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Abstract

This thesis concerns the robustness of structures considering various uncertainties.
The overall objective is to evaluate and develop simulation based design methods
in order to find solutions that are optimal both in the sense of handling typical load
cases and minimising the variability of the response, i.e. robust optimal designs.

Conventionally optimised structures may show a tendency of being sensitive
to small perturbations in the design or loading conditions. These variations are
of course inevitable. To create robust designs, it is necessary to account for all
conceivable variations (or at least the influencing ones) in the design process.

The thesis is divided into two parts. The first part serves as a theoretical
background for this work. It includes introductions to the concept of robust design,
basic statistics, optimisation theory and metamodelling. The second part consists
of five appended papers on the topic.

The first and third papers focuse on the evaluation of robustness, given some
dispersions in the input data. Established existing methods are applied, and for
paper three, comparisons with experimentally evaluated dispersions on a larger
system are made.

The second and fourth paper introduce two new approaches to perform robust
optimisation, i.e. optimisations where the mean performance and the robustness
in the objectives are simultaneously optimised. These methods are demonstrated
both on an analytical example and on a Finite Element model design example.

The fifth paper studies the variations in mechanical properties between several
different batches of the same steel grade. A material model is fitted to each batch
of material, whereby dispersions seen in test specimens are transferred to mate-
rial model parameter variations. The correlations between both test and material
model parameters are studied.
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I. D. Lönn, M. Öman, L. Nilsson, K. Simonsson (2009). Finite Element based
robustness study of a truck cab subjected to impact loading, International
Journal of Crashworthiness, Volume 14, Issue 2, pp. 111-124.
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Part I

Theory and background





Introduction
1

A robust design is a design which is sufficiently insensitive to variations. An optimal
design is a design which under given constraints performs optimally with respect
to the objective, superior to other designs of the same concept. It is not equally
simple to clearly define what an optimal robust design is. The optimal robust
design is really the designers choice, depending on the trade-off situation between
dispersion insensitivity and deterministic optimal performance. Moreover, several
different conflicting objectives must often be considered in a typical application.

Consider the specific example of a car crash event. In an optimal robust design,
the car should absorb the crash energy in a controlled manner, independent of the
angle of impact, variations in material properties, manufacturing process variations
etc. At the same time, the weight of the car has to be minimised in order to decrease
fuel consumption, but reducing the amount of material may introduce structural
instabilities.

The research project Robust Design of Automotive Structures, ROBDES, aimed
at finding design methods to reduce the influence of variations in impact loading
situations. The objective for the project was

”To develop tools and guidelines for modelling of automotive struc-
tures subjected to impact loading conditions, where focus is placed on
an optimal and robust design.”

Furthermore, the ROBDES project consisted of three subprojects, two carried out
at NTNU and SINTEF in Trondheim, Norway, and one subproject at Linköping
University, which resulted in this thesis, with the following objective

”Methods development for multi-disciplinary stochastic crash prob-
lems.”

This objective has been further decomposed into two main parts, namely how to
evaluate robustness and how to incorporate robustness in an optimisation context.

Variations is often a complex task to deal with in computational engineering
since the computational efforts are considerably increased when randomness is
introduced. Finite Element (FE) car crash simulation models of today contain
several millions of elements and, consequently, many shortcuts are taken in order
to find approximate optimal designs faster. ”To obtain a maximum amount of
information out of a minimum number of simulations” should always be a major
concern when developing feasible new optimisation methods. Methods that require

3



CHAPTER 1. INTRODUCTION

a vast number of design evaluations have for this reason not been considered in
this thesis.

The introductory chapters that follow contain basic theory in statistics needed
for describing dispersions, along with some optimisation basics. Also included is a
chapter on approximation techniques, i.e. metamodelling, a methodology which is
essential for this field of optimisation with computationally costly applications.

The most important, and perhaps most innovative, parts of this thesis, however,
are the sections introducing approaches for achieving a robust design. As mentioned
above, the integration of the robustness and optimality perspectives in a computer
aided design context was the main challenge for this thesis work.
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Robust design
2

The term robust design was originally introduced by the Japanese engineer Genichi
Taguchi [1] as a way of improving the quality of a product by minimising the effect
of variations, without eliminating the causes themselves. A robust design is by this
definition a design which is sufficiently insensitive to variations. Since conventional
simulation based design methodologies do not account for stochastic variations and
good solution techniques for deterministic problems in many cases already exist,
the concept of robust design is the next logical step in the development of more
advanced simulation based design processes.

A robust design has the property of being insensitive to variations. But it is
usually not the most optimal one in the sense of handling the typical load cases, for
which the design is built. This is intuitively understood since the robust design also
must account for variations, and thus must handle a wide range of loading cases
apart from the typical ones. Finding an optimal robust design is therefore often a
tradeoff between optimising the mean performance of the typical loading cases and
minimising the performance variance due to uncertainties. The tradeoff situation
is illustrated in Figure 1, where different mean value choices of the stochastic
design variable x imply different levels of mean performance and robustness of the
objective f .

f(x)

f

x

Figure 1: An illustration of the tradeoff between minimising the mean performance
and the robustness of a response.

The first obvious task in a robust optimisation process is to evaluate the robust-
ness of a system. In this numerical robustness evaluation, a sequence of approx-
imation techniques are commonly applied, and the error in each approximation
step must be kept low in order to accurately assess the real life dispersions studied,
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CHAPTER 2. ROBUST DESIGN

see Figure 2. The FE model must certainly represent the physics of the problem
correctly. But in a robustness study, the model must also both be detailed enough
to be able to represent the small physical changes that occur when variables are
being slightly perturbed, as well as remain valid within the design space. This puts
much higher demands on the FE model than would be the case normally.

f

x

f

x

Modelling error

Metamodel error

Variable statistics error⇓

⇓

⇓

Figure 2: An illustration of potential errors entering a typical numerical robustness
analysis of a structural problem.

Furthermore, there is a risk of loosing important information in the metamod-
elling phase. Insufficient sampling or an inaccurate metamodelling approach may
produce a metamodel that does not represent the behaviour of the FE model.

Finally, the variations that the system is subjected to through the stochastic
variables must be represented correctly. Variables such as offset positions, impact
velocity and sheet metal thicknesses may for instance follow a statistical distribu-
tion. The robustness may then be assessed through repeated sampling and analysis
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using the metamodel, as shown in Figure 2. On the other hand, the variation of a
parameter such as the sheet metal thickness may be even more accurately described
by e.g. a Gaussian random field, which describes a spatial variation, instead of a
variation of the thickness for the whole studied part. If a spatial variation is used,
the metamodel based robustness study is not possible. Thus, the best choice of
a variable dispersion representation depends on several factors. The dispersions
must be as accurately described as possible, preferably validated with actual mea-
surements, but the description must also comply with the methodology applied.

When studying dispersions in a response it is possible to subcategorise the ob-
served variation. Roux et al. [2] present a methodology to separate effects due to
parameter variations (changing a variable value) from process variations (bifurca-
tions). The authors also state that the best way of studying process variations are
by using stochastic fields to represent input dispersions. Thus, the type of disper-
sion input data also controls the type of output data. If the interest only lies in an
evaluation of the robustness of the current design, certainly no distinction between
effects of parameter changes and process variation is needed.

Finally, the evaluated robustness measure needs to be incorporated in the opti-
misation. Literature displays two branches in the nomenclature, robust design op-
timisation (RDO) and reliability based design optimisation (RBDO). As discussed
in e.g. Zang et al. [3], there is a conceptual difference between RDO and RBDO.
Robust design optimisation rather aims at reducing the variability of structural
performance caused by fluctuations in parameters, than to avoid a catastrophe in
an extreme event. In the case of RBDO, we can make a design that displays large
variations as long as there are safety margins against failure in the design, i.e. the
variability is not explicitly minimised. However, Beyer and Sendhoff [4] point out
that there is no consensus in literature whether RBDO should be regarded as a
robust optimisation method or not. In this thesis, focuse was set on evaluating
and optimising robustness for solid mechanics applications, not on finding failure
probabilities.
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Basic statistics
3

Stochastic variations are always present in real life structures, i.e. the reality is never
as deterministic as our model of it. There are variations, e.g. in material properties,
forces, geometries and boundary conditions, which in turn produce variations in
the structural responses. Some fundamental knowledge in statistics is required to
be able to treat these variations. The following basic statistical terminology can
be found in any basic statistics textbook, e.g. Casella and Berger [5].

3.1 Statistics of an entity

The true (arithmetic) mean value µ, of a stochastic entity x, is often unknown. It
is defined as

µ = E(X) =

∞∫

−∞

x dX(x) dx (1)

where E(·) denotes the expected value. It can be interpreted as the center of gravity
of the probability distribution dX(x). An estimate of the mean value is often made
based on N number of samples

µ ≈ x̄ =
1

N

N∑

i=1

xi (2)

where x̄ represents the estimation of µ and where xi denotes samples of the stochas-
tic entity.

The second statistical moment, the variance σ2, is used as a measure of deviance
from the mean value

σ2 = V ar(X) = E((X − µ)2) =

∞∫

−∞

(x− µ)2 dX(x) dx (3)

and an estimate s2 is introduced as

σ2 ≈ s2 =
1

N − 1

N∑

i=1

(xi − x̄)2 (4)
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CHAPTER 3. BASIC STATISTICS

However, the spread of the values is usually expressed in terms of the standard
deviation σ, estimated by s, which is defined as the square root of the variance.

A stochastic variable may also be assigned probability density function (PDF).
The most common assumption is the normal distribution, which has the following
PDF

dX(x) =
1

σ
√

2π
e−

(x−µ)2
σ2 (5)

The normal distribution is symmetric around the mean value, cf. Figure 3(a).
Also, it is more probable that the value of the variable is closer to the mean
value than far away from it. Many variables are likely to have these distribution
properties, which makes the normal distribution approximation suitable in many
situations. However, if the normal distribution provides a poor fit of the data, any
other probability distribution may be used in the methods presented here, without
adding complexity to the problem.

−4 −2 0 2 4
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d X
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Figure 3: Probability density functions and cumulative distribution functions for
different normal distributions. (a) Examples of PDFs. (b) Examples of CDFs.

By integrating dX(x) in the interval ] − ∞, x], the probability of a randomly
picked value from the stochastic variable lying in the chosen interval is obtained.
From this observation, the cumulative distribution function (CDF) is created, cf.
Figure 3(b). The CDF for the normal distribution, here denoted DX(x), is given
by

DX(x) =
1

σ
√

2π

x∫

−∞

e−
(t−µ)2
σ2 dt (6)

If the response is assumed to follow a normal distribution, it is also possible to
assess the uncertainty in the mean value estimation. The confidence interval Iµ for
the mean value, when the true standard deviation σ is regarded as an unknown, is
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3.2. RELATIONS BETWEEN ENTITIES

Iµ =
[
x̄− tα/2(f)s, x̄+ tα/2(f)s

]
(7)

where f = N − 1 and where tα/2 is a number given by the Student’s t-distribution,
which depends on the confidence level α chosen and the number of samples. For
example, a 95% confidence interval has α = 0.05 and if the number of samples are
20, tα/2 = 2.09. The confidence interval will be larger with a smaller sample size (f
decreases and tα/2 increases) and a larger dispersion (larger s). Consequently, the
estimated mean value will in that case be more uncertain. Similarly, the confidence
interval for the standard deviation Iσ is given by

Iσ =

[√
Q

χ2
α/2(f)

,

√
Q

χ2
1−α/2(f)

]
(8)

where

Q =
N∑

i=1

(xi − x̄)2 (9)

and where χ2
α/2(f) and χ2

1−α/2(f) are numbers given by the chi-square distribution,
which again depend on the chosen confidence level α and the number of samples.
With 20 samples and α = 0.05, the denominator values inside the square roots are
χ2
α/2(19) = 32.9 and χ2

1−α/2(19) = 8.91, respectively.

3.2 Relations between entities

Some additional statistical measures are needed in the investigation of relationships
between variables and responses. The correlation coefficient ρX,Y is often used to
indicate the strength and direction of a linear dependency between two stochastic
entities

ρX,Y =
Cov(X, Y )

σXσY
=

E(XY )− E(X)E(Y )√
E(X2)− E2(X)

√
E(Y 2)− E2(Y )

(10)

where Cov(X, Y ) is the covariance between the stochastic entities X and Y .1 The
correlation coefficient is by this definition always in the interval −1 ≤ ρX,Y ≤ 1,
where an absolute value of one infers an exact linear correlation. The estimate
of the correlation coefficient based on N samples, called the sample correlation
coefficient rxy, is evaluated as

rxy =

N

N∑

i=1

xiyi −
N∑

i=1

xi

N∑

i=1

yi

√√√√N

N∑

i=1

x2
i −

(
N∑

i=1

xi

)2
√√√√N

N∑

i=1

y2
i −

(
N∑

i=1

yi

)2
(11)

1For a bivariate PDF, E(XY ) =
∫∞
−∞

∫∞
−∞ xy dX,Y (x, y) dxdy.
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CHAPTER 3. BASIC STATISTICS

By using a Fisher transformation

F (r) =
1

2
ln

1 + r

1− r = arctanh (r) (12)

the uncertainty in the sample correlation coefficient can be studied. F (r) ap-
proximately follows a normal distribution with mean F (r) and standard error
SE = 1√

N−3
. The confidence interval for the sample correlation coefficient is there-

fore given by

Iρ =
[
tanh

(
arctanh (r)− zα/2SE

)
, tanh

(
arctanh (r) + zα/2SE

)]
(13)

where α is the confidence level chosen and zα/2 is a number given by the normal
distribution and the confidence level.

It is to be noted that the coefficient of correlation only indicates the degree of
linear dependency. If two entities are uncorrelated, the correlation coefficient will
be equal to zero, but the inverse relation is not necessarily true. If for instance Y =
X2, ρX,Y = 0 even though X and Y are clearly directly correlated, although not
linearly. Scatter plots can be used to identify relationships that are not captured
by the correlation coefficient. Moreover, the correlation coefficient alone does not
indicate how much one entity is changed given a change in the other. Thus, a
strong linear correlation may still be uninteresting from a sensitivity perspective.
However, it can be shown that the estimated value of the regression coefficient,
k, in a least squares linear regression, y = kx + m, is related to the correlation
coefficient as follows

E(k) = ρx,y
σy
σx

(14)

The stochastic contribution, here denoted σf,i, is a measure that, based on
an assumed linear relationship, indicates how much a dispersion in one variable
contributes to the response dispersion

σf,i =

∣∣∣∣
∂f

∂xi

∣∣∣∣σxi (no sum) (15)

where f here denotes a response function. Additional contributions to response
dispersions can be included by accounting for the uncertainties in the regression
coefficients.

Furthermore, normalised regression coefficients (normalised values of βj and
βjk found in the subsequent Equation (21)), for the linear case equal to ∂f/∂ξi, are
evaluated as measures of design change sensitivities. The variables ξi are related
to the following design space scaling

ξi =
xi − xiL
xiU − xiL

(16)

where xiU and xiL denote the upper and lower bounds of the variable xi, respec-
tively. Design spaces for robustness evaluations are commonly chosen based on the
dispersion, e.g. as [µx−2σx, µx+2σx]. Consequently, as the design space is scaled

12



3.3. SPATIAL VARIATIONS

depending on the variable dispersion, the normalised regression coefficients should
in this case produce results congruent with the stochastic contribution measure,
cf. Equation (15).

3.3 Spatial variations

In order to simulate the variation in buckling modes in the second appended paper,
the geometry of the studied structure is subjected to a random spatial perturbation.
This is achieved by utilising a Gaussian random field, see an example displayed in
Figure 4.

Figure 4: An example of a two-dimensional Gaussian random field.

The algorithms which were used for implentation of the zero mean homogenous
random fields were adopted from Shinozuka and Deodatis [6] and Stefanou and
Papadrakakis [7]. Briefly described, nodal values of the spatially varying entity are
randomised for all nodes simultaneously. An autocorrelation function describes the
correlation between adjacent nodes. In our study it was chosen as

Rff (x1, x2) = s2exp

[
−
(
x1

b1

)2

−
(
x2

b2

2
)]

(17)

where s denotes the standard deviation of the random field and it is proportional to
the height of the waves, and b1 and b2 are parameters proportional to the correlation
distance of the random field along the x1 and x2 axis, respectively.

Roux et al. [2] recommend random fields to describe geometric and material
variations in the study of process variations. The motivation is that a generation
of a number of random fields allows different equilibrium branches of a structure to
be explored with a Monte Carlo evaluation. Furthermore, Craig and Roux [8] show,
in the case of buckling of a cylindrical shell, that almost all of the experimentally
observed variations can be represented by only adding geometrical perturbations
described by random fields.

13





Incorporating robustness
4

A key factor in simulation based robustness analysis is the evaluation of a robust-
ness measure for the design, such as the standard deviation σ. A direct evaluation
of this entity, such as the Monte Carlo analysis described below, generally includes
a large computational cost. As a specific example, Hessenberger et al. [9] used
200 simulations in a Monte Carlo evaluation of a seat pull test simulation with 43
stochastic variables, which must be considered as a large number of simulations for
evaluating only one design.

Some of the most straightforward methods to estimate the robustness of a
design have been reviewed by Huang and Du [10]. Amongst these is a technique
of using a first-order Taylor expansion

σ2
f ≈

N∑

i=1

(
∂f

∂xi

)2

σ2
xi

(18)

where the variables xi need to be mutually independent and the function f close
to linear in the region of variable variations. Gradient information is normally
not available, a fact which again increases the computational cost of evaluating
the robustness of a design by Equation 18. Reduction of this cost has so far been
accomplished by utilising metamodels, which also may enable a nonlinear response
variation over the dispersion intervals. To list a few, Gu et al. [11] and Sinha et al.
[12] used second order polynomial metamodels for the stochastic evaluations, Ait
Brik et al. [13] performed the stochastic analyses on Neural Network metamodels,
Jurecka et al. [14] and Lee and Park [15] utilised a Kriging metamodel for the
stochastic analyses and Mourelatos et al. [16] used a metamodel based on a Moving
Least Squares (MLS) approximation.

In the third and fourth approaches presented in this chapter, once the evalua-
tion of the robustness has been performed, seperate metamodels are created for the
mean performances and the standard deviations of the responses. This approach
was presented early by Vining et al. [17]-[18], but has recently been reused by e.g.
Kovach and Cho [19], Shin and Cho [20] and Sun et al. [21]. Subsequently, these
metamodels are used for finding the best compromise between mean performance
and robustness. Since the evaluation of response statistics are cheap on the meta-
models, optimisation strategies that normally require many design evaluations may
now be applied. Such a strategy is, e.g., the application of a Genetic Algorithm on
the created metamodels, see e.g. Ait Brik et al. [13] and Xiang and Huang [22].

This chapter aims at describing some different approaches for finding the desir-
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CHAPTER 4. INCORPORATING ROBUSTNESS

able robustness measure, as well as ideas on how the evaluated robustness may be
incorporated in a design optimisation. Some recommendations on which approach
to be used in different contexts are also given.

4.1 Approach I - Monte Carlo analysis

Consider f being a function that depends on stochastic variables collected in the
vector x. As the variables vary stochastically, f is also bound to vary and, thus, to
have a distribution, mean value and standard deviation. The most direct method
of evaluating the mean and standard deviation of f is the Monte Carlo method.
In this method, a value for each variable in x is randomly picked based on their
distributions, and used in an evaluation of the function f . Thousands of these
evaluations of random samples are performed, all yielding a response value. This
procedure is illustrated as a flow-chart in Figure 5.

(a)

Set up problem

Create sets of randomly picked
variable values for all variables
and/or generate random fields.

Perform FE simulations for all
sets of variable values and/or ran-
dom fields and evaluate responses.

Evaluate statistics of the responses.

Solution

(b)

Figure 5: Graphical representations of the Monte Carlo analysis. (a) Illustration
of the method. (b) Flow-chart of the method.

The mean value and standard deviation of f may be approximated from the
response values by Equations (2) and (4), and the approximate statistical measures
will converge to the true values as the number of samples increases. This is called
the law of large numbers. For the mean value

fN → µ for N →∞ (19)

where fN is the approximated mean value of the response based on N samples and
µ is the corresponding true mean value. The error of the mean value estimate is a
random variable with standard deviation

σθ =
σ√
N

(20)

where σ is the true standard deviation of the response.
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4.2. APPROACH II - METAMODEL-BASED MONTE CARLO ANALYSIS

The Monte Carlo analysis is suitable for cases when many stochastic variables
are present. It is a simple and straightforward method with certain advantages.
For instance, all kinds of variations may be introduced to the FE model, not only
variables with corresponding PDFs, but also e.g. thickness or material parameter
variations described by random fields. That is, the entities may have a spatial
random variation. As will be further explained, these kind of variations are difficult
to use in some of the other presented approaches. Also, the only error that may
enter the Monte Carlo analysis is the discrepancy that may exist between the reality
and the FE model, assuming that the variable dispersion input is correct.

A drawback of the method is that a large number of simulations are required
in order to achieve accuracy in the statistics of the response. This makes it un-
suitable for computationally demanding nonlinear problems. Also, apart from the
statistics of the responses, very little information is obtained that can be used in an
optimisation context. Although the correlation coefficient indicates the strength
of a linear dependency between a variable and a response in the small dispersion
interval of the stochastic variable, there is no information on the nature of the
global dependency.

Thus, a Monte Carlo analysis is preferably used when either the number of
variables is too large to apply any other method, or if only an evaluation of the
design robustness is of interest. Further details on Monte Carlo methods can be
found in e.g. Robert et al. [23].

4.2 Approach II - Metamodel-based Monte Carlo analysis

For a reasonable amount of stochastic variables, there is a computationally cheaper
way of evaluating the statistics of a response. In the metamodel-based Monte Carlo
analysis, utilised in papers one and three and shown in Figure 6, a smaller set of
evaluation points are chosen in the dispersion intervals of the stochastic variables.
A priori, a mathematical model to approximate the full complex model has been
chosen, here denoted a metamodel, which is fitted to the evaluated response val-
ues by minimising some error measure of the metamodels ability to represent the
evaluated responses. Finally, a Monte Carlo analysis is performed on the fitted
metamodel.

The reliability of the results now also depends on the metamodel ability to
represent the full FE model. The metamodel should not only produce response
values close to the evaluated designs, but also be able to give a good prediction of
the non-evaluated designs. Metamodelling is presented in more details in Chapter
5.

For low-dimensional problems and for responses that are not too nonlinear in
the chosen disperion intervals, the metamodel-based Monte Carlo method makes it
possible to save considerable computational effort compared to the classic Monte
Carlo method, especially for FE models with long evaluation times. Although it
is a zeroth order method, the metamodels may provide the designer with approx-
imate gradient data of the response. This can be used to rank the importance of

17



CHAPTER 4. INCORPORATING ROBUSTNESS

(a)

Set up problem

Create DOE for the stochastic variables.

Perform FE simulations for the
DOE and evaluate responses.

Create metamodels for the responses.

Perform a metamodel based
Monte Carlo analysis and eval-
uate statistics of the responses.

Solution

(b)

Figure 6: Graphical representations of the metamodel-based Monte Carlo analysis.
(a) Illustration of the method. (b) Flow-chart of the method.

each variable and serve as indicators of how to improve the design. However, the
metamodel approximation is only valid in the sampling range of the variables and
its results should not be extrapolated beyond that range.

4.3 Approach III - Local quasi-random sampling

The third approach is introduced in the second appended paper. It aims at robust
optimisation applications and is a combination of the previously presented two
approaches. For the presentation here, it has been chosen to call this approach
a local quasi-random sampling analysis. The idea is that on the global level, the
method works exactly as the metamodel approach. That is, based on a number
of selected design points, metamodels are built. The difference is that for each
suggested design on the global level, a local Monte Carlo analysis is performed,
which yields both a mean performance and a variability measure, such as the
standard deviation, for every design. Two metamodels are then fitted for these
two statistics, and the optimisation formulation can now utilise the metamodels
in any possible combination, see Figure 7. The optimisation process then runs for
several iterations, refining the metamodels locally, until convergence in design and
objective has been reached.

It is not cheap to evaluate the local robustness by a Monte Carlo analysis,
which generally requires a large number of evaluations in order to achieve accu-
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4.3. APPROACH III - LOCAL QUASI-RANDOM SAMPLING

(a)

Set up problem

Generate n sets of stochas-
tic variable values.

Create initial global DOE
using the design variables.

Perform n FE simulations for each
design and evaluate responses.

Evaluate statistics of the responses.

Create metamodels for the statistics.

Apply robust optimisation for-
mulation and find optimum
according to metamodels.

Convergence?

Apply robust optimisation for-
mulation and find optimum ac-

cording to the metamodels.

Solution

No

Yes

(b)

Figure 7: Graphical representations of the local quasi-random sampling approach.
(a) Illustration of the method (iterations not shown). (b) Flow-chart of the method.
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CHAPTER 4. INCORPORATING ROBUSTNESS

racy. Therefore, some simplifications have been introduced in the second paper
where this method is utilised. To begin with, the phrase ”quasi-random” has been
chosen since all stochastic perturbations are only generated once and then re-used
in all designs. The number of evaluations in each design has also been significantly
reduced, where the number of random samples used have been restricted by the
available computing resources. If, for the least robust design, one performs a con-
vergence study on how the response standard deviation varies with the number of
random samples, it is possible to obtain an approximate number of samples that is
required in order to get an adequate value of the response standard deviation. Also,
as the number of samples is quite low, reusing the same stochastic perturbations
will make the possible over- or under-estimation of the robustness the same for all
evaluated designs. A nice interpretation of this method can be that the robustness
is evaluated based on a spectrum of deterministic models, that in turn are chosen
to represent the stochastic behaviour.

As with the standard Monte Carlo analysis, it is possible with the local quasi-
random sampling approach to introduce all kinds of variations in the local robust-
ness analysis, including variations that cannot be described with a variable follow-
ing a distribution. The approch is also suitable for a large number of stochastic
variables, since the number of samples required in the local robustness analysis is
only governed by the robustness of the response and not by the number of stochas-
tic variables. The obvious drawback of the method, compared to a deterministic
optimisation, is that the number of evaluations increases by a factor equal to the
number of local samples used. Thus, the price paid for including robustness eval-
uations in the optimisation may make the method unsuitable for a large number
of design variables. At least the additional cost growth is not exponential, which
might be the case when the random variables instead are added to the design space.

4.4 Approach IV - Local sensitivity analysis

The final method presented, here denoted a local sensitivity analysis, is a logical
continuation of approach III. The local quasi-random Monte Carlo robustness study
is replaced by a metamodel-based Monte Carlo analysis, see the representation of
this method in Figure 8. The choice of which local robustness study methodology
to use obviously depends on the types and number of stochastic variables. The
benifits and drawbacks of using a metamodel-based Monte Carlo analysis have
already been discussed and are directly applicable in this context as well.

This approach was introduced in the fourth paper. A Genetic Algorithm (GA)
was applied to the global mean performance and standard deviation metamodels
of the response. The GA is applied in order to study tradeoffs in minimising
mean performance or robustness as well as finding an optimal design for a specific
objective. Different optimisation formulations may efficiently be tested with the
GA on the created metamodels.

In short, a GA is a solution strategy that mimics the evolutionary process. The
fitness of a population (the objective values of a set of designs) is evaluated, followed
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4.4. APPROACH IV - LOCAL SENSITIVITY ANALYSIS

(a)

Set up problem

Create global DOE us-
ing the design variables.

Create local DOE for one of the de-
signs using the random variables.

Perform FE simulations for the lo-
cal DOE and evaluate responses.

Create local metamod-
els for the responses.

Perform a metamodel based Monte
Carlo analysis and evaluate means and
standard deviations of the responses.

Are all global
designs

evaluated?

Create global metamodels for means and
standard deviations of the responses.

Apply a GA and an optimisation
formulation on the global metamodels.

Solution

No

Yes

(b)

Figure 8: Graphical representations of the local sensitivity approach. (a) Illustra-
tion of the method. (b) Flow-chart of the method.

by a survival of the fittest selection procedure, where the individuals (designs) that
generate the best solutions are selected and reproduce into a new generation of
individuals. The GA does not require gradient information. However, the main
drawback of the method is probably that each iteration requires a large number
of design evaluations. For computationally costly applications, the method is too
ineffective, but in conjunction with metamodelling, the GA becomes useful.

In this thesis, the implementation of a modified elitist non-dominated sorting
genetic algorithm (modified NSGA-II) in LS-OPT has been utilised. An extensive
description of the algorithm is found in Stander et al. [24].

Both approaches III and IV have the benefit that design and random spaces
are treated on different levels, and variables do not necessarily need to be present
in both spaces. A deterministic design variable for instance, is of no relevance in
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CHAPTER 4. INCORPORATING ROBUSTNESS

the robustness analysis. A random variable is for the same reason not included in
the design space. However, a variable may still be of both types and present in
both spaces, i.e. a stochastic design variable.

Due to the computational cost of the application studied in paper four, the
optimisation was performed in a single stage, whereas in paper two, an iterative
approach was chosen. Apart from the computational cost, the primary benifit of
a single stage optimisation is that several optimisation formulations may be tested
without a restart of the optimisation procedure, since the metamodels are built
only once. By experimenting with different optimisation formulations, a deeper
understanding of the system is possibly reached. The drawback of this approach is
less accurate optimum predictions, since there are no local refinements of the meta-
models. Thus, the accuracy of the single stage strategy of optimum predictions,
depends on the number of evaluated global designs, which in turn determines the
degree of curvature as well as local accuracy of the metamodel.
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Metamodel approximations
5

When an evaluation of the model response with given variable values is compu-
tationally expensive, it may be efficient to create approximations of the response,
often named metamodels in an FE context, meaning ”a model of the model”. These
metamodel approximations are in turn based on a finite number of design evalua-
tions, i.e., responses evaluated for explicit choices of variable values.

There are several considerations to make when creating a metamodel. The first
step is to choose evaluation points (designs) at which actual evaluations of the
response are performed. The choice of evaluation points is denoted the Design of
Experiments (DOE). The second step is to utilise the evaluated responses, i.e. to
construct the approximation for the non-evaluated designs. This is the choice of
which metamodel approach to be used. The two steps are closely integrated, as
the choice of DOE depends on the selection of metamodel type. The work in this
thesis has not focused on developing new forms of DOE or metamodels, but rather
on their applications.

The field of applications for metamodelling is large, but the main interest here
lies in robustness analysis and optimisation. Metamodels can be used for studying
the effects from variable uncertainties on responses, as in the metamodel-based
Monte Carlo analysis. Similarly, in optimisation, metamodels can be used to es-
timate the objective function, i.e. indicate how to change the design variables in
order to improve the objective.

In the following, the theory of two different metamodelling techniques are briefly
presented, namely polynomials and Neural Networks (NN). Other metamodelling
techniques have been studied in this project, i.e. Kriging and Moving Least Squares
(MLS), but they have not been used in the appended papers, and are therefore
excluded from this presentation. Some short descriptions of common error measures
for the metamodel approximations are also given.

5.1 Polynomial approximations

When a polynomial approximation is used as a metamodel, the methodology is
closely related to the Response Surface Methodology (RSM), cf. Myers et al. [26].

An example of a polynomial approximation of a response is the quadratic re-
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CHAPTER 5. METAMODEL APPROXIMATIONS

sponse surface

yi = β0 +
∑

j

βjx
i
j +
∑

j

∑

k

βjkx
i
jx
i
k + εi

i = 1, 2, . . . , N
j = 1, 2, . . . ,M
k = 1, 2, . . . ,M

(21)

where xi are the design points from the DOE, εi is the sum of both modelling and
random errors, N is the number of evaluations, M is the number of variables and
yi is the evaluated (true) response values. The approximation (21) can be written
in matrix form as

y = X(x)β + ε (22)

where the coefficients in β are found by minimising the error ε in a least squares
sense. These optimal coefficient values β∗ are found to be

β∗ = (XTX)−1XTy (23)

In order to determine all parameters in β, i.e. to be able to construct the
approximation, at least an equal amount of evaluations as parameters are required.
However, an over sampling of 50% is recommended, see Redhe et al. [25].

5.2 Artificial Neural Networks

A Neural Network, or more precisely, an Artificial Neural Network (ANN), may be
used to approximate complex relations between input and output data, and thus to
serve as a metamodel. An ANN consists of neurons, i.e. small computing devices,
which are connected. The output yk from neuron k is evaluated as

yk(x) = f

(
d∑

i=0

wkixi

)∣∣∣∣∣
x0=1

= f(a) (24)

where f is the activation function and wki is the weight of the corresponding input
signal xi. The latter is either a variable value or a previous output value from a
neuron in the network. The term wk0 corresponds to the bias parameter and it may
be included in the summation by adding an input signal x0 = 1. An illustration of
a neuron can be seen in Figure 9.

Figure 9: Illustration of neuron k.
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5.2. ARTIFICIAL NEURAL NETWORKS

The nature of the connection topology between the neurons, the weights and
the type of activation functions f in the neurons determine the type of ANN used.
The two most common approaches for function approximation are the multilayer
feedforward neural network (FFNN) and the radial basis function (RBF) network.
In an FFNN, no information travels backward in the network, i.e. the output of
each layer serves as an input to the next, see Figure 10.

Figure 10: A multilayer feedforward network with two hidden layers (bias not
shown). Each circle represents a neuron and the type of activation function is
indicated as a symbol in the neuron.

Furthermore, the activation functions in the hidden layers in an FFNN are
usually sigmoidal functions

f(a) =
1

1 + e−a
(25)

while the input and output layers are usually linear, i.e. f(a) = a, see Figure 11.
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Figure 11: Activation functions for the FFNN. (a) Sigmoidal function. (b) Linear
function.

The network is called a RBF network using Gaussian basis functions when the
following mapping is used
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CHAPTER 5. METAMODEL APPROXIMATIONS

y(x) =
d∑

i=1

wiφi(x) + w0

φi(x) = exp

(
−||x− ci||22

2θ2
i

) (26)

where || . . . ||22 denotes the square of the Euclidian distance, and where ci and θi are
the center and width of the i:th Gaussian basis function φi(x), respectively. As seen
in Equation (26), the RBF network has only one hidden layer, and is consequently
much faster to train. It is also possible to replace the radial basis function with
any other radially decreasing function.

Regardless of which of the above types of networks that are used, there are
some free parameters for the network that must be set. This procedure of setting
the weights for a multilayer feedforward network, or alternatively also setting the
center and width of the basis functions for an RBF network, is called training
the network. Training the network is an intricate optimisation problem in itself,
typically choosing the free parameters in an optimal way in order to minimise some
error measure, e.g. the generalised mean squared cross-validation error (GMSE ).

More information regarding ANN in the context of function approximation is
found in e.g. Bishop [27].

5.3 Error analysis

It is vital to make sure that the metamodel is a good representation of the FE model
response. In order to check this, several different error measures are studied. The
mean squared error (MSE ) and the root mean squared error (RMS ) summarise
the overall error of the model

RMS =
√
MSE =

√√√√ 1

N

N∑

i=1

(yi − ŷi)2 (27)

where yi are the evaluated response values, ŷi are the predicted response values by
the metamodel for the same design, and N is the number of evaluated designs.

The RMS error is not necessarily the best choice of minimisation objective for
the metamodel fit. The predictions that the metamodel makes are often more of an
interest than actual interpolation of the response at input data points. To evaluate
the predicting capabilities of the polynomial metamodel, the square root prediction
error sum of squares (SPRESS ) is often used.

SPRESS =

√√√√
N∑

i=1

(
yi − ŷi
1− hii

)2

(28)

where hii are the diagonal elements of the so called hat matrix H = X(XTX)−1XT

used in the least squares fitting, cf. Equations (22) and (23). Basically, every
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5.3. ERROR ANALYSIS

residual is normalised with 1 − hii, the variance for the ith residual. It may be
inappropriate to speak about a variance in the context of FE simulations, since a
new simulation with identical variable values would yield the exact same result,
given that no randomness is introduced to the FE model and that the computer
setup is fixed. However, the expression in Equation (28) is equivalent to the leave-
one-out strategy, see e.g. Myers et al. [26]. That is, the same result would be
achieved if N metamodel fits were performed, each time leaving one evaluation
point out and summing the squares of residuals that are found in those points,
followed by a square root operation. The residual is intuitively defined as the
difference between the fit without that point and the evaluated value in that point.

The corresponding error measure for the ANNs is the generalised mean squared
cross-validation error (GMSE ). Specifically, when only one single point is left out
every time the network is trained, GMSE is described by

GMSE =
1

N

N∑

i=1

(
yi − ŷ(−i)

i

)2

(29)

where ŷ
(−i)
i are the approximations at the points that have been left out. To enable

comparisons with SPRESS used for the polynomial metamodels, it is possible to
use the square root of Equation (29).

However, for the FFNN, a leave-one-out verification of the model is generally
too expensive to perform. Instead, for this particular metamodel, the following
generalised cross-validation (GCV) error measure may be used to estimate the
appropriateness of the metamodel

RMSGCV =
RMS

1− ν

N

(30)

where ν is the number of active model parameters and where N is the number of
evaluated simulation points. These two cross-validation errors presented for ANNs
play an important role in preventing over-fitted networks, e.g. an RBF network
with very narrow peak basis functions that interpolate the input data, but predicts
poorly for non-evaluated designs between the narrow peaks.

One variability error measure is also studied, i.e. the coefficient of determina-
tion, R2, defined as

R2 =

N∑

i=1

(ŷi − ȳ)2

N∑

i=1

(yi − ȳ)2

(31)

where R2 represents the metamodel ability to identify the variability of the response
and to make a good fit to the existing data. Thus, for a metamodel that almost
interpolates the data, e.g. an ANN that contains many variables and has been
extensively trained, the R2 value is close to one.
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CHAPTER 5. METAMODEL APPROXIMATIONS

In addition to the error measures presented above, which indicate the overall
metamodel properties, it may also be interesting to study individual residuals. The
residuals may for instance contain information on process variations that are not
represented by the metamodel approximation.

For an elaboration about these error measures and others, see for instance Myers
et al. [26] and Bishop [27].
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Optimisation
6

The following sections briefly describe different formulations of optimisation prob-
lems. Solution strategies are not discussed here. For further information regarding
those, the reader is referred to e.g. Nocedal and Wright [28].

6.1 Deterministic optimisation

A deterministic optimisation model is a good starting point before extending the
problem formulation to include stochastic variations. A traditional optimisation
problem is often stated as

find x
minimising f(x)
subject to gi(x) ≤ 0 (i = 1, 2, . . . , k)

x−a ≤ xa ≤ x+
a (a = 1, 2, . . . , n)

(32)

where the vector x denotes the vector of all design variables that one wants to
choose in an optimal way. Different choices of the design variables produce different
values in our objective function f .

The variables are furthermore subjected to constraints. Two types of con-
straints are described above, the functions gi, that represent constraints on some
given responses, and the second group of constraints which represents limits for
the variables themselves.

6.2 Robust optimisation

There are several possible approaches to introduce variable and response variations
into the optimisation formulation. The task of robust design optimisation is to
minimise the variability of the performance, while meeting the requirements of
optimum performance and constraint conditions. As discussed previously, these
goals, i.e. optimum performance for the typical load cases and robustness (minimum
variability), very often conflict with each other and a method that in some sense
minimises them both is sought.

Variations can be associated to some or all design variables, but other param-
eters could also be subjected to variations. Parameters that are not chosen in an
explicit way, but still show a stochastic behaviour, are commonly referred to as
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noise variables or random variables. Material parameters could for instance be
assumed to have a stochastic behaviour, which could affect the different responses,
but we may not have the ability to control these properties. To account for these
variations as well, the random variables in the formulation presented here are col-
lected in the vector y.

An appealing formulation of robust design optimisation is presented by Doltsinis
et al. [29] and Lee et al. [30], where the variations of the design variables and the
structural performance are introduced into the objective function as well as the
constraint conditions. The formulation resembles Equation (32) with some small
changes

find x
minimising {E(f(x,y)), σ(f(x,y))}
subject to E(gi(x,y)) + βiσ(gi(x,y)) ≤ 0 (i = 1, 2, . . . , k)

σ(hj(x,y)) ≤ σ+
j (j = 1, 2, . . . , l)

x−a ≤ xa ≤ x+
a (a = 1, 2, . . . , n)

(33)

This formulation indicates that both the expected value of the performance
function, E(f), and its standard deviation, σ(f), are minimised. The notation
hj(x,y) represents the structural performances to which constraints on standard
deviations are applied. In other words, the j:th structural performance function
has an upper limit on the standard deviation that is given by σ+

j . The variable
boundaries and optimal design values now refer to the choice of the mean value
if xa is stochastic. The quantity βi is a prescribed feasibility index for the i:th
original constraint. Thus, the constraint will not always be fulfilled. Depending on
the different choices of βi, the probability that the constraint is fulfilled will vary.
Assuming that the function gi(x) is normally distributed and βi is set to be 3, the
probability that the original constraint condition will be satisfied is 0.9987.

Doltsinis et al. [29] take one further step in formulating a robust design op-
timisation problem, by introducing a weighting factor α for the tradeoff between
minimising the mean performance and its standard deviation.

find x

minimising f̃ = (1− α)E(f(x,y))/µ∗ + ασ(f(x,y))/σ∗

subject to E(gi(x,y)) + βiσ(gi(x,y)) ≤ 0 (i = 1, 2, . . . , k)
σ(hj(x,y)) ≤ σ+

j (j = 1, 2, . . . , l)
x−a ≤ xa ≤ x+

a (a = 1, 2, . . . , n)
0 ≤ α ≤ 1

(34)
This is the simplest form of introducing weights to the objectives, namely by mak-
ing them linearly weighted. α = 0 corresponds to a pure mean value minimisation
problem and α = 1 a pure standard deviation minimisation problem. This par-
ticular formulation can be useful when investigating the tradeoff situation, simply
by using different values of α from zero to one. All the different choices of the pa-
rameter α constitutes the Pareto optimal set, a concept introduced by the Italian
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economist Vilfredo Pareto in the late 19th century. The basic idea here is that the
problem will have a different optimal solution depending on what variances of the
objective performance we tolerate. This, of course, is the designers choice. Levi
et al. [31] give one example on how to choose α, where the choice depends on the
desired objective for the objective function f .

There is a possibility that the absolute values of the mean and the standard
deviation of the response f differ quite a lot. If the absolute value of the mean value
is much greater than that of the standard deviation, it becomes more important to
minimise the mean value, almost independent of the choice of α. In order to make
the tradeoff entirely dependent on the choices of α, it may be useful to introduce
the normalisation factors µ∗ and σ∗ so that the absolute values of the two entities
are similar. The normalisation factors could for instance be obtained from an
evaluation where x and y are set to their nominal values, respectively.

The formulation of the robust optimisation problem is rather straightforward.
However, the mean value and the standard deviation of the responses are required
and these entities must be evaluated by the previously described methods. Of
course, the estimations of the mean values and standard deviations of the responses
g and h are obtained in an identical manner.

Furthermore, the problem formulation above is easily extended to multi-objective
optimisation. The optimisation of both the mean and the standard deviation of a
response can also be seen as a multi-objective optimisation problem, but tradition-
ally, the term multi-objective indicates several different structural responses in the
objective. When several objectives are present, e.g. in a frontal car crash situation
where the objectives are to minimise both passenger acceleration and passenger
compartment intrusion, a set of Pareto optimal solutions will be present.1 Each
structural response may be decomposed into a mean performance part and a stan-
dard deviation part, and tradeoff parameters for the robustness and the different
structural responses can be set.

An optimisation of the mean performance and robustness is accomplished ei-
ther by introducing the variations in the objective function or setting a constraint
on the maximum allowed variability. In the latter case, the variability is min-
imised in order to satisfy the constraint. RBDO approaches are obtained by only
accounting for variations by using constraints similar to the first of the constraints
in Equation (33). The general interpretation of RBDO approaches is that a safety
margin against failure has been added to the constraint, rather than an explicit
minimisation of the variations.

For a good overview of the field of robust optimisation, it is recommended to
read the review by Beyer and Sendhoff [4].

1This will of course be a different set than the one discussed previously. The new Pareto set
also describes the tradeoff between the different structural responses in the objective.
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Conclusions and outlook
7

Different methods to evaluate robustness and include it into an optimisation con-
text have been formulated and evaluated in this thesis work. The development has
been conducted with computationally costly applications in mind, more specifically
FE analyses of impact events. With this as a basis, metamodelling has been seen
as a vital element in the process in order to make the necessary cost reductions for
the robustness evaluations and optimisation steps.

One of the main benifits of the presented approaches is that the implementa-
tion of the proposed robust optimisation becomes very straightforward with some
background knowledge in metamodelling and its application in optimisation. How-
ever, several methodological issues remain to be explored. The additional cost that
comes with the introduction of the standard deviation σ needs to be reduced, so
that this evaluation becomes cheap whilst remaining accurate. Some new ideas of
how to evaluate this entity may need to be developed in order to make optimisa-
tions including robustness even more computationally feasible, see e.g. Öman et al.
[32] who utilise the internal energy distribution for the assessment of robustness.

There is also a possibility that some additional information can be extracted
from classical design space metamodels, that is, metamodels that are built to rep-
resent responses in the traditional sense. Perhaps it is possible to make use of
curvature information of the arbitrarily shaped ANN and Kriging models. ”Flat”
design regions, i.e. regions where the response changes slowly, would of course in-
dicate regions of robust design. Although estimations of local robustness should
not be made on a global response approximation, since these metamodels are not
locally refined, some indications of robust design regions might possibly still be
found.

The presented robust optimisation approaches in this thesis all focus on per-
forming local robustness evaluations of suggested designs, which multiplies the
number of required FE simulations by some factor. It has not been investigated if
this extra computational effort is better spent elsewhere. For instance, if instead
the number of evaluations in the design space is multiplied with this factor, is it
perhaps possible to get a global metamodel that is detailed enough to be used for
local robustness evaluations, or does such an approach require too dense a DOE,
maybe even as dense as the dispersion intervals of the stochastic variables?

Another strategy, which has not been tested in this thesis, is to combine the
robust parameter design approach as presented in Myers et al. [26] with the sequen-
tial response surface method (SRSM) described in Stander et al. [24]. An approach
of this kind would enable a iterative robust optimisation run, but the number of
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variables must be kept low as polynomial response surfaces are involved. As an
alternative, it is possible to make use of the local quasi-random sampling approach
or a sequential version of the local sensitivity analysis approach presented in this
thesis. Either way, the weights of robustness versus optimal mean performance
must be decided in advance, and different optimisation formulations may not be
tested cheaply.

Finally, optimisation with multiple load cases has not been treated in this thesis.
The suggested optimal design of a structure which has been optimised with respect
to a larger set of loads is probably not as sensitive to variable dispersions. A study
regarding the increase in robustness due to multi-load optimisation would of course
be very interesting, although computationally expensive.
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Paper I

Finite Element based robustness study of a truck cab subjected to
impact loading

The first paper uses the metamodel based Monte Carlo analysis method in conjunc-
tion with polynomial approximations as metamodels. The robustness of a truck
cab subjected to impact loading is studied and a sensitivity analysis is performed in
order to identify the important design parameters and study effects from test setup
variations. After several steps in a screening process, where variables that show no
influence on response variations are removed, a final and more detailed sensitivity
analysis is conducted. The results indicate that the cab design is already quite
robust. It is concluded that test setup variations may contribute largely to exper-
imental variations and that it also is important to consider prior loading history,
such as the forming processes, on parts of the structure.

Paper II

An approach to robust optimization of impact problems using random
samples and meta-modelling

The second paper proposes a new robust optimisation method, i.e. a method that
accounts for variations in the optimisation. Random variations are introduced in
an analytical problem and in an FE structural member problem. By performing
several response evaluations at the same design point, but with different random
perturbations introduced, it is possible to make an estimate of the first and second
statistical moments of a response, i.e. the mean value and the standard deviation.
These entities are used in a robust optimisation formulation. It is concluded that
the suggested method is well suited for problems with many random variables. The
new method requires no additional optimisation theory and this is demonstrated
by using an existing optimisation software. The suggested approach also allows
an introduction of random variations that cannot be described by a variable in a
traditional way, here exemplified by variations described by random fields.
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Paper III

Experimental and Finite Element robustness studies of a bumper
system subjected to an offset impact loading

In the third paper, the robustness of an industrial vehicle bumper system is eval-
uated both experimentally and numerically. The Monte Carlo method and the
metamodel based Monte Carlo method in conjunction with various metamodel
types are applied. In addition to a good correlation between experimental and
simulation results, it is concluded that for small dispersion intervals, linear rep-
resentations of the responses seem sufficient. Furthermore, it is noted that the
nominal performance of the FE model does not exactly correspond to the mean
performance of the model in the robustness analysis. The results of this study also
point out some possible design improvements of the bumper system.

Paper IV

Robust optimisation of front members in a full frontal car impact

In the fourth paper, which also proposes a new aproach for robust optimisation,
the metamodel based Monte Carlo approach is incorporated in the local robustness
evaluations. Three robust optimisation formulations are then applied to the design
eample of the front rails in a Volvo car. ANN metamodels are fitted to the statistics
of three different responses, and an optimum is identified in a single stage optimi-
sation process. The original design is found to be robust, and the importance of
having a detailed FE model description in robustness studies is highlighted. Also,
the optimisation approach is demonstrated on a simple analytical example, thereby
demonstrating its drawbacks and capabilities.

Paper V

An evaluation of the statistics of steel material model parameters

Variations in material properties are often described through simple scaling of
stress-strain curves, which sometimes might be too rough an approximation. By
considering material characterisation tests from several batches of the same high
strength steel grade, the fifth paper studies the dispersion in experimental and
material model parameters. Furthermore, correlations between the parameters are
studied. The results reveal that some identification tests may not be needed for
this steel grade, and a more correct material variation approach for numerical
robustness studies is identified.
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[9] Hessenberger K., Henninger R., Müllerschön H. (2005). Robustness investiga-
tion of a numerical simulation of the ECE-R14 with particular regard to corre-
lation analysis, 4th German LS-DYNA Forum, 20-21 October 2005, Bamberg.

[10] Huang B., Du X. (2007). Analytical robustness assessment for robust design,
Structural and Multidisciplinary Optimization 34, pp. 123-137.

[11] Gu L., Yang R. J., Tho C. H., Makowskit M., Faruquet O., Lit Y. (2001).
Optimization and robustness for crashworthiness of side impact, International
Journal of Vehicle Design (special Issue) 26(4), pp. 348-360.

37



BIBLIOGRAPHY

[12] Sinha K., Krishnan R., Raghavendra D. (2007). Multi-objective robust optimi-
sation for crashworthiness during side impact, International Journal of Vehicle
Design 43(1)-(4), pp. 116-135.

[13] Ait Brik B., Ghanmi S., Bouhaddi N., Cogan S. (2007). Robust design in
structural mechanics, International Journal for Computational Methods in
Engineering Science and Mechanics 8, pp. 39-49.

[14] Jurecka F., Ganser M., Bletzinger K.-U. (2007). Update scheme for sequential
spatial correlation approximations in robust design optimisation, Computers
and Structures 85, pp. 606-614.

[15] Lee K.-H., Park G.-J. (2006). A global robust optimization using Kriging based
approximation model, JSME International Journal Series C 49(3), pp. 779-788.

[16] Mourelatos Z. P., Kuczera R. C., Latcha M. (2006). An efficient Monte Carlo
reliability analysis using global and local metamodels, 11th AIAA/ISSMO Mul-
tidisciplinary Analysis and Optimization Conference, 6-8 September 2006,
Portsmouth.

[17] Vining G. G., Myers R. H. (1990). Combining Taguchi and response surface
philosophies: a dual response approach, Journal of Quality Technology 22, pp.
38-45.

[18] Vining G. G., Schaub D. (1996). Experimental designs for estimating both
mean and variance functions, Journal of Quality Technology 28, pp. 135-147.

[19] Kovach J., Cho B. R. (2008). Development of a multidisciplinary-multiresponse
robust design optimization model, Engineering Optimization 40(9), pp. 805-
819.

[20] Shin S., Cho B. R. (2008). Development of a sequential optimization proce-
dure for robust design and tolerance design within a bi-objective paradigm,
Engineering Optimization 40(11), pp. 989-1009.

[21] Sun G., Li G., Zhou S., Li H., Hou S., Li Q. (2011). Crashworthiness design
of vehicle by using multiobjective robust optimization, Structural and Multi-
disciplinary Optimization 44(1), pp. 99-110.

[22] Xiang, G., Huang, D. (2010). A metamodeling method based on Support Vector
Regression for robust optimization, Chinese Journal of Mechanical Engineering
(English Edition) 23(2), pp. 242-251.

[23] Robert C. P., Casella G. (1999). Monte Carlo Statistical Methods, Springer-
Verlag, New York.

[24] Stander N., Roux W., Goel T., Eggleston T., Craig K. (2010). LS-OPT User’s
Manual, Version 4.1, Livermore Software Technology Corporation, Livermore.

38



[25] Redhe M., Forsberg J., Jansson T., Marklund P.-O., Nilsson L. (2002). Using
the Response Surface Methodology and the D-optimality criterion in crashwor-
thiness related problems, Structural and Multidisciplinary Optimization 24(3),
pp. 185-194.

[26] Myers R. H., Montgomery D. C., Anderson-Cook C. M. (2009). Response
Surface Methodology: Process and Product Optimization Using Designed Ex-
periments, Third Edition, Wiley, New York.

[27] Bishop C. M. (1995). Neural Network for Pattern Recognition, Oxford Univer-
sity Press, Oxford.

[28] Nocedal J., Wright S. J. (1999). Numerical Optimization, Springer Science,
New York.

[29] Doltsinis I., Kang Z. (2004). Robust design of structures using optimization
methods, Computer Methods in Applied Mechanics and Engineering 193, pp.
2221-2237.

[30] Lee K.-H., Park G.-J. (2001). Robust optimization considering tolerances of
design variables, Computers and Structures 79, pp. 77-86.

[31] Levi F., Gobbi M., Mastinu G. (2005). An application of multi-objective
stochastic optimisation to structural design, Structural and Multidisciplinary
Optimization 29, pp. 272-284.
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