q2 = −4Q5(N/2 − 1).

Variation of Q2 and Q5

In figure 4.5 we plot the compactness for 16 particles as a function of Q2/N and
Q5 for different values of Q4.

Figure 4.5 shows quite clearly when and how the two-site compactons ap-
pear as the highest eigenvalue. For lower values of Q4, the two regions with
high occupation in the two-site states are separated by a valley. In figure 4.6 we
can see that this valley matches the plot for the one site-compacton, previously
shown in figure 3.6. When Q4 is increased the valley starts to disappear and the
two compacton regions start to get closer to each other. The compactness be-
comes comparable to one when the two regions have merged together at around
Q4 = 0.4. We can see in figure 4.5, for Q4 ≥ 0.4, that there is a quite clear
maximum around Q5 ≈ −Q2/2N which corresponds to the classical condition
for a two-site compacton;

Q5 = −Q2

2N
⇒ Q2 = −4

N

2
Q5 (4.34)

We should note that it is hard to tell the exact relationship between Q2 and
Q5 from the figure. It is possible that the corresponding quantum version is a
better approximation

Q2 = −4(
N

2
− 1)Q5.

Both cases will however give us the classical condition in the classical limit.
We realize that there is an interplay between the one-site and two-site com-

pactons in the highest eigenstate. In order for the two-site compacton to be the
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Figure 4.5: Compactness, for 16 particles, as a function of Q5 and Q2/N with
increasing Q4. Notice the region with high compactness in pictures (e) and (f)
around Q5 ≈ −Q2/2N . This corresponds to the classical compacton condition.
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Figure 4.6: Comparison of one-site and two-site solutions for 16 particles, Q4 =
0. Picture (a) shows the compactness and (b) shows |cone−site|2 as functions
of Q5 and Q2/N . Notice that the region with high |cone−site|2 in (b) fits the
region with low compactness in (a).

highest eigenvalue, the one-site compacton must have moved down to a lower
eigenstate. This means that we must turn up Q4 above a certain value (we have
already seen in figure 3.10 how the probability of the one-site state goes to zero,
in the highest eigenstate, with increasing Q4).

4.2.3 Probability Distribution

In this section, we will study how the probability distribution changes with
the parameters. In order to study this it is necessary to find a qualitative
measurement. Figure 4.7 shows the distribution for the maximum compactness
for 16 particles, originally shown in figure 4.2, compared with a Gaussian curve.
As we can see, the curve fits quite well.

In figure 4.8 we can see the probability distribution for different values of Q4.
The plot is for 30 particles, Q2 = −5 and Q5 = 0.08. As we see, plot 4.8a has
higher compactness while 4.8b is a narrower curve. This means that even though
there will be a higher probability to find the particles at two neighbouring sites
for Q4 = 0.4, there will be a higher probability to find equally, or almost equally,
many particles on two neighbouring sites for Q4 = 0.6. Which situation that
is preferred depends on the application. We plot the standard deviation and
compactness in figure 4.9 to clearly show that the optimas for the properties
do not coincide. Note that the standard deviation is not a strictly decreasing
function, it will start to increase for Q4 ≈ 2.5 (not shown in the figure). In
figure 4.10 we show the compactness and standard deviation as a function of
Q5, with Q2 = −2NQ5 and Q4 = 0.4. We see that the maximas do not coincide
here either.



42 CHAPTER 4. SEVERAL-SITE COMPACTONS

0 5 10 15 20 25 30
0

0.02

0.04

0.06

0.08

0.1

0.12

state

|c
n|2

Figure 4.7: The probability distribution (the circles), previously shown in 4.2,
matched with a Gaussian distribution.
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Figure 4.8: Gaussian distributions, similar to the one showed in figure 4.7, for
different values Q4 with Q2 = −5 and Q5 = 0.08.



4.2. NUMERICAL RESULTS 43

0.4 0.5 0.6 0.7 0.8
2.5

3

3.5

4

4.5

5
S

ta
nd

ar
d 

D
ev

ia
tio

n

Q
4

 

 

0.4 0.5 0.6 0.7 0.8
0.94

0.95

0.96

0.97

0.98

0.99

C
om

pa
ct

ne
ss

Standard Deviation
Compactness

Figure 4.9: Standard deviation and compactness as a function of Q4 with
Q2 = −5, Q5 = 0.08 and 30 particles. Notice that the minimum of the standard
deviation and the maximum of the compactness do not coincide.
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Chapter 5

Conclusions

In this master’s thesis we have studied the occurence of compactons in an ex-
tended Bose-Hubbard model. In chapter 2 the extended Bose-Hubbard Hamil-
tonian (2.29) expressed in the second quantization formalism, was motivated
and explained.

In chapter 3 we studied the simplest case, the one-site compacton. It was
found that the one-site compacton can be an exact eigenstate to the Hamiltonian
if the following two conditions are fulfilled:

Q2 = −4Q5(N − 1)

Q4 = 0.

The first condition corresponds to the condition found in the classical model,
while the second condition is a purely quantum mechanical effect. It was shown
with numerical calculations that the first condition is more critical and that the
second condition disappears in the classical limit. This can be understood if we
consider how the rewritten Hamiltonian (3.1) acts on the one-site compacton.
The term connected to Q4 in the Hamiltonian will be proportional to N while
the terms connected to Q2

1 and Q5 are proportional N
3

2 . This can be seen in
equations (3.7) and (3.8). It is therefore realized that the effect of the Q4 term
becomes negligible compared to the effects of the Q2 and Q5 terms when N
becomes big.

But Q4 will affect the other solutions and therefore also the compacton
indirectly. More precisely, it determines whether the compacton has the highest
eigenvalue or not. We could see that there was a critical value ofQ4, above which
the one-site compacton never had the highest eigenvalue. This value was later
realized to also be important for when the two-site compacton has the highest
eigenvalue. Generally, the compacton benefits more from negative Q4 than
positive. For example, the maximum value of Q5, with Q2 = −4Q5(N − 1), for
the one-site compacton to have the highest eigenvalue increases with decreasing
Q4, see figure 3.4.

1It is shown in section 2.3.2 that Q2 itself is proportional to N
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That the one-site compacton was an exact eigenstate gave rise to a number
of distinct properties. The exact solution will not interact with other states,
due to orthogonality condition, and we could therefore observe things like exact
crossings of the eigenvalues (figure 3.1) and discontinuous transitions between
eigenstates (figure 3.7). We could also see that avoided crossings appeared when
the compacton conditions were violated.

In chapter 4 we studied several-site compactons. It was realized that the
exact solution was more complicated than in the one-site case, basically since
the different components of the compacton can interact with each other. We
therefore considered the two-site compacton as a special case. It was shown
that the exact compacton had rather special forms; it existed either for small
particle numbers (N ≤ 8) or in very asymmetric forms (|1, N − 1, 0, 0 >). The
classical compacton, with equally many particles on both sites, can therefore
not exist as an exact quantum compacton. My guess is that this is also the
case for compactons spread over more sites. This guess is based on a couple of
observations. First, it was shown that the size and appearence of the compacton
were restricted by the size of the lattice; the compacton could for instance not
consist of more than three particles in a large lattice. No such conditions exist
in the classical model. Second, the classical conditions (with some quantum cor-
rections) arose in the one-site case when there are no interactions between the
components. It is reasonable that the conditions in the several-site cases arise
in similar manner. Last, we saw when we worked with the two-site compacton,
trying to tune out all the three-site states, that this was a quite complex proce-
dure. We only concerned ourselves with the necessary conditions, in principle
by assuring that no three-site solutions were obtained. But remember that if
we want it to be an eigenstate, then all the internal tunneling processes, i.e.
generation of two-site states, must also be tuned correctly. My impression is
that there are too few parameters to ”play with” to obtain this.

We also studied, in section 4.2, how the classical two-site compacton arises
and which properties it has got. The classical two-site compacton is a superposi-
tion of (mainly) different two-site states. These two-site states form a Gaussian
distribution so that the symmetric and almost symmetric states are the most
probable. It was noted that the state with the highest compactness was not the
state with the highest peak in the distribution. This is interesting for the clas-
sification of how (two-site) compacton-like a solution is in the quantum regime.
Is it the state with highest probability of finding all particles on two sites or the
state with highest probability to have (almost) equally many particles on both
sites that is most compacton-like? I have no definite answer to this question.

The distribution will probably get very narrow, in the classical limit, over a
region where the deviation from the symmetric state is negligible in comparison
with the total particle number. The compacton will thus appear to have equally
many particles on both sites. We could also see that the classical two-site
compacton condition Q2 = −2Q5N appeared in the numerical calculations, but
that we had to turn up Q4 above a critical limit. This limit could be identified
with the before-mentioned limit for the one-site compacton to be in the highest
eigenstate. This means that the one-site and two-site compacton ”change place”
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in the highest eigenstate around this value of Q4.
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Chapter 6

Future Works

There are several interesting ways to expand and continue with the work done
in this thesis.

The most obvious way is to expand the system with more particles and more
lattice sites. It would be especially interesting to determine qualitatively how
the different properties, e.g. compactness, depend on the number of particles
when we are approaching the classical limit. I think that we would have to
work with up to perhaps 100 particles to do this (in this thesis 30 particles at
most were considered). It would also be interesting to study larger compactons
and compactons with crystal momentum k 6= 0. Only one-dimensional lattices
were considered and to study higher dimensions is also a natural extension. To
make these things practically possible, I think that it will be necessary to either
improve the code and use more powerful computers or to use approximative
methods.

This was some examples of more or less extensions of the work done in
this thesis. There are also possibilities to study other aspects of the problem.
The dynamics and stability of the compactons are very interesting properties
to examine. One could for instance study the occurence of compacton vortex
solutions in two- and perhaps three-dimensional systems, studied for classical
systems in [23].

It is also possible to do the corresponding work with other extended Bose-
Hubbard models and to make comparisons with the one studied in this model.
Possible extensions are for instance inclusion of higher bands or consideration
of next-nearest neighbour tunneling [24, 4].

We have not concerned ourselves with which parameter regime that is phys-
ically relevant. It would be very interesting to examine which compactons that
are physically realizable and figure out possible experimental setups to test
these, cf. [4].
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