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Abstract. - The non-retarded Casimir interaction (van der Waals interaction) between two free
standing graphene sheets as well as between a graphene sheet and a substrate is determined. We
present several different derivations of the interaction. An exact analytical expression is given for
the dielectric function of graphene along the imaginary frequency axis within the random phase
approximation for arbitrary frequency, wave vector, and doping.

The first reference to the material graphene in the literature was made by Boehm et al. [1] in 1962. With modern technology it is now possible to produce large area
graphene sheets and graphene has become one of the most
advanced two-dimensional (2D) materials of today. Due
to its superior transport properties it has a high potential for technological applications [2–6]. A free standing
graphene sheet has a very interesting band structure. The
valence and conduction bands form two sets of cones. In
each set the two cones are aligned above each other with
their tips coinciding at the fermi level. Thus, the fermi
surface is just two points in the Brillouin zone; the value
of the band gap is zero. The energy dispersion in the conduction and valence bands is linear which means that the
carriers behave as relativistic particles with zero rest mass.
When a graphene layer is formed on a substrate the fermi
level moves up or down in energy — the sheet is doped.

to be feasible. This stimulated both theorists [10–15] and
experimentalists [16–19] and the Casimir field has grown
constantly since then. The thermal Casimir effect is not
completely understood yet [20, 21]. These forces are very
important in graphene systems. They are the result of
many-body interactions. Other many-body effects modify
the dispersion of the energy bands [22–27]. The present
work is devoted to the forces.

We derive the Casimir interaction between two graphene
sheets, undoped and doped, and between one graphene
sheet and a substrate. Numerical results are presented
in the range from 1Å to 1µm for experimentally relevant
doping concentrations. The derivations are performed
within the non-retarded formalism. It was demonstrated
in Ref. [28] that retardation effects are not important in
undoped graphene. For doped graphene retardation effects are expected to show up at separations outside the
range considered here. Furthermore, we present explicit
A graphene layer interacts with other graphene layers
expressions for the dielectric function of doped graphene
or with a substrate with Casimir forces, forces that were
on the imaginary frequency axis, in terms of real valued
predicted [7] by Casimir in 1948. In a pioneering work
functions of real valued variables.
Sparnaay [8] tried to experimentally verify the existence
We begin by calculating the interaction energy between
of the Casimir force between two parallel plates. However, the experimental uncertainties were of the same or- two graphene layers. For undoped graphene retardation
der of magnitude as the force itself so the experiment was effects never show up [28] because of the particular band
non-conclusive. The interest in the Casimir force virtu- structure. For doped graphene they do for large enough
ally exploded a decade ago. This increase in interest was separation. We limit the calculation to small enough
triggered by a torsion pendulum experiment by Lamore- separations for the retardation effects to be negligible.
aux [9], which produced results with good enough accu- An estimate of the separation at which retardation efracy for the comparison between theory and experiment fects become important is the separation where the nonp-1
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retarded result crosses the result for two
 perfectly
 reflecting metal half spaces, E (d) = −h̄cπ 2 720d3 . For undoped graphene this crossing never occurs. For doped
graphene it occurs and earlier the higher the doping concentration. For the doping concentration 1 × 1013 cm−2 ,
which is the highest considered in this work, the crossing
occurs at approximately 300µm. We present results for
separations smaller than 1µm so we are well within the
non-retarded regime. Thus we calculate the non-retarded
Casimir interaction or in other words the van der Waals interaction. The interaction energy is then nothing but the
inter-layer correlation energy [29]. At zero temperature it
is given by
h̄
(2π)2

R∞ R∞
0 0


i2 
h ′
α (q,ω)
,
dωdqq ln 1 − e−2qd 1+α
′ (q,ω)

(3)

where v is the carrier velocity which is a constant in
graphene (E = ±h̄vk), and g represents the degeneracy
parameter with the value of 4 (a factor of 2 for spin and a
factor of 2 for the cone degeneracy.) With this particular
screening it turns out that α′ (q/λ, ω/λ) = α′ (q, ω) and
the separation dependence of the interaction becomes very
simple. A change of dummy variables results in

Fig. 1: Feynman diagrams for the correlation energy in the
two graphene sheet system. The ellipses represent polarization
bubbles and the dashed lines the interactions indicated in the
figure. The numbers 1 and 2 refer to which sheet the electron
belongs to. See [29] for details.

Ec (d) =

q2
g
p
,
16h̄ v 2 q 2 − z 2

(1)
where α (q, ω) is the polarizability of one graphene layer.
The prime indicates that the function is calculated along
the imaginary axis of the complex frequency plane. In
terms of the polarizability the dielectric function is given
by ε (q, ω) = 1 +α (q, ω) = 1 − v 2D (q) χ (q, ω)/κ, where
v 2D (q) = 2πe2 q is the 2D fourier transform of the
coulomb potential, κ is the dielectric constant of the surrounding medium, and χ (q, ω) the density-density correlation function or polarization bubble. The feynman diagrams representing this energy are given in Fig. 1. The
force is obtained as minus the derivative of the energy with
respect to separation, d, i.e.,

Ec (d) =

h̄
1
d3 (2π)2

R∞ R∞


i2 
h ′
α (q,ω)
dωdqq ln 1 − e−2q 1+α
′ (q,ω)

0 0
≈ 2.156 d13 J m2 ,

(4)
with the value for v chosen [31] to be 8.73723 × 105 m/s;
d is the distance in Å.
When the graphene sheet is doped the expression for the
density-density correlation function is much more complicated. The retarded version has independently been obtained by Hwang and Das Sarma [32] and by Wunsch [31]
et al. Here we present our general expression in the complex frequency plane, away from the real axis. In particular we give the result on the imaginary axis, which is
where we perform the present calculations. We, just as
in [31, 32], include the contribution from the conduction
and valence bands, only, and assume that the linear dispersion, (E = ±h̄vk), of the bands extends forever. In
the real system the dispersion starts to deviate from linear at some point and transitions from the occupied core
states to empty bands higher up in energy will contribute
to some extent to the screening. We neglect this here.
The linear dispersion should be a good approximation for
|E| ≤ 3eV. Deviations from the linear dispersion are generally expected to modify the results at the low separation
limit of the range we cover here.
In the two next equations we use dimension-less variables: x = q/2kF ; y = h̄ω/4EF ; z̃ = h̄z/4EF . The
density-density correlation function in a general point in
the complex frequency plane, away from the real axis is
o
n
2
χ (q, z) = −D0 1 + 4√xx2 −z̃2 [π − f (x, z̃)] ;


1−z̃
+ asin 1+z̃
f (x, z̃) = asin q
x
x
q

2
z̃−1
z̃+1
z̃−1 2
− x
+ x
.
1− x
1 − z̃+1
x

(5)

The same result holds for excess of electrons and excess of
holes. The expression in Eq. (5) reproduces the results of
Refs. [31, 32] when z approaches the real axis from above,
Fc (d) = 2πh̄2
0
apart from an anomaly in the result of Ref. [32]. The
0 0
(2) expression in their Eq. (8), which should be purely real has
Let us first begin with an undoped graphene sheet. In a an imaginary part. If this is removed their result agrees
general point in the complex frequency plane, away from with both ours and that in Ref. [31].

i2 −1
h
R∞ R∞
′
2
+2qd 1+α0 (q,ω)
.
dωdqq 1 − e
α′ (q,ω)
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Fig. 2: The attractive interaction energy between two graphene
sheets. The straight line is for undoped sheets, while the bent
curves are for doping densities 1×1010 , 1×1011 , 1×1012 , and 1×
1013 cm−2 , respectively, counted from below.

Fig. 3: The attractive interaction energy between two 2D
metallic layers (solid curves). The broken curves show the
contribution to the energy from the doping carriers in Fig. 2.
Both sets of curve are for doping densities 1×1010 , 1×1011 , 1×
1012 , and 1 × 1013 cm−2 , respectively, counted from below.

The result on the imaginary axis can be expressed as
χ′ (q, ω) = χ (q, iω)


2

= −D0 1 + √ x2
4

y +x2



[π − g (x, y)] ;

g(x, y) = atan [h(x, y)k (x, y)] + l (x, y) ;
n
o1/4

2 2
2
2
x2 (y 2 −1)+(y 2 +1)
+(2yx2 )
√
h (x, y) =
,
2
2
n (x2 +yh2 −1) +(2y)2 −(y2 +1)io
2yx
,
k (x, y) = sin 21 atan x2 (y2 −1)+(y
2 +1)2
p l (x, y) =
√
−2x2 (y 2 −1)−2(y 4 −6y 2 +1)+2(y 2 +1)
x2

x4 +2x2 (y 2 −1)+(y 2 +1)2

,
(6)
where the arcus tangens function
q istaken from the branch
where 0 ≤ atan < π, D0 = gn πv 2 is the density of
states at the fermi level and n is the doping concentration.
The density-density correlation function on the imaginary
frequency axis has been derived before in a compact and
inexplicit form (see Ref. [33] and references therein.) Here
we have chosen to express it in an explicit form in terms
of real valued functions of real valued variables.
The numerical results for the size of the interaction
energy between two undoped graphene layers in vacuum
is shown as the straight line in Fig. 2. The bent curves
are valid for doping concentrations 1 × 1010 , 1 × 1011 , 1 ×
1012 , and1 × 1013 cm−2 , respectively, counted from below.
The interaction energy is negative, leading to an attractive
force.
The interaction between two 2D metallic sheets was derived in [29]. To illustrate the difference between the two
systems we show in Fig. 3 the corresponding results for two
2D metallic sheets in vacuum for the same set of carrier

concentrations; we have used the effective mass unity for
the carriers.
According to Langbein [34] the correct asymptotic
power law for the interaction between two objects should
be obtained by simply using summation over pair interactions, but the actual strength of the interaction could not
be obtained this way. For two parallel thin films this gives
the power law d−4 (d−5 ) in the non-retarded (retarded)
limit. We found in [29] that this is not true for a pair of 2D
metallic sheets. We found a fractional power law, d−5/2 ,
in the non-retarded limit (see the straight part of the solid
curves in Fig. 3) and the power law d−3 in the retarded.
Here, we have a system with yet another separation dependence. For a pair of undoped graphene layers the nonretarded interaction varies as d−3 , verifying the prediction
by Dobson et al. [35], and the same power law holds in
the retarded regime. This is the same power law as for
the retarded interaction between two half spaces. The origin of the half-integer behavior for the 2D metal sheets
is the square root dependence of the dispersion curve for
2D plasmons. In doped graphene the plasmon dispersion
curve attains the square root dependence and for larger
separations the interaction varies as d−5/2 (see the rightmost part of Figs. 2 and 3). For small enough separations
the contribution to the interaction from the free carriers
shows a much weaker separation dependence. This is obvious in both Figs. 2 and 3. The change in character occurs
at a separation of the order of the Thomas Fermi screening
length.
Before we treat next geometry which is a graphene sheet
above a substrate it is illustrative to rederive Eq. (1) in
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a different way. In [29] we derived it in two alternative
ways; here we do it in yet another way. Let us assume
that we have an induced carrier distribution, ρ1 (q, ω),
in sheet 1. This
 gives rise to the potential v (q,ω) =
v 2D (q) ρ1 (q, ω) κ and exp (−qd) v 2D (q) ρ1 (q, ω) κ in
sheets 1 and 2, respectively.
The resulting potential in sheet 2 after 
screening by the carriers is
exp (−qd) v 2D (q) ρ1 (q, ω) {κ [1 + α (q, ω)]}, which gives
rise to an induced carrier distribution in sheet 2,
v

ρ1 (q, ω)
(q)
.
κ [1 + α (q, ω)]

2

Energy/unit area (J/m )

ρ2 (q, ω) = χ (q, ω) e

−qd 2D

10-1

(7)

ρ2 (q, ω)
.
κ [1 + α (q, ω)]
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10-10
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In complete analogy, this carrier distribution in sheet 2
gives rise to a carrier distribution in sheet 1,
ρ1 (q, ω) = χ (q, ω) e−qd v 2D (q)
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To find the condition for self-sustained fields, normal
modes, we let this induced carrier density in sheet 1 be Fig. 4: The attractive interaction energy between a graphene
sheet and a gold substrate. The lowest curve is for an unthe carrier density we started from. This leads to
1 − e−2qd



α (q, ω)
1 + α (q, ω)

2

= 0.

(9)

The left hand side of this equation is exactly the argument of the logarithm in Eq. (1). Eq. (1) was derived using many-body theory. In [36] the interaction energy is
derived from the electromagnetic normal modes of the system. One ends up with an identical expression to the one
in Eq. (1) where now the argument of the logarithm is the
function in the condition for normal modes.
If we have a 2D layer (like a graphene sheet) the distance
d above an ideal (perfectly reflecting) metal substrate the
procedure is very similar. We start with an induced mirror carrier density, ρ1 (q, ω), in the substrate. The induced
carrier density in the graphene sheet is given by the expression in Eq. (7) except that now the distance beween
the mirror charge and the graphene layer is 2d instead of
d. Eq. (8) is then replaced by ρ1 (q, ω) = −ρ2 (q, ω), according to the result for a mirror charge at an ideal-metal
interface. The condition for modes becomes

doped sheet, while the other curves are for doping densities
1 × 1010 , 1 × 1011 , 1 × 1012 , and 1 × 1013 cm−2 , respectively,
counted from below. The inset shows the expanded lower right
part of the figure.

metallic sheet, on the other hand, above an ideal metal
substrate there is no convergency problem.
Next we focus on a graphene layer above a real substrate. The derivation is the same as for an ideal metal
substrate until the last step. Now, using the theory of
image charges we realize that the relation between the induced carrier densities is
ρ1 (q, ω) = −ρ2 (q, ω)

εs (ω) − 1
,
εs (ω) + 1

(12)

and the condition for normal modes becomes
1 − e−2qd

α (q, ω) εs (ω) − 1
= 0.
1 + α (q, ω) εs (ω) + 1

(13)

Basically the same condition for modes was derived in a
different way in Ref. [37]. We have neglected spatial dis−2qd α (q, ω)
1−e
= 0,
(10) persion in the substrate; inclusion of spatial dispersion
1 + α (q, ω)
would lead to a higher order of complexity [38, 39] and
would have negligible effects on the present results. To be
resulting in the energy
noted is that spatial dispersion in the graphene sheet is
io
h
n
fully taken into account. From the condition in Eq. (13)
R∞ R∞
α′ (q,ω)
h̄
Ec (d) = (2π)
.
dωdqq ln 1 − e−2qd 1+α
2
follows that the interaction energy is given by
′ (q,ω)
0 0

(11)
R∞ R∞
h̄
dωdqq
Ec (d) = (2π)
2
Unfortunately, for a graphene layer above an ideal metal
0 0
(14)
io
h ′
n
substrate the integral does not converge, without a freα (q,ω) εs′ (ω)−1
.
× ln 1 − e−2qd 1+α
′ (q,ω) ε ′ (ω)+1
quency cutoff; the polarizability dies off too slowly with
s
frequency; the integrand varies as 1/ω for large frequenThe result for a graphene sheet above a gold substrate is
cies. Thus the approximation that the linear dispersion of
the graphene conduction and valence bands extends for- shown in Fig. 4. The dielectric function of gold along the
ever is not applicable in this model system. For a 2D imaginary frequency axis was obtained from experimental
p-4
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data extrapolated in a way described in [10] and by the tions and for future calculations of many-body effects in
use of a modified Kramers Kronig dispersion relation (see graphene.
Eq. (6.75) in [36].) The results presented in Figs. 2-4 become unreliable for separations smaller than the size of the
graphene unit cell, i.e., for d values smaller than a couple REFERENCES
of Å.
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[30] GONZÁLES J., GUINEA F., and VOZMEDIANO M. A.
H., Nucl. Phys. 424 (1994) 595.
[31] WUNSCH B., STAUBER T., SOLS F., and GUINEA F.,
New Journal of Physics 8 (2006) 318.
[32] HWANG E. H., and DAS SARMA S., Phys. Rev. B 75
(2007) 205418.
[33] BARLAS Y., PEREG-BARNEA T., POLINI M., ASGARI R., and MACDONALD A. H., Phys. Rev. Lett.
98 (2007) 236601.
[34] LANGBEIN D., Theory of Van der Waals attraction,
(Springer, New York, 1974,) in the series Springer Tracts
in Modern Physics.
[35] DOBSON J. F., WHITE A., and RUBIO A., Phys. Rev.
Lett. 96 (2006) 073201.
[36] SERNELIUS Bo E., Surface Modes in Physics (WileyVCH, Berlin, 2001).
[37] HORING Norman J. Morgenstern, Phys. Rev. B 80
(2009) 193401.
[38] SERNELIUS Bo E., Phys. Rev. B 71 (2005) 235114.
[39] SVETOVOY V. B., and ESQUIVEL R., Phys. Rev. E 72
(2005) 036113-1.
[40] BORDAG M., FIALKOVSKY I. V., GITMAN D. M., and
VASSILEVICH D. V., Phys. Rev. B 80 (2009) 245406.
[41] DROSDOFF D., and WOODS Lilia M., Phys. Rev. B 82
(2010) 155459.
[42] VANIN M., MORTENSEN J. J., KELKKANEN A. K.,
GARCIA-LASTRA J. M., THYGESEN K. S., and JACOBSEN K. W., Phys. Rev. B 81(2010) 081408.

p-6

