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Abstract

Charge transport below the mobility edge, where the charge carriers are hopping
between localized electronic states, is the dominant charge transport mechanism in
a wide range of disordered materials. This type of incoherent charge transport is
fundamentally different from the coherent charge transport in ordered crystalline
materials. With the advent of organic electronics, where small organic molecules
or polymers replace traditional inorganic semiconductors, the interest for this type
of hopping charge transport has increased greatly. The work documented in this
thesis has been dedicated to the understanding of this charge transport below the
mobility edge.
While analytical solutions exist for the transport coefficients in several simplified models of hopping charge transport, no analytical solutions yet exist that
can describe these coefficients in most real systems. Due to this, Monte Carlo
simulations, sometimes described as ideal experiments performed by computers,
have been extensively used in this work.
A particularly interesting organic system is deoxyribonucleic acid (DNA). Besides its overwhelming biological importance, DNA’s recognition and self-assembly
properties have made it an interesting candidate as a molecular wire in the field of
molecular electronics. In this work, it is shown that incoherent hopping and the
Nobel prize-awarded Marcus theory can be used to describe the results of experimental studies on DNA. Furthermore, using this experimentally verified model,
predictions of the bottlenecks in DNA conduction are made.
The second part of this work concerns charge transport in conjugated polymers,
the flagship of organic materials with respect to processability. It is shown that
polaronic effects, accounted for by Marcus theory but not by the more commonly
used Miller-Abrahams theory, can be very important for the charge transport process. A significant step is also taken in the modeling of the off-diagonal disorder in
organic systems. By taking the geometry of the system from large-scale molecular
dynamics simulations and calculating the electronic transfer integrals using Mulliken theory, the off-diagonal disorder is for the first time modeled directly from
theory without the need for an assumed parametric random distribution.
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Populärvetenskaplig sammanfattning

Laddningstransport under mobilitetsgränsen, då laddningarna hoppar mellan lokaliserade elektrontillstånd, är den dominanta laddningstransportsmekanismen i en
stor mängd oordnade material. Denna typ av inkoherent laddningstransport är
fundamentalt annorlunda än den koherenta laddningstransporten i ordnade material med kristallstruktur. I och med ankomsten av organisk elektronik, där små
organiska molekyler eller polymerer ersätter traditionella inorganiska halvledare,
så har intresset för denna typ av hoppande laddningstransport mångdubblats. Arbetet nedskrivet i denna avhandling har tillägnats förståelsen av denna typ av
laddningstransport under mobilitetsgränsen.
Även om analytiska lösningar existerar för transportkoefficienterna, så som mobiliteten, i flertalet förenklade modeller av hoppande laddningstransport, så finns
ännu inga lösningar som kan beskriva denna laddningstransport i de flesta verkliga
system. På grund av detta så har Monte Carlo-simuleringar, ibland beskrivna som
ideella experiment utförda av datorer, använts i stor omfattning i detta arbete.
Ett speciellt intressant organiskt system är deoxiribonukleinsyra (DNA). Förutom dess överväldigande biologiska betydelse så har DNAs igenkännings- och
självmonteringsförmåga gjort den till en intressant kandidat som en molekylär
strömbärande tråd inom fältet molekylär elektronik. I detta arbete visar vi att
hoppande laddningstransport tillsammans med den Nobelprisbelönade Marcusteorin kan användas för att beskriva resultaten av experimentella studier av DNA.
Genom att använda denna experimentellt verifierade model kan vi dessutom göra
förutsägelser om flaskhalsarna i DNAs ledningsförmåga.
Den andra delen av detta arbete handlar om laddningstransport i konjugerade polymerer, ett av de främsta organiska materialen när det gäller enkelhet
att tillverka. Vi visar att polaroneffekter, som är väl hanterade av Marcusteorin,
kan vara väldigt viktiga för laddningstransporten. Ett betydligt steg framåt i
utvecklingen tas också i modelleringen av den ickediagonala oordningen i organiska system. Genom att generera den rumsliga strukturen i systemet från
molekyldynamiksimuleringar och beräkna de elektroniska övergångsintegralerna
vii
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utifrån Mullikenteori så är den ickediagonala oordningen för första gången modellerad direkt från teoretisk grund, utan att behöva använda en parametrisk sannolikhetsfördelning.

Preface

This thesis contains the results of five years of doctoral studies in computational
physics. These studies took place at Linköping University in the city with the
same name in Sweden. The whole thing started with a diploma work in my
undergraduate studies back in 2005. I was contemplating whether I should try
to find a company to do this diploma work at or if I should aim for the physics
institution (IFM) at the university. This decision was not so much about the
diploma work, which after all was only six months of my life, but rather about the
path ahead of me, afterward. To go to a company meant to pursue a career in the
industry and the physics institution meant future doctoral studies.
As I done so many times when faced with a problem, I called my dear sister.
She convinced me that doctoral studies was the right way to go. I only have a vague
memory of the discussion, but I do remember that she convinced me that a Ph.D.
in physics was indeed cool and I recall the phrase who needs money anyway. I went
to the teacher that had inspired me the most during my undergraduate physics
courses, Prof. Patrick Norman, and asked if he had any diploma work available.
Since a diploma worker works for free, he did of course, but unfortunately he didn’t
have the resources to finance a Ph.D. position afterward. Instead, he guided me
to Prof. Sven Stafström, a shooting star in the physics community with greater
financial funding.
In the meeting with Sven, it turned out that he could offer me a diploma work
and that there was a possibility of a future as a Ph.D. student if I proved myself
able. This was the meeting that started my postgraduate academic journey. The
second thing I remember about this meeting was that I insisted that I wanted
to do something with quantum mechanics and that there shouldn’t be too much
programming involved.
There was a lot of programming involved in the results presented in this thesis.
Furthermore, the reader will only find a single lonely bra-ket pair (in section 2.8,
don’t miss it). Fortunately, after these five years, I wouldn’t have it any other
way.
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As might have become apparent, I have quite a few people to thank just for
starting my graduate studies and I have become in debt to even more people during
these five years. I will end this chapter with an attempt to mention every one of
them, but first I will give the outline of this thesis.
First of all, this thesis is about charge transport below the mobility edge. This
type of charge transport occurs in disordered materials. Chapter 1 contains the
introduction where some groups of these materials will be discussed. This chapter
also lists some applications of these materials with respect to charge transport.
Chapter 2 will cover the basic theory. Here, the way to model charge transport
below the mobility edge will be discussed and various theoretical achievements
using this model will be mentioned. The most important part of this chapter for
the rest of the thesis is the two different expressions for the transition rate of a
charge carrier between two localized states.
There are some advances made in finding analytical solutions for the charge
transport coefficients in materials subject to charge transport below the mobility
edge. These are discussed in chapter 3. Unfortunately, in most real materials,
these are not enough and chapter 4 discusses a computational method to find the
transport coefficients – the Monte Carlo method.
In the end of this thesis, the reader will find the list of publications and some
short comments on the papers in this list. Paper I and II are about charge transport in DNA and paper III and IV are about charge transport in conjugated
polymers. The papers are appended after the comments on them. The sheer
number of papers in this thesis is not overwhelming. A lot of the effort made
in this work has gone into the programs used to create the results presented in
those papers. In an attempt to reflect this hidden effort, a very simple but still
functional implementation of a Monte Carlo simulation of charge transport below
the mobility edge is included in appendix A.
With the outline out of the way, I think it is suitable to start by thanking
my supervisor, Sven Stafström, for the opportunity, the guidance, and the help
over these five years. What he lacks in time, he makes up for in knowledge; a five
minutes discussion with him usually results in two weeks of work for me.
The second person I must give my deepest thanks to is my friend and coworker Mathieu Linares. This thesis would be half as good and probably two
weeks delayed if it were not for him. His wealth of knowledge in computational
chemistry was imperative for the last paper and I think he has truly earned his
title as an Ass. Professor.
Even though the professional collaboration with the rest of the scientists in
the Computational Physics group has been to a smaller extent than I would have
liked, they have made my days here at the university so much brighter. All of you
have my sincerest gratitude, but a special thanks goes out to Jonas Sjöqvist for
his never-ending supply of topics of discussion at the coffee breaks and, perhaps
most important of all, for putting up the lunch menus every single week. As I
explained above, I owe Patrick Norman a huge gratitude for inspiring me enough
to choose this path.
I should also include the Theoretical Physics group, whom we have shared
many lunches and coffee breaks with. A special thanks goes out to Björn Alling
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for answering many of the questions I’ve had in the process of writing this thesis.
I have enjoyed my teaching duties in the undergraduate courses at the university very much. This is in large part due to the examiner of the course I was
assigned, Kenneth Järrendahl. He gave me and my fellow teaching assistant, Peter
Steneteg, a lot of responsibility, which really gave meaning to the work. Thank you
both. I should of course also thank the students for their attention and interest.
There is quite a lot of academic credits to collect before you can call yourself
a doctor in technology. In regards to this, I am in debt to Irina Yakimenko for
the many courses she has given and her overwhelming kindness and flexibility. I
will also take this opportunity to once again say thank you for all the times you
unlocked my door when I have locked myself out.
From a more practical point of view, I am very grateful to our past, Ingegärd
Andersson, and present, Lejla Kronbäck, administrator of the group. I would
probably still be filling out my study plan instead of writing this thesis, if it were
not for them.
I would like to thank all of you that I have practiced floorball and football with
during my time here at the university. These sessions have kept my head above
the water during the stressful times. I would like to thank Mattias Andersson
for not missing a practice and Louise Gustafsson-Rydström for paying the bill. I
would also like to thank Gunnar Höst and Patrick Carlsson for introducing me to
the second best football team in the Korpen league in Linköping.
The last person I would like to thank that has been directly involved in my
studies here at the university is Davide Sangiovanni. Your friendship has been
very important to me during the last years and you are one of the kindest persons
I know.
I will also take this opportunity to mention everyone else that I am thankful
for, even though they were not directly involved in the writing of this thesis or the
work behind it. A huge dedication goes out to my friends back home in Örebro;
Ahrne, Emma, Henrik, Larse, and Madelene. Most of you have been with me since
high school and I hope you stay with me until I die. One person I know will stay
with me until then is Marcus Johansson. We survived kindergarten together and
unless you get lost in a mine shaft, we will survive anything else. I would also like
to mention Peder Johnsson. You were my brother for many years and I hope you
will be again someday.
Cecilia, my girlfriend, you have turned the last years of my time here at the
university into gold and you have not only endured my bad mood during the
writing of this thesis, you have also helped me improve it. I am truly grateful for
this and I am truly grateful for you.
If it were not for my sister, Jenny, I would not have the opportunity to write
this thesis. You are so dear to me. So is your quickly expanding family; Peter,
Izabel, Julia, and Jonatan. I will also include my grandmother, Inga, here.
Finally, my parents, Lars and Lise-Lotte. Where would I be without your
endless love and support.
Mattias Jakobsson
Linköping, January 2012
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1

Introduction

This thesis is about charge transport below the mobility edge, a type of charge
transport which occurs in disordered materials. The charge transport will be
discussed in detail in the next chapter. In this chapter, we will briefly discuss
what is a disordered material and mention some interesting groups of disordered
materials with respect to charge transport. These groups have in common that
they all consist of organic materials, i.e., all materials discussed in this chapter
contain carbon atoms.
The second part of this chapter lists some important applications of charge
transport in disordered materials. Almost all of these are organic variants of an
inorganic counterpart, such as light-emitting diodes and field-effect transistors.
The exception is the application of DNA as a molecular wire, which is discussed
in the end of this chapter.

1.1

Disordered materials

A crude way to divide solid materials in two is by taking ordered crystalline materials in one group and disordered materials in another. All atoms in a crystalline
material can be found from a periodic Bravais lattice and an associated basis [1].
In a disordered material, there is no compact way to describe the position of the
atoms and to know the exact system, a complete list of the atomic coordinates are
needed.
Below, molecularly doped polymers, conjugated polymers, and DNA will be
discussed. This introduction will only touch briefly upon each type of material
and give references for the interested reader. Perhaps the most important thing to
take from this chapter is that to simulate charge transport in a disordered system,
the material is modeled as in Fig. 1.1.
1
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Figure 1.1. A schematic view of a disordered material from the point of view of hopping
charge transport. Each circle represents a transport site with three attributes: (i) a position, (ii) a radius corresponding to a localization length, and (iii) a shade corresponding
to an energy.

In a disordered material, the charge carriers do not reside in spatially delocalized states, as they do in crystalline materials. Instead, they are hopping between
localized states. The spatial localization can be over a molecule, a polymer segment, or a whole polymer chain, etc. Such a localized state is usually called a
transport site for the charge carriers and is represented by a circle in Fig. 1.1.
A site is defined by only three attributes. The first attribute is a position,
e.g., a vector to the center of the localized wave function. The second attribute
is a localization length, which gives the spatial extent of the wave function. The
final attribute is an energy, given by the eigenvalue of the wave function. This is
the energy associated with a charge carrier occupying the site. All of this will be
discussed further in chapter 2, but this rudimentary description is useful for the
rest of this chapter.
The very simplified model summarized in Fig. 1.1 can be used to describe the
charge transport in all materials discussed in this chapter, from materials based
on small molecules to DNA macromolecules in solution. While a more detailed
description is possible and used in papers III and IV, the model in Fig. 1.1 has

1.1 Disordered materials
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proven to be detailed enough to predict a wealth of charge transport properties in
disordered materials. A more detailed picture is needed, however, to understand
why this model works and to find suitable values for the attributes of the sites.
The aim of chapter 2 is to provide this picture.

1.1.1

Molecularly doped polymers

Molecularly doped polymers (MDP) is an excellent material for investigating hopping charge transport, i.e., the type of charge transport this thesis concerns. A
MDP consists of a polymer matrix that exists to keep molecules doped into the
material separate. A schematic view is shown in Fig. 1.2. The materials are chosen so that the charge transport takes place via hopping between the molecules
doped into the polymer matrix, i.e., the molecules are the transport sites for the
conducting charge carriers. The host polymer is insulating, at least with respect
to the charge carrier type under study (electrons or holes).
As will be made apparent in chapter 2, the average distance between the sites
is an important parameter to determine the charge transport coefficients in a
disordered material. In MDP, this parameter is easily varied by varying the concentration of molecules doped into the polymers. Furthermore, by replacing the
doped molecules with molecules of another type, the localization length and the
energy distribution can be varied, albeit in a less straight-forward manor. These
properties and the use of MDP in xerographic photoreceptors are the most important reasons for the large interest in MDP in the field.
The first type of MDP that went through thorough study was 2,4,7-trinitro-9fluorenone (TNF) doped in poly-n-vinylcarbazole (PVK). This study was made by
W. D. Gill [2]. Pretty soon, polycarbonate (PC) replaced PVK as the insulating
polymer with some competition from polystyrene (PS). The transport molecule has
been varied quite freely. Some examples are a pyrazoline compound (DEASP) [3,
4], p-diethylaminobenzaldehyde-diphenyl hydrazone (DEH) [5, 6], triphenylamine
(TPA) [7, 8], triphenylaminobenzene derivatives (EFTP) [9–11], and N-isopropyl

Figure 1.2. A schematic view of a molecularly doped polymer.
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carbazole (NIPC) [7, 12, 13]. A lot of the results are reviewed in Ref. [14] and [15].

1.1.2

Conjugated polymers

The discovery of conductive polymers was made by Alan J. Heeger, Alan G. MacDiarmid, and Hideki Shirakawa in 1977 [16,17]. They found that the conductivity
in polyacetylene films could be increased by up to seven orders of magnitude by
doping with the halogens chlorine, bromine, or iodine. This discovery and their
subsequent development of the field of conductive polymers eventually lead to
the Nobel prize in chemistry in the year 2000 [18]. A comprehensive review of
conducting polymers is given in Ref. [19].
Conjugate originates from the Latin conjugatus, which means to join or unite.
In a conjugated polymer, the valence π-electrons of the atoms are delocalized
(united) over the polymer. If the polymer chain is perfectly planar without kinks
and twists between the monomer units, a charge carrier is delocalized over the
whole chain. In practice, the polymers in the thin films used in electronic devices form more of a spaghetti-like mass, where kinks and twists are common. In
this case, the charge carriers are localized to smaller segments of the polymers.
These segments are usually called chromophores and consist of a small number of
monomers that happen to be void of any substantial deformations [20].
In the picture of Fig. 1.1, the chromophores make up the transport sites. Both
the energy and the localization length depend on the number of monomers in the
chromophore, since the molecular orbitals change with the number of repeated
monomer units. Charge transport can still occur along a polymer chain by intrachain hopping, but a charge carrier can also make an inter-chain transition to an
adjacent chain.
The fact that a chromophore is not spherical makes the picture in Fig. 1.1 far
from ideal. This issue is addressed in paper III by explicitly taking into account

Figure 1.3. Three conjugated polymers: (a) trans- and (b) cis-polyacetylene and (c)
poly(p-phenylene vinylene).
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the structure of a chromophore as a repeated number of monomers. In paper IV,
the full atomic structure of the chromophores is included in the model.
Typical conjugated polymers are linear polyenes, such as trans-polyacetylene,
cis-polyacetylene, and polydiacetylene. The former two variants are shown in
Fig. 1.3(a) and (b). All of these variants are naturally semiconductors, but by
careful preparation and doping by iodine, polyacetylene have shown a metallic
conductivity as high as 105 S/cm [21, 22]. Poly(p-phenylene) (PPP) and poly(pphenylene vinylene) (PPV) are two examples of light emitting conjugated polymers. PPV is displayed in Fig. 1.3(c).

1.1.3

DNA

DNA, deoxyribonucleic acid, is the carrier of genetic information for all living
organisms with the exception of RNA viruses. Fig. 1.4 shows a segment of the DNA
macro-molecule. A single strand of DNA (ssDNA) is build up from units called
nucleotides. These nucleotides consist of a sugar and phosphate backbone joined
together by ester bonds and a nucleobase molecule. The nucleobase molecule can
be one out of four kinds: adenine (A), cytosine (C), guanine (G), and thymine
(T). The different nucleotides are shown in detail to the right in Fig. 1.4.
A single strand of DNA can be constructed from any sequence of nucleotides,
regardless of the order of the nucleobases. Hence, an arbitrary code built up from
the quaternary system {A, C, G, T} can be stored in the strand. Nucleotides can
also form bonds orthogonal to the strand, as shown in Fig. 1.4. Two nucleobases
joined together like this is called a base pair. Unlike the nucleotides making up
one strand, nucleotides forming base pairs can only bond if the nucleobases are
adenine and thymine (A-T) or guanine and cytosine (C-T).
By forming base pairs, a ssDNA can turn into a double strand of DNA (dsDNA). Since adenine only bonds with thymine and cytosine only bonds with guanine, the two strands carries in principal the same information and can be taken
as two copies of the same code. The new strand formed carries the complementary DNA sequence of the original strand. This is the mechanism behind DNA
replication. A dsDNA is separated into two single strands and new nucleobases
are allowed to pair with both of the two single strands. After all pairs have been
formed, the two new double strands of DNA are exact copies of the original double
strand.
While the importance of the DNA molecule is enough to justify a myriad of
Ph.D. theses, one might question its position in a thesis about charge transport.
This question will be addressed in section 1.2.4, but one short answer is that
DNA could potentially be used as a molecular current-carrying wire. A rather
fundamental prerequisite for this is that DNA should be able to transport charges.
If DNA indeed can do this has proven to be a simple question with a complicated
answer.
Experimentally, DNA has been classified as an insulator [24–30], as a semiconductor [31–33], and as having metallic conduction [34–36]. In one particular
case [35], it was even classified as a superconductor below a temperature of 1 K,
although this has never been reproduced. In two cases [34, 35], longer DNA se-
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Figure 1.4. A deoxyribonucleic acid (DNA) double helix and its base pairs adenine
(A), cytosine (C), guanine (G), and thymine (T) (The illustration was created by Richard
Wheeler [23]).

quences over 20 nm in length were classified as conductors, while in the majority
of the experiments, only shorter sequences were deemed conducting.
In all of the experiments that found DNA to be an insulator, the DNA molecule
was placed on a surface. In several of these cases [26,29,30], the height of the DNA
molecule was measured and found to be less than its nominal height. This would
mean that the molecule was deformed, most likely due to the adsorption on the
surface. This was investigated further by Kasumov et al. [37], that concluded that
the soft DNA molecules were indeed deformed when placed on a mica surface.
Furthermore, they found these DNA molecules to be insulating, while molecules
carefully prepared not to deform were instead conducting.
Another reason for the discrepancy between the experimental results seems
to be the contacts between the DNA molecule and the electrodes. It appears as
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efficient charge injection requires these contacts to form through covalent bonding
and not just through physical contact [38, 39]. The conclusions that can be drawn
from the many direct measurements of electrical transport through single DNA
molecules is that DNA can conduct a current, but a non-deformed structure and
proper contacts are crucial for this.
Theoretically, the charge transport in DNA can be described as a hopping
process where the charges are localized to the nucleobases, i.e., the nucleobase
molecules are the transport sites [40–44]. If a sequence of two or more nucleobases
of the same type are adjacent to each other in the same strand, a localized state
may form over the whole sequence. This is addressed in paper I and II.

1.2

Applications

A major reason for the interest in organic materials for use in electronic devices
is cheap and easy processability [45]. This is the motivation behind the development of the organic light-emitting diode (OLED), the organic field-effect transistor
(OFET), and the organic photovoltaic cell (OPVC), all of which have inorganic
counterparts. Most of these are based on conjugated polymers. Many novel applications also exists, which are impossible or economically unthinkable to do with
inorganic materials. Two examples are lightweight portable electronics and disposable electronics [46, 47]. While most of the references in this section lead to
experimental work, progress has also been made to theoretically model organic
electronic devices [48].

1.2.1

OLEDs

Electroluminescence was first observed in an organic compound in 1953 [49, 50].
While this was of great scientific interest, the practical applications were limited
by the low conductivity in the contemporary organic materials. These materials,
such as anthracene crystals and anthracene doped with tetracene, required electric
fields well above 1 · 106 V/cm to activate the luminescence [51, 52].
The obstacle of high driving voltages was partially overcome by better cathode
materials and by using thin films of the organic compound [53]. In 1987, Tang and
VanSlyke presented for the first time an electroluminescent device that could be
driven by a voltage below 10 V [54]. This was dubbed the Kodak breakthrough.
The diode consisted of a double-layer of aromatic diamine and metal chelate complexes. The anode was made out of indium-tin-oxide (ITO) and the cathode out of
a magnesium and silver alloy. ITO is a particularly suitable material for OLEDs,
since it is transparent in the visible region. In 1990, it was demonstrated that
PPV could be used to create a polymer light-emitting diode (PLED) [55].
A schematic view of an OLED is shown in Fig. 1.5. The operation is as follows.
Electrons are injected at the cathode into the LUMO of the organic material. This
is facilitated by choosing a low work function material for the cathode roughly
equal in energy to the LUMO of the emissive layer. At the same time, holes are
injected into (or equivalently, electrons are extracted from) the HOMO at the
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Figure 1.5. A schematic view of an organic light-emitting diode (OLED).

anode. This is facilitated by choosing a high work function material similar in
energy to the HOMO of the conductive layer.
When the charge carriers have been injected into the device, electrostatic forces
will serve to move the electrons through the emissive layer towards the conductive
layer and the holes in the opposite direction through the conductive layer. When
they meet, an exciton may form from an electron-hole pair. Since the electron
mobility is usually lower than the hole mobility in organic semiconductors, the
recombination occurs closer to the cathode in the emissive layer. The decay of
these excitons will be accompanied by a release of energy in the form of a photon
with a wavelength in the visible range. The wavelength is given by the difference
in energy between the HOMO and the LUMO.

1.2.2

OFETs

In 1987, Koezuka et al. reported that they had been able to fabricate the first
actual organic field-effect transistor [56]. The device, made out of polythiophene
as the active semiconducting material, was stable and could increase the sourcedrain current by a factor of 100-1000 by applying a gate voltage. Small organic
molecules, such as pentacene and α-sexithiophene (α-6T), seem to be the best
suited active material in OFETs from a performance perspective [57]. Polymers,
however, have an advantage when it comes to processability.
Fig. 1.6 shows a schematic view of an OFET. An OFET operates as a thin
film transistor and have three terminals: a gate, a source and a drain. The gate
terminal and the organic semiconductor are separated by an insulating dielectric,
while the source and drain are attached directly to the semiconducting material.
Fig. 1.6 shows a top contact, bottom gate structure, where the source and drain are
put on top of the semiconductor. An alternative is the bottom contact structure,
where the source and drain are attached to the dielectric and the semiconducting
material covers them. The semiconductor may also be put directly on the substrate
with the dielectric and gate on top to produce a top gate OFET.
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Figure 1.6. A schematic view of an organic field-effect transistor (OFET).

Regardless of the structure, a conducting channel is opened up in the organic
semiconductor by applying a voltage to the gate terminal. If the semiconductor is
of p-type (holes are the majority charge carriers), the gate voltage will cause holes
to build up near the interface to the dielectric in the semiconducting material. A
voltage applied to the source and drain will then make these holes move from the
source to the drain, i.e., a current will flow and the transistor will be switched on.

1.2.3

Solar cells

The development of organic solar cells has been supported by the extensive survey of organic semiconductors made during the development of the OLED. While
organic solar cells suffer from low conductivity relative to their inorganic counterparts, this is compensated by a high absorption coefficient, i.e., the ability to
absorb light, and the potential for a much cheaper production cost [58].
An organic photovoltaic cell uses an organic semiconductor to convert light into
a voltage. The first generation of OPVCs consisted of a single layer of an organic
semiconductor wedged in between two electrodes. The single layer material could
be, e.g., hydroxy squarylium [59] or merocyanine dyes [60]. By choosing a material
with a high work function for the anode and a low work function material for the
cathode, electrostatic forces will move the electrons toward the anode and the holes
toward the cathode, i.e., separating the excitons into free charges. In practice, this
is a very inefficient technique due to the frequency of recombination of the slowmoving exciton electron-hole pairs in the organic semiconductor.
A breakthrough in organic photovoltaics came with the discovery of the ultrafast charge transfer between the conjugated polymer poly[2-methoxy,5-(2’-ethylhexyloxy)-p-phenylene vinylene] (MEH-PPV) and Buckminsterfullerene (C60 ) [61].
Later, the use of C60 derivatives, such as PCBM [62], became standard. Interfaces
between these electron donor and acceptor materials could be used to efficiently
separate the excitons and prevent recombination. The interfaces are created by
using bi-layer OPVCs, also called planar hetero-junctions, or by dispersing the
donor and acceptor material into each other, creating bulk hetero-junctions.
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Figure 1.7. A schematic view of an organic photovoltaic cell (OPVC).

Fig. 1.7 shows a schematic view of a bi-layer OPVC. The operation is the
reverse of an OLED. Photons are absorbed in the electron donor material. The
extra energy is used to excite an electron up into the LUMO state. This creates a
hole in the HOMO state the electron left behind and the electron-hole pair forms
an exciton. At the interface between the electron donor and acceptor material,
the electron can make an ultra-fast charge transfer into the acceptor material and
there by splitting up the exciton, while creating two free charges in the process.
Due to electrostatic forces, the electrons travel to the anode, while the holes go
to the cathode. This creates a potential difference between the two electrodes.
For a comprehensive account of the function of an organic solar cell, the reader is
referred to Ref. [63].

1.2.4

DNA as a molecular wire

While small organic molecules and conjugated polymers are already in use in
applications today, DNA, as a conductor of electricity, is still only on the horizon.
The field of molecular electronics started with a few visions in the 1970s and
1980s [64, 65]. Since then, this has become an active field of research [66].
As the name might suggest, the concept of molecular electronics is to use single molecules as electronic components. These components can be simple switches
and transistors, but also more complex logical and computing units have been envisioned [67,68]. Two properties makes DNA an attractive candidate as a building
block in molecular electronics: recognition and self-assembly [46]. The recognition
property is the ability to make selective bonds to other units. This is the same
mechanism that allow for the DNA replication process, i.e., guanine only bonds
with cytosine and adenine only bonds with thymine. The self-assembly property is
the ability of DNA molecules to spontaneously organize into an ordered structure.
This can be used to achieve the desired length and sequence of the molecules. If
the ability to be a good conductor can be added to these properties, DNA would
make an excellent molecular wire.
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Besides the use as a molecular wire in molecular electronics, charge transport in
DNA is interesting from a biological perspective. Charge transport is believed to
play an important role when it comes to DNA damage and repair [69]. Mutations,
or damage, to DNA is responsible for both a wide range of human diseases and
the evolution of life on earth.
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CHAPTER

2

Theory

This chapter covers the theory necessary to study charge transport below the mobility edge. We start by defining the concept of the mobility gap and to describe
what happens with the charge transport as we move inside this gap. Then, according to the scope of this thesis, we focus on the theory available and the concepts
central for the case of charge transport below the mobility edge.
The main result of this chapter is expressions for the transition rate or, equivalently, the transition probability of a charge carrier between two electronic states.
These expressions concern other-sphere charge transfer, which is the opposite of
inner-sphere charge transfer where the bond involved in the process is covalent.
Looking back at Fig. 1.1, what we seek in this chapter is the number of transitions
per unit time a charge carrier is expected to make from one circle to another. To
determine these numbers, we need the three attributes of the circles: the position,
the localization length, and the energy. Once we have these numbers, the methods described in the next chapters can be used to find the macroscopic charge
transport coefficients of the system.
The energy distributions of the available electronic states and how the charge
carriers occupy these states are important to describe the charge transport process and will be studied in detail in this chapter in the context of Miller-Abrahams
theory. This is followed by an overview of Marcus theory, which is a refinement
of Miller-Abrahams theory for outer-sphere charge transfer. In both these theories, approximations for the molecular transfer integrals are needed and will be
discussed. Finally, this chapter ends by defining the transport coefficients that we
are trying to predict.
13
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2.1

Theory

Delocalized and localized states

Bloch’s theorem states that the eigenstates of the one-electron Hamiltonian in a
Bravais lattice can be expressed as a plane wave multiplied by a function that
commensurate with the lattice [1]. Given a wave vector k and a band index n, the
eigenstate is expressed as
ψnk (r) = eik·r unk (r),
(2.1)
where the function unk (r) is periodic in the lattice, i.e.,
unk (r + R) = unk (r)
if R is a Bravais lattice vector. This eigenstate is a solution to


~2 2
∇ + U (r) ψ(r),
Hψ(r) = −
2m

(2.2)

(2.3)

given that the external potential is periodic,
U (r + R) = U (r).

(2.4)

The probability density of finding an electron at a point r (with a wave vector k
and a band index n) is given by the squared norm of its wave function,
Pnk (r) = |ψnk (r)|2 = |unk (r)|2 .

(2.5)

Since unk (r) is periodic in space, the probability density will also be periodic and
the probability to find the electron will be greater than zero somewhere in each
unit cell in the Bravais lattice (except for the not so interesting case of unk (r) = 0).
Such a delocalized state ψ, given by Eq. 2.1, is called a Bloch state and exists in
all crystal structures, whether it is a metal, semi-conductor or an insulator.
The deviation of a material from a perfect crystal structure is usually called the
disorder of the system. This disorder may be caused by, e.g., thermal vibrations of
the atoms or from impurities introduced willingly (doping) or unwillingly (defects)
into the material. As the disorder increases, the delocalized states can become
localized to a spatial region. This is called Anderson localization, named after the
scientist that first predicted this phenomenon [70]. A localized wave function can
be expressed as


1
ψ(r) ∼ exp − |r − r0 | .
(2.6)
α

Here, r0 is the localization point for the electron and α the localization length
that determines the decay of the wave function as the distance from r0 increases,
as shown in Fig. 2.1.
When the disorder is weak, the extended Bloch waves of a perfect crystal can
still be used to describe the system and the transport coefficients are calculated
using the Boltzmann transport theory [71]. For stronger disorder, delocalized and
localized states co-exist. This is true even for amorphous materials [46], although
the delocalized states are no longer Bloch states, since there is no longer a welldefined lattice. If electrons are considered, the delocalized states are higher in
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Figure 2.1. A localized wave function with localization point r0 and localization length
α.

energy than the localized and hence there exists a cross-over energy, εc , that
separates the delocalized states from the localized (see Fig. 2.2). This energy was
dubbed the mobility edge by Sir Nevill Francis Mott [72], since the charge carrier
mobility in the system usually drops by several orders of magnitude as the Fermi
level crosses this value. For holes, the relationship is reversed and the localized
hole states exists energetically above the delocalized states, separated by a valence
mobility edge εv . The area between the valence and conduction mobility edge, as
illustrated in Fig. 2.2, is called the mobility gap.

Figure 2.2. Schematic view of the mobility, µ, as a function of the energy, ε. εc and εv
marks the mobility edges in the conduction and valence band, respectively.
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2.2

Theory

Charge transport below the mobility edge

If the Fermi energy is well within the mobility gap, the charge transport is no
longer taking place in the delocalized states, but instead the charge carriers move
via direct tunneling between the localized states. This type of charge transport is
called hopping charge transport and the states are usually called transport sites in
the terminology developed for this field. This was mentioned briefly in chapter 1.
A hop refers to a transition of a charge carrier between two different localized
states. The terms hop and transition will be used as synonyms throughout the
rest of this thesis.
Simply speaking, a transition between two localized states are limited by two
factors. First, the tunneling probability decreases as the distance between the
states increases. If νij and rij are the transition rate and distance, respectively,
between two sites with index i and j, this dependence is given by


2rij
,
(2.7)
νij ∼ exp −
α
where α is the localization length defined in the previous section.
The second limitation is the inelastic nature of a transition between two localized states. In general, a charge carrier occupying a site i has a different energy
than a charge carrier occupying another site j. This makes it necessary to either
absorb or emit energy for a transition to take place. The simplest form to describe
this dependence on the energy difference, εj − εi for electrons, is


εj − εi + |εj − εi |
νij ∼ exp −
,
(2.8)
2kT
where k is the Boltzmann constant and T the absolute temperature. If the charge
carrier is a hole instead, the sign of the energy difference, εj − εi , should be
the opposite, εi − εj . This expression was developed by Allen Miller and Elihu
Abrahams [73] and is the central equation of Miller-Abrahams theory. Both Eq. 2.7
and 2.8 will be discussed in more detail in the rest of this chapter.
The energy needed for a charge transfer to occur is usually taken from phonons
in the system, which is the reason why hopping charge transport is said to be
phonon-assisted. This makes the temperature dependence of hopping charge transport and classical band transport theory radically different. In a crystalline material, decreasing the temperature reduces the disorder and hence the electron scattering in the system, so the conductivity increases as the temperature decreases
and remains finite at zero temperature. For hopping transport, reducing the temperature reduces the number of available phonons and, hence, the conductivity
decreases with decreasing temperature and vanishes as T → 0.

2.2.1

Density of states

As discussed above, the energy difference between two localized states plays a
crucial role for the probability of a charge carrier transition between them. When
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studying the charge transport in the system as a whole, these energy differences are
conveniently described by the density of states (DOS), which is a central concept
for the theory of charge transport in disordered materials. In the nomenclature of
hopping charge transport, the DOS is often referred to as the diagonal disorder.
Very generally, the DOS can be written as
 
N
ε
g(ε) = G
,
(2.9)
ε0
ε0
where N is the concentration of sites, ε0 gives the energy scale of the DOS function,
and G is a dimensionless function dependent on the particular material. In most
disordered materials [46], the DOS in the mobility gap can either be described by
an exponential distribution,
 
N
ε
g(ε) =
ε ≤ 0,
(2.10)
exp
,
ε0
ε0
or, in particular for organic materials, a Gaussian,


N
ε2
g(ε) = √
exp − 2 .
2ε0
2π ε0

(2.11)

Most of the theory in this chapter requires an explicit analytical expression for
the DOS function, but the most simple treatment arise instead with the assumption
that the width of the DOS is small compared to the thermal energy, kT , rendering
the shape of the DOS moot. This case is studied further in section 2.4.

2.3

Percolation theory

Even given an expression for the transition rate of a charge carrier between two
sites in a system, e.g., Eq. 2.7 and 2.8 together with their parameters, it is not a
trivial task to find the macroscopic transport coefficients of the system as a whole.
The problem can be modeled as a resistance network, where the sites (nodes) are
linked and each link has an associated resistance, Rij , that determines how difficult
it is for a charge carrier to make a transition across the link. These resistances are
directly related to the transition rates. A schematic view of a resistance network
is shown in Fig. 2.3.
To treat a system such as the one in Fig. 2.3, percolation theory is used [74]. If
the resistances fluctuate widely, the system is said to be strongly inhomogeneous.
This would be the case if the resistances could be expressed by
Rij = R0 eξij ,

(2.12)

where the random variable ξij varies over an interval much larger than unity for
the links in the network. According to percolation theory [74], the magnitude of
the network’s macroscopic conductivity is then given by
σ = σ0 e−ξc ,

(2.13)
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Figure 2.3. A random resistance network modeling charge transport through a system.

where ξc is given by the percolation threshold, which will be discussed next.
The bond problem in percolation theory can be stated as follows. Consider an
infinite system of nodes, e.g. the system shown in Fig. 2.3 but made infinite in all
directions. Let two adjacent nodes be connected if the resistance between them is
less than a certain threshold value R, i.e.,
Rij ≤ R.

(2.14)

This is called the bonding criterion. Given R, what is the probability, P (R), that
a random node in the network is connected to an infinite amount of other nodes?
To illustrate the bond problem, Fig. 2.4 shows a small part of an infinite system
of nodes. If R is small, not many bonds will be formed in the system and P (R)
is equal to zero. This corresponds to Fig. 2.4(a). As R is increased, more and
more bonds form in the system and connected clusters start to appear, as shown
in Fig. 2.4(b). In Fig. 2.4(c), R has become large enough to form a path of
connected nodes through the system and any node on this path could in principle
be connected to an infinite amount of other nodes. This means that P (R) is
greater than zero and the value of R when this occurs is called the percolation
threshold, which we denote by Rc .
Up until now, nothing has been said about the explicit form of the resistances
in the bond problem. It is, however, natural in many systems to assume that the
resistance depends on the distance between the sites. In the simplest case, the
resistance is simply equal to the distance and two sites are considered connected
if the distance between them is below a certain value, giving the bonding criterion
rij ≤ r.

(2.15)

In three dimensions, this is equivalent to finding the node j within a sphere of
radius r around the node i. The percolation threshold, rc , is the smallest radius
possible that will create an infinite chain of connected sites through the system,
where every node is within a sphere of radius rc around the previous node. The
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Figure 2.4. Percolation in a cluster of sites. (a), (b), and (c) show the system as the
percolation parameter, R, is increased from a small value up to the percolation threshold,
Rc .
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critical radius rc can be expressed in the mean number of bonds per node,
Bc =

4π
N rc3 ,
3

(2.16)

where N is the concentration of nodes.
In general, the bonding criterion for resistances that depend on the distance
between the sites can be written as
Rij = f (rij ) ≤ R.

(2.17)

This describes not a spherical volume, but an arbitrary complex volume inside a
surface in space. However, the problem is still to find the value of R where a chain
of connected nodes is formed and where every node is within the volume of the
surface given by f (rij ) = R centered around the previous node. At Rc , the mean
number of bonds per node is (compare with Eq. 2.16)
Bc = N VRc .

(2.18)

Fortunately, according to a theorem in percolation theory and computer simulations [74], the value of Bc does not change much between surfaces of different
shape. Hence, the value of Rc can be approximated as
Rc = f (rc ),

(2.19)

where rc is given by Eq. 2.16. The value of Bc has been calculated using various
models and methods and falls within the range 2.4-3.0 [74].

2.4

Nearest-neighbor hopping

Equipped with the rudimentary knowledge in percolation theory given in the previous section, we can now treat the system discussed in section 2.2.1, where the
width of the DOS is small. Consider a system where the energy scale of the DOS is
small compared to the thermal energy and the sites are spread far apart compared
to their localization length,
ε0  kT,

N α3  1.

(2.20)

In such a system, the main limiting factor for the charge transport is the spatial
distance between the sites, since Eq. 2.7 will dominate over Eq. 2.8 and determine
the transition rate. This regime is called nearest-neighbor hopping, since a charge
carrier will prefer to transition to the nearest-neighbor of the site it is currently
occupying.
As discussed in the previous section, the charge transport can be modeled as
a resistance network. The resistances are given by
Rij =

kT
e2 νij

(2.21)
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according to Miller-Abrahams theory [73], where e is the elementary charge. With
the transition rate, νij , given by Eq. 2.7, this becomes


2rij
Rij = R0 exp
(2.22)
α
if
R0 =

kT
,
e2 ν0

(2.23)

where ν0 is an exponential prefactor for the transition rate. This resistance has
the same form as Eq. 2.12 if
2rij
ξij =
(2.24)
α
is identified and hence the conductivity is given by Eq. 2.13. Using the tools of
percolation theory from the previous section, the percolation threshold is
2rc
.
α

ξc =

If Eq. 2.16 is used to substitute rc for Bc , the conductivity becomes

γ 
σ = σ0 exp −
,
αN 1/3
1/3

where the numerical constant γ ≈ 1.24Bc

2.5

(2.25)

(2.26)

≈ 1.73 if Bc is taken to be 2.7.

Variable-range hopping

Variable-range hopping is the more general regime of hopping transport which is
valid also at low temperatures. Both the tunneling probability and the inelasticity
of the transitions are taken into account, which means that a spatially nearer
neighbor may be discarded for a neighbor that is closer in energy. This is illustrated
in Fig. 2.5. While this regime adds a level of complexity to the model, analytical
solutions still exists for several choices of the DOS.
For variable-range hopping, the product of Eq. 2.7 and 2.8 is taken to form the
full transition rate expression in Miller-Abrahams theory,




2rij
εj − εi + |εj − εi |
νij = ν0 exp −
exp −
.
(2.27)
α
2kT
Eq. 2.27 is often written as



 (
ε −ε
exp − jkT i
if εj ≥ εi
2rij
νij = ν0 exp −
·
.
α
1
if εj < εi

(2.28)

This form makes it obvious that electrons moving downwards in energy are assumed to have no trouble getting rid of the excess energy and hence suffer no
penalty in the transition rate.
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Figure 2.5. Two regimes of hopping transport in a one-dimensional system: (a) nearestneighbor hopping and (b) variable-range hopping.

The most famous analytical result for variable-range hopping was derived by
Sir Nevill Francis Mott [75,76]. He argued that a characteristic electron transition
is from a state with an energy just below the Fermi energy to a state with an
energy just above it. Only around the Fermi energy are there both occupied and
unoccupied states available. Furthermore, if the energy difference is too large, as it
would be if one of the states had an energy far from the Fermi level, the transition
probability (rate) will vanish according to Eq. 2.27. Due to this, Mott assumed
that it is enough to study a small slab of the DOS with a width 2∆ε centered
around the Fermi energy. Furthermore, since this slab should be narrow, the DOS
could be taken as constant over the slab with the value of the DOS at the Fermi
level, i.e.,
g(ε) ≈ g(εF ),
|ε − εF | < ∆ε.
(2.29)
With these assumptions, the site concentration is given by
N (∆ε) = 2∆ε g(εF ).

(2.30)

The typical site separation is rij = N −1/3 (∆ε) and if the energy difference, εj − εi ,
is taken to be ∆ε, the transition rate (Eq. 2.27) can be written as


2
∆ε
νij (∆ε) = ν0 exp −
−
.
(2.31)
[2g(εF )∆ε]1/3 α kT
If we abandon the possibility to find exact numerical values for the coefficients
and instead focus on the parameter dependence, we can write the resistivity for
the charge transport in this small energy slab as


1
∆ε
,
(2.32)
ρ(∆ε) = ρ0 exp
+
[g(εF )∆ε]1/3 α kT
where we dropped all numerical coefficients. The width ∆ε that gives the highest
conductivity can be found by putting the derivative of this expression to zero and
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solving for ∆ε, which results in
∆ε =



kT
3αg 1/3 (εF )

3/4

.

If this is inserted back into Eq. 2.32, the resistivity can be written
"  #
1/4
T0
ρ = ρ0 exp
,
T
where
T0 =

β
kg(εF )α3

(2.33)

(2.34)

(2.35)

is the characteristic temperature. The exact value of β can not be found from this
simplified derivation. Instead, percolation theory must be used. In this case, the
bonding criterion becomes
2rij
εij
+
≤ ξ.
(2.36)
α
kT
If the percolation problem is solved, which must be done with the help of computer
simulations, the value of β is found to lie between 10.0 and 37.8 [77].
Unfortunately, the parameter dependence found from this simple derivation is
not observed in most real materials. This is due to the assumption that the DOS
around the Fermi level is uniform. A.L. Efros and B.I. Shklovskii [78] used the
same approach to derive an analytical expression for a parabolic DOS given by
g(ε) =

γκ3
(ε − εF )2 ,
e6

(2.37)

where κ is the dielectric constant, e the elementary charge, and γ is an unknown
numerical coefficient. The reason for this choice of DOS is that the electronelectron Coulomb interaction should create a gap in the DOS around the Fermi
level. The modified resistivity is
"  #
1/2
T0
ρ = ρ0 exp
,
(2.38)
T
where in this case T0 = e2 /κα. This improvement, however, still does not describe
the temperature dependence of the DC resistivity in most disordered materials.

2.6

The energy of charge carriers

As mentioned in the introduction to this chapter, the energy distributions of the
localized states and the charge carriers are important to describe the charge transport in disordered materials. So far, the density of states describing the former
has been discussed. For the energy distribution of the charge carriers, it is usually
interesting to study the weighted average of the charge carrier energy with respect
to time. This will be done in the following sub-sections.
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2.6.1

Theory

Relaxation

A charge carrier inserted at the mobility edge will relax energetically into the
mobility gap under the assumption that there are unoccupied states available. If
we assume that the charge carrier is an electron, as long as there is an unoccupied
state with a lower energy in the vicinity of the currently occupied state, the charge
carrier will transition to it and thereby lower it’s energy. Eventually, however, the
electron will run out of nearby states that are lower in energy and will have to
resort to a phonon-assisted hop to be able to go any further. Of course, this hop
might open up a new path deeper down in energy through the DOS for the charge
carrier.
While this process is random when studying a single charge carrier, if instead
a whole ensemble of charge carriers is considered, there will exist a time when
the mean energy of the ensemble stop to go down and a dynamic equilibrium
is reached. This time, called the relaxation time, depends on the DOS and the
temperature – if all states are in a narrow energy band and the temperature is
high, the process is fast, while the converse is true for a wide energy scale and a
low temperature.
Fig. 2.6 shows the mean energy of an ensemble of charge carriers as a function
of time for a uniform, exponential, and Gaussian DOS distribution. All charges are
inserted at random sites in the DOS at t = 1 and since all the DOS distributions
have been chosen to have a mean value of zero, so will the charge carrier energy
have at the time of insertion. As time progresses, the energy in both the uniform
and the Gaussian system levels off and becomes independent on time. After this
event, the system is in a dynamic equilibrium and the constant mean energy of
the charge carriers, ε∞ , are often called the equilibration energy. This energy can
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Figure 2.6. Energetic relaxation of charge carriers in three different DOS distributions.
All distributions have a mean value of zero and a standard deviation of ε0 .
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be calculated analytically from the formula [79]
R∞
εg(ε) exp(−ε/kT ) dε
ε∞ = R−∞
∞
g(ε) exp(−ε/kT ) dε
−∞

(2.39)

at zero electric field. For the Gaussian DOS, given by Eq. 2.11, this becomes
ε∞ = −

ε20
.
kT

(2.40)

For the exponential DOS (Eq. 2.10), the integral diverges if kT ≤ ε0 . Since ε0 is
between 25-50 meV in most real disordered systems with an exponential DOS [46],
this is almost always the case at room temperature and below. This leads to a
dispersive type of charge transport. For higher temperatures, the equilibration
energy is given by
ε0
ε∞ = −
kT > ε0 .
(2.41)
ε0 ,
1 − kT

2.6.2

Transport energy

The relaxation process can be divided into two phases separated by an energy, εt –
the transport energy. The first phase occurs when the mean energy of the charge
carriers is above the transport energy. In this phase, there is on the average at
least one acceptor site with a lower energy close enough for the charge carrier to
utilize and the transition rate is given by


2r(ε)
ν↓ (ε) = ν0 exp −
.
(2.42)
α
r(ε) gives the distance to the nearest site with an energy lower than the current
energy ε. During this first phase, when ε & εt , the mean energy of the charge
carriers will drop rapidly.
After a certain time has passed, the mean energy of the charge carriers will
reach the transport energy. This is the start of the next phase, defined by ε . εt .
In this phase, the nearest site with an energy lower than the current energy is too
far away and the charge carriers will make phonon-assisted hops to sites higher in
energy. The transition rate for a hop upwards in energy by an amount ∆ε is given
by


2r(ε + ∆ε) ∆ε
−
,
(2.43)
ν↑ (ε, ∆ε) = ν0 exp −
α
kT
where the function r is defined as in Eq. 2.42. This function is needed to continue
this treatment and it can be deduced from recognizing that the number of sites
with an energy lower than ε within a sphere of radius r is
4πr3
3

Zε

−∞

g(x) dx.

(2.44)
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The radius of a sphere containing one state with an energy less than ε is then
given by
−1/3

Zε
4π
g(x) dx
r(ε) = 
.
(2.45)
3
−∞

Assuming that the integral can be solved, the most favorable energy for the acceptor site can now be found from the value of ∆ε that maximizes Eq. 2.43, ∆εmax .
This energy, ε + ∆εmax , is the transport energy.
For an exponential DOS, Eq. 2.45 evaluates to


4π
r(ε) =
N exp
3



ε
ε0

−1/3

(2.46)

and the transport energy can be calculated,
#
"
1/3
3ε0 (4π/3)1/3 N0 α
.
εt = −3ε0 ln
2kT

(2.47)

For a Gaussian DOS, the solution to Eq. 2.45 is
r(ε) =



2π
N
3



−1/3
ε
1 + erf √
.
2ε0

(2.48)

The error function makes it impossible to find the maximum of Eq. 2.43 analytically, but a well-defined maximum exists that can be found numerically. Eq. 2.48
inserted into Eq. 2.43 is plotted as a function of ∆ε in Fig. 2.7. The curves are
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Figure 2.7. The transition rate as a function of the height of the energy barrier for a
Gaussian DOS and three different initial energies, ε.
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normalized so the heights of their maxima are equal to unity to be able to compare
them for different initial energies, ε.
The remarkable thing with the transport energies calculated for the exponential
and Gaussian DOS is that they are independent on the initial energy. This means
that as long as the energy of a charge carrier is less than the transport energy,
the most favorable transition for it is to a site with an energy in the vicinity of
the transport energy. It should be noted, however, that even though the transport
energy is constant in time, the mean energy of the charge carriers can still decline.
On the average, every other hop is a hop upwards in energy to the transport energy,
but a charge carrier will not stay on such a site for long, since a nearby site with
a lower energy should be available. Instead, the mean energy is dominated by the
tail states where the charges spend a lot of time until a transition occurs to a site
with an energy around the transport energy.

2.7

Marcus theory

The expression for the transition rate, Eq. 2.27, was originally developed by Allen
Miller and Elihu Abrahams to investigate impurity conduction in doped semiconductors, such as silicon and germanium [73]. In spite of its simplicity, or maybe
due to it, it has been successfully applied to describe charge transport in a large
variety of disordered materials [46]. It is, however, not the only expression for the
transition rate that has had a great success.
In 1992, Rudolph A. Marcus received the Nobel prize in chemistry for his theory
of outer-sphere electron transfer [80, 81]. In Marcus theory, the transition rate is
given by [81, 82]


∆G∗
,
(2.49)
νij = ν0 exp −
kT
where
∆G∗ =

λ
4


2
∆G0
1+
λ

(2.50)

and ∆G0 = εj −εi . An explicit expression for the exponential prefactor, ν0 , is given
below. The major improvement in Marcus theory is that reorganization effects
accompanying the charge transfer are included as the energy λ. This reorganization
energy is usually divided into two components; a solvational and a vibrational
component or
λ = λ0 + λi .
(2.51)
The vibrational component, λi , includes the internal reorganization in the reacting molecules. The solvational component, λ0 , includes everything else, i.e., the
reorganization in the environment around the reacting molecules.
If a charge moves from one molecule to another, the resulting system will not be
in equilibrium, since the charge transfer is a rapid process and the nuclei will not
have time to move to compensate for the change in charge distribution. Marcus
realized that if the charge transfer occurred from the equilibrium state of the initial
system, the resulting product system would in general have a much higher energy
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Figure 2.8. Free energy curves versus reaction coordinate q.

than the original system, an energy that could only come from the absorption of
light. However, the charge transfer that he wanted to describe occurred in the
dark and an alternative process was needed.
To illustrate the charge transfer process from a reactant system to a product,
Marcus used free energy curves as shown in Fig. 2.8. On the y-axis is the free
energy for the reactant plus solvent and the product plus solvent. This is drawn
against a reaction coordinate, q, that in principle includes all degrees of freedom
in the system, such as the position and orientation of the solvent molecules and
the vibrational coordinates of the reactants. By introducing a linear response approximation, the free energy curves become parabolic with respect to the reaction
coordinate. In fact, assuming a quadratic relationship between the free energy and
the reaction coordinate q for both the reactant and product system and naming
the difference in energy between their minimums ∆G0 are all that is needed to
derive Eq. 2.50 (Fig. 2.8 is helpful).
In Fig. 2.8, the reactant system given by the curve R is in equilibrium at
q = a. To move vertically up to the product curve P from this state, i.e., to have
a charge transfer, external energy has to be added in the form of light. Instead,
fluctuations in the reaction coordinate that stem from thermal vibrations of the
nuclei can cause the system to shift along the reactant curve R. If the reactant
system would reach the intersection of R and P at q = b, the charge transfer could
take place without altering the total energy of the system. Thermal energy is
required to reach the state at q = b, called the transition state, but the reaction
can occur in the dark. After the charge transfer, the product system can relax
into it’s equilibrium state at q = c.
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As shown in Fig. 2.8, the energy needed in the above process is ∆G∗ , which
is the energy difference of the reactant system in equilibrium and the transition
state. The difference in the free energy between the reactant and product system
in their equilibrium states (R at a and P at c) is marked as ∆G0 , which is the
energy difference εj − εi used in Miller-Abrahams theory. In Fig. 2.8, this energy
difference is negative for an electron. Finally, the reorganization energy λ is shown
as the difference in energy between the equilibrium state of the product system
and the product system arranged as it would be in the equilibrium of the reactant
system.
An interesting phenomenon occur when the product curve P intersects the
reactant curve R to the left of R’s minimum in Fig. 2.8. As long as the intersection
is to the right of the minimum, decreasing the energy difference, ∆G0 , between
the reactant and product decreases ∆G∗ , which in turn increases the transition
rate. This is intuitive from Miller-Abrahams theory. When P intersects R at
R’s minimum, ∆G∗ is zero and the transition rate is at its maximum. At this
point, ∆G0 = −λ. After this point, decreasing ∆G0 further will increase ∆G∗
and the transition rate start to increase again. This is due to the quadratic term
in Eq. 2.50.
This region, defined by ∆G0 < −λ, is called the Marcus inverted region. ∆G0
is effectively modified by an applied electric field and the inverted region occurs
at high fields. This phenomenon was first predicted theoretically by Marcus and
later verified experimentally by Miller et al. [81, 83].
Using Landau-Zener theory (covered briefly in the next section), the explicit
expression for the transition rate in Marcus theory becomes


1
(λ + ∆G0 )2
2π
2
|Hij | √
,
(2.52)
exp −
νij =
~
4λkT
4πλkT
where ~ is the Planck constant divided by 2π and Hij is the electronic transfer
integral between the initial and final state.

2.8

Landau-Zener theory

In 1932, L. D. Landau and C. Zener independently published an exact solution to
a one-dimensional semi-classical model for non-adiabatic transitions [84, 85]. The
term non-adiabatic transition refers to a transition between two adiabatic states.
An adiabatic state is a state a system will stay in as long as its adiabatic parameter
only changes slowly. The adiabatic parameter can be the relative position of the
molecules involved in the transition or an external time-dependent electric field,
etc.
Fig. 2.9(a) shows the eigenvalues of two intersecting diabatic states, φ1 and φ2 ,
as a function of the adiabatic parameter, x. The diabatic states are formed out
of the adiabatic states, ψ1 and ψ2 , shown in gray in Fig. 2.9(b). Since the system
must remain in an adiabatic state as long as the adiabatic parameter changes only
slowly, the eigenvalues of two adiabatic states cannot cross each other. Otherwise,
the system could change its state at the intersection. The diabatic pseudo-states,
however, do cross each other.
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Figure 2.9. Energy diagram for a diabatic transition. In part (a), the gray ellipse mark
the region of interaction enlarged in part (b). ψ1 and ψ2 are the adiabatic states that do
not cross, while φ1 and φ2 are the crossing diabatic states formed from ψ1 and ψ2 .

Given a basis of two diabatic wave functions, φ1 and φ2 , the wave function for
the whole system can be written




 Z

 Z

Ψ = Aφ1 exp −i E1 dt + Bφ2 exp −i E2 dt .
(2.53)




t

t

The time-dependent expansion coefficients, A and B, will give the transition probabilities between φ1 and φ2 as t → ∞. Zener found these to be
P12 = lim |B|2 = exp(−2πω12 τd ),

(2.54a)

P21 = lim |A|2 = 1 − exp(−2πω12 τd ),

(2.54b)

t→∞

t→∞

where
ω12 =

|H12 |
~

and τd =

|H12 |
.
v|F12 |

(2.55)

The original derivations of these formulas by Landau and Zener are fairly complicated, but a much simpler procedure involving contour integration was shown by
Curt Wittig and is recommended for the interested reader [86]. The off-diagonal
Hamiltonian matrix element or transfer integral is given by
H12 = hφ1 | H |φ2 i ,

(2.56)

while v is the relative velocity of the entities 1 and 2 and F12 = F1 − F2 is the
difference in slope of the curves in Fig. 2.9.
If the transfer integral is small, the transition rate given by the probabilities
in Eq. 2.54 can be approximated as
1
2π
|H12 |2
,
~
v|F12 |
2π
1
=
|H12 |2
.
~
v|F12 |

ν12 = 1 −

(2.57a)

ν21

(2.57b)
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This makes it apparent that the transfer integral is an important property that
governs the transition rates describing the charge transport. In fact, Eq. 2.7 is an
approximation used for the transfer integral that describes the exponential decay
of the overlap between two wave functions.

2.8.1

Transfer integrals

To be able to calculate the transition rate in both Miller-Abrahams and Marcus
theory, the electronic transfer integral is needed. The variation of the transfer
integral for the different transitions in a system is usually referred to as the offdiagonal disorder. Given two molecules and their mutual position and orientation,
the transfer integral can be calculated more or less exactly using density functional
theory (DFT) [87]. This does not, however, yield an analytical formula for arbitrary mutual positions and orientations. Up until now in this chapter, the simple
but often sufficient approximation that the transfer integral depends only on the
edge-to-edge distance, rij , between the sites,
 r 
ij
,
(2.58)
H(rij ) = H0 exp −
α
has been used. The constant H0 can be determined from the above mentioned
DFT calculations for a fixed rij .
A less crude approximation for the transfer integral is to use the Mulliken
approximation [88] to get the overlap integral and assume a linear dependence
between the overlap integral S and the transfer integral,
H = kS.

(2.59)

The Mulliken approximation can give the overlap integral between two atoms 2p
orbitals, taking into account their relative orientation. If θi , θj , and φ are the
angles defined in Fig. 2.10, the overlap integral between two 2p orbitals, i and j,
is given by
Sij (r, θi , θj , φ) = cos θi cos θj cos φ S2pπ,2pπ (r)
− sin θi sin θj S2pσ,2pσ (r), (2.60)
where


2
1
S2pπ,2pπ (r) = e−rζ 1 + rζ + (rζ)2 + (rζ)3 ,
5
15


1
2
1
S2pσ,2pσ (r) = e−rζ −1 − rζ − (rζ)2 + (rζ)3 + (rζ)4 ,
5
15
15

(2.61a)
(2.61b)

and ζ is a constant depending on the particular atom and electronic state.
Fig. 2.11 shows contours where Sij is constant for a 2p orbital placed at the
origin pointing in the z-direction and another orbital placed on the contour and
pointing in a direction parallel to the first orbital. Note that the red contours correspond to positive overlap integrals, while blue contours correspond to negative.
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Figure 2.10. Definition of the three angles θi , θj , and φ used in the Mulliken equation
(Eq. 2.60) for the overlap integral. Two atoms, i and j, are drawn together with the
direction of their 2p orbitals.
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Figure 2.11. Contour plot of Mulliken overlap integrals. The overlap integral between
two atoms 2p orbitals will have the same constant value if the first atom is at the origin
and the second is placed anywhere on a particular line.
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To get the total overlap between two sites, a double sum over all atomic 2p
overlap integrals should be taken, where the terms are multiplied by the expansion
coefficients of the molecular orbitals,
X
H = kS = k
ci cj Sij .
(2.62)
i,j

2.9

Transport coefficients

While much of this chapter has been dedicated to finding the transition rate between two localized states, this property is usually not of direct interest. Instead,
it is used to find parameters for a system that describe the charge transport on
a macroscopic scale. These parameters are called the transport coefficients. As
discussed in section 2.3, it is in general a complex task to go from the microscopic
transition rates for the charge carriers to the macroscopic transport coefficients
and the next chapter will cover various methods to do this. In this section, the
transport coefficients will simply be defined.

2.9.1

Mobility

The mobility describes the response of a charge carrier to an applied electric field.
It is defined as the magnitude of the velocity of the charge carriers, usually called
the drift velocity, vd , divided by the magnitude of the electric field. This definition
is valid for both electrons and holes and makes the mobility a positive quantity,
µe =

vd
,
E

µh =

vd
.
E

(2.63)

If the applied electric field is small, the charge transport may be better described as a diffusive process than as drift. This is especially true for time-of-flight
experiments, where charge carriers are inserted into one end of a slab of the material under study and timed as they exit the other end. Due to diffusion, even
without an electric field, the charge carriers will pass through the system as long
as it is finite. In such cases, the Einstein formula for the mobility is better suited,
µ=

eD
.
kT

(2.64)

Here, D is the diffusion constant.

2.9.2

Conductivity and resistivity

The conductivity and its reciprocal, the resistivity, ρ, of a material is defined as
σ=

1
J
= ,
ρ
E

(2.65)

where J is the magnitude of the current density, i.e., the amount of charge passing
an area per unit time. Due to the definition of J, the relationship between the
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mobility and the conductivity is simple to obtain,
σe = neµe ,

σh = peµh .

(2.66)

Here, n and p are the concentrations of electrons and holes, respectively. The total
conductivity for a material with both electrons and holes is given by
σ = e(nµe + pµh ).

(2.67)

CHAPTER

3

Analytical solutions

General analytical solutions for the mobility in disordered materials, where the
charge transport can be described as hopping between localized states, are so
far evading theoreticians across the globe. The quantity of interest is usually a
closed-form expression for the mobility as a function of experimentally controlled
external parameters, such as the applied electric field and the absolute temperature, µ(E, T ). While a closed-form expression for a general DOS, g(ε), seems
impossible, a solution given a particular DOS distribution is easier to obtain. Indeed, there exist solutions for the cases of nearest-neighbor hopping, where the
DOS is neglected, and variable-range hopping in a uniform and parabolic DOS.
Given the corresponding assumptions, the solutions are exact, although they contain a constant that have to be estimated numerically from percolation theory.
This was discussed in chapter 2.
Analytical solutions have also been found for a Gaussian DOS, but the assumptions that have to be made are quite restrictive. First of all, the charge carriers
are assumed not to interact with each other. Furthermore, the charge transport
is assumed to take place in a one dimensional chain where only nearest-neighbor
transitions are allowed. Note that this is not pure nearest-neighbor hopping, since
the DOS can still be considered when calculating the transition rates. Even though
a one-dimensional (1D) system is assumed, this might not prove to be such a strong
restriction if the path of a charge carrier through the material varies very little for
the intervals of electric fields and temperatures under study. This can be the case
in strongly anisotropic materials [89].
To find an analytical expression for the mobility in a material, the velocity of
the charge carriers is needed. This velocity can be defined in two fundamentally
different ways: the steady state velocity and the mean first-passage time velocity. This chapter starts by discussing exact analytical expressions for these two
quantities in terms of the individual transition rates between adjacent sites in a 1D
35
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chain of N sites. After this, we show that these two velocities converge in the limit
N → ∞. By applying Miller-Abrahams theory and treating the transition rates as
distributions over the DOS, the mean velocity of the charge carriers can be found
by averaging over the disorder. This is shown in section 3.2 for three different
energy disorder models: the random barrier model, the Gaussian disorder model,
and the correlated disorder model. All these are of Gaussian nature. Finally, we
list the results of an analogous treatment for Marcus theory.

3.1

Charge carrier velocity

The mean velocity of the charge carriers can be measured in many different ways.
Two of these are of interest in the theory of charge transport below the mobility
edge. The first velocity is the steady state velocity. The term steady state prefixed
in front of a property means that it does not change in time. In the case of hopping
charge transport, this is the state of dynamic equilibrium that occurs in the limit
t → ∞, after the transient relaxation state discussed in section 2.6.1.
The second velocity is defined by the mean first-passage time (MFPT) of the
charges through a sample of finite thickness. Take the sample to be a 1D chain
of N transport sites indexed by k = 1, .. , N . A charge carrier is inserted on site
k = 1 in one end of this chain and the clock is started. The charge will move along
the chain and eventually reach the other end of the chain, given that the sample
is finite. The first time the charge carrier is observed on the final site at k = N ,
the clock is stopped and the time read is the first-passage time.
The velocity extracted from the MFPT may be faster than the steady state
velocity. When measuring the MFPT, the time is started as soon as the charge
carrier enters the system and the transient relaxation state is included in the
measurement. In this state, the charge carrier will generally have a higher velocity
than in the steady state. Furthermore, in a finite chain, diffusion alone will make
the charge move across it. The steady state velocity, however, is calculated for
an infinite chain where diffusion will not contribute to the speed of the charge
carriers. We will study these phenomena below and see that the differences vanish
as the sample thickness grows large.

3.1.1

Steady state

Bernard Derrida derived an exact solution for the steady state velocity and diffusion constant of a charge carrier in a 1D chain of N transport sites [90]. The
starting point is the Master equation, which states that the time derivative of the
probability, Pn (t), of a charge carrier to be at a site n at a time t is
dPn
= νn+1,n Pn+1 + νn−1,n Pn−1 − (νn,n+1 + νn,n−1 )Pn .
dt

(3.1)

Here, νi,j is the transition probability from site i to site j per unit time, i.e., the
transition rate.
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In the limit t → ∞, the steady state drift velocity is
v=

dx(t)
,
dt

(3.2)

where the bar over x(t) denotes an average over the random walk of the charge
carrier. To work out this average, the system is made infinite and periodic with
periodicity N ,
νi,j = νi+N,j+N .
(3.3)
In this case, under the assumption that the transition probabilities are normalized,
the average of the charge carrier positions can be written
x(t) =

∞
X

nbPn (t),

(3.4)

n=−∞

where b is the distance between two adjacent sites. Combining Eq. 3.1, 3.2, and
3.4 yields
v=b
=b
=b

∞
X

n=−∞
∞
X
n=−∞
∞
X

n=−∞

n

dPn
dt

n [νn+1,n Pn+1 + νn−1,n Pn−1 − (νn,n+1 + νn,n−1 )Pn ]
(νn,n+1 − νn,n−1 ) Pn .

(3.5)

The last step comes from realizing that a lot of the terms in the infinite sum
eliminate each other.
Derrida defined the two quantities
R̃n (t) =
S̃n (t) =

∞
X

Pn+kN (t)

(3.6a)

(n + kN )Pn+kN (t)

(3.6b)

k=−∞
∞
X
k=−∞

and expected them to have a simple behavior in the long time limit. He assumed
this behavior to be
(
R̃n (t) → Rn
,
t → ∞,
(3.7)
S̃n (t) → an t + Tn
where Rn , an , and Tn are independent on time. By taking the time derivative
of R̃n (t) and S̃n (t), using the Master equation to simplify the expressions, and
finally taking the limit t → ∞ to be able to use Eq. 3.7, he ended up with a
system of recurrence relations that he solved for Rn , an , and Tn . The details of
these calculations can be found in Ref. [90].
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Eq. 3.5 can be rewritten in terms of the quantity R̃n , which replaces the infinite
sum with a finite sum over the chain of N sites,
v=b

N
X

n=1

(νn,n+1 − νn,n−1 ) R̃n .

(3.8)

While the infinite sum still exists hidden in R˜n , it disappears in the long time limit
as R̃n → Rn . Using the expression Derrida found for Rn [90], the steady state
velocity becomes
!
N
−1
Y
νk+1,k
Nb 1 −
νk,k+1
k=0

.
(3.9)
v=
i
N
−1
N
−1 Y
X
X
νk+j,k+j−1 
1 
1+
νk,k+1
ν
i=1 j=1 k+j,k+j+1
k=0

The behavior of this formula will be discussed in the next section.

3.1.2

Mean first-passage time

Six years after Derrida, Murthy and Kehr [91,92] presented an expression similar to
Eq. 3.9 for the MFPT of a charge carrier through a finite chain of N + 1 sites. The
outline of the calculations is given here, while the reader is referred to Ref. [91,92]
for the details.
To treat the system without first making it periodic and taking the long time
limit, Murthy and Kehr defined the probability Ĝi,j (n) that the random walk,
starting at site i, will reach site j for the first time in n steps. They proceeded to
find a recurrence relation for the corresponding generating function, defined as
Gi,j (n) =

∞
X

z n Ĝi,j (n).

(3.10)

n=0

Solving this recurrence relation lead to an expression for G0,N (z) expressed in
factors of Gi−1,i (z), i.e., the generating functions for adjacent sites. Finally, the
MFPT is formally given by
ht0,N i =

d
ln G0,N (z)
dz

,

(3.11)

z=1

which results in [91, 92]
ht0,N i =

N
−1
X
k=0

1
νk,k+1

+

N
−2
X
k=0

1
νk,k+1

N
−1
X

i
Y
νk,k−1
.
νk,k+1

(3.12)

i=k+1 j=k+1

Fig. 3.1 shows Eq. 3.9 (circles) and 3.12 (triangles) as a function of the chain
length, N . The filled markers correspond to a system with transition probabilities

3.2 Miller-Abrahams theory
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Figure 3.1. Charge carrier velocities in a one-dimensional chain of N sites. Circles mark
steady state velocities calculated using Eq. 3.9 and triangles mark velocities calculated
from the mean first-passage time using Eq. 3.12.

that are biased in one direction compared to the other, i.e., there is a drift of
charge carriers through the system. In this case, this is achieved by drawing the
forward transition probabilities, νk,k+1 , from a triangular distribution and taking
νk,k−1 = 1 − νk,k+1 .

(3.13)

The hollow markers correspond to a diffusive process instead, where the probability
for a step is the same in both directions and the mean position of the charge carriers
is constant in time.
Fig. 3.1 shows two important phenomena. First, as it should be, the steady
state velocity and the velocity calculated from the MFPT converge in the limit
N → ∞. Second, the velocity calculated from the MFPT is greater than zero for
any finite N in an unbiased system. This is also correct, since the diffusive process
alone will eventually move a charge carrier across the chain if given enough time.
One should be careful, however, when using this velocity to calculate the mobility.
In the formula µ = v/E, the velocity of the charge carriers is assumed to come
from the bias created in the system by the applied electric field. This is the reason
why the velocity is then divided by the strength of the electric field. For small
fields and short chains, however, the velocity that stem from the generated bias is
negligible compared to the velocity the diffusion gives rise to. Hence, the mobility
is overestimated. This, and the solution to use the Einstein formula (Eq. 2.64)
instead, was mentioned in section 2.9.1.

3.2

Miller-Abrahams theory

If the individual transition rates, νk,k±1 , are known for a system, it is straight
forward to obtain the mobility from either of Eq. 3.9 or 3.12. If instead the
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distribution of transition rates is known, the mean mobility with respect to these
distributions must be calculated. For a Gaussian DOS, this was first done by
Dunlap, Parris, and Kenkre in 1996 [93] by assuming symmetric transition rates
between the sites. If φk is the energy of a site with index k when no electric field
is applied, the symmetric transition rate is given by


φn±1 − φn ∓ eEb
,
(3.14)
νn,n±1 = ν0 exp −
2kT
where e is the elementary charge, E the strength of the electric field applied parallel to the chain, and b the distance between two adjacent sites. The symmetric
property refers to the fact that the energy difference (the numerator in the exponent) is no longer set to zero if negative. It turns out that for small electric fields,
this transition rate is often a good approximation to Eq. 2.27 [93, 94].
Cordes et al. generalized this in 2001 for the Miller-Abrahams transition rate
given by Eq. 2.27 [94, 95]. Two different energy distributions were considered and
they are discussed below. We start with another simplified transition rate – the
random barrier model – to show the procedure of averaging over disorder.

3.2.1

Random-barrier model

In the random barrier model (RBM), all sites have the same energy, but they are
separated by an energy barrier. The transition rates between two adjacent sites
are
!
∆k − 12 eEb + ∆k − 12 eEb
νk,k+1 = ν0 exp −
(3.15)
2kT
and
νk+1,k

∆k + 12 eEb + ∆k + 21 eEb
= ν0 exp −
2kT

!

,

(3.16)

where ∆k is the height of the energy barrier between site k and k + 1. The reason
to assume this type of transition rate is that in the limit N → ∞, Eq. 3.9 and 3.12
can be simplified significantly to [90]
1−
v=b D

D

νk+1,k
νk,k+1
1

νk,k+1

E

E .

(3.17)

Here, h. . .i means the average with respect to the DOS distribution, which is what
has been referred to as averaging over disorder.
The two averages are given by standard probability theory as


1
νk,k+1



1
=
ν0

eEb/2
Z
0

1
g(∆) d∆ +
ν0

Z∞

eEb/2

g(∆)e(∆−eEb/2)/kT d∆

(3.18)
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and


νk+1,k
νk,k+1



=

eEb/2
Z

g(∆)e−(∆+eEb/2)/kT d∆

0

+

Z∞

g(∆)e−eEb/kT d∆, (3.19)

eEb/2

if



∆2
2
exp − 2
g(∆) = √
2σ
2πσ 2

(3.20)

is the assumed Gaussian distribution of energy barriers. If this is inserted into
Eq. 3.17 and the mobility is calculated according to Eq. 2.63, the result is
h 

 i


(σ̂−Ê)/2
erf √Ê8σ̂ + √σ̂2 − erf √σ̂2 − e−Ê erfc √Ê8σ̂
ν0 b 1 − e




µ(Ê, σ̂) =
E
erf √Ê8σ̂ + e(σ̂−Ê)/2 erfc √Ê8σ̂ − √σ̂2
(3.21)
if
eEb
σ
Ê =
and
σ̂ =
.
(3.22)
kT
kT
To reach Eq. 3.21, heavy use of the error function and its complement was made.
In this thesis, the RBM serves as a straightforward example of how the sums
of transition rates in Eq. 3.9 and 3.12 can be simplified for a given distribution of
transition rates.

3.2.2

Gaussian disorder model

The Gaussian disorder model (GDM) is simply Miller-Abrahams theory together
with the assumption that the DOS has a Gaussian distribution. The transition
rates are given by Eq. 2.27 and
εj − εi = φj − φi − eErij ,
rij = (j − i)b,

(3.23a)
(3.23b)

where the zero-field energies, φk , have a Gaussian distribution given by Eq. 2.11.
For the GDM, three averages have to be calculated analogous to Eq. 3.18 and
3.19. These are [94]




D
E
1
1
−φk /kT
e
,
, and
.
(3.24)
νk,k+1
e−φk /kT νk,k+1
Taking these averages and combining the results leads to a closed-form analytical
expression comparable to Eq. 3.21. It appears like there was a mistake made by the
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Figure 3.2. Analytical (a) electric field and (b) temperature dependence of the mobility
in the one-dimensional Gaussian disorder model. The black curves were produced using
Eq. 3.25 with σ = 50 meV and b = 3.6 Å. In (a), the gray curves shadowing the black
curves gives the approximate expression (Eq. 3.26) for the same values of σ and b.
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authors in Ref. [94] when writing out this expression. Fortunately, the derivation
was remade by Nenashev et al. in 2010 [96] and their expression reads
(
!
!
2ν0 b
Ê
Ê
σ̂ 2 −Ê
µ(Ê, σ̂) =
1 + erf
+e
erfc
− σ̂
E
2σ̂
2σ̂
!
!# )−1
"
2
eσ̂
Ê
σ̂
Ê
σ̂
−Ê
+
+
+ e erfc
−
1 + erf
2σ̂
2
2σ̂
2
eÊ − 1

(3.25)

if the dimensionless quantities defined in Eq. 3.22 are used. A simplified expression
can be found and used as an excellent approximation if the asymptotic behavior
for a high and low field is studied. This expression is
ν0 b
µ(Ê, σ̂) ≈
E

1+

2eσ̂

2

eÊ − 1

!−1

.

(3.26)

Fig. 3.2(a) shows Eq. 3.25 plotted against the applied electric field for three
different temperatures. This figure clearly shows three different behaviors of the
electric field dependence. For low fields, the mobility becomes nearly constant
with respect to the electric field, since at these field strengths the charge transport
is mainly a diffusive process. At intermediate fields, the charge transport is field
assisted and the field dependence
is in a short interval of field strengths of Poole√
Frenkel type, where ln µ ∝ E. At high fields, the charge transport becomes field
saturated. Here, the charge carrier velocity is independent of the electric field and,
hence, the mobility decay as 1/E.
The temperature dependence of Eq. 3.25 is plotted in Fig. 3.2(b). For low and
intermediate fields, this dependence is given by ln µ ∝ T −2 over the whole range of
temperatures included in the figure, 100-1000 K. This dependence can usually be
taken as universal in the GDM, but note that at simultaneous high field strengths
and high temperatures, the dependence deviates from this behavior according to
the analytical solution.
The gray lines in Fig. 3.2(a) shows the approximation to Eq. 3.25 given by
Eq. 3.26. It is clearly a good approximation. In Fig. 3.2(b), the wide scale of
the y-axis makes the approximation and the exact solution indistinguishable and,
hence, the approximations are not drawn.

3.2.3

Correlated disorder model

The correlated disorder model (CDM) is the GDM with spatially correlated site
energies. Gartstein and Conwell were the first to suggest this model [97] and they
made a strong argument that correlated site energies should be used to describe
charge transport in systems where the energetic disorder stem from long range
forces, such as charge-permanent-dipole interactions.
Correlation is introduced in the system by first generating provisional site
energies, ψk , from a Gaussian distribution as usual. The actual zero-field energy
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of a site k in a 1D chain is then given by taking the average of the provisional site
energies in the neighborhood of the site k,
φk =

m
1 X
ψk+i .
M i=−m

(3.27)

Here, M = 2m + 1 is the total number of sites included in the sum. For a threedimensional system, this sum should be taken more generally over the nearestneighbors.
The standard deviation of the correlated site energies can be found from the
following properties of probability theory. Let N (µ, σ 2 ) denote a Gaussian distribution of mean µ and variance σ 2 . If Xm ∼ N (0, σ 2 ) and all Xm , m = 1, 2, . . . , M ,
are independent, then
M
X
Y =
Xm ∼ N (0, M σ 2 ).
(3.28)
m=1

Furthermore, the probability density function for a random variable Z = Y /M ,
where M is a constant, is
fZ (z) = M fY (M z).
(3.29)

Combining the three equations above results in a probability density function for
φk given by


M
(M φ)2
g(φ) = √
exp −
.
(3.30)
2M σ 2
2πM σ 2
This makes it apparent that if the variance of the initial provisional energies, ψk ,
is chosen to be M σ02 , then the variance of the correlated site energies, φk , will be
σ02 . Hence, the provisional site energies should be distributed according to


ψ2
1
exp −
,
(3.31)
g(ψ) = √
2M σ 2
2πM σ 2
√
i.e., a Gaussian distribution with standard deviation M σ.
Since nearby zero-field site energies are no longer independent in the CDM, the
averaging over disorder becomes more complicated. Cordes et al. prevailed and
found the mobility in the CDM to be
!
"
(
√
2
2ν0 b 1 − eσ̂ −M Ê
M Ê
µ(Ê, σ̂) =
1 + erf
E
2σ̂
1 − eσ̂2 /M −Ê
!#
√
M Ê
σ̂
σ̂ 2 /M −Ê
+e
erfc
−√
2σ̂
M
"
!
√
2
eσ̂ −M Ê
M Ê
σ̂
+
1 + erf
+ √
2σ̂
2 M
1 − eÊ
! #)−1
√
M Ê
σ̂
−Ê
+ e erfc
− √
, (3.32)
2σ̂
2 M
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where once again the definitions in Eq. 3.22 is used. For the details of the calculations, the reader is referred to Ref. [94].

3.3

Marcus theory

Shortly after Cordes et al. published the analytical solutions for the mobility discussed in the previous section, Seki and Tachiya published analogous expressions
assuming transition rates given by Marcus theory [98]. These will be listed here
without going into the details of the derivation.
Seki and Tachiya started by introducing the dimensionless variables
σ
,
kT
a
ā = ,
b

eEb
,
kT
λ
λ̄ =
,
kT

σ̄ =

Ē =

√
~ 4πλkT kT
µ.
µ̄ =
2π|H|2 eb2

(3.33a)
(3.33b)
(3.33c)

All quantities except a in the above expressions were either introduced in Eq. 2.52
or in the previous section. The parameter a gives the amount of correlation between the sites and it is defined by the correlation function


a
2
hφi φj i = σ δij +
(1 − δij ) ,
(3.34)
|i − j|b
where δij is the Kronecker delta.
If the transition rates between adjacent sites are given by Eq. 2.52 and the site
energies are assumed to be uncorrelated, the mobility as a function of the applied
electric field and the absolute temperature is given by Eq. 3.33 and


2 
λ̄ + σ̄r2
s
Ē
1
−
exp
−
4
λ̄
σ̄ 2
sinh(Ē/2)




µ̄ =
, (3.35)
2
σ̄r2
Ē/2
2
+
Ē/
λ̄
−
3σ̄
/
λ̄
Ē
2 sinh(Ē/2) + exp σ̄r2
−
4
2
where
σ̄r2 =

σ̄ 2
2
1 − σ̄λ̄

(3.36)

is the renormalized variance.
Fig. 3.3 shows the electric field dependence of Eq. 3.35 for (a) three different
temperatures and (b) three different reorganization energies. The field dependence
is qualitatively similar to the field dependence in Miller-Abrahams theory. The
two main differences are that the position of the maximum is affected by the
reorganization energy and that the rate of decay after the maximum is much
higher in Marcus theory. The latter is due to the Marcus inverted region, where
the transition rates of the charge carriers decrease with increasing field strength.
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Figure 3.3. Analytical (a), (b) electric field and (c) temperature dependence of the
mobility in a one-dimensional chain, where the transition rates are taken from Marcus
theory. The curves were produced using Eq. 3.33 and 3.35 with σ = 50 meV and b = 3.6
Å.

3.3 Marcus theory

47

Fig. 3.3(c) shows the temperature dependence of Eq. 3.35 for three different
reorganization energies. For most of the temperature range shown in the figure,
the proportionality is given by ln µ ∝ T −2 , as in the Miller-Abrahams case. For
high temperatures, however, the behavior is better described by ln µ ∝ T −1 . This
effect is visible as a deviation of the curves from a straight line as T −2 approaches
zero. Furthermore, for low temperatures, the mobility will drop rapidly to zero.
This is due to the singularity of the renormalized variance (Eq. 3.36) as σ 2 /kT
approaches λ and it appears to be an artifact of treating the chain as infinite in
order to reach the solution in Eq. 3.35 [98]. This is visible as the curve for the
reorganization energy of 0.2 eV approaches a temperature of 200 K to the right in
Fig. 3.3(c).
For the correlated case, the mobility is instead given by

r

2 
λ̄ + σ̄r2 (1 − ā)
σ̄ 2
Ē
1
−
exp
−
4
σ̄r2
λ̄
 

 , (3.37)
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Ē
2(1
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Ē/
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+
(3
+ ā)σ̄ 2 /λ̄
2
1 + exp σ̄r 1 − (1 − ā)
− Ē f
4
with a renormalized variance
σ̄r2 =

σ̄ 2
σ̄ 2 (1 − ā)
1−
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(3.38)

and
f=

∞
X

m=0

"

exp − Ēm −

σ̄ 2 ā
2(m + 1)(m + 2)

#
σ̄ 2
Ē
σ̄ 2
ā
× (2m + 3) 2 + −
. (3.39)
σ̄r
λ̄
2λ̄ (m + 1)(m + 2)

To obtain a closed-form expression for the mobility in the correlated system, the
infinite sum f has to be approximated. To a first order approximation,
f≈

∞
X

m=0

e−Ēm =

exp(Ē/2)
eĒ
.
=
2 sinh(Ē/2)
eĒ − 1

The next order approximation is given by

 2
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σ̄ 2 ā
Ē
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.
f ≈ exp − r
4
σ̄r
2 sinh(Ē/2)
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4λ̄

(3.40)

(3.41)
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CHAPTER

4

Monte Carlo methods

While the ideal solution to a physical problem is analytical, it is unfortunately
not always possible to obtain such a solution. We saw in the previous chapter
that the most realistic system for which an exact closed-form analytical solution
exists for the mobility, is a system that can be described by non-interacting charges
in a one-dimensional chain of transport sites with energies given by a Gaussian
distribution.
In the absence of analytical solutions for more general systems, we can investigate a computational method that can be applied to find various properties of
charge transport in disordered materials. The method is the Monte Carlo method
and it is sometimes called by the flattering term an ideal experiment. Monte Carlo
methods are a large class of computational algorithms that rely on random number
generation, or random sampling. The name was coined by Nicholas Metropolis,
John von Neumann, and Stanislav Ulam during their work on the Manhattan
Project and stems from the famous casino in Monte Carlo, Monaco [99].
A typical example of the Monte Carlo method is to calculate the value of π.
This can be done in the following way. Imagine a square with side length r and
draw in a quadrant (a quarter of a circle) with radius r centered at the lower left
corner of the square. This setup is shown in Fig. 4.1. Now imagine a very unskilled
dart player throwing darts at this square. The player is so bad that the places
he hit in the square are completely random. To get better, he practices a lot and
eventually the square is full of darts, n of them to be exact, scattered randomly
across the square.
To get the value of π from this, it is enough to count the number of darts
within the quadrant. The area of the square is r2 and the area of the quadrant is
πr2 /4. The probability, Pq , to hit within the quadrant is the area of the quadrant
49
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Figure 4.1. A quadrant in a square.

divided by the total area of the square, i.e.,
Pq =

πr2 /4
π
= .
2
r
4

(4.1)

The dart player knows this probability. If m darts hit within the quadrant, Pq =
m/n and
4m
π=
.
(4.2)
n
The number of darts needed to get a good estimate of π is very large and
hence it might prove to be too tedious a task for a human. However, computers
are excellent unskilled dart players. Listing 4.1 is an implementation in the Python
programming language to estimate π in the way just described. The program is
simplified by using a unit square and circle. Fig. 4.2 shows a graphical view of the
program for n equal to 10, 100, and 1000. The estimate of π gets closer and closer
to the real value as n increases, but a large value of n is needed.
The Monte Carlo method is applied to solve a great variety of problems. In
statistical physics, it is used to investigate systems that abide Boltzmann statistics. The typical example is to use the Monte Carlo method to find the magnetic

Listing 4.1. A simple function to estimate π.
from random import random
def pi(n):
"""Estimate pi from n samples."""
m = 0
for i in xrange(0, n):
x = random()
y = random()
if x**2 + y**2 < 1.0:
m += 1
return 4.0 * m / n

4.1 Random number generation
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Figure 4.2. Monte Carlo simulation to find the value of π. The number of points within
the quadrant is counted to find the estimate.

moment of an Ising model system by flipping the spin of atoms between up and
down. The flipping is done at random using the clever Metropolis algorithm, which
will be presented in section 4.2. Other applications of Monte Carlo methods can
be found in such diverse fields as chemistry, biology, engineering, mathematics,
economics, etc.

4.1

Random number generation

The generation of a random number is essential to any Monte Carlo method,
regardless of the application. Due to the high number of samples required to get
good accuracy, the process has to be fast. This is usually achieved by using an
algorithmic approach to generate the numbers, instead of a truly random approach
where it is impossible to predict the next number in the sequence.
An algorithmic approach to random number generation is given by
xi+1 = f (xi , parameters).

(4.3)

The random numbers can be thought of as a sequence, where the next number in
the sequence comes from applying a function taking some arbitrary parameters to
the current number. This means that as long as the function f and the parameters
are known, the next number in the sequence can be predicted and is in one sense
not random at all. This is the reason why numbers generated by a computer in
this way is often called pseudo-random. Fortunately, as long as the function f
is chosen in a clever enough way, for the vast majority of applications there is
no difference between pseudo-random numbers and random numbers that can not
be predicted. The most prominent field where true randomness is important is
cryptography, where the ability to predict the next number in the sequence would
break the cipher.
A simple example of a pseudo-random number generator is the linear congruential random number generator. It is defined by the function
f (x, a, c, m) = (ax + c)

mod m,

(4.4)
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Listing 4.2. A linear congruential random number generator.
class LinearCongruentialRNG(object):
"""A linear congruential random number generator."""

def __init__(self, seed, a, c, m):
"""Initialize the RNG with a seed and the parameters."""
self.x = seed
self.a = a
self.c = c
self.m = m

def __call__(self):
"""Return a random number in [0, 1)."""
self.x = (self.a * self.x + self.c) % self.m
return float(self.x) / self.m

where a, c, and m are the parameters. A simple implementation is written in
listing 4.2.
Besides being fast, there are some additional demands on a good pseudorandom number generator. First of all, it should abide the distribution it is meant
to draw samples from, usually a uniform distribution in the interval [0, 1). Second, it should have a long period. Since the function f is fully deterministic, a
given number xi will always generate the same number xi+1 next in the sequence.
Hence, once a number shows up twice in a sequence, the same sequence will keep
on repeating over and over.
While the linear congruential random number generator described above was
the standard generator for a long time due to its speed and simplicity, better
alternatives are available with respect to the two demands mentioned above. In
particular, the Mersenne twister algorithm proposed by Makoto Matsumoto and
Takuji Nishimura is widely used today [100]. With optimal parameters, it has a
period of 219937 − 1.

4.2

Markov chains

A Markov chain is a stochastic system that evolves in a sequence of steps. At
every step, an outcome of the stochastic system is drawn and these outcomes form
a chain. The formal definition is
P (Xn+1 = x|X1 = x1 , X2 = x2 , . . . , Xn = xn ) = P (Xn+1 = x|Xn = xn ).

(4.5)

Less formally, this means that if we consider a stochastic system, Xi , at a step
i, the probability of an outcome, x, for the system, Xi+1 , at the next step only
depends on the current state of the system at step i and not the state of the system
at the previous steps 1, . . . , i − 1. Because of this, a Markov chain is said to be
memory-less, since once a step has been made, all previous steps are forgotten.
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Consider a system with three outcomes numbered 1, 2, and 3, as shown in
Fig. 4.3(a). The probability of the system to go from one state to another is
indicated by the arrows in the figure. These probabilities may be written as a
matrix, the probability transition matrix


0.0 0.7 0.3
P = 0.4 0.0 0.6 ,
(4.6)
0.5 0.5 0.0

where an element pij at row i and column j is the probability to go from state i
to j. Note that the rows should sum up to unity. In this example, the system is
not allowed to stay in the same states between two adjacent steps and hence the
diagonal elements are zero.
The probability to be in any of the states of the system can be represented as a
probability vector. This is a row vector where the element i gives the probability
to be in the corresponding state with number i. Say it is known that the system
in Fig. 4.3(a) is in state 1 initially. This would be represented by the probability
vector

p0 = 1.0 0.0 0.0 .
(4.7)

To get the probabilities for the state of the system after the first step, the probability vector is simply multiplied with the transition probability matrix,



 0.0 0.7 0.3
(4.8)
p1 = p0 P = 1.0 0.0 0.0 0.4 0.0 0.6 = 0.0 0.7 0.3 .
0.5 0.5 0.0

The probability to be in state 1 is now zero, while the probability to be in state 2
and 3 is 0.7 and 0.3, respectively. This first step can also easily be deduced from
Fig. 4.3(a). To get the probabilities after the next step, this probability vector is
again multiplied by the probability transition matrix, which gives

p2 = p1 P = p0 P P = 0.43 0.15 0.42 .
(4.9)

From this it is apparent that in general, the probability vector after n steps is
pn = p0 P n ,

(4.10)

i.e., all that is needed to follow the statistical evolution of a Markov chain is the
probability transition matrix and the initial state of the system.
An important property of a regular Markov chain is that as the number of
steps increases, the probability vector approaches the invariant distribution, π,
regardless of the initial probability vector. As the name suggests, this distribution
is constant with respect to the evolution of the system,
π = πP.

(4.11)

For a Markov chain to be considered regular, two conditions must be fulfilled.
First, the chain must be irreducible, which means that there must exist a directed
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Figure 4.3. Graph representation of Markov systems. The system in (a) is a regular
Markov system, the system in (b) is reducible, and the system in (c) is periodic.
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Figure 4.4. The evolution of the Markov chains in Fig. 4.3. In (a), the regular Markov
chain quickly tend to the invariant distribution. In (b) and (c), the reducible and periodic
properties, respectively, of the systems prevents this.
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path from every state to every other state. An example of a system that does
not fulfill this condition is shown in Fig. 4.3(b). The second condition is that the
system must be aperiodic. This means that there should be no integer k such that
the number of steps between the return from any state to itself must be a multiple
of k. Fig. 4.3(c) show a periodic Markov chain.
The evolution of the Markov chains in Fig. 4.3 can be seen in Fig. 4.4, where
part (a), (b), and (c) correspond to the same part in Fig. 4.3. The components
of the probability vector is plotted against the step number in the Markov chain.
The regular Markov chain in Fig. 4.4(a) quickly tend to the invariant distribution,
while the reducible property of the system in (b) and the periodic property of the
system in (c) prevents this from happening.

4.2.1

The Metropolis-Hastings algorithm

In 1953, Nicholas Metropolis et al. [101] suggested an algorithm to investigate the
properties of any substance composed of interacting individual molecules. Using
classical Maxwell-Boltzmann statistics, he investigated the equation of state for
a two-dimensional rigid-sphere system. In 1970, W. Keith Hastings [102] put the
algorithm in a more general context and it became known as the MetropolisHastings algorithm.
The Metropolis-Hastings algorithm, as listed in algorithm 4.1, produces a
Markov chain. In the algorithm, x ∼ f is taken to mean x is a number drawn from
the random distribution f . In words, the algorithm can be described as follows.
Select an initial state, x0 , and make it the current state, x. Draw a state y from
the proposal distribution, gx , which depends on the current state x. This state is
the proposal for the next state of the Markov chain. The acceptance discipline,
h(x, y) =

f (y)gy (x)
,
f (x)gx (y)

(4.12)

determines if the proposal should be accepted by checking if it is greater than or
equal to a random number drawn from a uniform distribution in the interval [0, 1).
The function f is the target density that the generated Markov chain will follow
after enough steps have been taken. If the proposed state y is accepted, make
it the current state, otherwise, keep x as the current state. Repeat this until a
Markov chain of desired length has been generated.
Algorithm 4.1 Metropolis-Hastings
x ← x0
loop
y ← γ ∼ gx
h ← f (y) gy (x) / f (x) gx (y)
if υ ∼ U (0, 1) < h then
x←y
end if
end loop
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Listing 4.3. Generation of normally-distributed numbers.
from math import exp, pi
from random import uniform
def normalpdf(x, mu, sigma):
"""The probability density function for a N(mu,sigma) distribution."""
return 1 / (2 * pi * sigma**2)**0.5 * exp(-(x - mu)**2 / (2 * sigma**2))

def normal(n, mu, sigma):
"""Generate n samples from a N(mu,sigma) distribution."""
x = mu
for i in xrange(n):
y = uniform(x - sigma, x + sigma)
h = normalpdf(y, mu, sigma) / normalpdf(x, mu, sigma)
if uniform(0, 1) < h:
x = y
bfseriesyield x
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Figure 4.5. A histogram of 20000 samples from a N (0, 1) distribution generated using
the implementation of the Metropolis algorithm written in listing 4.3. The thick black
line is the target density function added as a reference.
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The original algorithm proposed by Metropolis et al. had the requirement that
the proposal distribution is symmetric,
gx (y) = gy (x).

(4.13)

This simplifies the acceptance discipline to
h(x, y) =

f (y)
.
f (x)

(4.14)

The algorithm in the form suggested by Hastings (algorithm 4.1), however, only
has the requirement that
gx (y) > 0 if and only if gy (x) > 0.

(4.15)

One typical use of the Metropolis-Hastings algorithm is to generate a sequence
of random variates from a probability distribution for which direct sampling is difficult. As an example, the implementation in listing 4.3 uses random variates from
a uniform distribution (discussed in section 4.1) centered around the current state
x as the proposal distribution to generate numbers that are normally distributed.
Since the proposal distribution is symmetric, the original Metropolis algorithm is
used. The result is shown in Fig. 4.5 as a histogram of the numbers produced.
The thick black line is the target density, i.e., a Gaussian function with a mean
and standard deviation of zero and unity, respectively.

4.3

Random walks

A Markov chain can be considered a random walk, since each step taken to generate
the Markov chain is a stochastic process. The converse is not necessarily true,
however, since a random walk can in principle depend on any previous step in the
chain (Eq. 4.5 is not fulfilled) and, hence, Markov chains are a subset of random
walks. A random walk can be used to describe the motion of particles under
collision, solve gambling problems, and find the pricing of options in finance, to
list a few examples. In this section, we will describe the hopping charge transport
described in the previous chapters as a random walk.

4.3.1

Non-interacting charge carriers

A step in a random walk for a hopping charge carrier is shown in Fig. 4.6. Note that
we are back again to Fig. 1.1, but the three site attributes have been transformed
into transition rates between the sites. The charge is currently residing on site 1
and it has four adjacent neighboring sites that it can transition to. These four
sites are called the neighborhood of site 1 and the charge carrier. The transition
rates, k1j , j = 2, 3, 4, 5, are assumed to have been calculated using the equations
discussed in chapter 2.
Two random variates are needed to complete a step in the random walk of the
charge carrier. First, a dwell time, τ , must be drawn to determine the time the
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Figure 4.6. A step in a hopping charge transport process. Site 1 is occupied by a charge
carrier.

charge will spend on the current site before hopping to the next. If the transitions in the system is assumed to be a Poisson process, i.e., the transitions occur
continuously and independently of each other at a constant rate, this dwell time
should be drawn from an exponential distribution. The mean of this distribution,
τ̃ , is given by
1 X
=
kij
(4.16)
τ̃
j
if i is the index of the current site and j runs over the indices of sites in the
neighborhood of site i.
The second random variate is the site to make the transition to. The index
of this site is chosen using a roulette wheel selection (RWS) method, where the
probabilities are proportional to the transition rates, kij . A roulette wheel selection is used to choose one outcome from a discrete set of outcomes and where
the outcomes can have heterogeneous probabilities. An example implementation

Listing 4.4. Roulette wheel selection using CDF inversion.
from bisect import bisect
from random import random
def cumulative_sum(numbers):
"""Return the cumulative sum of a sequence of numbers."""
return [sum(numbers[:i+1]) for i in xrange(len(numbers))]

def rws(outcomes, probabilities):
"""Choose an outcome based on heterogeneous probabilities."""
intervals = cumulative_sum(probabilities)
index = bisect(intervals, random())
return outcomes[index]
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Algorithm 4.2 Non-interacting hopping charge transport
t ← t0
i ← i0
loop
J ← {j : ”indices
P of thesites in the neighborhood of i”}
τ ←  ∼ Exp
j∈J kij
t←t+τ
i ← RWS(J, {kij : j ∈ J})
end loop

of a cumulative distribution function (CDF) inversion RWS method using a cumulative sum and the bisect algorithm is written in listing 4.4. The probabilities
are assumed to sum up to unity, but this precondition can easily be lifted by a
small modification to the code. The bisect algorithm is a simple but smart way
to efficiently find the position in a sorted array where a new element should be
placed. Another RWS method is Walker’s alias method [103, 104], which usually
performs better but is more complicated to set up.
Once a dwell time and a site index to transition to has been drawn, the charge
carrier can be moved to the new site and the process is repeated. The whole
procedure is listed in algorithm 4.2.

4.3.2

Interacting charge carriers

Not surprisingly, if interactions between the charge carriers are to be taken into
account, the situation becomes more complicated. To a first approximation, the
interaction can be included by introducing multiple charge carriers in the system
and not allowing two charge carriers to occupy the same site at the same time.
This is illustrated in Fig. 4.7, where the transition rate between site 1 and 2 is zero
due to site 2 being occupied. In this case, the random walk is no longer a Markov
chain, since for a particular charge carrier, the location of the other charge carriers
depends on the whole history of the random walk.
To handle the case of interacting charge carriers, the carriers can be indexed
and put in a priority queue. A priority queue is a data structure that arranges
items after an associated priority and the item with the highest priority can be
accessed in an efficient way. A sorted list is a simple example of a priority queue,
although not necessarily the most efficient one. The priority in the case of the
charge carriers would be the time of their next transition. In this way, the next
charge carrier to move is simply taken from the top of the priority queue.
Another complication arise as a charge carrier is moved from one site to another. The new site occupied might be the next site drawn for another charge
carrier. Furthermore, the site left by the charge carrier that is now unoccupied
might prove to be a much more likely candidate for other charge carriers than
their currently drawn next site. Hence, once a charge is moved, all other charges
that have either of the two sites involved in the move in their neighborhood must
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Figure 4.7. A step in a hopping charge transport process with interacting charge
carriers. Since site 2 is already occupied, the transition rate k12 is zero for the charge
carrier at site 1.

be updated. Luckily, the exponential distribution is memory-less,
P (T > s + t|T > s) = P (T > t),

∀s, t ≥ 0,

(4.17)

which means that regardless if the charge carrier has occupied a site for one picosecond or one hour, the probability is still the same that it will make the transition
within a given unit of time. Hence, the affected charge carriers can be updated as
usual by drawing a dwell time and the next site in the new charge configuration.
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APPENDIX

A

Marmoset

Marmoset is a very simple Python implementation of a Monte Carlo simulation of
hopping charge transport in a given system. It takes two input files: (i) a structure
file containing the coordinates of the sites and the size of the rectangular box they
are confined to and (ii) a configuration file with simulation parameters. While
simple, this example implementation demonstrate many of the concepts involved
in hopping charge transport. The concept of a site, a transition, and a charge
carrier is directly implemented as classes. Functions are made to generate the
diagonal disorder, i.e., the DOS, and to calculate the transition rates using the
Miller-Abrahams theory described in chapter 2. The result of the simulation is
the mobility of the charge carriers in the system.
Below is an example of the structure and configuration input file, respectively.

3.0
0.0
1.0
2.0

3.0
0.0
1.0
2.0

3.0
0.0
1.0
2.0

marmoset.xyz
# the size of the box
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marmoset.cfg

[Structure]
fileName = marmoset.xyz
numberOfNeighbors = 2
[DiagonalDisorder]
mean = 0.0
standardDeviation = 0.05
[TransitionRate]
prefactor = 1e+12
localizationLength = 3.33
electricField = 0, 0, 1e5
temperature = 300
[Simulation]
ensembleSize = 10000
runTime = 1e-10
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#!/usr/bin/env python2.7
"""Run simple Monte Carlo simulations of hopping charge transport."""

import
import
import
import
import
import
import
import

argparse
bisect
ConfigParser
itertools
math
operator
random
sys

import numpy
import scipy.constants
import scipy.spatial
K = scipy.constants.value(’Boltzmann constant in eV/K’)

class Site(object):
"""A transport site occupiable by a charge carrier."""

def __init__(self, position, energy=0.0):
self.position = numpy.asarray(position, dtype=float)
self.energy = energy
self.transitions = []

class Transition(object):
"""A representation of a transition to a site."""

def __init__(self, acceptor, vector, rate=1.0):
self.acceptor = acceptor
self.vector = numpy.asarray(vector, dtype=float)
self.rate = rate

class Charge(object):
"""A charge carrier."""

def __init__(self):
self.position = numpy.zeros(3)
self.donor = None
self.next_transition = None
self.next_transition_time = float(’inf’)

def place(self, donor):
"""Place the charge on a given donor site."""
self.donor = donor
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def draw_next_transition(self, current_time):
"""Draw the next transition for the charge carrier."""
rates = map(operator.attrgetter(’rate’), self.donor.transitions)
intervals = numpy.array(rates).cumsum()
totalrate = intervals[-1]
index = bisect.bisect_right(intervals, random.uniform(0.0, totalrate))
self.next_transition = self.donor.transitions[index]
self.next_transition_time = current_time + random.expovariate(totalrate)

def hop(self):
"""Perform a previously drawn transition."""
self.position += self.next_transition.vector
self.donor = self.next_transition.acceptor
self.draw_next_transition(self.next_transition_time)

def create_structure(config):
"""Create a structure of sites."""
structfile = config.get(’Structure’, ’fileName’)
data = numpy.loadtxt(structfile)
cell = data[0]
sites = [Site(position) for position in data[1:]]
return sites, cell

def create_transitions(sites, cell, config):
"""Create transitions between a given sequence of sites."""
numneighbors = config.getint(’Structure’, ’numberOfNeighbors’)
# This creates translation vectors to move a site into each of the
# 26 surrounding cells of the given cell.
translations = [numpy.array(v) * cell for v in
itertools.product((-1., 0., 1.), repeat=3)]
positions = [site.position for site in sites]
all_positions = [p + v for v in translations for p in positions]
kdtree = scipy.spatial.cKDTree(all_positions)
_, all_indices = kdtree.query(positions, numneighbors + 1)
for site, indices in zip(sites, all_indices):
for index in indices[1:]:
translation_index, neighbor_index = divmod(index, len(sites))
neighbor = sites[neighbor_index]
translation = translations[translation_index]
vector = neighbor.position + translation - site.position
transition = Transition(neighbor, vector)
site.transitions.append(transition)

def generate_diagonal_disorder(sites, config):
"""Assign site energies from a Gaussian distribution."""
mean = config.getfloat(’DiagonalDisorder’, ’mean’)
std = config.getfloat(’DiagonalDisorder’, ’standardDeviation’)
for site in sites:
site.energy = random.normalvariate(mean, std)
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def assign_transition_rates(sites, config):
"""Assign transition rates according to Miller-Abrahams theory."""
prefactor = config.getfloat(’TransitionRate’, ’prefactor’)
alpha = config.getfloat(’TransitionRate’, ’localizationLength’)
F = map(float, config.get(’TransitionRate’, ’electricField’).split(’,’))
T = config.getfloat(’TransitionRate’, ’temperature’)
for donor in sites:
for transition in donor.transitions:
r = numpy.linalg.norm(transition.vector)
dE = transition.acceptor.energy - donor.energy \
+ numpy.dot(F, transition.vector)
transition.rate = prefactor \
* math.exp(-2. * r / alpha - (dE + abs(dE)) / (2. * K * T))

def run_one_simulation(sites, runtime):
"""Run a single simulation."""
charge = Charge()
charge.place(random.choice(sites))
charge.draw_next_transition(0.0)
while charge.next_transition_time < runtime:
charge.hop()
return charge.position

def run_simulations(sites, config):
"""Run simulations on an ensemble of systems."""
ensemblesize = config.getint(’Simulation’, ’ensembleSize’)
runtime = config.getfloat(’Simulation’, ’runTime’)
movement = numpy.zeros(3)
for i in xrange(ensemblesize):
chargeposition = run_one_simulation(sites, runtime)
movement += chargeposition
return movement / ensemblesize

def calculate_mobility(movement, config):
field = map(float, config.get(’TransitionRate’, ’electricField’).split(’,’))
time = config.getfloat(’Simulation’, ’runTime’)
velocity = movement / time
velocity = abs(numpy.dot(velocity, field) / numpy.linalg.norm(field))
velocity *= 1e-8 # Ang/s --> cm/s
mobility = velocity / numpy.linalg.norm(field)
return mobility

def main():
"""The main function of Marmoset."""
argparser = argparse.ArgumentParser(description=__doc__)
argparser.add_argument(’inputfile’, nargs=’?’,
type=argparse.FileType(’r’), default=sys.stdin,
help=’a configuration file (default: stdin)’)
args = argparser.parse_args()
config = ConfigParser.ConfigParser()
config.optionxform = str
config.readfp(args.inputfile)
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sites, cell = create_structure(config)
create_transitions(sites, cell, config)
generate_diagonal_disorder(sites, config)
assign_transition_rates(sites, config)
movement = run_simulations(sites, config)
mobility = calculate_mobility(movement, config)
print mobility

if __name__ == ’__main__’:
main()

Marmoset

