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Abstract

The focus in this thesis is on the calculations of an empirical null distribution
for likelihood ratio tests testing either separable or double separable covariance
matrix structures versus an unstructured covariance matrix. These calculations
have been performed for various dimensions and sample sizes, and are compared
with the asymptotic χ2-distribution that is commonly used as an approximative
distribution.

Tests of separable structures are of particular interest in cases when data is
collected such that more than one relation between the components of the ob-
servation is suspected. For instance, if there are both a spatial and a temporal
aspect, a hypothesis of two covariance matrices, one for each aspect, is reason-
able.

Keywords: Empirical Null Distribution, Flip-flop Algorithm, Kronecker Prod-
uct, Likelihood Ratio Test, Matrix Normal Distribution, Maximum Like-
lihood Estimator, Multilinear Normal Distribution, Separable Covariance
Structure, Statistics.

Gottfridsson, 2011. v



vi



Sammanfattning

I denna exjobbsrapport ligger fokuset p̊a beräkningar av en empirisk nollfördel-
ning för likelihoodkvottester av antingen separabla eller dubbelt separabla ko-
variansmatrisstrukturer. Dessa beräkningar har utförts för olika dimensioner
och observationsstorlekar, och den empiriska nollfördelningen jämförs med den
asymptotiska χ2-fördelning som ofta används som en approximativ fördelning.

Om observationerna är s̊adana att man misstänker att det finns mer än en re-
lation mellan komponenterna i varje observation, s̊a är tester av separabel eller
dubbelt separabel kovariansstrukturer av särskilt intresse. Om det till exempel
finns b̊ade en rumslig och en tidsmässig aspekt, s̊a är det rimligt med en hy-
potes om en separabel kovariansstruktur med en kovariansmatris för respektive
aspekt.
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Nomenclature

Most of the reoccurring symbols and abbreviations are described here.

Symbols

n, p, q dimensions of vectors, matrices or tensors.

r sample size.

x random vector.

X random matrix.

T random tensor.

X,Y,Z tensor T , reshaped into matrices.

Ŷi Yi − Ȳ , for vector, matrix or tensor Y .

Λ, Σ, Ψ, Θ covariance matrices.

Abbreviations

MLE Maximum Likelihood Estimator

LRT Likelihood Ratio Test

iid Independent and identically distributed
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Chapter 1

Introduction

This thesis studies the normal distribution for matrices and tensors of order
three, i.e. the matrix normal distribution and the multilinear normal distri-
bution. A random matrix has two covariance matrices associated to it, and a
random tensor of order three has three covariance matrices associated to it. The
random matrix has one covariance matrix between the rows and one between
the columns, and the random tensor has apart from that a covariance matrix
between the layers of matrices. If generalized to a tensor of order k, there are k
covariance matrices associated to that random tensor.

A random vector has one covariance matrix associated to it. The covariance
matrix has the charasteristics that it always is positvie definite and symmetric,
since σij = σji in Σ = (σij). If the covariance matrix of a random vector has a
separable structure, the random vector can be restructured into a matrix and
the two matrices in the separable covariance structure is the two covariance
matrices of that random matrix. Similarly, if the covariance matrix of a random
vector has a double separable structure, the random vector can be restructured
into a tensor of order three and the three matrices in the double separable co-
variance structure is the three covariance matrices of that random tensor. This
can be generalized to a random vector with a k-separable covariance structure,
where the random vector can be restructured into a tensor of order k and the k
matrices in the covariance structure is the k covariance matrices of that random
tensor.

Likelihood ratio tests are commonly used to test for separable or double separa-
ble covariance structures. These tests have many real-life aplications where the
hypothesis of a separable or a double separable covariance structure could be
intresting to test. For instance, when collecting data there could be two or more
spatial aspects (one x- and one y-factor etc) or both spatial and temporal aspects
that could possible render the data a matrix or tensor shape rather than a vec-
tor shape. Lu and Zimmerman [1], have a couple of examples of real data that
they have tested for a hypothesis of separable covariance structure. The first
example is measurements of 50 iris flowers, gathered in the 1930s by Fisher [2].
Of each flower, measurements of its sepal length, sepal width, petal length and
petal width were obtained. Lu and Zimmerman have separated the data into
two categories, which they refer to as ”plant part” and ”physical dimension”,

Gottfridsson, 2011. 1



2 Chapter 1. Introduction

but after some calculations the hypothesis of a separable covariance structure
is rejected for a hypothesis of an unstructured covariance matrix. Thus the two
categories of the data does not have separate covariance matrices. The other
example is data, from Johnson and Wichern [3], of measurements of mineral
content in human bones. The data is gathered from three bones in both arms of
25 women. Lu and Zimmerman divides the data into the two categories ”bone”
and ”arm”, and for this data the hypothesis of a separable covariance structure
could not be rejected.

The purpose of this thesis is to calculate an empirical null distribution of the
test statistics of two closely related likelihood ratio tests. The first is a hypoth-
esis of separable structured covariance matrix tested against a hypothesis of an
unstructured covariance matrix, and the second is the hypothesis of a double
separable structured covariance matrix that is also tested against a hypothesis
of an unstructured covariance matrix. The calculated empirical null distribu-
tions is analyzed in comparison with an asymptotic distribution for the test
statistic that is commonly used as an approximative distribution when deciding
the critical region for likelihood ratio tests.

MATLAB is used for all the calculations and programming in this thesis. For
the calculations of the empirical null distributions MATLAB programs for sim-
ulation of data, two flip-flop algorithms for deriving estimates for covarince
matrices in a separable or double separable covariance structure and calculating
the test statistic was written.

However, a master thesis always have time limits that will put restrictions on
the task of the thesis. The number of empirical null distributions to calculate
had to be limited, as well as for how many sample sizes these are calculated for,
for each set of parameter values.

1.1 Chapter outline

This thesis consists of four chapters including this introduction.

Chapter 2 introduces some of the mathemathics needed to understand the sep-
arable and double separable covariance structures and the flip-flop algorithm
that is used to derive estimates for the parameters in those structures. The
chapter is divided into two parts, one that concerns matrices and tensors, and
one part is about statistics.

In Chapter 3, likelihood ratio tests, LRTs, of separable or double separable
covariance matrix structures versus unstructured covariance matrices are per-
formed. An empirical null distribution of the test statistics and the power of
these tests are calculated. The chapter is concluded with LRTs for situations
where a separable structure is known. First a test of double separable versus
separable covariance structure, and then tests for one identity matrix in a sep-
arable or double separable structure.
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In Chapter 4 there is a discussion about the tests executed and the empirical
distribution that was calculated in the previous chapter. Chapter 4 is concluded
with a section that gives some examples on further work that could be intresting
to see the results of.
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Chapter 2

Mathematical background

In this chapter, some of the necessary mathemathics that is needed to under-
stand the derivation of estimates of covariance matrices for the matrix and the
tensor normal distribution, is presented. The mathematical background is di-
vided into two parts, one that concerns matrices and tensors and the other takes
a closer look at chosen aspects of statistics.

2.1 Matrices and tensors of order three

This section deals with matrices and tensors and some of the matrix- or tensor-
operators that are either used in distributions or estimates later in the thesis.

2.1.1 Vectorization

For some calculations it can be practical to convert a matrix into a vector.
Similarly, it can also be necessary to convert a tensor into either a matrix or a
vector for some calculations. In this section, vectorization and three different
ways of transforming a tensor into a matrix, that will be used in the calculations
of maximum likelihod estimates (MLEs), are defined.

Definition 1 Let X be the (n× p)-matrix




| | |
x1 x2 · · · xp

| | |





where xi is an (n× 1)-vector. The vectorization of X is then defined as

vec(X) =











x1

x2

...
xp











.
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T =





| | |
t11 t21 · · · tp1
| | |









=











− u11 −
− u21 −

...
− un1 −
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Figure 2.1: The tensor T : n × p × q, here built up by q (n × p)-matrices,
that either is partitioned as p (n × 1)-vectors, tij , or n (1 × p)-vectors, ukj .
Ti = (t1i, ..., tpi) = (u1i, ...,uni)

′.

Only tensors of order three is studied in this thesis. Hence, when the word
tensor is used it always refers to a tensor of order three, if nothing else is stated.

Definition 2 Let T be an (n× p× q)-tensor as seen in figure 2.1.The vector-
ization of T is then defined as

vec(T ) =





















t11

...
tp1

t12

...
tpq





















.

Three different ways of reshaping the data in T into matrices X,Y and Z will
be used later in our calculations. X,Y and Z are defined in the following way.

Definition 3 Let T be an (n×p×q)-tensor as seen in figure 2.1. Three different
matrixifications of T , is then defined as

X = matr1(T ) =











T′
1

T′
2
...
T′

q











,
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Y = matr2(T ) =

























− u11 −
− u12 −

...
− u1q −
− u21 −

...
− unq −

























,

Z = matr3(T ) =





| | |
vec(T1) vec(T2) · · · vec(Tq)

| | |



 .

The vectorization of one of the matrices X,Y or Z, defined in Definition 1, can
easily be transformed into the vectorization of another of the matrices using the
commutation matrix K. For details about these transformations, see [4], for
more on the commutation matrix, see [5].

2.1.2 Kronecker product

Definition 4 Let A be a matrix with dimensions m×n and let B be a (p× q)-
matrix. Then the Kronecker product

A⊗B =











a11B a12B · · · a1nB

a21B a22B · · · a2nB
...

...
. . .

...
am1B am2B · · · amnB











is an (mp× nq)-matrix, and

aijB =











aijb11 aijb12 · · · aijb1q
aijb21 aijb22 · · · aijb2q

...
...

. . .
...

aijbp1 aijbp2 · · · aijbpq











.

Some basic properties of the Kronecker product, among them associative and
distributive properties, for matrices A, B and C and scalar k are:

i) A⊗ (B+C) = A⊗B+A⊗C,

ii) (A+B)⊗C = A⊗C+B⊗C,

iii) (kA)⊗B = A⊗ (kB) = k(A⊗B),

iv) (A⊗B)⊗C = A⊗ (B⊗C).

For the inverse of a quadratic Kronecker product to exist, the inverses of both
factors must exist, and

(A⊗B)−1 = A−1 ⊗B−1. (2.1)
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The determinant of a Kronecker product depends on the dimensions of the
factors,

|A⊗B| = |A|p|B|m, (2.2)

where A : m×m and B : p× p.

A matrix with the structure of a Kronecker product A = A2 ⊗ A1 is said
to have a separable structure. Simularly, a matrix that is the result of two
Kronecker products A = A3 ⊗ A2 ⊗ A1 is said to have a double separable
structure. In this thesis, separable or double separable structured covariance
matrices are discussed. The impact of them for multivariate data are handled
in Section 2.2.3 and 2.2.4, and in Section 3.2 tests of these kind of covariance
structures are performed. Lu and Zimmerman [6] and Ohlson et al [4] discusses
the restrictions that the separable and double seaparable structure imposes on
the correlations among and the variances of the observed variables.

Finally, the Kronecker product A ⊗B of two positive definite matrices A and
B is positive definite. Also, the Kronecker product of two symmetric matrices
is obviously symmetric. These properties of the Kronecker product is of special
importance when both the factors is covariance matrices, since it means that
the Kronecker product preserves two very important properties of the covari-
ance matrices, positive definiteness and symmetry.

For more properties of the kronecker product, see [5].

2.1.3 Trace

Definition 5 Let A = (aij) be a square matrix, the sum of the diagonal ele-
ments of A,

∑

i aii, is then called the trace of A, and is denoted tr(A).

Some properties of trace operator is stated in this section. First, the trace of a
matrix coincides with the trace of its transpose,

tr(A′) = tr(A).

The trace of a product of two matrices, A and B, has the same value regard-
less of the order the matrices are multiplicated in, even if the values of the two
products does not coincide, as long as A and B are such that both products
exists,

tr(AB) = tr(BA). (2.3)

The trace of a Kronecker product is given by the product of the two traces of
the factors,

tr(A⊗B) = tr(A)tr(B).
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Trace has, for a, b ∈ R and matrices A and B, the distributive property

tr(aA + bB) = atr(A) + btr(B).

For a matrix A and vector x, of proper sizes, there is the following property,
that follows from (2.3),

x′Ax = tr(Axx′). (2.4)

Finally, for the vecorization of matrices and trace, the following holds

tr(AB) = vec′(A′)vec(B), and

tr(ABCD) = vec′(A)(B⊗D′)vec(C′). (2.5)

For matrices A,B,C and D of proper sizes and a, b ∈ R. More properties of
trace can be found in [5].

2.2 Statistics

This section is dedicated to explain some of the statistics that are needed to
understand the flip-flop algorithm and the statistical tests of Chapter 3. First,
the multivariate normal distribution is defined, as a basis for the matrix normal
distribution and the multilinear normal distribution in Section 2.2.3 and 2.2.4.

The normal distribution is of great practical interest since many populations, if
not normal distributed, can be approximated with a normal distribution due to
the central limit.

In a mulitvariate normal distribution each random variable is constituted by
a vector, thus each observation consists of more than one component. Each
component in a random vector will have a relation to the other components.
These relations is described in a covariance matrix.

Definition 6 A vector x : n×1 is said to be multivariate normally distributed
with mean µ : n× 1 and positive definite covariance matrix Σ if x has the fol-
lowing density

f(x) = (2π)−
1

2
n|Σ|− 1

2 e−
1

2
tr(Σ−1(x−µ)(x−µ)′).

Denoted

x ∈ Nn(µ,Σ).
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For more information on the multivariate normal distribution, se [3].

The likelihood function is in this thesis used to estimate statistical parame-
ters and to do statistical tests. It has the following definition:

Definition 7 The likelihood function for an independent and identically dis-
tributed (iid) sample, x1, ...,xr, from a popultion with pdf or pmf f(x|θ) is
defined by

L(θ|x) = f(x|θ). (2.6)

Estimates derived from the likelihood function is introduced in Section 2.2.1,
and in Sections 2.2.3 and 2.2.4 specific estimates derived from the likelihood
function is presented.

In Chapter 3, hypothesis tests or more specifically likelihood ratio tests is used
to test different covariance structures. A hypothesis test is a test of one hypoth-
esis about a parameter, against a complementary hypothesis about the same
parameter. The two hypotheses is called the null hypothesis, H0, and the alter-
native hypothesis, H1 respectively. The parameter space of the null hypothesis
is a subset of the parameter space of the alternative hypothesis. A hypothesis
test is defined by its test statistic, which is a function of the sample. One hy-
pothesis is rejected for the other depending on the value of this function for the
sample. In Section 2.2.2 likelihood ratio tests, that uses the likelihood function
in the test statistic, are defined.

2.2.1 Maximum likelihod estimates

The maximum likelihood estimate, abbreviated MLE, of a parameter θ, is given
by the value θ̂ of θ which maximizes the likelihood function, defined in (2.6).
However, it is often the loglikelihood, the natural logarithm of the likelihood
function, that is used to do the actual calculations. This is out of practical
interest, since the logarithm is an increasing function and thus have the same
maximum as the function itself and the calculations for the loglikelihood often
is easier to execute.

For a random sample of iid xi a normal population with mean µ and covariance
Σ, the MLE of µ is given by

µ̂ = x̄ =
1

r

r
∑

i=1

xi.

The proof can be found in numerous texts on the subject, for example [3] gives
a proof for the vector case and [7] shows that it holds for the matrix case.

For a random sample of iid xi from a multivariate normal distribution with
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mean µ and covariance matrix Σ it is known that the MLE of Σ is given by

Σ̂ =
1

r

r
∑

i=1

x̂ix̂
′
i,

where

x̂i = xi − x̄ = xi − µ̂.

This notation will be be used throughout the text. For further information about
the MLE of the covariance matrix in the multivariate case, see [3]. In this the-
sis, however, the focus is on estimating the covariance matrices for matrix- and
tensor-normal distributions, that is for separable or double separable covariance
structures, see Section 2.2.3 and 2.2.4.

2.2.2 Likelihood ratio tests

In this thesis, likelihood ratio tests, abbreviated LRT, are used for testing dif-
ferent covariance structures.

The LRT for the hypothesis H0:θ ∈ Θ0 versus H1:θ ∈ Θc
0 has the test statistics

λ =
maxθ∈ΘL(θ)

maxθ∈Θ0
L(θ)

. (2.7)

The null hypothesis H0 is rejected if λ > c, where c is chosen such that the
significance level is α.

In the test statistic of an LRT, the maximimum of the likelihood function over
all possible parameters is divided with the maximum of the same function over
the parameters in the null hypothesis. This ratio is small if the maxima of the
two are relatively close or coincides, however if the maximum of the alternative
hypothesis differs a lot, is much larger and therefore more likely to be a good
estimate of the parameter of the sample, from the null hypothesis λ will be large
and H0 is rejected.

The LRT statistic has an asymptotic distribution. When the number of ob-
servations in a sample r −→ ∞,

−2ln(λ) −→ χ2
f .

Here, f denotes the degrees of freedom. The degrees of freedom is given by the
difference of parameters to decide in the two hypotheses. For r ∈ (n + 1,∞),
where r is integer and n is the dimension of the random vector, −2ln(λ) is said
to be approximatively χ2

f -distributed.

The null distribution, is the distribution of the test statistic when the null hy-
pothesis is true. In Chapter 3, an empirical null distribution will be calculated,
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and compared with the approximative χ2
f -distribution of the test statistic, for

tests of separable and double separable covariance structures.

For more on LRTs, see [8].

2.2.3 Matrix normal distribution

Say that data is gathered in a specific way, for instance such that each component
in the observation has a spatial and a temporal relation to the other components.
For example, data is collected in n places in a location every day for p days. An
observation would then be

Xi =











x11 x12 · · · x1p
x21 x22 · · · x2p
...

...
. . .

...
xn1 · · · xnp











,

i.e. a matrix. The random matrix Xi would then have two covariance matrices,
one for the relation between the rows and another for the relation of the columns.

Definition 8 A matrix X:n× p is said to be matrix normally distributed with
mean µ : n× p and positive definite covariance matrices Σ: n×n and Ψ: p×p if
X has the following density

f(X) = (2π)−
1

2
np|Σ|− 1

2
p|Ψ|− 1

2
ne−

1

2
tr(Σ−1(X−µ)Ψ−1(X−µ)′). (2.8)

Denoted

X ∈ Nn,p(µ,Σ,Ψ).

However, X∈ Nn,p(µ,Σ,Ψ) is equavalent to vec(X)∈ Nnp(vec(µ),Ψ ⊗ Σ), see
Apendix A and [5]. Hence, the random matrix can be seen as a vector with a
covariance matrix that has a separable structure. Moreover, if a multivariate
variable can be shown having a separable covariance structure the data can be
restructured into a matrix and each covariance matrix in the separable struc-
ture, and therefore the relations between rows and columns, can be analyzed
separately.

To estimate the covariance matrices maximum likelihood estimation is used.
The loglikelihood function for the matrix normal distribution is given by

ln(L(θ|X)) = − npr

2
ln(π)− pr

2
ln(|Σ|)− nr

2
ln(|Ψ|)−

− 1

2

r
∑

i=1

tr(Σ−1X̂iΨ
−1X̂

′

i). (2.9)
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However, since

Ψ⊗ Σ = (aΨ)⊗ (
1

a
Σ),

the covariance matrices can be estimated apart from the scaling a. However,
Srivastava et al. [9] shows that the covariance matrices can be uniquely esti-
mated, if ψpp = 1 in Ψ = (ψij) : p× p, without any loss of generality.

Srivastava et al. [9] show that the loglikelihood function (2.9) is maximized with

Ψ̂ =
1

nr

r
∑

i=1

X̂
′

iΣ̂
−1X̂i, (2.10)

Σ̂ =
1

pr

r
∑

i=1

X̂iΨ̂
−1X̂

′

i. (2.11)

With the added demand

r
∑

i=1

(x̂p)
′
iΣ̂

−1(x̂p)i = nr, (2.12)

thus giving ψpp = 1 in Ψ = (ψij). See [9] for the full calculations.

The formula for the MLE of one of the covariance matrices depends, as can
be seen above, on the other matrix in the separable structure. So to calculate
the estimates, a flip-flop algorithm that takes turns in using one value to calcu-
late the other is used. The estimates in the algorithm will converge to the MLEs
of the parameters. Srivastava et al. [9] proves that the estimates obtained by
the flip-flop algorithm are unique, that there only is one solution. They also
prove that one condition for convergence is that the sample size r > max(n, p),
where n × n and p × p are the dimensions of the covariance matrices in the
separable structure, and n × p is the dimension of the corresponding random
matrix. The details of the flip-flop algorithm is presented in Section 3.1.

2.2.4 Multilinear normal distribution

When making observations, say that there is more than one time aspect in each
observation. Perhaps data is gathered every month, for a period of p days, and
this is done for q months. Then each observation could be thought of as a ten-
sor, and each component in the tensor would have three different relations to
every other component. These relations in the order-three random tensor T is
described in three covariance matrices.

Definition 9 A tensor T : n × p × q is said to be multilinear normally dis-
tributed with mean tensor µ : n×p× q and positive definite covariance-matrices
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Σ : n× n, Ψ : p× p and Θ : q × q if T has the following density

f(T ) = (2π)−
1

2
npq|Σ|− 1

2
pq|Ψ|− 1

2
nq|Θ|− 1

2
npe−

1

2
(vec′(T −µ)(Θ⊗Ψ⊗Σ)−1vec(T −µ)).

Denoted

T ∈ Nn,p,q(µ,Σ,Ψ,Θ).

This distribution is in this thesis referred to as either a multilinear normal distri-
bution or a tensor normal distribution. Similarly to the matrix normal distribu-
tion, T ∈ Nn,p,q(µ,Σ,Ψ,Θ) is equavalent to vec(T ) ∈ Nnpq(vec(µ),Θ⊗Ψ⊗Σ),
see [4]. So if a covariance matrix is double separable the associated random vec-
tor can be reshaped into a tensor. Which means that each covariance matrix,
each relation between the components can be analyzed separately. However,
to be able to analyze covariance matrices in an iid sample T1, ..., Tr a method
of estimating the parameters is needed, namely maximum likelihood estimation.

The loglikelihood function for the double separability is given by

ln(L(θ|T )) = − npqr

2
ln(π)− pqr

2
ln(|Σ|)− nqr

2
ln(|Ψ|)− npr

2
ln(|Θ|)−

− 1

2

r
∑

i=1

(vec′(T̂i)(Θ ⊗Ψ⊗ Σ)−1vec(T̂i)). (2.13)

However, similarly to the matrix normal case, the fact that

Θ⊗Ψ⊗ Σ = (aΘ)⊗ (bΨ)⊗ (
1

ab
Σ),

makes each matrix defined apart from the scaling of a and b. As was the case for
the matrix normal distribution, setting an element to 1 in two of the matrices
above solves this problem. Ohlson et al. [4] suggests that setting ψpp = 1 and
θqq = 1, in Ψ = (ψij) : p× p and Θ = (θkl) : q× q, can be done without any loss
of generality.

Ohlson et al. [4] shows that the loglikelihood function (2.13) is maximized
with

Σ̂ =
1

pqr

r
∑

i=1

X̂
′

i(Θ̂⊗ Ψ̂)−1X̂i,

Ψ̂ =
1

nqr

r
∑

i=1

Ŷ
′

i(Σ̂⊗ Θ̂)−1Ŷi,

Θ̂ =
1

npr

r
∑

i=1

Ẑ
′

i(Ψ̂⊗ Σ̂)−1Ẑi
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under the conditions ψpp = 1 and θqq = 1. Where X,Y and Z is defined in
Definition 3 in Section 2.1.1.

As in the matrix normal distribution case, a flip-flop algorithm that will con-
verge to the MLEs of the covariance matrices, will be needed to calculate the
estimates above. The algorithm is presented in Section 3.1.

In this thesis, the focus is on matrix- and tensor-normal distribution. The idea
can however be generelized to higher orders. For more details on the normal
distribution for tensors of order k, see [10].
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Chapter 3

Likelihood ratio tests of

separable covariance

structures

This chapter presents the results, and the conclusions that can be drawn from
those about the samples, of different types of likelihood ratio tests of covariance
structure. The chapter begins with a presentation of two flip-flop algorithms
that is used for covariance estimation in the tests. Power and an empirical null
distribution is calculated for tests of separable- and double separable covariance
structures in Section 3.2.2. The chapter is concluded with a section on further
tests that can be performed when a separable covariance structure is known.

3.1 The flip-flop algorithm

The flip-flop algorithms calculates the MLEs for covariance matrices that was
presented in Section 2.2.3 and 2.2.4. In every iteration each estimate is updated
using the most recent value/values of the other estimate/estimates. The system
is considered to have converged when the difference in norm of new and most
recent value is less then a chosen ǫ.

MLEs of covariance matrices in a separable covariance structure

For an iid sample X1, ...,Xr from a matrix normal distribution Nn,p(µ,Σ,Ψ),
the MLEs of the covariance matrices Σ : n × n and Ψ : p × p are given by the
following algorithm.

• Step 0 Calculate an initial value for Σ,

Σ0 =
1

pr

r
∑

i=1

X̂iX̂
′

i,

Gottfridsson, 2011. 17
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scale such that condition (2.12) holds. Put Σ∗ = Σ0

• Step 1

Ψ =
1

nr

r
∑

i=1

X̂
′

i(Σ
∗)−1X̂i, Ψ(p, p) = 1

Σ =
1

pr

r
∑

i=1

X̂iΨ
−1X̂

′

i.

• Step 2 If

‖Σ− Σ∗‖2 < ǫ or ‖Ψ−Ψ∗‖2 < ǫ, (3.1)

stop. If not, put Σ∗ = Σ and Ψ∗ = Ψ and go to step 1.

Note that Σ0 is calculated with Ψ = Ip in the formula (2.11).

When calculating the MLE:s of covariance matrices of a random tensor, the
algorithm above is basically extended with one matrix.

MLEs of covariance matrices in a double separable covariance struc-

ture

For an iid sample T1, ..., Tr from a multilinear normal distributionNn,p,q(µ,Σ,Ψ,Θ),
the MLEs of the covariance matrices Σ : n×n, Ψ : p× p and Θ : q× q are given
by the following algorithm.

• Step 0 Calculate an initial value for Ψ,

Ψ0 =
1

nqr

r
∑

i=1

Ŷ
′

iŶi,

rescale such that Ψ(p,p)=1. Calculate an initial value for Σ,

Σ0 =
1

pqr

r
∑

i=1

X̂
′

iX̂i,

adjust such that the equivalent to condition (2.12), for the double separa-
ble case, holds. Put Ψ∗ = Ψ0 and Σ∗ = Σ0

• Step 1

Θ =
1

npr

r
∑

i=1

Ẑ
′

i(Ψ
∗ ⊗ Σ∗)−1Ẑi, Θ(q, q) = 1
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Ψ =
1

nqr

r
∑

i=1

Ŷ
′

i(Σ
∗ ⊗Θ)−1Ŷi, Ψ(p, p) = 1

Σ =
1

pqr

r
∑

i=1

X̂
′

i(Θ ⊗Ψ)−1X̂i.

• Step 2 If

‖Σ− Σ∗‖2 < ǫ or ‖Ψ−Ψ∗‖2 < ǫ or ‖Θ−Θ∗‖2 < ǫ, (3.2)

stop. If not, put Σ∗ = Σ, Ψ∗ = Ψ and Θ∗ = Θ and go to step 1.

These two algorithms for deriving estimates of covariance matrices are used in
the calculations of test statistics, in all tests of separable or double separable
covariance structure, presented in this thesis.

3.2 Likelihood ratio tests of separable or double

separable covariance structure

In this section likelihood ratio tests of separable or double separable covariance
structures, and the results of these, are presented.

The first test, tests whether the covariance matrix Λ of an multivariate nor-
mal distribution is separable. That is, if each vector xi : np × 1 in the sample
of iid vectors x1, ...,xr, can be reshaped into a matrix Xi : n × p with two
covariance matrices Σ : n × n and Ψ : p × p, one between rows and the other
between columns. This gives the hypothesis:

H0 : Λ = Ψ⊗ Σ versus H1 : Λ > 0. (3.3)

This hypothesis will be tested with a LRT, that has the following test statistic

λ1 =
|Λ| r2

|Ψ|nr

2 |Σ| pr2
.

The degrees of freedom in the asymptotical χ2
f -distribution, see Section 2.2.2,

is given by

f1 =
1

2
np(np+ 1)− 1

2
n(n+ 1)− 1

2
p(p+ 1) + 1.

In the second test, a double separable covariance matrix is tested against a pos-
itive definite covariance matrix for a multivariate normal distribution. That is,
if each vector xi : npq×1 in the sample of iid vectors x1, ...,xr, can be reshaped
into a tensor Ti : n × p× q with three covariance matrices Σ : n× n, Ψ : p× p
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and Θ : q × q, one between rows, one between columns and one between the
layers of matrices. The two hypotheses tested against each other is then:

H0 : Λ = Θ⊗Ψ⊗ Σ versus H1 : Λ > 0. (3.4)

The LRT testing these hypotheses has the test statistic, see Section 2.2.2, given
by

λ2 =
|Λ| r2

|Θ|npr

2 |Ψ|nqr

2 |Σ| pqr2
.

The degrees of freedom in the asymptotical χ2-distribution, see Section 2.2.2, is
given by

f2 =
1

2
npq(npq + 1)− 1

2
n(n+ 1)− 1

2
p(p+ 1)− 1

2
q(q + 1) + 2.

For details and results of these two tests, see Section 3.2.2.

3.2.1 Power of a statistical test

The power of a statistic test H0 versus H1 is the probability of rejecting H0

when H0 is false.

For calculating the power of the LRTs that tests separable or double separable
covariance structures, (3.3) or (3.4) in Section 3.2.2, a covariance matrix with
an unseparable structure have been used. In fact, a covariance matrix from an
autoregressive process of order one, AR(1), have been used for the calculations.
This autoregressive covariance matrix have been scaled, with (1−a2), such that

Σ(a) =

















1 a a2 · · · an−1

a 1 · · ·
a2

...
. . .

... a

an−1 · · · a 1

















.

See [11] for further information about autoregressive processes and covariance
structures.

When calculating the power of the LRTs in Section 3.2.2, a have been cho-
sen to 0.2 in Σ(a). This covariance structure is used if nothing else is stated.
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3.2.2 The empirical null distribution, and the power of

the likelihood ratio tests

In Section 2.2.2 it was mentioned that −2ln(λ) has an asymptotical χ2
f - distribu-

tion. However, in this section we will investigate how close the χ2
f -distribution

approximates the actual null distribution when the sample size r < ∞. Values
of an empirical null distribution have been calculated for some values of n, p
and n, p, q for the LRTs in Section 3.2 for different sample sizes r. The results
can be compared with those of Lu and Zimmerman [6].

For the 90th, 95th and 99th percentiles of the empirical null distributions pre-
sented in Table 3.1 and 3.3 the data are derived from 5000 simulations for each
combination of parameter values. Table 3.1 gives the empirical null distribution
for the test of separable covariance structure, and Table 3.3 the empirical null
distribution for the test of double separable covariance structure. In both tables
percentiles of the asymptotic χ2

f -distribution is also given. Data is simulated
from a Nn,p(0, In, Ip)- or Nn,p,q(0, In, Ip, Iq)-distribution, which does not restrict
the empirical null distribution to only be valid for Ψ = Σ = I or Θ = Ψ = Σ = I,
see [6]. The parameter ǫ in the stopping criterion, see (3.1) and (3.2) in the al-
gorithms in Section 3.1, have been chosen to be 10−6, which was considered to
be sufficiently small while not making the calculations too time-consuming.

From Table 3.1 and 3.3, it is clear that a relatively large sample size r, is im-
portant when using the approximated χ2

f -distribution to decide the rejection
area. For relatively small values of r the critical limit of the empirical null dis-
tribution is quite far from the one in the asymptotic distribution. Obviously,
there is no magical value for r when the asymptotic χ2

f -distribution is a decent
approximative distribution. How large sample sizes that is needed is, also this
detactable from Table 3.1 and 3.3, dependent on the test in question.

However, the gap between the (1 − α)th percentile of the empirical null dis-
tribution and the same percentile of the asymptotic χ2

f -distribution seems to
increase both with the sizes of np or npq and with the decreasing value of α.
For example, in Table 3.1 for n = p = 2 the difference in value, for the χ2

5-
distribution and the empirical null distribution for r = np + 1, of the 90th
percentile is 23.32 and the difference of the 99th percentile is 39.59. The corre-
sponding differences in values for n = p = 4, in the same table, are for the 90th
percentile 204.66 and for the 99th percentile 269.04.

While Table 3.1 and 3.3 shows the difference of 90th, 95th and 99th percentile
of the empirical and the asymptotic distribution, the histograms of Figure 3.1
shows how the resemblance of a χ2

5-distribution increases for the 5000 values
of the test statistic −2ln(λ), that the empirical null distribution is based on,
when r increases. In fact, the first histogram, for r = 5, does not resemble the
χ2
5-distribution much, but the last one, for r = 100, could easily be taken for

the actual histogram for the asymptotic distribution.

In Table 3.2 and 3.4 the number of rejected tests, for each r and α = 0.05, is
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2×2 2×3

r 90th 95th 99th r 90th 95th 99th

5 32.56 39.15 54.68 7 61.33 71.97 96.08

10 14.15 16.75 22.35 15 27.93 31.41 38.01

20 10.99 13.14 17.94 25 23.92 26.91 32.52

50 9.92 11.95 16.31 50 21.60 24.61 30.08

100 9.50 11.31 15.40 100 20.35 22.98 28.56

χ2
5 9.24 11.07 15.09 χ2

13 19.81 22.36 27.69

2×4 4×4

r 90th 95th 99th r 90th 95th 99th

9 99.43 111.69 143.23 17 341.64 367.36 424.54

20 44.47 48.71 57.80 25 203.28 213.14 232.17

50 37.30 41.06 47.70 50 161.42 168.14 181.60

100 35.00 38.13 45.88 100 147.46 154.76 169.88

200 33.89 37.32 44.42 200 142.06 149.37 161.76

χ2
24 33.20 36.42 42.98 χ2

117 136.98 143.25 155.50

Table 3.1: 90th, 95th and 99th percentiles of the empirical null distribution,
derived from 5000 simulations for each combinations of parameter values, for
tests of a separable covariance structure.



3.2. Likelihood ratio tests of separable or double separable covariance structure 23

0 10 20 30 40 50
0

200

400

600

800

1000
r=5

0 10 20 30 40 50
0

200

400

600

800

1000
r=20

0 10 20 30 40 50
0

100

200

300

400

500

600

700

800

900
r=100

0 10 20 30 40 50
0

100

200

300

400

500

600

700

800

900
chi2

Figure 3.1: The first three histograms are for−2ln(λ), from the 2×2-separability
tests, with r=5, 20 and 100 respectively, and finaly a histogram of 5000 random
variables from a χ2

5-distribution. All histograms have the same number of bins,
25, to put the datapoints in. Also, note that the tail in the first histogram have
been cut (to give all the histograms the same dimensions).

calculated in percent for the asymptotic χ2
f -distribution. Table 3.2 gives the

data for the tests of separable covariance structure, and Table 3.4 the data for
the tests of a double separable covariance structure. The tables show a close
relation to the gaps between the values of the percentiles for the empirical and
the asymptotic distributions in Table 3.1 and 3.3. For relatively low values of
r, a high percentage of tests are rejected. When r increases the rejected per-
centage gets closer to the significance level, the percentage of the asymptotic
χ2
f -distribution.

The power of each test in Table 3.1 and 3.3 have been calculated, for the signif-
icance level α = 0.05. For each test 5000 simulations with a covariance matrix
with an autoregressive structure was used, see Section 3.2.1. For these, the num-
ber of rejected tests, when using the critical values from both the asymptotic
χ2
f -distribution and the empirical null distribution, were calculated in percent.

The results can be seen in Figure 3.2, 3.3, 3.4 and 3.5. Note that in the power
calculations for Figure 3.3 the unseparable covariance matrix Σ = (σij), where

σij = 0.7
√

|i−j|, was used. The graphs shows that the empirical and the asymp-
totical χ2

f -distribution have the same behaviour only for part of the values of
r. In fact, while the power of the empirical null distribution follows the ex-
pected pattern, i.e. it increases when r increases, the power of the asymptotic
χ2-distribution does not. The power of the later has the same pattern for all
graphs calculated with the autoregressiv covariance matrix, it is high for rel-
atively low values of r, decreases and then increases for relatively high values
of r. The power of the asymptotic distribution does however behave more like
expected for the alternative unseparable covariance matrix in Figure 3.3.
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Rejected tests in % for α=0.05
r n×p

2×2 2×3 2×4 4×4
5 65.78 - - -

7 - 84.78 - -

9 - - 94.50 -

10 20.92 - - -

15 - 25.60 - -

17 - - - 100

20 9.72 - 29.98 -

25 - 13.80 - 91.02

50 6.82 8.86 11.46 37.36

100 5.56 5.84 7.28 14.86

200 - - 5.90 9.08

Table 3.2: Number of rejected tests in percent, for each combinations of param-
eter values and significance level α = 0.05, in table 3.1

The calculated empirical null distributions, the number of rejected tests and the
powers of the tests all imply the same thing, that the asymptotic χ2

f -distribution
is not a very good approximative distribution for relatively small sample sizes.
What a small sample size is, is however very much dependent on the specific test.
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Figure 3.2: The power of the LRTs for separable covariance structure, here
calculated for both the empirical and the asymptotic χ2

f -distribution. The top
graph is for n = p = 2, and the lower for n = 2, p = 3.
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Figure 3.3: For the power-graphs shown above, a unseparable covariance matrix

Σ = (σij), where σij = 0.7
√

|i−j|, have been used for the calculations. The top
graph is for n = p = 2, and the lower for n = 2, p = 3. Compare these
results with the power-graphs in Figure 3.2 for the same tests, but with another
unseparable covariance matrix in the calculations.
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Figure 3.4: The power of the LRTs for separable covariance structure, here
calculated for both the empirical and the asymptotic χ2

f -distribution. The top
graph is for n = 2, p = 4, and the lower for n = p = 4.
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2×2×2

r 90th 95th 99th

9 106.15 118.56 150.89

20 50.84 54.71 64.52

50 42.99 46.99 55.37

100 41.23 45.06 52.02

200 39.96 43.63 50.98

χ2
29 39.09 42.56 49.59

2×2×3

r 90th 95th 99th

13 210.05 228.22 273.37

25 110.65 118.41 131.30

50 94.11 99.88 111.96

100 88.31 93.31 103.76

200 86.29 91.55 101.80

χ2
68 83.31 88.25 98.03

2×3×3

r 90th 95th 99th

19 433.53 460.97 530.34

25 284.39 296.55 317.88

50 216.60 224.87 239.98

100 196.07 205.20 219.69

200 188.97 196.19 209.28

χ2
158 181.17 188.33 202.27

Table 3.3: 90th, 95th and 99th percentiles of the empirical distribution, derived
from 5000 simulations for each combinations of parameter values, for tests of
double separable covariance structure.
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Figure 3.5: The power of the LRTs for double separable covariance structure,
here calculated for both the empirical and the asymptotic χ2

f -distribution. The
top graph is for n = p = q = 2, the middle graph for n = p = 2, q = 3 and the
lower fraph for n = 2, p = q = 3.
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Rejected tests in % for α=0.05
r n×p×q

2×2×2 2×2×3 2×3×3
9 94.32 - -

13 - 99.44 -

19 - - 100

20 29.16 - -

25 - 52.26 98.50
50 10.82 19.42 48.90

100 7.90 10.06 18.58

200 6.24 7.64 10.64

Table 3.4: Number of rejected tests in percent, for each combinations of param-
eter values and significance level α = 0.05, in table 3.3

3.3 More tests of covariance structure

In Section 3.2, tests of separable versus unseparable covariance structures where
performed. There are however other tests that can be of interest. If a separable
covariance structure is known, it can be interesting to test for a double separable
structure, as in Section 3.3.1. Also, it can be interesting to test if one covariance
matrix is the identy matrix if either a separable or double separable structure
is known, more on this in Section 3.3.2.

3.3.1 Tests of double separable versus separable covari-

ance structure

A test of double separable versus separable covariance structure is a test of
whether the sampled data has a tensor- or a matrix-structure.

Say, for instance, that data have been gathered every day for n days in a lo-
cation that is a square with pq collections points such that one side is divided
into p parts and the other into q parts, like a grid. There would then be reason
to believe that there might be two spatial factors for each component in the
observation. A rejected hypothesis, about double separable structure, would
then mean that there is only one spatial relation between the components in
the observation. That is, it would not matter where on the x- or y-axis two
components in the observations where made only how far apart they were. An-
other scenario, n points are observed in a location once a week for p weeks each
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summer for q years. A rejected hypothesis, about different covariance matri-
ces for different temporal aspects, would then mean that the temporal relation
treats all time gaps the same way regardless of their sizes.

This kind of test could be a good addition when testing for double separable
covariance structure versus an unstructured covariance matrix. If the double
structure consists of matrices with dimensions n, p and q, it could be wise to
also test this hypothesis against one of or both hypotheses of separable covari-
ance structures of matrices with dimensions n and pq or np and q, depending
on the knowledge of the data.

The hypothesis

H0 : Λ = Θ0 ⊗Ψ0 ⊗ Σ0 versus H1 : Λ = Ψ1 ⊗ Σ1

has the LRT

λ =
|Ψ1|

nr

2 |Σ1|
pqr

2

|Θ0|
npr

2 |Ψ0|
nqr

2 |Σ0|
pqr

2

,

where Σ0 : n×n, Ψ0 : p×p, Θ0 : p×p, Σ1 : n×n and Ψ1 : pq×pq. The asymp-
totic χ2

f -distribution of the test statistic has the following degrees of freedom

f =
1

2
pq(pq + 1)− 1

2
p(p+ 1)− 1

2
q(q + 1) + 1. (3.5)

5000 simulations for the parameter values n = p = q = 2 and r = 50 have been
made, the data was taken from a Nn,p,q(0, I2, I2, I2)-distribution. For these sim-
ulations, the results in table 3.5 were obtained. Interesting to note is that the
number of rejected tests are much closer to the approximated χ2

5-distribution
for these simulations than for the tests in Section 3.2.2, see the results for r = 50
in Tables 3.2 and 3.4. Also, the histograms in Figure 3.6 has a clear resemble
of each other.

α

.10 .05 0.01
rejected
tests 11.54 6.10 1.30

Table 3.5: The number of rejected tests in percent, for 5000 simulations for tests
of double separable versus separable covariance structure.

3.3.2 Tests of an identity matrix in a separable or a double

separable covariance structure

Johnson and Wichern states in [3] that for a random vector with a multivariate
normal distribution a zero covariance implies that the corresponding compo-
nents are independently distributed. Thus an identity-covariance-matrix for a
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Figure 3.6: The first histogram is for −2ln(λ), from the double separable versus
separable covariance structure test, the second is a histogram of 5000 random
variables from the asymptotic χ2

5-distribtuion.

multivariate normal random vector implies that all components are independent
of each other.

An identity matrix, in a matrix normal distribution or a multilinear normal
distribution, would imply that the components are independent with respect to
that specific relation. For instance, if one of the matrices in a matrix normal
distribution is the identity matrix, then the components are either independent
between columns or between rows in the random matrix. For the tensor normal
distribution one identity matrix implies that the data can be seen as a number
of independent matrices. The separable structure for the covariance matrix of
vec(X), gets one of the following structures if one of the covariance matrices in
the Kronecker structure is the identity matrix.

A⊗ I =











a11I a12I · · · a1mI

a21I a22I · · · a2mI
...

...
. . .

...
am1I am2I · · · ammI











,where I : p× p, or

I⊗B =



















B

B 0
. . .

0
. . .

B



















, where B : p× p.

Two kind of tests of an identity covariance matrix have been performed. The
first test is if one matrix in a separable covariance structure is the identity ma-
trix I.

The hypothesis

H0 : Λ = Ψ0 ⊗ In versus H1 : Λ = Ψ1 ⊗ Σ1
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has the LRT

λ =
|Ψ1|

nr

2 |Σ1|
pr

2

|Ψ0|
nr

2

,

where Ψ0 : p× p, Σ1 : n× n and Ψ1 : p× p. Remember that |Im| = 1 for all in-
tegers m. The asymptotic χ2

f -distribution of the test statistic has the following
degrees of freedom

f =
1

2
n(n+ 1).

This test has been performed for n = 2, p = 4 and r = 50. 5000 simulations
with data derived from a Nn,p(0, I2, I4)-distribution was made. The results from
these simulations can be seen in table 3.6, which shows that the number of re-
jected tests are lower than the significance level α for three different values of
that parameter. Figure 3.7 displays two histograms, the first of the values of the
5000 test statistics of the test and the other of 5000 values from the asymptotic
χ2
3-distribution. It is clear that a sample size of r = 50 is not enough to give

the test statistic the asymptotic χ2
3-distribution.

α

.10 .05 0.01
rejected
tests 4.82 2.32 0.30

Table 3.6: The number of rejected tests in percent, for 5000 simulations for tests
of an identity matrix in a separable covariance structure.
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Figure 3.7: The first histogram is for −2ln(λ), from the test of an identity
matrix in a separable covariance structure, the second is a histogram of 5000
random variables from the asymptotic χ2

3-distribtuion.

The second test is of an identity matrix in a double separable covariance struc-
ture.

The hypothesis

H0 : Λ = Iq ⊗Ψ0 ⊗ Σ0 versus H1 : Λ = Θ1 ⊗Ψ1 ⊗ Σ1,
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where Θ : q × q, Ψ : p× p and Σ : n× n for both hypoteses, has the LRT

λ =
|Θ1|

npr

2 |Ψ1|
nqr

2 |Σ1|
pqr

2

|Ψ0|
nqr

2 |Σ0|
pqr

2

.

Again, remember that |Im| = 1, for any positive integer m. The degrees of
freedom of the asymptotic χ2-distribution of the test statistic, is given by

f =
1

2
n(n+ 1).

5000 simulations of this test have been made, for the parameter values n = p =
q = 2 and r = 50, and with data from a Nn,p,q(0, I2, I2, I2)-distribution. The
results can be seen in table 3.7, where we can see that the number of rejected
tests are considerably higher than the significance levels. Also, the histograms
in Figure 3.8 are quite far from eachother, the first is a histogram of the 5000
simulations of the test and the second is of 5000 values from a χ2

3-distribution.
For this test r = 50 seems to be a too small sample size for the distribution to
have converged to the asymptotic distribution.

α

.10 .05 0.01
rejected
tests 41.20 27.46 8.92

Table 3.7: The number of rejected tests in percent, for 5000 simulations for tests
of an identity matrix in a double separable covariance structure.
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Figure 3.8: The first histogram is for −2ln(λ), from the test of an identity
matrix in a double separable covariance structure, the second is a histogram of
5000 random variables from the asymptotic χ2

3-distribution.



Chapter 4

Conclusions

This chapter is divided into two parts. The first is an analysis of the results
that was obtained in Chapter 3, and the second is a section on the further work
that could be done after this thesis.

4.1 Analysis

A very importarnt part of any form of hypothesis testing, is how to decide the
critical area. If the chosen critical area does not coincide with the one of the
actual null distribution, either too many tests, if the critical area is too large, or
too few tests, if the ciritcal area is too small, will be rejected for the chosen sig-
nificance level. Obviously, neither case is desirable. When testing for separable
or double separable covariance structure in Chapter 3 the distribution used to
decide the critical region is the asymptotic χ2

f -distribution for the test statistic,
this distribution gives a critical region that is larger than the actual null distri-
bution, for relatively small sample sizes. Table 3.2 and 3.4 clearly shows that
the number of rejected tests for relatively small sample sizes are much higher
then the chosen significance level, α = 0.05.

However, that the approximated distribution of the test statistic and the ac-
tual null distribution does not coincide would perhaps not be a big problem if
they were relatively close, but as can be seen in Table 3.1 and 3.3 this is not
the case for the relatively small sample sizes for the test statistics in the tests of
separable or double separable covariance structure. Table 3.1 and 3.3 also shows
that for relatively large sample sizes the asymptotic χ2

f -distribution is a decent
approximative distribution for the null distribution, in the two different tests
performed. However, what a large sample size is depends on the test in ques-
tion, easily detectable in the tables already mentioned, and is of course not easy
to guess for an arbitrary test that one wishes to perform. Also, it is not always
easy or inexpensive to obtain observations, thus a relatively large sample size
might not always be possible to get. Hence an approximative distribution that
gives a good approximation of the null distribtuion for relatively small sample
sizes as well as relatively large sample sizes is needed.
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The asymptotic χ2
f -distributions of the test statistics, in the LRTs of separable

or double separable covariance can not claim to be a good approximation of the
actual null distribution of the test statistic for all sample sizes. To perform tests
of different kind of structures of the covariance matrix, and be able to trust the
results of rejecting or not rejecting the hypothesis, is highly important. Hence
another approximative distribution for these test statistics is needed.

There is, of course, the possibility of calculating empirical null distributions
with simulated data before executing any tests of interest. This would however
be very time-consuming and hence not very practical.

4.2 Further development

If there had been more time within the limits for this thesis the following are
example of things that could have been studied in more detail. It would, for ex-
ample, have been interesting to look further into the behaviour of the empirical
null distributions for the tests in Sections 3.3.1 and 3.3.2. Also, an example with
real data to test for separable or double separable covariance structure could
have been interesting to conclude the section on the empirical null distribution.

A kind of test that was not done at all in this thesis, but that could be in-
teresting to look at, is a test for all possible separable covariance structures of
an arbitrary sample from a multivariate normal distribution, where the possible
structures is decided by integer factorization of the dimension p of the random
vector. For instance, if p = 8 there would be three tests of interest. One for
double separable covariance structure with n = p = q = 2, and two tests for
separable covariance structure with n = 2, p = 4 or n = 4, p = 2. However,
tests of a separable covariance structures is of course of more interest when a
special covariance structure is suspected, due to knowledge about the origin of
the specific data.

It could also be intresting to investigate the effects of putting ψpp = 1 in
Ψ = (ψij) : p × p and ψpp = 1, θqq = 1 in Ψ = (ψij) : p × p, Θ = (θkl) : q × q,
in the formulas for MLEs of covariance matrices in Sections 2.2.3 and 2.2.4.
Remember that this was done to be able to uniquely define each estimate, since

Ψ⊗ Σ = (aΨ)⊗ (
1

a
Σ), and

Θ⊗Ψ⊗ Σ = (bΘ)⊗ (aΨ)⊗ (
1

ab
Σ).

It would be interesting to look at how much the estimates derived with this
method differs from estimates obtained without this demand, but that after the
calculations are scaled (a and b are decided) such that ψpp = 1 or ψpp = 1,
θqq = 1.
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The empirical null distribution calculated for the tests in Section 3.2.2 shows
that the asymptotic distribution is not a good approximation for small sample
sizes, as discussed in Section 4.1. A numerical solution that scales the approxi-
mated distribution depending on the sample size and significance level α, could
be an idea for a solution to this problem. However, a much better solution, but
perhaps more difficult to derive, would be one that is derived from the statistical
theory that the current scaling of −2ln(λ) comes from.
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Appendix A

Proof of equivalence

In section 2.2.3 it was stated that X ∈ Nn,p(µ,Σ,Ψ) is equivalent to vec(X) ∈
Nnp(vec(µ),Ψ⊗Σ), and similarly Section 2.2.4 stated that T ∈ Nn,p,q(µ,Σ,Ψ,Θ)
is equivalent to vec(T ) ∈ Nnpq(vec(µ),Θ ⊗ Ψ ⊗ Σ). The first equivalence will
be shown here, the calculations for the second one is similar.

f(vec(X)) = (2π)−
1

2
np|Ψ⊗ Σ|− 1

2 e−
1

2
tr((Ψ⊗Σ)−1vec(X−µ)vec′(X−µ))

= (2π)−
1

2
np|Ψ|−n

2 |Σ|− p

2 e−
1

2
tr((Ψ⊗Σ)−1vec(X−µ)vec′(X−µ))

= (2π)−
1

2
np|Ψ|−n

2 |Σ|− p

2 e−
1

2
(vec′(X−µ)(Ψ⊗Σ)−1vec(X−µ))

= (2π)−
1

2
np|Ψ|−n

2 |Σ|− p

2 e−
1

2
tr(Σ−1(X−µ)Ψ−1(X−µ)′) = f(X)

The first equivalence comes from (2.1) and(2.2), the second from (2.4), and the
third from (2.5).
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Överföring av upphovsrätten vid en senare tidpunkt kan inte upphäva detta
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