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Abstract

This thesis concerns structural optimization and robustness evaluations, and new
methods are presented that considerably reduce the computational cost of these evalua-
tions.

Optimization is an effective tool in the design process and the interest from industry
of its usage is rapidly increasing. However, the usage would probably have grown more
quickly if the required number of computationally costly finite element analyses could
be reduced. Especially in the case of product family optimization, the problem size
can easily become too large to be solved within a reasonable time. This is sometimes
also true for robustness evaluations. To enable the usage of optimization and robustness
evaluations for large scale industrial problems as well, new methods are presented here,
which require a considerably smaller number of finite element analyses.

The thesis is divided into two parts. The first part includes the theoretical background
and a general description of the two developed optimization methods presented in this
thesis. The second part consists of five appended papers on the subject.

The first paper focuses on the evaluation of robustness, given some dispersion in
the production and test set up parameters. Established existing methods are applied to
study response variation and the importance of individual parameters. In addition, dis-
persion is considered in analyses of the forming processes, and the properties inherited
by the formed sheets are subsequently used in the functional analyses of the assembled
structure.

The second paper introduces a new method for structural optimization of product
families subjected to multiple crash load cases, which considerably reduces the number
of finite element analyses required by means of only considering the critical constraints
at each iteration step. This method is then further improved in the third paper to be more
robust with respect to feasible solutions.

The fourth and fifth papers introduce a new method to approximate the variable
sensibility based on the distribution of internal energy in a structure. In paper four, the
method is used to evaluate the relative robustness of different design proposals and in
paper five, for structural optimization. Since the method is independent of the number of
parameters and design variables the computational cost of such evaluations is drastically
reduced for computationally large problems.
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Part I

Theory and background





Introduction
1

Structural optimization and robustness studies based on Finite Element (FE) models are
valuable tools in the design process of mechanical structures and the interest in their
usage from industry is rapidly increasing. However, optimization and robustness studies
require many design evaluations and in the case of computationally costly FE analyses,
the total analysis cost becomes extensive. An engineer might have to wait for weeks to
obtain the solution to a structural optimization problem involving crashworthiness. In
the case of product family optimization subjected to multiple load cases the required
number of FE analyses becomes even more extensive, as a lot of combinations of prod-
uct variants and load cases have to be considered. Therefore, optimization of product
families has traditionally not been an option for crashworthiness applications, due to the
extensive total solution time.

In this thesis, two approaches to reduce the computational cost are presented, which
make structural crashworthiness optimizations an attractive design tool. The first ap-
proach is called the Critical Constraint Method (CCM) and is only applicable to product
families subjected to multiple crash load cases. The idea of this approach is to only
perform the most vital design evaluations by just considering the critical constraints and
decoupling the coupled problem. In the appended Paper II, the CCM is tested for two
product family optimization problems and the number of crash analyses required is re-
duced significantly compared with conventional methods. However, this algorithm often
converged towards an infeasible solution, a fact which considerably limits its applicabil-
ity. Therefore, improvements are presented in Paper III to make the method more robust
regarding feasible solutions, with only a minor decrease in the efficiency compared with
the original CCM.

The second approach to reduce the computational cost of structural crashworthiness
evaluations is based on the internal energy distribution in the structure. It is assumed
that the influence on the displacement response from a change in material thickness of a
structural part can be reflected by the internal energy accumulated in the structural part.
The approach is therefore called the Internal Energy Based (IEB) method and is believed
to be applicable to structures exposed to a single load acting on a limited area of the
structure, and for response functions related to the displacement of the load. However,
the IEB method is only an approximate solution approach and its accuracy depends
on the structural behaviour. The IEB method drastically reduces the required number
of function evaluations both in structural optimizations and in robustness evaluations, as
approximate gradients are obtained based on just one design evaluation. In the appended
Paper IV, IEB gradients are used as the basis for robustness evaluations of two structures
and in Paper V, two structures and one product family are weight optimized using the
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CHAPTER 1. INTRODUCTION

IEB gradients.
The computationally costly FE evaluations considered in this thesis often result in

noisy responses. Analysing such responses is often carried out efficiently by creating a
mathematical model of the true response based on a limited number of design evalua-
tions. Therefore, the theory of metamodel approximation is presented in the subsequent
section as a background, followed by a general introduction to structural optimization
and robust design in Sections 3 and 4, respectively. In Section 5, the theory of product
families and the formulation of the product family optimization problem are explained.
Finally, the developed CCM algorithm for structural optimization of product families
and the approximate IEB method, primarily intended for conceptual studies, are pre-
sented more in detail in Sections 6 and 7, respectively. The results and conclusions
of the appended Papers II - V are summarised in the concluding discussion, in which
the potential of the methods presented to reduce the computational cost of traditional
analyses is highlighted.
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Metamodel approximation
2

When analysing the response of a system involving computationally costly evaluations,
it may be efficient to avoid the extensive use of the computationally costly detailed
model and to approximate the true response by a simpler mathematical model based on
just a limited number of response evaluations from the costly model. The approximative
model of the complex model is generally called metamodel or surrogate model. In
complex nonlinear FE analyses, such as crashworthiness problems, the evaluations are
typically computationally costly and, furthermore the responses are often noisy. One
advantage of applying the metamodel technique in such cases, apart from reducing the
number of response evaluations required, is the ability of the metamodel to catch the
global tendency of the true response and to smooth out local minima caused by noise,
due to physical or numerical origins.

The prediction accuracy of the metamodel depends on the location and number of
evaluation points used to build the metamodel, as well as on the ability of the model
to represent the behaviour of the true response. The selection of the evaluation point
locations and the metamodel formulation is therefore essential for the accuracy of the
final results.

The process of selecting the evaluation points or design points to be evaluated, i.e.
the sets of parameter values, is called the Design of Experiments (DOE). The process of
DOE and metamodel response approximation together is usually termed the Response
Surface Methodology (RSM). More information about RSM can be found in e.g. Myers
et al. 2009.

A global or local approach can be used in order to approximate the response func-
tions. The global approach is to make a metamodel defined on the entire design space,
i.e. the space spanned by the design variables. This approach requires a metamodel that
can take practically any shape to be able to represent any true response accurately. The
alternative is to make a metamodel defined on just a smaller part of the design space. A
linear metamodel can, e.g., locally be an acceptable representation of the true response,
even though the global response surface is highly nonlinear.

Applications and comparisons of different metamodels for crashworthiness opti-
mization problems include Redhe et al. 2002, Stander et al. 2004, Yang et al. 2005,
Fang et al. 2005, and Goel and Stander 2008. However, the most popular metamodel
for crashworthiness applications in the literature comprise the polynomial based models
due to their simplicity, although Radial Basis Function (RBF) networks are gaining pop-
ularity because of their ability to model highly non-linear responses with a low fitting
cost, Goel and Stander 2008.
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CHAPTER 2. METAMODEL APPROXIMATION

Table 1: The minimum number of true response evaluations Nmin required to span poly-
nomial based metamodels, where n is the number of design variables.

Metamodel Nmin

Linear n+1
Elliptic 2n+1
Quadratic (n+1)(n+2)

2

2.1 Polynomial based metamodels

The metamodel that requires the smallest number of response evaluations for its creation
is the one based on linear polynomial functions, but the accuracy of this metamodel
depends on the linearity of the true response. Linear metamodels are often used for
local approximations, i.e. in sensitivity analyses, since they are simple and robust. In
Equation 1, a quadratic metamodel is defined and a linear metamodel is obtained by
removing the quadratic term.

yi = b0 +
n

∑
j=1

b jxi
j +

n

∑
j=1

n

∑
k=1

b jkxi
jx

i
k + ei i = 1,2, . . . ,N (1)

where N represents the number of response evaluations, yi is the response value and xi

is the coordinate of the i:th design point. ei is the sum of both modelling and random
errors, and b0, b j and b jk are constants to be determined.

The approximation in Equation 1 can be written in matrix form as

y = X(x)b+ e (2)

where the coefficients in b are found by minimising the error e in a least squares sense.
The optimal coefficient values b∗ are found to be

b∗ = (XT X)−1XT y (3)

The minimum number of evaluations, Nmin, required to span the metamodel, is equal
to the number of unknown constants in b. For a linear metamodel the minimum number
is the number of design variables plus one. This number increases rapidly for higher
order polynomials, cf. Table 1.

2.2 Radial Basis Function based metamodels

Polynomial metamodels are generally not suitable for global approximations or approx-
imations of a larger design space. Better prediction accuracy is gained from a more
flexible type of metamodel. Such metamodels are e.g. Neural Networks (NN).
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2.2. RADIAL BASIS FUNCTION BASED METAMODELS

Figure 1: Schematic illustration of a neural network with k inputs and a hidden layer of
h neurons with activation function f .

Figure 2: Illustration of the Gaussian based radial basis function.

The Neural networks model relationships between a set of inputs and an output. They
can be thought of as computing devices consisting of a network of weighted functions
that are trained by the information from the evaluation points. The two most common
NN are multilayered Feed Forward (FF) networks and RBF networks. Networks of
both types have a distinct layered topology in the sense that their processing units, the
neurons, are divided into several groups, so-called layers, and the output of each layer of
neurons is the input to the next layer as illustrated in Figure 1. A neural model is defined
by its free parameters, the weights of the inter-neuron connections and the biases. These
parameters are found from the sets of training data obtained from the evaluation points,
consisting of pairs of input vectors, i.e. design variable values, and associated outputs,
i.e. response values. The training algorithm tries to steer the network parameters towards
a minimum of the mean squared error of the model response computed on the training
data.

7



CHAPTER 2. METAMODEL APPROXIMATION

What distinguishes the RBF network from the FF network are the radial characteris-
tics of the neural functions. Furthermore the RBF network only consists of one hidden
layer. One of the more common functions is the bell shaped Gaussian Radial Basis
Function, which peaks at the centre and descends outwards, see Equation 4 and Figure
2.

fh = e
−Wh0

K

∑
k=1

(xk−Whk)
2

(4)

where

Wh0 =
1

2σ2
h

(5)

and the position in the K dimensional space of the basis function is defined by Whk and
the width by σh. Each radial basis function responds to only a local region of the design
space. The output layer performs a biased weighted sum of these functions and creates
an approximation of the input-output mapping over the entire design space as

Y (x,W) =W0 +
H

∑
h=1

Wh fh (6)

where Wh is the weight of the Radial Basis Function fh and W0 is the bias. More infor-
mation about neural networks can be found, e.g. in Bishop 1995.

A study by Stander and Goel 2008 compares the performance of FF networks and
RBF networks and concludes that, for crashworthiness analyses, the RBF and FF meta-
models are mainly similar in terms of accuracy. However, RBF networks are found to
be much faster than FF networks due to their linear nature. RBF are also relatively
independent of the number of radial functions with respect to the computing time.

2.3 Design of experiments

To span the metamodel a number of true response evaluations at chosen design points
is needed and there are various DOE algorithms to spread the points within the design
space. Here, the methods commonly used for polynomial and RBF based metamodels
are further explained.

2.3.1 Linear Koshal design

Koshal 1933 proposed a DOE algorithm that spread the minimum number of design
points required for a linear polynomial based metamodel, see Table 1. As only the min-
imum required number of evaluation points is used, the accuracy of the approximation
depends on how well these values represent the characteristics of the true response. Bet-
ter accuracy can be achieved by increasing the number of evaluation points.

8



2.3. DESIGN OF EXPERIMENTS

2.3.2 D-optimal design

This popular DOE method for polynomial based metamodels creates a well conditioned
design for an arbitrary number of design points. The D-optimality criterion selects the
specified number of design points from a base set in such a way that XT X is maximised,
see Equation 3. The base set of parameters is generally chosen to be a ln factorial design,
where n is the number of design variables and l the number of factors per variable.

For smooth problems, the prediction accuracy of the metamodel improves as the
number of design points increases. However, this is only true up to roughly a 50%
oversampling Myers et al. 2009. The computational cost also increases with the number
of evaluation points and Roux et al. 1998 and Redhe et al. 2002 therefore suggests that
50% oversampling is appropriate. For a linear metamodel with n design variables and
50% oversampling, the recommended number of evaluation points is then

N50% = (n+1)1.5 (7)

2.3.3 Space-filling design

The space-filling design algorithm is an algorithm that spreads out the evaluation points
equally within the design space considered by maximising their intermediate distance.
The algorithm can also take existing points into account maintaining uniformity and
equidistance with the new and old points. This makes space-filling design well suited
for the augmentation of an existing experimental design. Space-filling designs are often
used in conjunction with RBF.

9





Structural optimization
3

The optimization problem is generally defined as

min f (x)
s.t. gk(x)≤ 0 k = 1,2, . . . ,r (8)

where the objective f and the constraints gk are functions of the design variables x =
(x1,x2, . . . ,xn) and r is the number of constraint functions. Various optimization ap-
proaches have been proposed in the literature out of which many require the gradients of
the objective and the constraint functions. However, in nonlinear FE analyses, analytical
gradients are generally not available but are replaced by numerical differences. Further-
more, in complex nonlinear FE analyses the responses are often noisy and the numerical
gradients can be spurious. Improved gradients can be achieved for these cases by the
creation of smooth metamodels that catch the tendency of the true response rather than
the noise. The optimization can subsequently be performed, e.g. by a gradient based
method, using the metamodel responses instead of the true responses.

For an unconstrained optimization problem, the optimum is the minimum of the
objective function, and a local optimal solution x∗ is characterised by ∇ f (x∗) = 0. In
the case of constrained optimization problems, the optimum is generally located at the
boundary of the feasible region and the optimal solution is then characterised by the
Karush-Kuhn-Tucker (KKT) conditions. If the constrained optimization problem in
Equation 8 is considered, the necessary conditions for an optimal solution are obtained
by introducing a new variable λ called the Lagrange multiplier as

L (x,λ ) = f (x)−
r

∑
k=1

λkgk(x) (9)

The KKT conditions are then defined as

∇L (x∗,λ ∗) = ∇ f (x∗)−
r

∑
k=1

λk∇gk(x∗) = 0

λ ∗k ≤ 0 k = 1,2, . . . ,r
gk(x∗)≤ 0 k = 1,2, . . . ,r
λ ∗k gk(x∗) = 0 k = 1,2, . . . ,r

(10)

where ∇ f (x) and ∇g(x) are the gradients of the objective and constraint functions, re-
spectively. The first two conditions in Equation 10 state that the gradient of the objective
function is a linear combination of the gradients of the constraint functions, where the

11



CHAPTER 3. STRUCTURAL OPTIMIZATION

sign of the Lagrange multipliers depends on the formulation of the optimization prob-
lem. The third condition emphasises that the solution has to be feasible and the fourth
condition states which constraints are active in the optimal solution.

However, optimality conditions are often not used to check the convergence of iter-
ative optimization methods. Instead the iterative process is stopped when no significant
improvement is observed in the current solution. Such stopping criteria are generally
controlled by the user. In the following sections, gradient and metamodel based opti-
mization approaches are described in general.

3.1 Gradient based optimization

Gradient based optimization algorithms are iterative and there are two fundamental
strategies for moving from one iteration to the next, e.g. Line Search (LS) and Trust
Region (TR). In the LS strategy, the algorithm computes a search direction (pk) and then
decides how far to move along that direction. The new design point (xk+1) is given by

xk+1 = xk +αkpk (11)

where the positive scalar αk is the step size. Among all possible directions to move
from a design point, the Steepest Descent (SD) direction (pSD) is the one along which
a function f (x) decreases most rapidly. The SD direction is orthogonal to the contours
(or isolines) of the function and is defined by the gradient of the function.

pSD =−∇ f (x) =−
(

∂ f
∂x1

,
∂ f
∂x2

, . . . ,
∂ f
∂xn

)
(12)

In the TR strategy, models are constructed whose behaviour near the current design
point is similar to that of the actual objective and constraint functions. Since the models
may not be good approximations far away from the design point, the model is restricted
to a trusted region. The new design point is then given by the best possible point accord-
ing to the model, within the trusted region.

For a more accurate search direction, many optimization algorithms make use of
the second order derivatives of the objective and constraint functions. However, these
methods are generally not applicable to non-linear FE based optimization.

3.2 Metamodel based optimization

Metamodel based optimization can be divided into two main strategies, either the opti-
mum is approached using sequentially created and moved linear metamodels of decreas-
ing size, or the optimization is based on global highly nonlinear metamodels. The first
strategy takes advantage of the simple and robust linear metamodels, but the region over
which the model is spanned has to be moved and reduced iteratively to approach the
optimum. For each iteration, the subregion considered is moved to the current optimal
point and a new set of evaluation points is created, ignoring the points belonging to the

12



3.2. METAMODEL BASED OPTIMIZATION

previous iterations. Metamodels are created and the new optimal point is sought. The
domain reduction depends on the optimization progress and the iterative process contin-
ues until some chosen convergence criteria are fulfilled. This approach is often called
the Sequential Response Surface Method (SRSM), see e.g. Stander et al. 2010.

The second strategy is to create global models that accurately represent the global
design space and then base the optimization on these metamodels. All the design evalu-
ations required to span the selected metamodel are either performed in a single iteration
or the set of evaluation points is sequentially augmented with additional points until the
accuracy of the metamodels or optimal point is satisfactory. The approach of domain
reduction can also be applied here to steer the creation of new points to the region of
the current optimum. Polynomial metamodels are not suitable for this global strategy
and successive update. Better information can be gained from more flexible types of
metamodels, such as NN, which keep the global validity while allowing refinement in a
subregion of the design space.

The first strategy of sequentially created metamodels is only suitable for convergence
to an optimum, whereas the global metamodels created in the second strategy are also
useful for design exploration.

13





Robust design
4

Robust design, a concept originally proposed by Taguchi 1993, is a way of improving
the quality of a product by minimising its sensitivity to variations, without eliminating
the variations themselves. A robust design is, by this definition, a design which is suffi-
ciently insensitive to variations. The insight of Taguchi was that it costs more to control
the sources of variation than to make the process insensitive to these variations.

The robustness of a structure can be evaluated by performing a sensitivity analysis
already in the design process. Variations are then introduced to parameters of the FE
model and the influence on the final response is analysed. The contribution from each
stochastic variable to the variation of a response can be broken down into two parts. The
first part is the sensitivity of the response due to changes in the variable value. This can
be seen as the partial derivative, ∂ f/∂xi, of the response function f with respect to the
variable xi. The second part is the variation of the variable itself. A flat derivative will
transmit little of the variability of the variable to the response, while a steep derivative
will amplify the variability of the variable, cf. Figure 3. Robust design is therefore a
search for flat derivatives resulting in less variability of the response.

The robust design problem definition requires consideration of two sets of variables,
the noise variables causing the variation of the response, and the control variables,
which are adjusted to minimise the effect of the noise variables. The method adjusts
the control variables in order to find a location in design space with flat derivatives so
that variation of the noise variable causes the minimum variation of the responses.

Variations can be accounted for in the optimization process by the use of two dis-
tinct approaches: Robust design optimization and Reliability Based Design Optimiza-
tion (RBDO), see for instance Zang et al. 2005. The robust design optimization aims at
reducing the variability of structural performance caused by fluctuations in parameters,
rather than avoiding a catastrophe in extreme events. In the case of RBDO, a design can
display large variations as long as there are safety margins against failure in the design.

4.1 Variations

An FE model is generally a deterministic model of a design, but no system will be manu-
factured and operated exactly as designed. Stochastic variations are always present. Ad-
verse combinations of design and load variation may lead to an undesirable behaviour
or failure. Sources of variation can be divided into three types, variation in structural
properties, environment and modelling. Structural properties are e.g. yield strength,
thicknesses and dimensions. Environmental variations are e.g. variation in loading, im-
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CHAPTER 4. ROBUST DESIGN

Figure 3: Schematic figure indicating that the variable influence on a response consists
of two parts, the partial derivative and the variable dispersion.

pact angle, load cycles etc. Examples of modelling variations are mesh density, buckling
initiation and result output frequency.

In the sense of robust design these variations are introduced to the model as stochas-
tic noise or control variables with a specified distribution. The most common approach
is to assume that the stochastic variables are normally distributed according to Equation
13, but any distribution is possible. The normal distribution is a symmetric distribution
around the mean value, making it more probable that the value of the variable is close
to the nominal value rather than far away from it. The standard deviation σ determines
the width of the distribution, see Figure 4.

dX(x) =
1

σ
√

2π
e−

(x−x̄)2

σ2 (13)

The variance (σ2), or variation, of a stochastic variable is defined as the deviation
from the mean value (µ) as

σ
2
m =

1
m−1

m

∑
a=1

(xa−µ)2 (14)

where σ2
m is an estimate based on m samples and xa represents the stochastic values.

The standard deviation (σ ) is the square root of the variance. It is always possible to
calculate the mean value and the standard deviation of a stochastic variable. For more
statistical terminology, see e.g. Casella and Berger 2002.

The contribution from each stochastic variable xi, to the response variations, i.e. the
standard deviation σ f in the response f , is given by the stochastic contribution σ f ,i.
If a linear relationship is assumed, the stochastic contribution can be expressed as in
Equation 15, where σxi is the standard deviation of the dispersion of the variable itself.

16



4.2. MONTE CARLO ANALYSIS
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Figure 4: Probability density functions for different normal distributions.

σ f ,i =

∣∣∣∣ ∂ f
∂xi

∣∣∣∣σxi (15)

If the response is linearly approximated, the response variance can be estimated by
neglecting the higher-order terms in a Taylor series, i.e.

σ
2
f ≈

n

∑
i=1

(
∂ f
∂xi

)2

σ
2
xi

(16)

where σxi is the standard deviation of the stochastic variable "i". This approximation
holds if the stochastic variables are fairly uncorrelated and the response function is not
too nonlinear. If this is not the case, the Monte Carlo method is a more direct way to
estimate the variance of a response.

4.2 Monte Carlo analysis

A Monte Carlo analysis is an approximate method to evaluate the mean value and stan-
dard deviation of a response using a large number of experiments, i.e. here FE evalua-
tions.

Consider f to be a response function depending on the stochastic variables in vector
x. As the variables vary stochastically, f is also bound to vary and thus have a distri-
bution, mean and standard deviation. Random values for each variable in x are selected
from their respective distribution, and used in an evaluation of the function f . Thousands
of these evaluations are performed, all yielding a response value. The mean value and
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CHAPTER 4. ROBUST DESIGN

standard deviation of f may then be approximated from these response values, Equation
14.

The approximate statistical measures will converge to form the true values as the
number of samples increases. For the mean value

f m
a.s.−→ µ for n→ ∞ (17)

where f m is the approximated mean value of the response based on m samples and µ is
the true mean value. The error of the mean value estimation is a random variable with
standard deviation

σθ =
σ√
m

(18)

where σ is the true standard deviation of the response.
Further details on Monte Carlo methods can e.g. be found in Robert and Casella

1999.

4.3 Metamodel based Monte Carlo analysis

To lower the computational cost of the Monte Carlo analysis the number of costly FE
evaluations can be reduced by the use of metamodels. Given the metamodel, it is much
cheaper to retrieve an approximate value of a response from a set of variable values.
Thus, a Monte Carlo simulation with evaluations on the metamodel instead of the full
model becomes an efficient tool to estimate the mean value and standard deviation of a
response. This procedure is referred to as a metamodel based Monte Carlo analysis.

18



Product families
5

The concept of using modules to develop product variety was first presented by Starr
1965 and was later developed by Meyer and Utterback 1993 for product families. The
basic idea of the product family approach is to maintain as many common parts as pos-
sible between the different product variants and only change those essential for the in-
dividual product’s performance. This results in a multitude of benefits, including eco-
nomic benefits of scale and reduced development time and cost, although a wide range
of products of various performances are offered. The definition of a product family
varies in the literature but the definition used in this work is as follows: A product family
is a set of products where every product variant, or family member, shares at least one
component with at least one other product in the set. In the case that one or more parts
are shared by all product variants, these parts are here called the product platform. The
product family approach is presently used by many companies to reduce manufacturing
and development costs etc., not only in the automotive industry, see Krishnan and Gupta
2001.

Product families can have general or restricted commonality, Khajavirad et al. 2009.
In a family of restricted commonality the common parts are restricted only to the product
platform, whereas in product families of generalised commonality the composition of
the common parts are arbitrary. Figure 5 illustrates how the parts can be shared in a
product family of general commonality consisting of three products. The three domains
represent the three products and the areas A, B and C represent the parts unique for each
product. The area marked with ABC represents the product platform, i.e. shared by all
three products, but parts can also be shared by only two products as represented by the
areas AB, AC and BC.

Figure 5: Illustration of how the parts can be shared in a product family of three products
with generalised commonality.
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CHAPTER 5. PRODUCT FAMILIES

(a) Product family A. (b) Product family B. (c) Individual products.

Figure 6: A group of three products designed as product families or individual products.

In Figures 6(a) and 6(b), two product families of different composition are illustrated.
Imagine that a manufacturer of coffee cups wants to sell cups of three different sizes and
that a coffee cup is built up of three parts: One conic part forming the base of the cup,
one cylindrical part and the handle. The product family in Figure 6(a) has a product
platform consisting of the base and the handle. It is the cylindrical part that is changed
to vary the size of the cup. In the product family in Figure 6(b), it is the base that
decides the size of the cup and the product platform consists of the cylindrical part and
the handle.

The product family design approach is generally divided into two types: configu-
rational and scalable product family designs. The prominent approach is the configura-
tional product family design, which aims at developing a modular product platform from
which product family members are derived by adding, substituting and/or removing one
or more functional modules, see Ulrich 1995. The scalable approach aims to stretch or
shrink scalable variables to obtain a variety of the product platform, see Simpson et al.
2001.

A disadvantage with the product family approach is that an individual product may
not be as optimal for its function as it would have been if only the individual product
was optimised. This drawback is discussed by Fellini et al. 2004, Fellini et al. 2005 and
Simpson et al. 2001. Every product in the family is an assembly of components that have
to be designed for the requirements of other products in the family as well. Therefore, it
is generally a balance between the performance lost and the cost saving in a part being
shared. If too many parts are shared the product will no longer be appropriate for its
purpose and if too few parts are shared, the product will be too costly. The loss in
performance is also illustrated in Figure 6, where product family A and B have been
designed for the best manufacturing economy, whilst the three products in Figure 6(c)
have been individually designed for the best function and appearance but, consequently,
are more expensive to manufacture.

A family of products is generally subjected to a number of load cases with various
requirements. In the design of truck cab structures the load cases typically originate
from various crash and vehicle handling situations. The crash loads can be governed by
legal requirements or be unique load cases developed by the manufacturer.

5.1 Optimization of product families

What makes the structural optimization of a product family different from an optimiza-
tion of only one unique product is the size and complexity of the problem. When con-

20



5.1. OPTIMIZATION OF PRODUCT FAMILIES

Figure 7: Illustration of the single level MDF approach.

sidering one specific design variable, its influence on all load cases and requirements
connected to the related product variants have to be considered. This fact makes opti-
mization of product families demanding to perform. Apart from the number of design
variables, the size of the optimization problem is decided by the number of product vari-
ants in the family and the number of load cases associated with each product variant.
The large size of a product family optimization can be handled if the function evalua-
tions are simple to perform, but is a major concern if the evaluations are computationally
costly.

The optimization problem is generally defined as in Equation 8. In the case of a
product family the optimization problem can be formulated as

min f (x) =
p

∑
i=1

αi fi(xi)

s.t. gi jk(xi j)≤ bi jk i = 1,2, . . . , p
j = 1,2, . . . ,q
k = 1,2, . . . ,r

x−l ≤ xl ≤ x+l l = 1,2, . . . ,n

(19)

where f is the objective function, x is the vector of n design variables with limit values
x−l and x+l , xi and xi j are subsets of the vector x with the corresponding variables for
a specific product and load case, gi jk are the constraint functions subjected to the con-
straints bi jk, p is the number of products in the family, q is the number of load cases,
and r is the number of constraints for a certain combination of products and load cases.
Here the objective is defined as a weighted sum of the individual performances of each
product in the family. The weight factors αi can e.g. be based on the production volume
or profit of the individual product.

Various optimization approaches have been proposed in the literature for solving the
product family problem, see Simpson et al. 2006 and the appended Paper II. However,
common to most of these approaches is that they are either gradient based and not appli-
cable to transient dynamic problems such as impact problems, or are based on a genetic
algorithm, which requires a large number of function evaluations to converge.
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Figure 8: Illustration of the multilevel CSSO approach.

It is typical for structural optimization problems of predefined product families that
each product variant is analysed separately, and due to the design variable commonal-
ity the different analyses are coupled. In the case of multiple load cases the number of
combinations of product variants and load cases can grow to become very large and,
consequently, so can the number of coupled analyses. This situation of coupled analy-
ses resembles a multidisciplinary problem. In Paper II it is therefore suggested to treat
the product family problem as a Multidisciplinary Optimization (MDO) problem and
a method for distinguishing the size and complexity of different problems is also pre-
sented.

The fundamental approaches to MDO problems are, e.g. reviewed by Tedford and
Martins 2006, and can be divided into single and multilevel formulations. The most
common single level formulation is the Multidisciplinary Feasible (MDF) optimization
approach, in which the optimiser communicates directly with all disciplinary runs, see
Figure 7. By requiring solutions from the disciplinary analyses at each design point,
MDF ensures that a feasible solution is present throughout the optimization process. The
optimization problem can also be divided into sub-problems solved by separate optimiz-
ers, which are coordinated at an overall system level. This multilevel approach is called
Concurrent Subspace Optimization (CSSO) and was first proposed by Sobieszczanski-
Sobieski 1988, see Figure 8. The principle task of the coordinator is to ensure that the
coupled variables are equal. Balling and Sobieszczanski-Sobieski 1996 concluded that
the CSSO approach significantly reduces the number of disciplinary analyses runs com-
pared with single level approaches. If the system level consists of an additional optimizer
rather than a coordinator, the multi level approach is called Collaborative Optimization
(CO) and was first developed by Braun and Kroo 1997, see Figure 9.
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5.2. OPTIMIZATION PROBLEM ILLUSTRATION

Figure 9: Illustration of the multilevel CO approach.

The product family optimization problem can also be treated as a multi-objective
problem where the individual product performances are considered as objectives, see
Simpson et al. 2006. A multi-objective optimization problem does not have a single
optimal solution. Instead there is a set of solutions, the Pareto optimal set, that reflects
trade-offs among objectives, see Figure 10. A so-called Pareto front is used to determine
the best design variable settings for the product platform and the individual products
within the family.

In this thesis, the focus is on the weight optimizations of product families, exposed to
crash and static loads, where the composition of the components is already decided, i.e.
a structural weight optimization of a predefined product family. A single stage approach
is used for the a priori defined family problem (Class I). Torstenfelt and Klarbring 2006,
2007 performed weight optimizations of predefined families of space frames for passen-
ger cars exposed to multiple loads. The key difference to this work is that they consider
linear elastic structures resulting in computationally cheap function evaluations, whereas
computationally costly evaluations of nonlinear structures are considered here.

5.2 Optimization problem illustration

The optimization problem of a product family is a large and complex problem due to the
numerous combinations of product variants, load cases and design variables. The combi-
nations can therefore be illustrated in a three dimensional space, Figure 11(a), although
it is difficult to visualise all combinations. Here the product families are illustrated as a
matrix, spanned by the product variants and the load cases, with the corresponding de-
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Figure 10: Pareto optimal set and frontier for an optimization problem with two objec-
tives.

(a) The 3D space of a
product family.

(b) Family of cups with five design vari-
ables.

(c) Matrix representation of the
family of cups.

Figure 11: A product family of coffee cups with five design variables.

sign variables xi j, indicated for each combination. As an illustration consider a product
family of coffee cups, Figure 6, with five design variables: The heights x1, x2, x3 and
diameter x4 of the cylindrical part, and the height of the base x5. The height of the base
and the diameter are platform variables. Furthermore, the family is subjected to two load
cases, namely the volume of each cup and the force required to tip the cup over. The
product family can then be illustrated as in Figure 11(c).

To be able to compare the size and complexity of different product families the fol-
lowing measures are defined.

5.3 Problem size

For every iteration and set of design variables, function evaluations have to be performed
for each product in which this set is present and for all load cases associated with these
product variants. Therefore the size Z of the product family is defined as

Z =
p

∑
i=1

l

∑
j=1

ni j (20)
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5.4. PROBLEM COMPLEXITY

Table 2: The number of design points, N, per iteration for individual optimization prob-
lems with n design variables and for the product family optimization problem of size, Z,
using different design of experiment methods.

DOE Nindividual N f amily

Linear Koshal design n+1 Z +
p

∑
i=1

li

D-optimal design (n+1)1.5+1 (Z +
p

∑
i=1

li)1.5+
p

∑
i=1

li

Table 3: The number of design points, N, per iteration for an individual optimization of a
coffee cup with n = 3 design variables and for a product family optimization problem of
three cups and a problem size of Z = 18 using different design of experiment methods.

DOE Ncup
individual Ncup

f amily

Linear Koshal design 4 24
D-optimal design 7 42

where p is the number of product variants in the family, l is the number of load cases
and ni j is the number of design variables associated with the combination i j of product
variants and load cases. The size of the family of cups illustrated in Figure 11, where
p = 3, l = 2 and all ni j = 3, is then Zcup = 18.

The size Z represents the size of the product family in the same way as the number of
design variables n represents the size of an optimization problem of one product and one
load case. In the case of a product family a base of objective and constraint evaluations
is needed for every combination of product variant and load case represented by ∑

p
i=1 li

where p is the number of product variants and li the number of load cases corresponding
to the i:th product. The number of evaluation points N for two different DOE methods,
i.e. linear Koshal design and D-optimal design with 50% oversampling, for an individual
optimization and for a product family is shown in Table 2. In Table 3, N is also shown
for the family of cups illustrated in Figure 11 and for an individual cup.

5.4 Problem complexity

If all design variables were present in all combinations of product variants and load
cases, the optimization problem would be fully coupled. This is hardly a realistic product
family but represents the maximum possible size of the product family optimization
problem. The maximum size Zmax is then expressed as

Zmax = n
p

∑
i=1

li (21)
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where p is the number of product variants, li is the number of load cases connected to
product variant i and n is the total number of design variables.

Here, the relationship between the actual size and the maximum size is used as an
indication of the complexity of the product family optimization problem, i.e. the com-
plexity C is defined here as

C =
Z

Zmax
. (22)

A value of C close to one indicates that the problem is highly coupled and a value
close to zero indicates that the problem is relatively uncoupled.
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Critical constraint method
6

The Critical Constraint Method (CCM), presented in Papers II and III, is an algorithm for
structural optimization of product families subjected to multiple load cases, evaluated by
computationally costly FE analyses. Such optimization problems takes too long time to
solve with traditional methods, due to the extensive number of FE evaluations required.
Therefore, the CCM was developed to reduce the number of evaluations to a minimum
by only considering the most relevant ones. The algorithm was first presented by Öman
and Nilsson in the appended Paper II, and is applicable to module based product families
with predefined composition of generalised commonality, subjected to multiple load
cases that can be analysed separately.

The CCM is a multilevel approach to solve the product family optimization prob-
lem that resembles the CSSO approach, Figure 8, with a coordinator at system level
that controls the sub-optimizations, see Figure 12. The fundamental differences are
that the coordinator also communicates directly with the various analyses, the number
of analyses considered in the sub-optimizations is dynamic and controlled by the co-
ordinator and, similar to MDF, Figure 7, a feasible solution is also present throughout
the optimization. To control which analyses should be considered in the sub-problems,
the coordinator evaluates the constraint values and only considers those assumed to be
critical in the optimal solution. The method is therefore called the Critical Constraint
Method. The coordinator also decouples the sub-optimizations by evaluating the influ-
ence of each variable on the various constraints, and each variable is only considered
in the sub-optimization where it is most important. This identification of critical analy-
ses and decoupling are performed iteratively. In the case of structural optimizations of
predefined product families subjected to multiple crash load cases with high complex-
ity, and where the large number of product variant and load case combinations can be
analysed separately, it is showed in Paper II that CCM significantly reduces the number
of crash analyses required when compared with the commonly used MDF approach.

Consider an optimization problem of a product family subjected to multiple load
cases, Equation 19. In general, just some of the constraints for the combinations of
product variants and load cases will be critical, i.e. only some constraints are active
in the optimal solution. Therefore, detailed information is only needed for these active
constraints to find the optimal design. Furthermore, the individual design variables will
be more or less active in the different load cases, i.e. the relative influence of the design
variable will differ for the various constraints. The CCM algorithm makes use of these
characteristics for product family optimization problems in order to reduce the number
of function evaluations. The iterative CCM can be described in five steps:
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Figure 12: Illustration of the multilevel CCM approach.
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Figure 13: Flowchart of the iterative CCM process.

1. Decomposition The product family problem is divided into sub-problems. The
definition of a sub-problem here is a single load case applied to the related product
variants.

2. System evaluation The current design point is evaluated by performing a function
evaluation for each combination of product variant and load case and the stopping
criteria are checked.

3. Problem reduction The critical constraints are identified for each sub-problem,
i.e. the constraint which is most violated or closest to its constraint limit is identi-
fied as the critical constraint.

4. Problem decoupling The design variables are only considered in the sub-problem
where it is evaluated to have the largest influence, i.e. each design variable is only
considered in one sub-problem.

5. Sub-optimizations The decoupled sub-problems are optimised (only one itera-
tion), the variable values are updated and the iterative process starts over at step
2.

The iterative CCM algorithm can be illustrated as in Figure 12, where the upper anal-
ysis level represents the system evaluation, and the problem reduction and decoupling
are managed by the system coordinator. To further show the order of actions the iterative
process can also be illustrated as a loop in a flow chart diagram, see Figure 13.

In the problem reduction phase the number of considered combinations of product
variants and load cases is reduced, and the critical constraint combinations cm, to be
considered in sub-problem j, are placed in a set C j, Equation 23, where h j is the total
number of critical combinations in the set, i.e. the number of product variants to be
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considered in the sub-problem. The most violated constraint or the one closest to be-
ing violated is identified as the critical one. The constraint violation, vi j, is defined in
Equation 24, and the identified critical product variant for load case j is denoted c j and
is added to the set of critical combinations for iteration k, if it is not already in the set,
Equation 25.

C j = {cm ; m = 1,2, . . . ,h j} j = A,B, . . . ,q (23)

vi j =
gi j−bi j

|bi j|

{
i = 1,2, . . . , p
j = A,B, . . . ,q (24)

Ck
j =Ck−1

j

⋃
c j (25)

In the decoupling phase, the problem is decoupled by only considering each design
variable as a variable in one sub-problem and as a constant in the other. In this way
the sub-problems are decoupled and can be solved independently. The sub-problem
for which a design variable is considered is the one where it is evaluated to have the
largest influence on the constraint function. The influence of the design variables on
the constraint functions is assumed to be related to the internal energy distribution in
the structure. This assumption is supported by the fact that the energy entering the
structure is mainly absorbed as internal energy by deformation of the different structural
parts. High internal energy therefore indicates that the part is highly active and that a
change of material thickness of that part will influence the displacement response. The
internal energy is therefore used as an approximate indicator of the variable influence,
see Section 7 for more information. In Figure 12, the variable influence is denoted e,
and the design variables to be considered in sub-problem j are placed in a vector x j.

The problem reduction and decoupling are dynamic, i.e. the identified critical sub-
problems and the distribution of variables are different for each iteration. For the first
iteration the problem will be fully decoupled and only one product variant considered
per load case. In the subsequent iterations, the problem will become partly coupled
as the number of product variants considered successively increases and as the design
variables are coupled within the sub-problems.

The product family problem is then reduced to a number of sub-problems defined as

min f (x j)
s.t. gm j(x j)≤ bm j m = 1,2, . . . ,h j j = A,B, . . . ,q

x−l ≤ xl ≤ x+l l = 1,2, . . . ,n ∀ xl ∈ x j

(26)

where h j is the number of product variants considered for each sub-problem j. The
sub-problems are solved using metamodel based optimization, see Section 3.

Due to the dynamic decoupling performed using CCM, the design variables consid-
ered for the sub-optimizations vary and new metamodels have to be created for each
iteration. Therefore, linear polynomial metamodels based on the minimum possible
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number of function evaluations are used. In fact, for each global iteration, only one
metamodel is built per sub-problem and response, i.e. only one sub-optimization itera-
tion is performed per global iteration.

In the appended Paper II, the CCM is tested on two structural product families, dras-
tically reducing the required number of response evaluations compared with traditional
methods. However, the CCM often converged towards infeasible solutions due to rela-
tive large constraint violations. Remedies are therefore presented in Paper III.
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Internal energy based method
7

To analyse a structure, the gradients of the structural response with respect to changes of
design parameters, are often desired. For analytical functions the gradients can be found
by partial differentiation of the functions with respect to the variables. However, in non-
linear FE analyses, analytical gradients are usually not available but are replaced by nu-
merical differences. In complex nonlinear FE analyses, such as FE analyses of crashwor-
thiness problems, the responses are often noisy and the numerical gradients can be very
spurious, Redhe et al. 2002. To achieve improved gradients, a smooth approximation of
the true response is often made based on a number of function evaluations performed
within a limited design space around the design point. This is an extensive procedure
that, for a linear approximation, requires a minimum of n+1 evaluations, where n is the
number of variables. Thus, if the function evaluations are computationally costly, the
total cost of the gradient evaluations will be extensive. However, if information about
the gradients could be obtained from one single evaluation, the cost of gradient based
analyses, such as sensitivity analyses, robustness evaluations and structural optimiza-
tion, would be reduced significantly. Therefore, a method of approximating the relative
influence of the stochastic design parameters based on the information from only one
function evaluation is investigated in Paper IV.

The method is based on the internal energy accumulated by the individual parts of a
structure during deformation and is evaluated for structures exposed to impact loading,
in the appended Papers IV and V. It was observed by the author, and further investi-
gated by Asadi Rad 2010, that the influence on the displacement response caused by an
impactor due to a change in thickness of a part is closely related to the internal energy
accumulated by the corresponding structural part. This observation is supported by the
fact that the energy entering the structure is mainly accumulated as internal energy by
deformation of the different structural parts. A high internal energy therefore indicates
that the part is highly active and that a change of material thickness of that part will have
a major influence on the displacement response.

The approach of using the internal energy as an indicator of the influence on the
objective of a design parameter has been used for gradient based topology optimization
of linear structures, e.g. by Chu et al. 1996, who used an element strain energy based
criterion, for element removal in a topology optimization with stiffness constraints. Tan-
skanen 2002 also showed that the influence on the stiffness of a structure of a change
in thickness of an element is proportional to the internal energy accumulated by the ele-
ment (W int

i ) divided by its thickness (xi). In his study, the work done by external forces,
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W ext
i , is regarded as an inverse measure of the overall stiffness of the structure, i.e.

∂W ext

∂xi
=−

W int
i
xi

(27)

Equation 27 was further developed by Asadi Rad 2010 to express the influence of
a change in element thickness on a displacement response. He showed that for a linear
elastic structure composed of elements and subjected to a point load (F) inflicting a
linear displacement (u) at the loaded point, the partial derivative of the displacement
with respect to the element thickness (xi) is linearly related to the internal energy of this
element divided by its thickness, i.e.

∂u
∂xi

=− 2
F

W int
i
xi

(28)

The internal energy has also been used as an indicator of the influence of an ele-
ment in gradient based topology optimization of nonlinear structures. Nonlinearities in
response functions can e.g. be caused by buckling phenomena, contact issues, material
behaviour etc. Forsberg and Nilsson 2007 proposed two alternative topology optimiza-
tion formulations for impact loaded structures, where an element is either removed or its
thickness reduced, based on the internal energy density distribution in the structure and
on the contribution of an element to the total internal energy. Huang and Xie 2008 used
an internal energy based criterion for element removal in a topology optimization of
nonlinear structures under displacement loading. They also showed that for a structure
deformed to a predefined displacement level, the influence of removing an element (e)
on the total external work (W ext

i ) is related to the internal energy of that element (W int
i ),

i.e.

f (x) =W ext
∆ f (x)e =W int

e (29)

Mozumder et al. 2008 also presented a topology optimization method for crashwor-
thiness designs based on the distribution of the internal energy density. What is unique
with their method is that no gradient information is required, since the method updates
the density of elements based on the information from its neighbours. This method has
also been evaluated by Goel et al. 2009.

Thus, the method of estimating the relative importance of structural elements based
on the internal energy distribution has successfully been used in topology optimizations
both of linear and nonlinear structures. Common to these studies is that the internal
energy is evaluated at a finite element level with the objective of finding an optimal
topology. Here instead, the internal energy is evaluated at a structural part level, to
estimate the relative importance of the thickness variation of different structural parts in
a design. In the appended Paper II, the internal energy is also used as an indicator of the
influence of structural parts in a product family optimization application.

7.1 Internal energy based gradients

The idea of the Internal Energy Based (IEB) method is to approximate the relative in-
fluence of the design parameters on a response based on the internal energy distribution.
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The accumulated internal energy per structural part (i) with volume Ωi is defined as

W int
i =

t∫
0

∫
Ωi

σ : D dΩidt (30)

where σ : D is the scalar product of the Cauchy stress and rate-of-deformation tensors,
respectively, and t denotes time, Belytschko et al. 2003. The internal energy will in-
crease with the deformation as long as the material deforms and no elastic unloading
takes place.

As shown in Section 7, the IEB gradient method is exact in the case of linear dis-
placement responses (Equation 28) and a relationship also exists for nonlinear displace-
ment responses between the internal energy of an element and the influence of the re-
moval of that element on the total stiffness of the structure (Equation 29). However, due
to the nonlinearities in the displacement response, the sensitivity of the displacement
response to a change in the element thickness are no longer linearly related to the ac-
cumulated internal energy of this element. In addition, this relationship will include an
unknown function, g(x)i, which depends on the structure and is different for each design
parameter, Equation 31. This relationship is valid for any response function based on
the displacement.

∂ f
∂xi

=−g(x)i
W int

i
xi

(31)

Asadi Rad 2010 investigated Equation 31 for several structures exposed to external
loads inflicting both linear and nonlinear displacement responses. He studied the corre-
lation between the distribution of internal energy in the structure and the sensitivity of
the displacement response to changes of structural thickness parameters and concluded
that they are in general highly correlated.

Consequently, for this type of impact loaded structures, the function g(x)i is similar
for all thickness variables. If this is the case, the relative influence of the design param-
eters on the response can be approximated by the internal energy distribution divided by
the corresponding design parameter value. Here, g(x)i is assumed to be identical for all
design parameters in a design point.

In topology optimization applications, the IEB gradients have been used on a finite
element level. Here, the IEB gradients are evaluated for structural parts, built up from
many finite elements, to estimate the gradients for already preliminarily designed struc-
tures. Thus, the gradient approximations are based on the sum of the internal energy
accumulated by the finite elements in a structural part. This is in itself an approxima-
tion, whose effects can be neglected for parts with relatively evenly distributed stresses,
whereas for parts with non-uniform stresses, the approximation might be more unreli-
able. In these cases, better approximated gradients are obtained by dividing the part into
several parts. However, for structures built up from multiple parts of relatively uniform
sizes, it is assumed that these effects can be neglected. Thus, the IEB gradients are not
exact and the quality of the approximation depends on the behaviour of the structure.
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However, the IEB gradients may be sufficiently accurate to draw valuable conclusions
on the structural design.

The IEB gradients can, for example, be used to identify important design variables
in a variable screening, or to be the basis for the material distribution in a structural
optimization. However, the IEB gradients are only approximations of the relative mag-
nitudes of the gradients, since the function g(x) is unknown. Thus, the method is not
applicable for evaluations of the exact gradient values or for evaluations of the standard
deviation of a response function, cf. Equation 16. In the case of robustness studies, the
IEB gradients can instead be used for evaluations of the relative robustness of different
design proposals.

7.2 Evaluation of structural robustness based on internal
energy distribution

Robustness evaluations can give valuable information about the behaviour of a structure
but are in general expensive to perform for structures involving many stochastic vari-
ables. Therefore, the IEB gradients can be used to evaluate the standard deviation of a
design point ( j), combining Equation 16 and 31, as

σ j = g(x j)

√√√√ n

∑
i=1

(
W int

i
xi

)2

σ
2
i (32)

where the function g(x j) is unknown. If the function g(x j) is constant over the design
space, the difference in the IEB approximated standard deviation between two design
points equals the true difference. This is in general not the case for nonlinear structures.
However, if the difference in the IEB standard deviation between two points is domi-
nated by the variation of the IEB gradients rather than the variation of g(x j), the IEB
method is able to predict the relative order of robustness of the design points. This is
here assumed to be the case for general crashworthiness structures and the method is
evaluated for two example structures in the appended Paper IV with satisfactory results.

7.3 Structural optimization based on internal energy distri-
bution

IEB gradients have a great potential to lower the cost of approximate structural opti-
mization. The IEB method is here applied to weight optimization problems of structures
subjected to impact loading, where the design variables are the thicknesses of the struc-
tural parts. The optimization problem is defined as

min f (x) =
n

∑
i=1

Aiρixi

s.t. c(x) = u(x)−b≤ 0
x−i ≤ xi ≤ x+i i = 1,2, . . . ,n

(33)
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where the structural weight, f (x), and the displacement constraint, c(x), are functions
of the design variables (x). For this special case, the objective function is linear, since
only thickness variables are considered and the area (Ai) and density (ρi) of structural
part i are constant, whereas the constraint function is unknown and nonlinear. u(x) is
the displacement of the loaded area and b is the constraint limit.

Gradient based approaches are generally not suitable for solving such impact prob-
lems, due to the noisy responses. The internal energy response is however much smoother
and enables the application of such approaches. Two IEB gradient algorithms are pre-
sented here, based on conventional optimization strategies. The first is based on the line
search strategy in the SD direction, and the second one on the trust region strategy and
linear metamodels. The main focus has not been to develop optimization algorithms
but to show the potential of the approximate approach. It might even be possible to use
commercial software to solve the optimization problem given the IEB gradients as input.
In the appended Paper V, the IEB gradient algorithms are used to weight optimise two
crashworthiness structures and one structural product family.

7.3.1 IEB line search method

Each iteration of a Line Search Method (LSM) finds a search direction (pk) and then
decides how far to move along that direction. The new design point (xk+1) is given by

xk+1 = xk +αkpk (34)

where the positive scalar αk is the step size. Given a feasible design point (xk), a new
improved design point (xk+1) exists if a search direction exists that provides a decrease
in the objective value without violating the constraints. A search direction (p) produces
a decrease in f (x) if it satisfies

∇ f (x)T p < 0 (35)

where ∇ f (x) is the gradient vector of f (x), see e.g. Nocedal and Wright (2006). Simi-
larly, feasibility is retained with respect to a constraint function c(x) if the search direc-
tion satisfies

c(x)+∇c(x)T p≤ 0. (36)

Here, the algorithm to compute the search direction depends on the characteristics
of the current design point. Three cases are considered:

Case I, feasible boundary point:
Consider a design point that lies on the boundary of the feasible region so that c(x) = 0.
The two conditions in Equations 35 and 36 then represent two half-spaces and it is
clear that the two regions fail to intersect only when ∇ f (x) and ∇c(x) point in the same
direction. Thus, any search direction satisfying both conditions will provide an improved
design point.

37



CHAPTER 7. INTERNAL ENERGY BASED METHOD

Figure 14: Illustration of the search direction dependency of the distance to the con-
straint limit.

The search direction is computed as

p =−
(
∇ f̂ (x)+∇ĉ(x)

)
, if c(x) = 0

where

∇ f̂ (x) =
∇ f (x)
‖∇ f (x)‖2

and ∇ĉ(x) =
∇c(x)
‖∇c(x)‖2

.
(37)

Case II, feasible design point:
Consider a design point that lies strictly inside the feasible region so that c(x) < 0.
Any search direction then satisfies the feasibility condition, Equation 36, provided that
the step length is sufficiently small. Here, the condition in Equation 35 also represents
a half-space. However, the search direction providing the most rapid descent of the
objective function value is the SD direction, −∇ f (x). Close to a constraint boundary,
a better direction from a convergence rate point of view would probably be along the
boundary if ∇ f (x) 6= ∇c(x). Therefore, the SD direction is here adjusted the closer the
current design point is located to the constraint limit, b, as

p =−
(
ϕ∇ f̂ (x)+∇ĉ(x)

)
, if c(x)< 0

where

ϕ =

(
1+
∣∣∣∣u(x)b

∣∣∣∣)2

.

(38)

The correction factor ϕ is close to one if the current design point is near the constraint
limit and its value increases as the distance to the constraint limit increases. The effect
of ϕ on the search direction is illustrated in Figure 14. Far from the constraint limit
the search direction is close to the SD direction and gets closer to the orthogonal of the
constraint gradient vector as the distance to the constraint limit decreases.

Case III, infeasible design point:
Consider a design point that is outside the feasible region so that c(x) > 0. In this case
no valid search direction exists that satisfies the feasibility condition in Equation 36.
However, the search direction providing the most rapid descent of the constraint function
value is the SD direction, −∇c(x). Close to the boundary of the feasible region, a better
search direction from a convergence rate point of view is probably along the boundary if
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∇ f (x) 6=∇c(x). Similarly to the feasible case, the SD direction of the constraint function
is therefore corrected the closer the current design point is to the constraint limit as

p =−
(
∇ f̂ (x)+ϕ∇ĉ(x)

)
, if c(x)> 0. (39)

The effect of the correction factor ϕ , defined in Equation 38, on the search direction
is also illustrated for the infeasible case in Figure 14.

Once the search direction is computed, the step size remains to be decided. If the
search direction is a decent direction, an optimal step size exists that provides the maxi-
mum possible reduction of the objective function. However, it is in general too expensive
to identify this step size. Therefore, information from the previous and current design
point is used in Paper V to compute the step size. Thus, the algorithm does not require
any additional function evaluation. For further details, see the appended Paper V.

7.3.2 IEB trust region method

For each iteration in a Trust Region Method (TRM), the size of the region is first com-
puted followed by the approximation of the functions considered. The size of the trusted
region will set the maximum possible step size. In Paper V, a box shape is chosen for the
region being considered and it is defined by the trusted distance from the design point,
ri. The trust region is sequentially reduced in size as the solution propagates and it is
controlled by the contraction factor (δi) as

rk+1
i = δirk

i . (40)

The contraction factor is a function of the oscillation indicator (η) and the moved
distance (d),

δi = 0.6+0.2|dk
i |(1+ηk

i )
where

dk
i =

xk
i − xk−1

i

rk
i

and η
k
i =

√
|dk

i dk−1
i |sign(dk

i dk−1
i ).

(41)

If the new design point is close to the previous point, or if the solution is oscillating,
the region is reduced more and otherwise less. This approach is usually also used for
SRSM and the initial trust region is generally set to the size of the design space, Stander
and Craig 2002. However, smaller trust regions are typically used in traditional trust
region applications.

A linear metamodel, m(x), is used here to model the constraint function, requiring
n+1 coefficients to be computed.

m(x) = β0 +
n

∑
i=1

βixi (42)

The βi coefficients represent the partial derivatives of the constraint function with
respect to the design variables. Here the true gradient is approximated by the IEB gra-
dient, ∇w(x). However, the IEB gradients are only an approximation of the relative
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influences of the design variables, whereas the absolute values are unknown. Here, it is
assumed that the unknown function g(x) in Equation 31 is constant over the design space
g(x) = g and the constraint values in the last two design points are used to compute the
two unknown constants as

m(x) = β k
0 +gk

n

∑
i=1

∇wk
i xi

where

β k
0 = c(xk−1)−b−

(c(xk)− c(xk−1))
n

∑
i=1

∇wk
i xk−1

i

n

∑
i=1

∇wk
i xk

i −
n

∑
i=1

∇wk
i xk−1

i

,

gk =
c(xk)− c(xk−1)

n

∑
i=1

∇wk
i xk

i −
n

∑
i=1

∇wk
i xk−1

i

(43)

and b is the constraint limit. To reduce the effect of noise, the number of design points
considered is increased to three and then four as the distance between the design points
decreases, since the relationship ∆c/∆x becomes spurious if the constraint response is
noisy.

Once the trust region and metamodels are computed, the Simplex method is used to
solve the resulting linear optimization problem in Paper V, and the solution is set to be
the new design point.

min f (x) =
n

∑
i=1

Aiρixi

s.t. m(xk) = β k
0 +gk

n

∑
i=1

∇wk
i xk

i −b≤ 0

xk−
i ≤ xk

i ≤ xk+
i i = 1,2, . . . ,n

(44)
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Discussion
8

Theoretically, the methods presented can significantly reduce the computational cost of
structural optimizations and robustness evaluations and they have also been tested on
some industrial examples in the appended papers. In Papers II and III, the CCM is al-
together tested on three different structural product family optimization problems and
the efficiency of the CCM is defined as the reduction of the required number of FE
evaluations compared with the traditional MDF approach. The efficiency of the CCM
algorithm increases with the size and complexity of the problems, from about 60% for
two academic examples to 80% for a full scale industrial example of four truck cab vari-
ants, four impact load cases and 45 design variables. The conclusion is that the CCM
approach enables large-scale optimization of product families, whose computational so-
lution time has been too long to even be considered with the use of traditional methods.

In Papers IV and V, the IEB method is used as a basis for robustness evaluations
and structural optimizations, respectively. The required number of FE evaluations to
evaluate the robustness of a crashworthiness structure is reduced by 95% compared with
traditional methods, and in the case of structural optimization the reduction is about
90% for the same structure. The IEB method is also used to optimise the academic
product family example used in Papers II and III, with a final reduction of 80% com-
pared with traditional methods. The accuracy of the solutions found is also compared
with the "true" optimum, and the difference is found to be less than 8% for all the eval-
uated structures. The conclusion is that the method is approximate and that its accuracy
depends on the structural behaviour, but that it enables large optimization problems of
many design variables to be solved in a reasonable time.

Consequently, both methods significantly reduce the cost of structural optimizations
and robustness evaluations. However, the IEB method is the more flexible of the two
methods, as it can be applied to a single structure as well as product families, whereas
the CCM approach is only applicable to product family optimization problems. On the
other hand, the IEB method is an approximate method, whereas the CCM approach
theoretically finds the true optimum.

41





Outlook
9

At the initialisation of this thesis work, the computational standard capacity of major
automotive companies was about 500 cores and a single crash simulation was typically
run on 8 or 16 cores. Now, only five years later, the standard is close to 5000 cores
and jobs are typically run on 32 or 64 cores. This has been enabled by decreasing hard-
ware costs, efficient FE algorithms and a generous software license policy. Furthermore,
hardware and software development have doubled the efficiency of each core, during the
same period. However, the size and complexity of the FE simulation models have also
increased. The wall clock time to solve a standard model (about 800 thousand elements)
on 16 cores five years ago is probably comparable to the wall clock time to solve a stan-
dard model of today (about 2.5 million elements) on 64 cores. The main driver for this
drastic increase in computational capacity is definitely the demand for optimised and
robust structures.

Is the reduction of the computational cost of complex analyses still an issue? Obvi-
ously, structural optimizations and robustness evaluations are still too costly and mea-
sures to reduce cost or obtain the results more quickly, are still needed by the industry in
order for these methods to be regularly used in the development process. The need for
reduction of the computational cost of such analyses is probably even more important for
small and medium-sized companies. For such companies, the methods presented might
enable structural optimization and robustness evaluations without large investments in
computational capacity.

Consequently, efficient analysis methods will also be of interest in the future and
it would be highly interesting to apply the methods presented to large scale industrial
problems. In particular, the IEB method is believed to have high potential and can be
further developed. A more profound proof of the validity of the IEB method is another
interesting topic for further research. It is also believed that the efficiency of product
family optimization can be further increased by combining the ideas of the CCM and
IEB methods.
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Review of appended papers
10

Paper I

Finite Element based robustness study of a truck cab subjected to impact
loading

This paper uses the metamodel based Monte Carlo analysis method. The robustness of
a truck cab subjected to an impact load is studied, i.e. a sensitivity analysis is performed
in order to identify the important design parameters and to study effects from test setup
variations. After several steps in a screening process, where variables that show no
influence on response variations are removed, a final and more detailed sensitivity anal-
ysis is conducted. This analysis shows that the cab design is already quite robust. The
conclusion is that test setup variations may have a major influence on the experimental
variations and that it is also important to consider prior load history, such as the forming
processes, of parts in the structure.

Paper II

Structural optimization of product families subjected to multiple crash
load cases

This paper discusses the problem of structural optimization of product family designs.
The conclusion is that the size of the product family optimization problem depends not
only on the number of design variables but also on the number of product variants and
load cases. For large problems the number of evaluations, i.e. simulations needed to
solve the state problem, becomes very large and it is practically impossible to solve
with traditional methods. Therefore, a new optimization algorithm for product families
is presented that reduces the number of evaluations required by only considering the
constraints active in the optimal solution. This is achieved by identifying a set of critical
constraints that are considered in sequentially performed sub-optimizations. Therefore
the optimization algorithm is called the Critical Constraint Method (CCM). Finally the
CCM algorithm is evaluated on two product family optimization problems.
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Paper III

An improved Critical Constraint Method for Structural Optimization of
Product Families

This paper discusses important improvements in the efficient CCM presented in Paper II.
The original algorithm often converged towards an infeasible solution, which limited the
applicability of the method. Therefore, improvements are presented to make the method
more robust regarding feasible solutions, resulting in only a minor decrease in efficiency
compared with the original method. The improvements include; a penalty approach to
control the feasibility, a dynamic contraction algorithm to increase the accuracy and ro-
bustness, and the implementation of a parallel approach to further increase the efficiency
of the method. The potential of the improved CCM algorithm is also demonstrated on
a large-scale industrial family optimization problem and the conclusion is that the high
efficiency of the method enables the usage of large product family optimization in the
design process.

Paper IV

Evaluation of structural robustness based on internal energy distribution

This paper uses the internal energy distribution in a structure to approximate the in-
fluence of stochastic thickness parameters on a displacement response. The Internal
Energy Based (IEB) method presented is then used to evaluate the structural robustness
based on one single design evaluation, whereas robustness evaluations generally require
an extensive number of design evaluations. However, the accuracy of the IEB method
depends on the structural behaviour. The method is tested for two structures with non-
linear displacement responses caused by impact loads, but it is believed to be applicable
to any structure exposed to a single load case and for response functions related to the
displacement of the loaded area.

Paper V

Structural optimization based on internal energy distribution

This paper uses the IEB method presented in paper IV to approximate the variable sen-
sitivities in gradient based structural optimizations. In this way an approximate solution
is found after only a few design evaluations, whereas structural optimizations generally
require an extensive number of evaluations. However, the accuracy of the approximate
solution depends on the structural behaviour. Here, the IEB optimization method is
tested for two structures and one structural product family, but is believed to be appli-
cable to any structure subjected to a single load case where the functions considered
are related to the displacement of the loaded area and/or the material thicknesses of the
structural parts.
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