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We have performed relativistic calculations of single and double core 1s hole states of the noble gas
atoms in order to explore the relativistic corrections and their additivity to the ionization potentials.
Our study unravels the interplay of progression of relaxation, dominating in the single and double
ionization potentials of the light elements, versus relativistic one-electron effects and quantum elec-
trodynamic effects, which dominate toward the heavy end. The degree of direct relative additivity
of the relativistic corrections for the single electron ionization potentials to the double electron ion-
ization potentials is found to gradually improve toward the heavy elements. The Dirac–Coulomb
Hamiltonian is found to predict a scaling ratio of ∼4 for the relaxation induced relativistic ener-
gies between double and single ionization. Z-scaling of the computed quantities were obtained by
fitting to power law. The effects of nuclear size and form were also investigated and found to be
small. The results indicate that accurate predictions of double core hole ionization potentials can
now be made for elements across the full periodic table. © 2011 American Institute of Physics.
[doi:10.1063/1.3621833]

I. INTRODUCTION

Modern experimental development has enabled studies of
new processes and states of matter containing hollow atoms
and multiply ionized states. Efficient multielectron detection
time-of-flight (TOF) spectrometry1 and related photoelectron-
photoelectron coincidence (TOF-PEPECO) spectroscopy2

have made it possible to study multiple ionization processes
induced by single photons from synchrotron sources. Re-
cently inaugurated, free electron laser (FEL) facilities offer
sources of very intense radiation, capable of inducing sequen-
tial and direct multiphoton–multielectron processes. Such ef-
forts, now taking place at, e.g., the Linac Coherent Light
Source (LCLS) show the promise to measure the kinetic ener-
gies of two core photoelectrons generated via sequential ab-
sorption of two or more photons from a short x-ray pulse.3–5

Double photoionization by a single photon can be
achieved at traditional synchrotron radiation sources and in
TOF-PEPECO experiments. The dynamics of single photon
double photoionization can be divided to a few interfering
first order amplitudes arising from initial state electron cor-
relation, electron knock-out, and shake-off processes.6 The
dynamics of the one-photon double core photoionization has
also gained interest recently7, 8 and among other interesting
features, the one-photon double ionization cross section has
revealed to be a sensitive probe of initial and the final state
electron correlation. The spearhead of current experimental
efforts utilizes the potential of the recently opened x-ray FELs
to produce photon energies sufficient to give rise to one-

a)Author to whom correspondence should be addresses. Electronic mail:
johannes.niskanen@oulu.fi.

photon deep core photoionization and field strengths capable
to induce multiphoton processes. The latter can be divided in
direct, nonsequential ionization (NSI), and sequential ioniza-
tion (SI) based on the physical process of ionization.9, 10 In
a NSI multiphoton process, two or more photons are anni-
hilated from the radiation field simultaneously with the re-
quirement of conservation of the total energy of the sys-
tem, while in a sequential process, photons are absorbed one
by one, each step fulfilling the energy conservation princi-
ple. The SI processes are more limited by energy as for ev-
ery step of the ionization process, an intermediate electronic
state must be accessible. The sequential ionization has been
found to be much more effective mechanism in the produc-
tion of hollow Ne atoms than correlation driven one-photon
double ionization.4 The complete understanding of the dy-
namics of these processes, however, still offers a considerable
challenge.

The experimental endeavours in the area have spurred
concomitant theoretical efforts, which in fact often have pre-
ceded the actual measurements. Recent studies have applied
different multiconfiguration self-consistent field, perturbation
theory, and density functional theory approaches to explore
the nature of double core hole states. Calculations have in-
dicated several interesting particularities with respect to the
contribution of relaxation, electron correlation, Coulomb re-
pulsion, and exchange. For instance, the residual (dynamical)
relaxation between single and double ionization is very large
for the two core electron ionization at the same site, while it
is comparably small, and can even be negative, when the two
electrons are emitted from different sites of the molecules.11

These contributions are both two-element specific and struc-
turally dependent, amounting to a sizeable chemical shift that
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is very specific compared to the common case of single core
electron ionization.

So far, experiments of the core hole states produced by
double photoionization have been rather limited. The Ne 1s

double ionization potential (DIP) was early derived experi-
mentally from a hypersatellite in the x-ray emission spectrum
of Neon by Ågren et al.,12 and more recently by Pelicon and
co-workers,13 and by Southworth et al.14 measuring the KK-
KLL hypersatellite Auger spectra. The 1s double ionization of
silver has also been reported.15 The single core ionization po-
tentials (IPs) for the whole studied series from Ne to Rn can
be found from the spectral line data re-analysis by Bearden
et al.16. For Ne, a more recent experiment has been reported
by Pettersson and co-workers.17 The studies of hollow atoms
have been reviewed by Winter and Aumayr,18 while the com-
petition between decay channels of the double core hole states
for elements with Z ≤ 36 has also been studied by Chen.19

The developed new x-ray FELs promise photon fluxes
and energies suitable for multiple sequential and direct core
ionization of atoms and molecules. For example, the currently
operating AMO instrument at LCLS covers the photon energy
range from 480 to 2000 eV (Ref. 20) with first harmonics pho-
ton energies reaching up to some 10 keV. After planned up-
grades, photon energies up to 25 keV may be reached.20 Even
though it is evident that sequential double 1s core ionization
of high-Z elements cannot be studied by the current experi-
mental setups, future experiments can be expected to extend
toward elements with higher Z value. Meanwhile, computa-
tional studies offer the possibilities to unravel trends for the
full range of stable elements in the periodic table.

In order to forego coming experiments and aid our un-
derstanding further on the formation of such hollow states
we undertake in the present work a study of the relativistic
contributions to double core electron ionization for the noble
gas series from Neon to Radon using the 4-component Dirac–
Hartree–Fock method. We explore, in particular, the additiv-
ity of relativistic effects between single and double ionization
and the coupling between relaxation and relativistic contri-
butions with respect to nuclear charge and the nuclear charge
distribution. The Z-scaling of the computational results is also
discussed. For this purpose, we present calculations for 1s−1

and 1s−2 ionization energies performed for the noble gas se-
ries from Neon to Radon to cover the Z-range of stable ele-
ments in the periodic table.

II. COMPUTATIONAL DETAILS

The core ionization potentials and double ionization po-
tentials have been determined for the noble gases (includ-
ing from Ne to Rn) by means of the �SCF method at the
Hartree–Fock level of theory and by employment of the non-
relativistic (NR) Lévy-Leblond (LL) Hamiltonian21 as well as
the relativistic Dirac–Coulomb (DC), Dirac–Coulomb–Gaunt
(DCG), and Dirac–Coulomb–Breit (DCB) Hamiltonians. All
SCF calculations have been carried out by use of either the
DIRAC program,22 in which case results are obtained for the
LL, DC, and DCG zeroth-order Hamiltonians, or the GRASP

(Ref. 23) program, in which case results are obtained for
the DC zeroth-order Hamiltonian with DCG and DCB cor-

rections determined by means of the first-order perturbation
theory and with use of the RATIP program package.24 The
relativistic atomic structure theory is discussed in detail in
Ref. 25.

The calculations using the DIRAC program are based
on a finite atomic orbital basis consisting of scalar, real,
Gaussian functions, and, for a given large-component basis
set, the small component basis functions are obtained by the
application of the condition of the restricted kinetic balance.
For Ne and Ar, we adopted Dunning’s augmented correla-
tion consistent polarized core valence quintuple-ζ (aug-cc-
pCV5Z) basis set,26, 27 and, for Kr, Xe, and Rn, we adopted
Dyall’s quadruple-ζ basis set.28 To allow for full flexibility
in the atomic orbital basis and thereby enabling an accurate
description of relaxed orbitals for the ionized species, we de-
contracted the basis sets for all elements. As an estimate of
the basis set convergence, we also determined DIPs with em-
ployment of the corresponding lower order decontracted ba-
sis sets, i.e., basis sets with exponents taken from Dunning’s
aug-cc-pCVQZ basis set for Ne and Ar and Dyall’s triple-ζ
basis set for Kr, Xe, and Rn.28, 29 This comparison reveals a
maximum discrepancy of 44 meV, occurring for the nonrel-
ativistic DIP results of Ne, and we, therefore, consider our
presented results as accurate with respect to the issue of basis
set convergence. We note that the electronic relaxation effects
are largest for the double ionized states and the comparison
of DIP results is, therefore, the most critical one. In addition,
calculations using the GRASP program are based on tabulated
radial wave functions that are to be considered as represent-
ing the atomic basis set limit and comparisons made against
the GRASP benchmark data in Sec. III give further evidence
for the quality of the chosen basis sets. Calculations using the
DIRAC and GRASP programs adopt the Gaussian and Fermi
charge distributions, respectively, as representations of nuclei.
Unless specified differently, values for the nuclear parameters
were obtained from Ref. 30.

III. RESULTS

The results of our calculations are presented in Table I.
For comparison, experimental values, taken from literature,
are also given. In the following paragraphs, we discuss fea-
tures of each correction studied.

IPs of the noble gas series from Ne to Rn cover the en-
ergy range from approximately 870 to 100 000 eV, while DIPs
range from some 1800 to 200 000 eV. As seen from Table I,
the calculations for single IP with the DCG Hamiltonian show
good agreement with the experimental IP values through the
whole series. The calculated DIP for Ne is also quite close to
the experimental value. It has been noted that the error limits
for the IP values given in Ref. 16 are not absolute. For exam-
ple, for Ne, the value given in Ref. 16 (866.9 ± 0.3 eV) de-
viates more than 10 times the given error limit from the value
obtained from Ref. 17 (870.21 eV). This may be due to the
method of indirect evaluation of the IP from existing energy
data. Such determination usually relies on a decay cascade
from which a set of equations is set up to solve the core IP. In
such a scheme the errors can be expected to accumulate for
the heavy elements.
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TABLE I. Calculated 1s single and double ionization potentials (IPs and DIPs, respectively) in eVs. Relativistic cor-
rections are given after the nonrelativistic values. Details can be found in text.

Hamiltonian/rel. corr. Ne Ar Kr Xe Rn

Single core ionization potentials
NR 868.63 3195.4 14 101.3 33 251.5 87 805.4
Dirac +1.17 +13.8 +257.7 +1435.4 +11 176.8
Gaunt –0.34 –2.5 –23.7 –88.9 –419.0
Total 869.46 3206.7 14 335.3 34 598.0 98 563.2

Exp. 870.21a 3202.9 ± 0.3b 14325.6 ± 0.8b 34561.4 ± 1.1b 98404 ± 14.1b

Double core ionization potentials
NR 1860.26 6629.7 28 704.4 67 286.5 176 897.3
Dirac +2.54 +28.9 +528.3 +2919.5 +22 605.5
Gaunt –0.41 –3.2 –32.2 –123.3 –590.1
Total 1862.39 6655.4 29 200.6 70 082.7 198 912.6

Exp. 1863c . . . . . . . . . . . .

aReference 17.
bReference 16.
cReference 13.

A. One-electron relativistic effects

The one-electron relativistic contributions in IPDC and
DIPDC were obtained as the difference of (D)IPs from the
DC-SCF method and the NR-SCF method. The values, de-
noted as corrIP

DC and corrDIP
DC , are given in Table I denoted by

“Dirac.” The ratio corrDIP
DC /corrIP

DC is depicted in Fig. 1, where
we have also presented the values obtained in a frozen orbital
approximation including the relativistic Gaunt two-electron
corrections (corr(D)IP

DCG ). We note that a factor 2 for the ratio
means direct additivity of the relativistic correction.

Starting from a couple of eVs for Ne, the relativistic one-
electron energy contribution naturally increases toward the
heavier end of the noble gas series being ∼11 000 eV and
∼23 000 eV for Rn IP and DIP, respectively. The additivity
of the one-electron relativistic energy in the IP and DIP is

Ne Ar Kr Xe Rn
2

2.1

2.2

2.3

2.4

2.5

2.6

2.7

Element Z

corr
DC
DIP/corr

DC
IP  (frozen)

corr
DC
DIP/corr

DC
IP  (Δ−SCF)

corr
DCG
DIP /corr

DCG
IP  (frozen)

corr
DCG
DIP /corr

DCG
IP  (Δ−SCF)

FIG. 1. The ratio of the relativistic corrections for the 1s single ionization
(corrIP) and double ionization potentials (corrDIP) for the noble gas series
from Ne to Rn. Values were obtained using the Dirac–Coulomb (DC) and
Dirac–Coulomb–Gaunt (DCG) Hamiltonians. The frozen-orbital values are
also depicted. For details, see text.

best fulfilled for the heavy end elements, as seen from Fig. 1.
The ratio of the relativistic corrections to DIPs and IPs, thus,
approaches systematically the value 2 when proceeding the
series toward the heavy elements, as seen from Fig. 1. Even
though the relativistic corrections to IPs and DIPs are small
in absolute values for light elements, they differ relatively the
most when the degree of ionization is increased from 1 to 2.
This may qualitatively be expected as low-Z elements have
fewer electrons for which relativistic effects are significant.

B. Relaxation

The relaxation energy contributions to the 1s IPs and
DIPs (relaxIP and relaxDIP, respectively) were calculated at
the NR, DC, and DCG levels as the difference between (D)IPs
with the relaxed SCF orbitals and frozen ground state orbitals.
The energies are given in Table II.

For IPs, the relaxation energy starts from ∼–23 eV for
Ne and ends up around –100 eV for Rn. For DIPs, the relax-
ation energy begins from –85 eV for Ne and extends to around
–400 eV for Rn, thus roughly following the rule that the re-
laxation energy depends quadratically on the induced hole
charge.31 The relative effect of relaxation is largest for IPDC

and DIPDC of Ne, affecting the second significant digit of the

TABLE II. Calculated relaxation energy contributions to the 1s single and
double ionization energies (relaxIP and relaxDIP, respectively) in the nonrela-
tivistic (NR), Dirac–Coulomb (DC), and Dirac–Coulomb–Gaunt (DCG) level
(in eV). Details can be found in text.

Ne Ar Kr Xe Rn

relaxIP
NR –23.16 –32.16 –52.98 –64.83 –85.09

relaxIP
DC –23.22 –32.43 –54.48 –69.04 –99.83

relaxIP
DCG –23.25 –32.59 –55.26 –71.07 –106.22

relaxDIP
NR –85.81 –122.55 –206.17 –253.79 –334.94

relaxDIP
DC –86.03 –123.61 –211.95 –270.15 –392.12

relaxDIP
DCG –86.12 –124.08 –214.39 –276.63 –412.76
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TABLE III. Calculated relaxation induced relativistic energies in the 1s sin-
gle and double ionization potentials (�IP and �DIP, respectively). Values
from both Dirac–Coulomb (DC) and Dirac–Coulomb–Gaunt (DCG) levels
(in eV) are given. Details can be found in text.

Ne Ar Kr Xe Rn

�IP
DC –0.06 –0.27 –1.49 –4.21 –14.74

�IP
DCG –0.09 –0.43 –2.27 –6.24 –21.13

�DIP
DC –0.22 –1.05 –5.79 –16.36 –57.18

�DIP
DCG –0.30 –1.53 –8.22 –22.84 –77.82

IP, while at the heavy end of the series, the effect of relaxation
is seen in the third significant digit of the IP.

As observed in Table II, all three levels of theory give
agreeing relaxation energies for the IP and DIP of Ne, while
toward the heavy end of the noble gas series, the values begin
to differ. The relaxation energies from the NR framework dif-
fer the most from the relativistic values for Rn. For all atoms,
the DCG Hamiltonian gives the largest absolute values for
relaxation energy. As seen in Table I and Table II, the rela-
tivistic one-electron contributions dominate for IPs and DIPs
in the heavy end of the series, whereas the effect of relaxation
dominates at the light end of the series.

The relativistic energy � induced by orbital relaxation
was calculated from

� = (
IPrelax

DC(G) − IPrelax
NR

) − (
IPnonrelax

DC(G) − IPnonrelax
NR

)
. (1)

The values for �IPs and �DIPs are given in Table III and de-
picted in Fig. 2. The relaxation induced relativistic contribu-
tion in (D)IPs shows monotonically increasing absolute val-
ues. Similarly, the DIP/IP ratio of the DC relaxation induced
relativistic energies also shows a monotonically increasing
trend, from 3.81 for Ne to 3.87 for Rn. The corresponding
DCG values evolve from 3.42 of Ne to 3.68 of Rn. We also
note that the absolute values of the relaxation induced rela-

Ne Ar Kr Xe Rn
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−Δ
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DIP

−Δ
DCG
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FIG. 2. Calculated relaxation induced relativistic energies (with opposite
sign) in the 1s single and double ionization potentials (−�IP and −�DIP).
Values from both Dirac–Coulomb (DC) and Dirac–Coulomb–Gaunt (DCG)
levels (in eV) are shown. Details can be found in text.

TABLE IV. Calculated 1s single and double ionization energies (in eV)
with the Gaussian and Fermi nuclei. Dirac–Coulomb and Dirac–Coulomb–
Gaunt levels of theory were used. All values were obtained using the relaxed
orbitals. Details can be found in text.

Ne Ar Kr Xe Rn

IPDC, Gaussian 869.79 3209.2 14 359 34 687 98 982
IPDC, Fermi 869.79 3209.2 14 359 34 687 98 973
IPDCG, Gaussian 869.45 3206.7 14 335 34 598 98 563
IPDCG, Fermi 869.46 3206.7 14 335 34 599 98 562

DIPDC, Gaussian 1862.8 6658.6 29 233 70 206 199 503
DIPDC, Fermi 1862.8 6658.6 29 233 70 206 199 485
DIPDCG, Gaussian 1862.4 6655.4 29 201 70 083 198 913
DIPDCG, Fermi 1862.4 6655.4 29 201 70 084 198 911

tivistic energies are larger in absolute values for DCG than
for DC.

C. Dependence on the nuclear model

The dependence of IPs and DIPs on the used nuclear
model was studied at the DC and DCG levels. The results
are presented in Table IV, which show DC-SCF IPs and
DIPs with a Gaussian (DIRAC code) nucleus accompanied
by the values from DC-SCF calculation using Fermi nucleus
(GRASP code). The values for the DCG Hamiltonian are pre-
sented similarly. The nuclear parameters were taken from
Ref. 30.

As seen from the values of Table IV, there is no signifi-
cant difference between the used nuclear model. Interestingly,
IPDCs for Rn differ by 9 eV while the DCG values remain
closely the same. For DIPs, similar observations are made.
The given values also include the effect of finite basis set as
the Fermi nucleus model was used in the GRASP calculation,
where tabulated radial wave functions are being used. We find
that the used finite Gaussian basis sets and nuclear charge dis-
tribution reproduce well the results of complete basis set limit
and the more realistic Fermi nuclear charge distribution.

The effect of the used nuclear size was calculated using
the Gaussian model for Rn by the DIRAC code. The nuclear
radius with a root-mean-square (rms) r rms

0 was scaled down
to 75% of the rms radius (exponents 1.32423502 × 108 and
2.35419559 × 108 in a.u., respectively). The results of the
calculation are given in Table V. The IP and DIP values ob-
tained by the DC method are more dependent of the nuclear
size than the values obtained by the NR method. In the radi-
cal change of the nuclear rms size, the maximal nuclear size
effect (34.93 eV for IPDC and 70.60 eV for DIPDCG) is found
in the fourth significant digit of (D)IPs. Orbital relaxation has
negligible effect in the difference.

D. Relativistic electron-electron interaction
corrections

Depending on the gauge used for the electromagnetic
field, the first relativistic electron-electron interaction term
results in different forms.25 The Gaunt operator form is ob-
tained in the long-wavelength limit of applying the Feynman

Downloaded 06 Sep 2011 to 130.236.83.91. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



054310-5 Core ionization energies of noble gases J. Chem. Phys. 135, 054310 (2011)

TABLE V. Calculated 1s single and double ionization energies (in eV) with
two different nuclear radii and their difference. Values were obtained using
relaxed orbitals. Details can be found in text.

IPNR IPDC DIPNR DIPDC

r rms
0 87 805.43 98 982.18 176 897.26 199 502.73

0.75×r rms
0 87 810.11 99 017.11 176 906.70 199 573.33

Difference 4.68 34.93 9.44 70.60

gauge whereas the long-wavelength limit in the Coulomb
gauge results in the frequency-independent transverse Breit
operator as correction to the Coulomb operator. To study
the consistency of the two models for relativistic electron-
electron interaction effects, we applied the Dirac–Coulomb,
Dirac–Coulomb–Gaunt, and Dirac–Coulomb–(frequency-
independent transverse) Breit Hamiltonians using the GRASP

package and the related RATIP package. The corrections are
effectively the difference between (D)IPDCG/B and (D)IPDC

and are given in Table VI. For comparison, the corresponding
values for the Gaunt term obtained by the DIRAC package are
also given.

Table VI shows that the transverse Breit and Gaunt cor-
rections deviate increasingly toward the heavy end of the no-
ble gas series. A smaller deviation is also seen between the
Gaunt corrections obtained by different codes. The ratio of the
Gaunt corrections in the DIP and IP (Gaunt(D)IP) and the cor-
responding ratio for the transverse Breit correction (Breit(D)IP)
are shown in Fig. 3. The ratios have similar trends as a func-
tion of Z, but the transverse Breit correction for DIPs seems to
be around 1.2 times the correction in IPs while the Gaunt term
giving a higher ratio. For comparison, the scaling ratio of the
Gaunt correction obtained from the DIRAC code is depicted
in Fig. 3 giving very similar behaviour as the corresponding
correction from the GRASP code.

E. Z-scaling

In order to investigate Z-scaling properties of our re-
sults we have performed fitting of several computed quanti-
ties functions of Z. The Z-scaling was assumed to follow the
functional form

x(Z) = aZn, (2)

TABLE VI. Calculated relativistic electron-electron interaction corrections
(in eV) in the Gaunt and frequency-independent transverse Breit formalism
obtained by the GRASP code package. For comparison, values for the Gaunt
correction obtained by the DIRAC code are given. For details see the text.

Ne Ar Kr Xe Rn

GauntIP, DIRAC –0.34 –2.45 –23.68 –88.86 –418.97
GauntIP, GRASP –0.34 –2.44 –23.53 –88.24 –411.42
BreitIP, GRASP –0.33 –2.34 –22.14 –82.48 –384.46
GauntDIP, DIRAC –0.41 –3.21 –32.21 –123.29 –590.13
GauntDIP, GRASP –0.41 –3.18 –31.87 –121.89 –573.98
BreitDIP, GRASP –0.39 –2.93 –28.83 –109.73 –518.26

Ne Ar Kr Xe Rn
1

1.1

1.2

1.3

1.4

1.5

1.6

Element Z

 

 

GauntDIP/GauntIP (GRASP)

GauntDIP/GauntIP (DIRAC)

BreitDIP/BreitIP (GRASP)

FIG. 3. The ratio of the relativistic electron-electron interaction corrections
in the 1s single and double ionization potentials for the noble gas series from
Ne to Rn. The ratio is depicted for the Gaunt and (frequency-independent)
transverse Breit correction from the GRASP code package and for the Gaunt
correction from the DIRAC package. For more details, see text.

where x denotes the quantity to be fitted, a and n are the
parameters to be solved. The values of the parameters are
given in Table VII. From the fitting values of Table VII, the
quantities related to double core ionization are seen to follow
roughly a similar scaling as the ones related to the single core
ionization. The scaling for the transverse Breit operator fol-
lows closely the Gaunt values.

The Z-scaling of nonrelativistic (D)IPs is very close to
quadratic, in agreement with Moseley’s law for K-shell x-ray

TABLE VII. Fitting parameters for Z-scaling of (D)IPs and relativistic con-
tributions. For details, see the text.

a n

IPNR 7.794 2.095
IPDC 4.667 2.236
IPDCG 4.717 2.233
DiracIP 3.399 ×10−5 4.403
GauntIP –1.545 ×10−4 3.326
DCGIP 2.542 ×10−5 4.459
relaxIP

NR –5.931 0.600
relaxIP

DC –4.348 0.701
relaxIP

DCG –3.836 0.742
�IP

DC –1.009 ×10−4 2.670
�IP

DCG –1.988 ×10−4 2.598
DIPNR 16.500 2.083
DIPDC 9.869 2.226
DIPDCG 9.945 2.223
DiracDIP 7.269 ×10−5 4.390
GauntDIP –1.869 ×10−4 3.360
DCGDIP 6.012 ×10−5 4.427
relaxDIP

NR –21.276 0.621
relaxDIP

DC –15.638 0.721
relaxDIP

DCG –14.088 0.756
�DIP

DC –3.936 ×10−4 2.668
�DIP

DCG –6.814 ×10−4 2.614
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line energies for light elements.32 However, at the high Z end
the one-electron relativistic effects in (D)IPs are seen to give
rise to scaling faster than Z4 and the two-electron effects ap-
proximately as Z3.3. When combined, the one-electron effects
dominate, as seen from Table I, and the relativistic effects are
seen to scale approximately as Z4.4 (DCG(D)IP in Table VII),
obeying roughly quadratically the scaling of relativistic va-
lence effects.33 This implies that the relativistic (D)IPs scale
faster than the quadratic law, approximately as Z2.2, which is
seen from Table VII.

Orbital relaxation energies in (D)IPs show less than linear
scaling in all theoretical frameworks and for both core ioniza-
tion degrees. However, the trend of scaling becomes closer to
linear when relativistic effects are included as seen from en-
tries labeled as “relax” in Table VII. Finally, according to our
calculations, the relaxation induced relativistic energies (�)
in (D)IPs scale approximately as Z2.6.

IV. CONCLUSIONS

Motivated by ongoing experimental research on
hollow atoms and multiple ionized states using modern
x-ray sources such as the Linac Coherent Light Source, we
explore the capability of the state-of-art theory and software
to predict the energetics of such states. For this purpose, we
presented a series of calculations for 1s single and double
ionization energies for the noble gas series from Ne to Rn.
Nonrelativistic and relativistic theory, the latter encom-
passing the Dirac–Coulomb, Dirac–Coulomb–Gaunt, and
Dirac–Coulomb–Breit Hamiltonians, were employed. Direct
additivity of the relativistic corrections to the single electron
to the double electron ionization potentials were explored and
was found to gradually improve toward the heavy elements.
The effect of the used nuclear model was found to be small.
The relativistic effects contributing to the core ionization
potential were found to scale approximately as Z4.4 whereas
orbital relaxation energies obey a Z-scaling slower than
linear. The present work indicates that accurate predictions
of double core hole ionization potentials is now a realistic
proposition for elements across the full periodic table.
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