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Abstract

The main performance characteristics of a heli-
copter is its fuel consumption. This paper re-
ports the current state in an ongoing project
seeking a fast and approximative implementa-
tion of mathematical models for helicopter per-
formance predictions, primarily in terms of fuel
consumption. The model is limited to a subset
of the normal operation modes, only including
hover, climb and forward. Also, the focus is
on smaller rotors, i.e. sub-scale rotors in the
range of 1.5m to 4.0m in diameter as used in
unmanned airborne vehicles (VTOL-UAV). The
presented work consists of three parts; the heli-
copter performance mathematical model and the
numerical optimization method used for dealing
with its implicit nature, the approximation grid
scheme and the simulation of flight paths. The
overall objective of the project is to establish an
computational efficient approximative model us-
able for onboard condition monitoring of the he-
licopter performance and fuel consumption.

1 Introduction

The main performance characteristics of a heli-
copter on patrol is its fuel consumption. This
work present a classical model of an lifting ro-
tor as configured in most of todays helicopters.
The model follows closely textbook examples

like [6], [1] and [4]. Most of the work presented
here follows the model outlined in the book of
Leishman, with some modifications. The mod-
eling is focused on sub-scale rotors in the range
of 1.5m to 4.0m in diameter as often found in
unmanned vehicles, VTOL-UAV. Such vehicles
need a fuel monitoring functionality supporting
their ability to return home or finding a safe
landing place in case of command linkage failure.
The presented work addresses that fuel monitor-
ing functionality. In normal operation, a fuel
consumption calculation is performed before-
hand by the operator before take-off using the
ground control station software. Other checks
are also performed like, way-point precision es-
timates, maximum banking angle checks and
retardation distances. Predictions are possible
based upon recent weather forecasts. Newly up-
loaded missions are also subject to similar checks
before uploading, possible less accurate within
the timeframe of operation. Different tools and
techniques for analysis mathematical rotorcraft
models exist and have been studied, [9][2], where
the procedure is analogous to this work even if
the focus is more to control engineering and sta-
bility analysis. There are also examples of scien-
tific work that takes the approximative approach
on a more thorough level, [7].

Consider the following example scenario (see
Fig. 1): An VTOL-UAV (1) take-off from a
land based helipad and starts its (2) route in a
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pre-programmed way-point based mission. (3)
The command uplink fails. The UAV performs
the link recover (4) climb flight pattern and also
starts to evaluate return path targeting differ-
ent stationary or moving helipads in the area.
If all evaluations fail it may turn into an es-
cape route mission for self-termination. During
the planning of the flight paths, the fuel con-
sumption and the reachability of the target way-
point is essential. The onboard computer com-
putational power does not allow for any detailed
calculations or extensive path-planning simula-
tions. Still, it is desirable that the fuel predic-
tion model on ground and in the vehicle is con-
sistent. This is achieved by having an in-air suf-
ficiently good approximation of the model used
on ground.
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Figure 1: The path-planning scenario after a
command link failure.

The work fall into three natural parts, see fig-
ure 2; The helicopter performance model, the
approximation scheme and the path-planning
fuel consumption prediction.

The first part of the work, the helicopter per-
formance model, is based on classical assump-
tions in helicopter theory. The model uses mo-
mentum theory and blade element analysis as
described in the well-known textbooks of Leish-
man and Bramwell. The model is for natural
reasons implicit in that it makes no assumption
of the quantity of induced velocity through the
rotor disc. A linear inlet model of the induced
velocity has been used, forming the shape of the
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Figure 2: The outline of the procedure to estab-
lish an approximative fuel consumption model.

inlet flow and parameterized by λ. The model
is extended from a single rotor to include a tail
rotor and a spherical body.

Secondly, an approximation is built up by pre-
calculated model performance values indexed by
an operating state vector like: [m,V, ρ, Vc]

T ,
that is helicopter mass, forward flight speed, air
density and climb speed. The interpolation rou-
tine then provides an estimated power required
P . Finally, the in-air prediction routine and
model storage is out-lined.

2 Rotorcraft model

The rotorcraft model consist of a main rotor
bale element model, an approximative spheric
body shape and a tail rotor, see figure 3. This
work focus on the generality of the model struc-
ture and the procedure to calculate performance
measures for preliminary design parameter stud-
ies. Therefore the work has strive to accomplish
a working set of numerical solvers and generality
in the model formulation instead of accomplish a
good match to measurement data. A number of
assumptions have been made on the way to that
goal: First, no advanced inlet flow model of the
main rotor disk have been used. Instead a con-
stant average inflow model has been used. Sec-
ondly, the body shape approximation is a sphere
and only provide a force balance for the forward
flight drag. Pitch or roll torques are neglected.
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Thirdly, the tail rotor assumes the same scheme
as the main rotor but always in hover condition.
No forward airspeed or main rotor slipstream
is affecting the tail rotor. Still, induced power,
profile drag loss, body losses and tail rotor losses
together with required climb power is included.
In that way the model includes all five terms in
the performance model, as described by Leish-
man, [4]:
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Figure 3: The idealized model of a helicopter
used in the performance mathematical model in
this work.

2.1 Main rotor model

The main rotor is studied as a separate ele-
ment of propulsion. No airstream analysis is
performed around the rotor and there are not
interaction with tail or body. The applied as-
sumptions are classical and described in many
textbooks on helicopter performance analysis.
Momentum theory and blade element analysis
are used. The induced velocity vi is required to
define the whole of this model and it also reveals
the implicit nature of rotorcraft modeling by the
mutual relation between trust T and induced ve-
locity vi. The rotor is defined by its radius R and
the air is represented by its density ρ.

vi =
1

B

√
1

2

T

ρπR2
(2)

The tip-loss effect has been introduced by the
compensation factor B. The applied blade ele-
ment analysis and momentum theory is straight
forward, however, three different offset linear in-
flow models has also been studied so far in this
work but has been excluded from presentation
in this paper.

2.1.1 Blade element model
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Figure 4: Definition of element quantitates.

The blade element method takes the local
angle-of-attack, α(r,Ψ), into the local forces ap-
plied to the element. In this work limited to lift
dL and drag dD. This results in:

dL =L(α(r,Ψ),M,U) ≈
1

2
ρU2cCl(α(r,Ψ))

dD =D(α(r,Ψ),M,U) ≈
1

2
ρU2cCd(α(r,Ψ))

(3)
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Often the airfoil coefficients are approximated
like Cl(α) ≈ Clα. In this work, most linear sim-
plifications has not been introduced as an readi-
ness for the future progress of the model within
project. U is the local airspeed and c is local
blade chord. The effects of near speed of sound
is neglected and the air is only represented by
its density, ρ.

For the helicopter rotor-head the local α(r,Ψ)
then becomes:

α(r,Ψ) = (Θ− φ) =

[Θ0 + Θ1r −A1 cos Ψ−B1 sin Ψ]−
[
tan−1 UP

UT

]
(4)

Again, the common approximation φ =
UP /UT is not introduced. The local airspeeds
UP and UT is defined in Fig. 4. Also, follow-
ing classical textbooks on helicopter modeling,
the local forces dL and dD are replaced by the
rotor disc lifting force dFz and the counter ro-
tating drag force dFx. From this follows that
these forces are defined as:

dFz = dL cosφ− dD sinφ (5)

dFx = dL sinφ− dD cosφ (6)

From that, given the number of blades Nb, fol-
lows the elements contribution to rotor lift (dT ),
torque (dQ) and power (dP ) requirement:

dT = NbdFz (7)

dQ = NbdFxr (8)

dP = NbdFxΩr (9)

The overall properties of the rotor disk is
given by summing up all element contributions
numerically. In this work the local radial ∆ri,j
length and angular coverage ∆Ψi,j has been
used. A non equal discretization of the rotor
disk may be used.

T =
Nb

2π

NΨ∑
i=1

NR∑
j=1

∆Ψi,j∆ri,jdFzi,j (10)

Q =
Nb

2π

NΨ∑
i=1

NR∑
j=1

∆Ψi,j∆ri,jdFxi,jr (11)

P = Ω
Nb

2π

NΨ∑
i=1

NR∑
j=1

∆Ψi,j∆ri,jdFxi,jr (12)

Notice the quasi-static nature of these results,
the summation is not covering an area but in-
stead a number (NΨ) of positions along the Ψ-
coordinate, hence the 2π factor in the denom-
inator. These three quantities (T,Q, P ) forms
the main objective of the modeling so far in the
project. Also, the local airspeeds UP (r,Ψ) and
UT (r,Ψ) are needed:

UP (r,Ψ) = Vc + vi (13)

UT (r,Ψ) = Ωr + V sin Ψ (14)

UR(r,Ψ) = V cos Ψ (15)

They represent the current state of the airflow
on the inlet side of the rotor. The radial airspeed
UR along the blade is neglected. However, sev-
eral models has been presented to include this
effect as an time dependent state, [3],[5].

2.1.2 Hover flight iterative scheme

The classical approach for solving this in quasi-
static models is to assume an required lifting
force Treq, use that to calculate the average in-
flow airspeed (vi) into the disk and from that es-
timate the local airspeeds at each element. The
sum of all local contributions to the forces on
each blade, the overall lifting force may be cal-
culated. This iterative scheme is repeated until
the assumed T [n−1] and calculated T [n] lifting
forces converge to the same value, that is mini-
mizing:

min
Θ0

(
T [n] − T [n−1]

)2

n ∈ [1..Nih]

T [0] = Treq

(16)
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The variable to minimize upon is Θ0. In all
of this work, the Simplex method of Nelder and
Mead [8] is used as implemented in GNU Sci-
entific Library, GSL1. Also making assumptions
on the Lock number will include flapping and
coning as well. It is not included here.

2.2 Body model

The body is highly simplified and approximated
with sphere with a rough surface. In general the
rotor-body interactions are a most delicate prob-
lem in helicopter analysis both in terms of vi-
brations, performance and noise. Reducing this
comprehensive set of development and research
areas into one single sphere might seem odd, but
fills its purpose well in this application.

2.2.1 Body drag

The drag force FB from the body is then de-
fined by the drag coefficient Cd ≈ 0.47 and the
forward speed V .

FB =
ρCdAref

2
V 2 (17)

The reference area Aref is selected as the cir-
cular area described by RB in figure 3. This
drag force is only balanced by the forward trust
FDx generated by the main rotor and described
as:

FDx = mg sinαs (18)

Where the mass m and gravity g contributes
to the force component in the forward direction.
See the definition of αs in Fig. 3. Following the
iterative scheme described in section 2.1.2 above
we get that the required lifting force can be set
to:

Treq = mg cosαs (19)

Treq is balanced by the lifting force T of the
rotor, see Eq. 10.

1http://www.gnu.org/software/gsl

2.2.2 Forward flight iterative scheme

Given a forward velocity V the scheme for find-
ing the power consumed by the main rotor, P ,
and the torque, Q is given by 12 and 11 above.
By combining Eqs. 2, 10, 17, 18 and 19 we get
a two-dimensional optimization problem like the
following:

min
(Θ0,αs)

(eF )

n ∈ [1..Nis]

T [0] = Treq

(20)

Where:

eF =
eT
sT

2
+

(
KD

eD
sT

)2

(21)

eT = T [n] − Treq (22)

eD = FB − FDx (23)

sT = T [n] + Treq (24)

The factor KD is then chosen to roughly de-
scribe the ratio between the main and tail rotor
trust in ”worst case strained operation”. In this
work KD = 20 have been used with good nu-
merical result. KD affects the convergence speed
and the stability of the iterative scheme.

2.3 Tail rotor

The power consumed by the tail rotor is easily
estimated once the torque of the main rotor (Eq.
11) is identified. The required trust from the tail
rotor is given by:

Treq,tail =
Q

Lbom
(25)

The length Lbom is between the axes of the
main and tail rotors. It is assumed that the
tail rotor operate in no wind. That is of course
a significant approximation. However, for the
overall power estimate it is acceptable. The hov-
ering condition of operation of the tail rotor is
solved in an scheme analogous to the one de-
scribed above for the main rotor in section 2.1.2.
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2.4 Example

The model has been evaluated for several heli-
copters available on the market. One of witch
has been available for some verification is pre-
sented here along with some results on the hov-
ering performance. It is the jet-turbine powered
Lama SA315B scale model RC-helicopter from
Vario Helicopter2. It has a MTOW of 27kg. The
mathematical model include the main rotor and
the tail rotor.

Figure 5: Lama SA315B scale model helicopter
from Vario Helicopter used as example. Photo
by author.

3 Approximation grid

The described model in section 2 have been ap-
plied to a fixed grid of calculation points where
each point is described by a 4-dimensional vec-
tor [m,V, ρ, Vc]

T . For each point, a number of
quantities has been calculated and stored in a
value vector, [Θ0, αs, T,Q, P ]T . Typically, a grid
for one rotorcraft design have 10K to 200K grid
points. The interpolation scheme in use is the
simplest of them all; nearest-neighbor selection.
The current state in the simulation model is used
a search key in the 4D-matrix of grid points.
The point with the shortest distance to the key-
point is selected by making use of indices from
truncating standard functions. No smoothing is
applied. The search scheme then become almost

2http://www.vario-helicopter.de
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Figure 6: The diagram show the hovering per-
formance, V = 0, at different collective pitch
settings. Weight is 21.3kg. There is one mea-
surement point, 209N at 6 degrees. The model
lift (red line) slightly underestimates the lifting
force, T .
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independent of the size of the grid. For example,
the search index, IV , for the velocity V is defined
using the C-runtime library function round() as:

IV = round

(
V − Vmin
Vinc

)
(26)

Any limits included int the rotorcraft model
are included using a validity parameter stored
along each grid point. Defined as 1.0 for a com-
pletely model correct point and less than 1.0 for
grid points restricted by limits like; engine power
limit (Pmax), Θ0 restrictions and main gear box
torque limit (Qmax).

3.1 Example

An approximation grid for the RC-helicopter
from section 2.4 above has been generated at
different sizes. The numerical performance re-
sults can been seen here.

Size [Kpoint] CPU-time [min]

12 11
34 42
192 124

Table 1: CPU time for different grid sizes on
a Intel i7 3.4GHz CPU using a 8-core parallel
implementation.

4 Fuel performance prediction

By making use of the approximative model one
can predict the current power requirement and
fuel consumption. To demonstrate and test this
scheme, a simple flight path description have
been used, where a series of waypoints are vis-
ited along with a requested velocity. The simu-
lation updates the current position of the heli-
copter in a stepwise fashion without any dynam-
ics involved. There are no acceleration or retar-
dation zones close to the waypoints. This tech-
nique may be used for several applications. To
demonstrate, the problem of calculating the fuel
amount needed for a mission given the landing
weight and flight path has been studied. Again
an iterative scheme has been used for solving the

task. Simulation is repeated using different set-
tings on the take-off weight and the final land-
ing weight is matched towards a decired weight
set by the user. The iterative scheme minimizes
the difference between the estimate of the land-
ing weight m

(n)
land and the desired landing weight

msafe by adjusting the take-off weight mto which
includes the fuel to be used. The minimizing
problem looks like:

min
mto

(
m

(n)
land −msafe

)2

n ∈ [1..Nss]
(27)

4.1 Example

Again the example from section 2.4 is used. The
problem of calculating the required fuel level be-
fore flight includes many of the possible appli-
cation of the approximative model. An flight
path according to Fig. 8 has been studied. The
results for different grid sizes is given in table
2. All simulations are performed using a single-
core implementation on an Intel i7 3.4GHz CPU.
The time-step of the simulations are ∆t = 0.2s.
A simulation is done in a fraction of a second,
typically 70ms.

Size [Kpoint] CPU [s] Fuel [kg]

12 1.51 4.19
34 1.52 4.33
192 1.60 4.34

Table 2: Comparison between different grid sizes
for the fuel estimation routine.

5 Conclusion

The procedure presented is part of an ongo-
ing project. It’s characteristics focus more on
the inclusion of phenomenas in helicopter anal-
ysis than qualitative measures. The focus in
the work has been to establish an framework in
terms of a C++ implementation, partly paral-
lel, of the described procedure. The implemen-
tation is also the focus on the future work. It
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Figure 8: The test flight path used for studying
the effect of grid sizes.

makes use GSL3, STL4 and C++ templates and
is a very compact design of the procedure, only
2000 rows in size. From the tests performed dur-
ing the development one can state that making
use of this procedure using the approximative
model reduces the simulation time for a flight
path from about 90s to 70ms. The cost for
that is the establishment of an approximative
grid model that takes about 2h to calculate in
an parallel implementation. It can also be con-
cluded that the use of iterative minimizing al-
gorithms, especially the Simplex method, may
be applicable for the solution of the induced in-
flow problem of rotorcraft rotor analysis, as out-
lined in section 2.2.2. The goal-function of such
a minimizing task is subject to scaling parame-
ters needed for a good numerical characteristics.
Such parameters, exemplified by KD, may have
a interpretation in terms of helicopter perfor-
mance operation measures.

3http://www.gnu.org/software/gsl
4http://www.sgi.com/tech/stl
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