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Structures, stresses, and fluctuations in the delayed failure of colloidal
gels

Stefan B. Lindström,∗ab Thomas E. Kodger,b Joris Sprakel,bc and David A. Weitzb

Sample-spanning networks of aggregated colloidal particles have a finite stiffness and deform elastically when subjected to a
small shear stress. After some period of creep, these gels ultimately suffer catastrophic failure. This delayed yielding is governed
by the association and dissociation dynamics of interparticle bonds and the strand structure of the gel. We derive a model which
connects the kinetics of the colloids to the erosion of the strand structure and ultimately to macroscopic failure. Importantly,
this model relates time-to-failure of the gel to an applied static stress. Model predictions are in quantitative agreement with
experiments. It is predicted that the strand structure, characterized by its mesh size and strand coarseness, has a significant
impact on delay time. Decreasing the mesh size or increasingthe strand thickness makes colloidal gels more resilient todelayed
yielding. The quench and flow history of gels modify their microstructures. Our experiments show that a slow quenching
increases the delay time due to the coarsening of the strands; by contrast, preshear reduces the delay time, which we explain by
the increased mesh size as a result of shear-induced fracture of strands.

1 Introduction

At sufficiently high volume fractions, colloids that interact
through a short-range attraction form a gel,1,2 a percolated net-
work structure with a finite, instantaneous yield stress. When
a stress smaller than the yield stress is applied to the material,
the initial response is elastic, but after some time the material
can suddenly yield and start to flow.3,4 This phenomenon is
known as delayed yielding or delayed failure. Colloidal gels
are encountered in drug delivery systems5, food products6,
cosmetics, paints, coatings and more, and the delayed yielding
of these colloidal gels subject to gravitational forces, known as
delayed collapse, limits the shelf-life of these products.Thus,
their stability under loads is of direct interest and importance.
Gravity induces compression in the bulk and shear near ad-
hesive vertical walls.7,8 Under gravitational load as well as
in simple shear, the time delay before yielding decreases ex-
ponentially with stress,3,9 indicating that a stress-dependent
energy barrier governs failure at the particle-level.9 However,
this picture is complicated by the strand architecture, which
has an order-of-magnitude effect on delay time.10 To achieve
predictive capability with a physical model, we must consider
the full complexity of the system; this must include the effects
of thermal fluctuations and of stresses at all levels of structure.

The creep response of colloidal gels typically displays three
regimes: an initial elastic deformation, a subsequent primary
creep regime where the creep rate decreases with strain and
finally a catastrophic failure.3,4,10 This behavior is found in
weak10 and strong colloidal gels3,4,10 as well as in polymeric
gels11,12. Experiments indicate that the delay timeτ decreases
exponentially with applied shear stressσ for strong gels of
stearylated-silica particles in oil3 and carbon black particles
in oil 4. This suggests the presence of an energy barrier that
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decreases linearly with applied stress.4 A similar exponential
scaling of delayed yielding time with stress is also observed
for polymeric gels.11,12 Interestingly, if a preshear is applied
to the colloidal gel, the delay time shows two distinct stress
regimes. The delay time increases exponentially with decreas-
ing stress, but with different exponential factors in the two
regimes. This is observed for stearylated-silica particles in
dodecane and carbon black in tetradecane, which both form
strong gels, and in a weak polystyrene particle gel with a de-
pletion attraction.10 The two regimes are attributed to the hi-
erarchical architecture of particles and strands in conjunction
with the stress-enhanced dissociation rate and association rate
of colloid–colloid bonds.10

In this work, we validate and further develop the theory for
delayed yielding in colloidal gels under a static loading.10 We
relate the applied stress, parameters of colloidal interactions
and strand structure to the delayed yielding time. Our model
emphasizes the importance of the gel strand structure, which
can be modified by quench history13 and flow history14,15. We
address how to control the strand structure to optimize ma-
terial performance in delayed yielding by experimentally in-
vestigating the effects of preshear and quench rate on the de-
layed yielding time and interpret the results in light of ournew
model. This provides a crucial new understanding directly ap-
plicable to industrial processing of gel-based products.

2 Yielding dynamics at multiple scales

Colloidal gels have different structural features at clearly sep-
arable length-scales. At the microscale, the attractive particles
aggregate to form gel strands, at the mesoscale, gel strands
form a percolated network structure and at the macroscale the
gel is a homogeneous material. These levels of structure are
visible in a confocal microscope image of a colloidal gel com-
prising 1.1µm particles at a volume fractionφ = 0.12 in for-
mamide/sulfolane depleted by 50 mg/ml, 500 kDa dextran16

(Fig. 1a). It has been previously shown that these hierarchi-
cal structures strongly affect the moduli of gels,17 suggesting
that they may also be pivotal to other mechanical properties
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Fig. 1 (a) Representitive confocal microscope image of a colloidal
gel of volume fractionφ = 0.12. Note the three levels of structure:
particle-level, strand-level and homogeneous macroscopic level.
(b) Schematic illustration of two simultaneously detached
colloid–colloid bonds (striped particles) at the neck of a strand.
(c) Illustration of broken strand with seven broken bonds.

including the delayed failure.
To describe the delayed yielding of these hierarchically

structured materials, we model the system at multiple scales.
A particle-level modeldescribes the stress-enhanced bond dis-
sociation. Astrand-level modelconsiders the collective dis-
sociation/association dynamics of bonds at the neck of a gel
strand and yields the strand dissociation rate. Amacroscopic
modelrelates the macroscopically applied stress to the strand
dissociation rate and predicts the degradation of the material
before damage localization and macroscopic failure.

2.1 Particle-level model

A colloidal particle of the formed gel is trapped in a poten-
tial well resulting from interactions with its neighbors. Within
this potential well, irregular forces caused by thermal fluctu-
ations of the surrounding medium induce particle vibrations,
which can lead to the dissociation of a colloid–colloid bond.
By considering the diffusion equation for the density distri-
bution of particles in a colloid–colloid interaction potential,
the dissociation rate of bonds can be derived.18 When no ex-
ternal force is applied across the bond, the dissociation rate
becomeskD = ω0 exp(−EA/kBT ), whereω0 is the attempt
frequency,EA is the depth of the potential well,kB is the
Boltzmann constant andT is the absolute temperature. The
frequencyω0 depends on the diffusivity of the particles and
the shape and depth of the potential barrier.18

When a forcef is applied across the weakly attractive bond,
the energy barrier is lowered19 and the dissociation rate is

modified, becoming20

k′D = kD exp

(
fδ

kBT

)
, fδ < EA, (1)

whereδ is the characteristic width of the interaction poten-
tial. Here, the work performed by the applied force is approx-
imated byfδ. This model for the kinetics of bond dissociation
has been experimentally verified for weakly attractive molec-
ular systems.21 It should be mentioned that applying a force
across the colloid–colloid bond slightly modifiesω0.22 This
effect is neglected in the present model.

2.2 Strand-level model

If the cross-section of a strand includes several particles,
many dissociation events are required for a strand to break
(Figs. 1bc). Due to thermal fluctuations, bonds also reform at
an association ratekA, which is assumed to be independent of
the applied stress. Since the thickness of a strand varies along
its length, it is assumed that fracture will occur at an existing
“neck”, the weakest point along its contour, that has a cross-
section ofn bonds. The integer number of intact bonds at the
neck is denoted byj ∈ [0, n].

During the rupture of a single strand, we assume that the
macroscopic stresses are constant; which is achieved experi-
mentally in so-called creep experiments. Even so, the force
on the breaking strand may not be constant. When some of
the bonds break at the neck of astraight strand, the tensile
stiffness of the strand is significantly reduced, simply because
the strand stiffness is the harmonic mean of the stiffness ofits
cross-sectional slices. When a straight strand weakens, the
force it carries is redistributed to adjacent strands; as a re-
sult, the boundary conditions of the breaking strand is best
described as a constant deformation. For anon-straightstrand
loaded in tension, elastic bending energy is distributed over the
whole strand, not just its neck. Consequently, bonds breaking
at the neck do not significantly change the apparent tensile
stiffness of the strand; non-straight strands are thus subjected
to constant force boundary conditions during fracture. There-
fore, we explore two scenarios for strand rupture events: con-
stant strand forceF , or constant strand deformation, which
corresponds to a constant bond forcef .

We begin by examining the high stress limit, whenk′D ≫
kA, at constant deformation of the strand. In this case, asso-
ciation events are rare and negligible. The probability that a
single bond is still intact at timet after the application of a
static load isp1(t) = exp(−k′Dt). Then, the probability that a
strand with a cross-section ofn particles is still intact at timet
becomespn(t) = 1 − [1− p1(t)]

n. We integrate to find the
average strand survival timeτD, which yields the dissociation
rate of the strands

KD =
1

τD
=

(
−

∫ ∞

0

t′
dpn
dt

dt′
)−1

=
k′D
Sn

≈
k′D

ǫ+ lnn
. (2)

Here,Sn =
∑n

j=1 1/j andǫ = 0.5772... is Euler’s constant.
The last approximation of Eq. (2) holds for large values ofn.
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Thus, at high applied loads the dissociation rate of a strand
with many bonds in its cross-section is almost the same as
the dissociation rate of the individual bonds that make up the
strand.

If instead a constant forceF is applied to the strand, the
force on each bond becomesf = F/j. Whenj bonds remain,
the time until the subsequent bond rupture is exponentially
distributed with rate parameterjkD exp(Fδ/jkBT ). The rate
at which strands break can be estimated using the sum of ex-
pected times between each bond rupture

KD ≈




n∑

j=1

1

jkD
exp

(
−

Fδ

jkBT

)

−1

. (3)

By substitutingx = j/n and assuming thatn is large, we
obtain

KD ≈ kD




n∑

j=1

1

x
exp

(
−

Fδ

nkBT
·
1

x

)
1

n



−1

≈ kD

[∫ 1

0

1

x
exp

(
−

Fδ

nkBT
·
1

x

)
dx

]−1

=
kD

E1(Fδ/nkBT )

≈
1

ln(1 + nkBT/Fδ)
· kD exp

(
Fδ

nkBT

)
. (4)

In the final approximation, the exponential integralE1(z) =∫∞

1
t−1e−ztdt is approximated using elementary functions

for convenience.23 According to Eq. (4), the strand dissoci-
ation rate for constant strand force is much increased as com-
pared to constant strand deformation in Eq. (2).

In the low stress limit, whenk′D ≪ kA, bond dissocia-
tion events are followed almost immediately by an associa-
tion event. Consequently, all bonds of the cross-section must
break within anO(1/kA) time for a strand to break, thus mak-
ing strand rupture a much more rare and cooperative event.
We use the following thought experiment to derive the dis-
sociation rate of strands: Assume that the fracture gap does
not widen when the strand breaks. Then, the probability that
one particular bond of the cross-section is broken at a given
time isP1 = k′D/kA. The probability that all bonds are bro-
ken isPn

1 . That is,Pn
1 is the fraction of time that the strand

spends in the broken state. At the point of strand fracture, the
expected time before one of the bonds reforms and restores the
strand is1/nkA. Thus,1/nkA is the typical duration of each
fracture. This yields the dissociation rate of strands,

KD ≈ nkAP
n
1 = nkA

(
kD
kA

)n

· exp

(
nfδ

kBT

)
. (5)

Now, suppose the gap is allowed to widen as a strand breaks.
This precludes the re-association of bonds after the strand
fracture event. However, for an intact strand, the dissocia-
tion rate cannot depend on the future fate of the strand after
fracture due to the laws of causality. Hence, the strand disso-
ciation rate must still be given by Eq. (5) when strand fracture
is irreversible.

2.3 Macroscopic model

At the macroscale, we take a mean-field approach. When a
small stress is applied to a statistically homogeneous material,
the initial microscopic strand fractures are distributed over the
volume of the sample.24,25 We assume that the degradation
proceeds in this dispersed failure mode, preserving spatial ho-
mogeneity. Eventually, there is damage localization, which
means that cracks much larger than the mesh size of the pris-
tine material form. This finally leads to critical fracture and
macroscopic failure of the material. We propose that the de-
lay time is well estimated by the time-scale of the initial static
fatigue, occurring prior to the final macroscopic failure, while
the duration of critical crack propagation, which is much more
rapid, can be neglected.

Consider a strand structure of characteristic mesh sizeξ.
The area density of strands in a hypothetical yield surface
is ρ ∼ 1/ξ2. From a mean-field, equal load-sharing approxi-
mation, the tensile and transverse shear force components on
a strand become

F ‖(p̂) = (σ · p̂) · p̂/ρ(p̂) (6a)

F⊥(p̂) = |(δ − p̂p̂) · (σ · p̂)|/ρ(p̂), (6b)

respectively. Here, overbars are used to denote spatial aver-
age,σ is the stress tensor,δ is the unit tensor and̂p is the unit
vector in the axial direction of the strand. The axial forceF ‖

modifies the bond energy barrier as previously described. We
assume that a finite shear forceF⊥ across the strand also leads
to enhanced dissociation, lowering the energy barrier of each
bond by a factorαF⊥δ/jkBT , whereα > 0 is a constant
factor. The two componentsF ‖ andF⊥ both contribute to
the effective strand forceF controlling the strand dissociation
rate. As a first-order approximation, we make the lineariza-
tion F = F ‖ + αF⊥. The strands with highest dissociation
rate are oriented in the direction which maximizesF (p̂). In
a simple shear geometry with an applied shear stressσ12, we
show in Appendix A that the effective strand force can be writ-
ten asF = σ/ρ, whereσ ∼ σ12. For the constant strand force
assumption, we thus haveF = F = σ/ρ, while for the con-
stant strand deformation assumption, we havef = F/n =
σ/nρ.

Strands break with a dissociation rateKD and re-form with
an association rateKA. This dissociation/association dynam-
ics leads to a birth–death type ordinary differential equation
(ODE) for ρ = ρ(p̂, t). We drop the direction-dependence
of ρ for brevity, understanding that we study the most proba-
ble fracture plane:

dρ

dt
= −KDρ+KA(ρ0 − ρ) , ρ(0) = ρ0, (7)

whereρ0 is the initial area density of strands. Here,KD is
a function ofρ through the effective bond forceF . As ρ di-
minishes, the material becomes weaker,F increases and the
strand dissociation accelerates.

We take the characteristic delay timeτ to be the time re-
quired forρ to decrease fromρ0 to ρ0/e. It is straight-forward
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to computeτ by solving Eq. (7) numerically. The predicted
behavior is, however, not directly apparent from the ODE.

For the constant strand deformation assumption and negli-
gible association rate of strands,KA = 0, it is possible to
obtain an analytical estimate forτ . We have

dρ̃

dt̃
= −ρ̃ exp

[
ñCσ

(
1

ρ̃
− 1

)]
, ρ̃(0) = 1, (8)

whereρ̃ = ρ/ρ0 is nondimensional area density,t̃ = tKD|t=0

is nondimensional time,C = δ/nρ0kBT has the unit of com-
pliance and

ñ =

{
n , k′D ≪ kA
1 , k′D ≫ kA.

(9)

When ñCσ & 1, which according to our experiments is the
case for strong gels, numerical solutions of Eq. (8) show that
the nondimensional delay time is̃τ ≈ 1/ñCσ. Returning to
dimensional form, we arrive at our main result

τ ≈

{
1

n2kA

(
kA

kD

)n

· 1
Cσ

e−nCσ , k′D ≪ kA
Sn

kD
· 1
Cσ

e−Cσ , k′D ≫ kA.
(10)

Equation (10) predicts two stress regimes separated by a criti-
cal stressσc. SolvingkA = k′D for σc yields

σc =
1

C
· ln

kA
kD

. (11)

By virtue of the analytical solution (10), it is immediately
obvious that two stress regimes of different exponential scal-
ing should be seen in the delay time, as previously observed
in experiments.10

3 Model validation

3.1 Materials and methods

Experiments are conducted on three different systems: a ther-
moreversible stearylated-silica particle gel (SiO2), a carbon
black gel (CB) and a polystyrene particle gel (PS). The first
two materials form strong gels, with attraction strengths of
several tens to hundreds ofkBT , while the latter depletion-
induced gelation is weak with attraction strengths of order
10 kBT . Gel conditions are chosen such that no visible sedi-
mentation or syneresis is observed in the gel state over at least
one week after preparation or pre-shear rejuvenation, thuspre-
venting our experiments from being influenced by such sec-
ondary effects.

The SiO2 system is prepared from 160 nm diameter
stearylated-silica particles in dodecane at different volume
fractionsφ = {0.20, 0.25, 0.33}. These systems are fluid and
well-dispersed at high temperatures, but undergo a gel transi-
tion around29◦C. The sample is, in each experiment, loaded
into a concentric cylinder geometry in a stress-controlled
rheometer (MCR501, Anton Paar) and melted at40◦C. The
temperature is subsequently lowered to5◦C and the suspen-
sion is allowed to gel for 30 min. The gel is then presheared

with varying total strainγpre at a constant shear ratėγ =
0.01 s−1. After this preshear treatment, the sample is left to
equilibrate for an additional 15 min. For the CB system, car-
bon black particles are suspended in tetradecane at 8 wt%. The
PS system consists of 480 nm diameter polystyrene particles
at φ = 0.30 in water with dextran added to induce depletion
interactions to form the gel. Before each measurement, we
subject these two systems to a strong preshearγ̇ = 500 s−1

for 60 s, and let them equilibrate quiescently for 15 min.
Direct imaging of gel structure withγpre > 0 is achieved

by combining a spinning-disk confocal (Yokogawa CSU22)
with a commercial rheometer (Malvern, HR Nano). A custom-
made Couette geometry allows for the observation of the
shear-gradient plane across the entire gap. Gels are subjected
to a strong preshearγ̇ = 200 s−1 for 60 s with an equilibration
time of 5 min, or until the gel visually does not undergo struc-
tural rearrangement in the observed field of view,∼ 100µm.
The sample is then strained continuously at a shear rate of
γ̇ = 0.01 s−1; images are captured throughout up toγpre = 3.

3.2 Comparison with experiments

The creep response of colloidal gels usually displays three
regimes: an initial elastic deformation, a primary creep regime
where the creep rate decreases with strain and finally a catas-
trophic failure. This is exemplified by the creep curves of the
SiO2 system withφ = 0.25 for stresses in the rangeσ ∈
[6.3, 12]Pa (Fig. 2a). The slowly accelerating deformation in
the secondary creep regime, which eventually develops into
the catastrophic failure, is in accord with our picture of slow
material degradation through stochastic strand-rupture events,
followed by damage localization and rapid growth of macro-
scopic cracks. We take the delayed yielding time to be the
time τ at which the shear rate is maximized. Each creep mea-
surement thus renders a singleτ for oneσ; several repeats are
performed for eachσ to yield τ(σ).

Whenτ(σ) is plotted for theSiO2 system withγpre = 0,
we observe a single exponential regime. However, for a finite
preshearγpre = 3, two exponential regimes appear (Fig. 2b).
This is exactly the behavior predicted by our model. For the
presheared gel, we observe the two stress regimes of Eq. (10),
corresponding to strand dissociation rates given by Eqs. (2)
and (5), respectively. For the gel without flow history, only
the low stress behavior can be observed, simply because the
yielding in the high stress regime, Eq. (4), is too fast to mani-
fest as delayed yielding.

To demonstrate the generality of our approach, we mea-
sure τ(σ) for the two different gel systems, the weak PS
gel and the strong CB gel with preshear. Both exhibit two
stress regimes inτ , in agreement with the model predic-
tion (Figs. 2cd). Without flow history, carbon black gels ex-
hibit only one stress regime4. It is worth noticing that the de-
lay time appears to diverge to infinity for the two unsheared
strong gels,SiO2 and CB (Figs. 2bd), suggesting that re-
association of entire strands may become important at very
low stresses.

The four unknown parameters,kD, kA, n andC can be
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a

dcb

σ = 6.3Pa

σ = 12.0Pa

Fig. 2 (a) Creep response for different shear stresses
σ = {12, 11, 10, 9, 8, 7, 6.75, 6.5, 6.3}Pa forSiO2 gels
with φ = 0.25. (b) Time delayτ as a function of shear stressσ for
SiO2 gels withφ = 0.25, γpre = 0 (triangles) andγpre = 3

(circles). (c) Delay time vs shear stress for weak PS gels. (d) Delay
time vs shear stress for strong carbon black gels: CB system
(diamonds) and 6 wt% carbon black in mineral oil with no preshear4

(triangles). The solid lines in plots b–d indicate one or two
exponential relations. The dashed lines indicate apparent diversion
to infinity.

obtained directly from the slopes and intercepts of the two
regimes.10 Alternatively, they can be obtained from a fitting
procedure using numerical solutions of Eq. (7). The latter
method is employed in this work for the PS, CB andSiO2 sys-
tems (solid lines of Figs. 2bcd). The extracted parameters are
compiled in Table 1, in which the data are sorted in ascend-
ing order of gel strength. Interestingly, both structural and
dynamic parameters that characterize the gels can be obtained
from a single type of rheology experiment. As the depth of the
interaction potential increases, going from weak to stronger
gels in Table 1, the typical elastic energyW = σcC required
to initiate erosion increases. Here,W is normalized bykBT .

Although the critical stressσc = ln(kA/kD)/C separat-
ing the two stress regimes is derived as an order-of-magnitude

Table 1Structural parameters for various gel systems obtained from
delayed yielding experiments and Eq. (7): strand coarsenessn, bond
“compliance”C and quiescent bond dissociation and association
rateskD andkA. Here,σc is the computed critical stress separating
the stress regimes andW is the typical elastic energy at break,
normalized bykBT .

φ γpre n C kD kA σc W
[%] [-] [-] [Pa−1] [s−1] [s−1] [Pa] [-]

PS 30 3000 17 1.5 0.045 0.08 0.38 0.2
CB 8 wt 3000 25 0.045 0.26 0.75 24 0.7
SiO2 25 0 4.5 0.33 0.0070 0.60 13.5 4.5
SiO2 25 3 5.5 0.90 0.0070 0.60 4.9 4.5

dc

a b

Fig. 3 Probability densities normalized to unity for the delay time
of SiO2 gels withφ = 0.25 at two different shear stresses
(a)γpre = 0, σ = 8Pa and (b)γpre = 1.2, σ = 4Pa. Solid lines are
fitted log-normal distributions. (c) Normalized probability density of
delay time for a polymer gel in a three-point bending geometry.11

Solid line is a fitted exponential distribution and dashed line
(overlapping) is the Weibull distribution. (d) Failure in a three-point
bending geometry.

estimate, there is quantitative agreement with experimentally
observed critical stresses of strong gels: In the CB system,
critical stress is computed to beσc = 24Pa, while the experi-
mental value isσc = 20Pa (Fig. 2d). Equally good agreement
is seen for the preshearedSiO2 systems.

According to our model, yielding is the result of a large
number of stochastic events. Damage localization does not
occur until there is a sufficiently large number of ruptured
strands. For this equal load-sharing, dispersed failure mode,
the macroscopic material lifetimes are expected to be log-
normally distributed for systems of finite size.25 To verify if
our material obeys these log-normal statistics we perform 150
experiments on theSiO2 system withφ = 0.25 with and
without preshear to obtain the normalized probability density
of delay timesΨ(τ). The delay times between individual
runs are uncorrelated, asserting that our pre-treatment gen-
erates a history-independent initial condition. The resulting
distributions are shown in Figs. 3ab. The log-normal distri-
bution (solid lines) provides an excellent fit and captures the
prominent skewness and tails of the measured distributions.
This further strengthens our argument that thermally driven
stochastic events are responsible for delayed yielding.

For a soft solid in a three-point bending geometry, delay
times are observed to be exponentially distributed (Fig. 3c).11

This is not in contradiction to our result; our investigation
considers the behavior in a region of constant macroscopic
stresses, whereas the three-point bending geometry induces a
stress concentration on the surface of the sample at the point of
greatest curvature (Fig. 3d). In that case, the observed expo-
nential distribution can be explained by two possible mech-
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a b c d

Fig. 4 Confocal microscope images of an index and denity matched
colloidal gel for different amounts of preshearγpre ∈ {0, 1, 2, 3}.
The shear-gradinet plane is imaged with upward flow direction. The
volume fraction is in the lower range,φ = 0.15, to enhance
visibility.

anisms. One possibility is that a single stochastic event is
required for fracture, implying that macroscopic failure is a
Poisson process. Alternatively, the material breaks at itsweak-
est point in the small region of the stress concentration, which
typically produces the Weibull distribution26 reminiscent of
an exponential distribution.

4 Processing conditions and delay time

One method of making gels more resilient to delayed yielding
is to increase the ratio between association and dissociation
rates,kA/kD, of individual bonds, which promotes the sta-
bility at low stresses, as predicted by Eq. (10). This would
require changes in the chemistry of the system. For products
such as cosmetics or food, changing chemistry often has ad-
verse effects on other critical product properties. However,
this model also predicts a significant effect of the mesoscale
structure on the delayed yielding time. This structure can be
modified for instance by changing volume fraction13, apply-
ing a preshear14,27 or by changing the quench history, for in-
stance by allowing the strands to coarsen at a shallow quench
before making the gel thermally stable at a deeper quench.13

We experimentally investigate how the application of preshear
and different quench rates affects the delayed yielding and
interpret the results through our proposed model in terms of
changes in the gel structure.

4.1 Effects of preshear

We prepare a gel system optimized for imaging to study the
development of the strand structure when sheared at a constant
rate, which is known to induce aggregation of particle clus-
ters in attractive14 as well as stabilized28 colloidal systems.
A colloidal gel is formed in a suspension of index and den-
sity matched particles, made attractive by addition of a linear
polymer which induces a depletion attraction between the par-
ticles.16 After formation, a confocal microscopy image shows
that the gel has a finely stranded structure (Fig. 4a) character-
istic of irreversible gelation. Upon applying a constant shear
rate, γ̇ = 0.01 s−1, we see the gel evolving in time in the
sequence of images (Fig. 4bcd); the initially finely-stranded
gel becomes gradually more coarse and heterogeneous, due
to disproportionation of the gel structure. When the applied

b c

a

Fig. 5 (a) The delay timeτ as a function shear stressσ in simple
shear for a stearylated-silica gels subjected to different amounts of
preshearγpre. Solid lines represent a fit of the delayed yielding
model using the constant strand deformation assumption, while
dashed lines represent the constant strand force assumption.
(b) Bonds per strand cross-sectionn from fitting procedure. (c) The
inverse1/C of the compliance fitting parameter. Note that1/nC is
proportional to the area density of strandsρ0.

preshear exceeds a total strain of approximatelyγpre = 1,
anisotropy develops in the structure. The coarsening of the
structure leads to decreasing strand area densityρ0 and thus
an increase of the compliance parameterC with preshear. The
coarsening of the structure should also increasesn. This quali-
tative picture is confirmed in our investigation (Table 1,SiO2).
To quantify the effects of preshear in more detail, we use the
SiO2 system withφ = 0.25 and measure the delay time. We
plot the delay time as a function of shear stress for various
preshears in the rangeγpre ∈ [0, 3]. Each data point is the
average of at least three measurements. All sets of data are fit
by solving Eq. (7) numerically, using the strand dissociation
rateKD given by Eqs. (2), (4) and (5), respectively. Remark-
ably, the whole family of curves can be fit using the same val-
ues forkD = 7.0 · 10−3 s−1 andkA = 0.60 s−1, as shown in
Fig. 5. This is consistent with the idea that dissociation and
association rates originate from chemistry and are unaffected
by structure. OnlyC andn must be fit for each individual
curve since they change with structure (Figs. 5bc).

When no preshear is applied to the gel, one stress regime
is observed in which the delay time grows exponentially with
decreasing stress. At a limiting stress of about6.3Pa, the de-
lay time diverges to very large values, as is also reported for
unsheared carbon black gels.4 When preshear is applied, the
delay times begin to exhibit two stress regimes with different
exponential rates, as predicted by Eq. (10). Our interpretation
is that in the unsheared case, the gel strands are non-straight.
The strands are thus subjected to constant force boundary con-
ditions and should follow the dashed lines of Fig. 5a. Suffi-
cient preshear pulls out the slack of the structures, producing
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Fig. 6 The delay timeτ as a function shear stressσ in simple shear
for theSiO2 gel quenched at different temperature ratesṪ . Solid
lines represent a fit of the delayed yielding model using the constant
strand deformation assumption, while dashed lines represent the
constant strand force assumption.

straighter strands. With increasing amounts of preshear, we
thus see a transition to constant strand deformation conditions,
so that the delay time follows the solid lines of Fig. 5a.

The typical number of bondsn at the strand necks is ob-
tained from the model fit (Fig. 5b). It is slightly increas-
ing from 4.5 to 5.5 when preshear is applied indicating that
the number of bonds at the necks of the strands is not much
affected by shear. Although aggregates coalesce to form a
coarser structure when sheared (Fig. 4), the critical weak links
of the structure do not strengthen significantly. The inverse
compliance1/C decreases with preshear (Fig. 5c) because of
the increasing mesh size (Fig. 4). Preshear has an adverse
effect on the stability of these colloidal gels with respectto
yielding. Clearly, flow history has a great impact on the per-
formance of these materials.

4.2 Effects of quench history

The SiO2 system (φ = 0.25) is prepared as described in
the previous Sec. 4.1. Note that the particles used in the
experiments of this section are from a different batch, pre-
cluding a quantitative comparison with data from previous
sections. No preshear is applied and a different quenching
procedure is used: The gel is melted at40◦C and the tem-
perature reduced to5◦C using different temperature ramp
ratesṪ ∈ [0.01, 0.05]◦C/s. The sample is then left to equili-
brate for5min before each delayed yielding experiment. The
order between fast and slow quench rate experiments is ran-
dom to eliminate any bias.

We investigate the delay time as a function of shear stress
for two different quench rates:0.01◦C/s and0.05◦C/s. Only
one exponential stress regime is observed in both cases, per-
haps with a slight indication of second regime at high stresses,
as shown in Fig. 6. A slower quench rate makes the gel more
resistant to yielding; at each stress, the delay time differs by
an order of magnitude between the experiments.

The two data sets are fit by solving Eq. (7) numerically,
with KD given by Eqs. (2), (4) and (5), respectively. Be-
cause the microstructures of the rapidly quenched gel should
be similar to those of the unsheared gel in Sec. 3.2, the val-

ues ofC = 0.33Pa−1, n = 4.5 andkA = 0.60 s−1 are taken
from Table 1. The dissociation rate is the only fitting parame-
ter for the rapidly quenched gel:kD = 2.2 · 10−1 s−1, which
is a factor three greater than for the previous batch of particles
(Table 1). At the slower quench rate, the gel microstructureis
modified. The slow quench data are thus fit using the structure
parameters:C = 0.29Pa−1 andn = 5.5. There is a 22 %
increase inn, which is indicative of a coarsening of the struc-
ture. At the same time, there is a 7 % decrease inρ0 ∝ 1/nC
showing that the strand density is slightly reduced by a slower
quench rate.

5 Conclusions

The delayed yielding of colloidal gels is strongly affectedby
their hierarchical structure. In the limit of small stresses, fail-
ure of individual strands is serendipitous; several bond disso-
ciation events must occur almost simultaneously for a strand
to break. An expression for the delay time is derived from the
association/dissociation dynamics of colloid bonds, the strand
coarseness and mesh size.

After quenching, the gel structure is spinodal and finely
stranded. In this case, the delayed yielding time decreases
exponentially with increasing stress. In the low stress limit, it
is predicted in Eq. (10) that coarse-stranded gels are stronger
from the point of delayed yielding. If a gel is allowed to
coarsen by maintaining it at a shallow quench for some time,
and then is stabilized by a deeper quench, this coarser structure
will perform better in delayed yielding, which is also observed
experimentally.

When a preshear is applied to the gel, slack is pulled out of
its structures so that strands become straighter. At sufficient
amounts of preshearγ & 1, two distinct stress regimes ap-
pear, where delay time increases exponentially with decreas-
ing stress, but with different exponential factors in the two
regimes. Some of the gel strands break during preshear and
the dissociation rate is further enhanced as the force on the
remaining strands increases. Consequently, preshear reduces
the delay time.

To produce a gel which performs optimally in delayed
yielding, it should be slowly quenched, while avoiding exces-
sive shearing. In the industrial processing of gels, adverse
effects of preshear highlight the importance of flow geom-
etry design, while the dependence on quench rate suggests
that production speed could be optimized through engineering
controls to enhance performance by limiting delayed yielding.
The model presented here provides guidance for this optimiza-
tion.

Although the delayed yielding in simple shear is not directly
shown to govern gravity-induced delayed collapse, we empha-
size this possibility, particularly for strong gels, whichare oth-
erwise thermally stable under quiescent conditions. It is clear
from the explicit relation between the general stress tensor and
the strand dissociation rate, that the proposed erosion mecha-
nism is present in both shear and compression (Appendix A).
Indeed, gravity induces both compressive stresses in the bulk
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of the gel and shear stresses near adhesive vertical walls ofits
container,7,8 either of which could cause delayed collapse.

Delayed yielding and the difficulties in its prediction is a
problem for a wide range of heterogeneous solids, includ-
ing steel29, wood30, ceramics31 and soft solids9,11. Although
delayed yielding in these materials have somewhat different
physical origin on the microscopic level, it originates from
the interplay between thermal fluctuations, structure, applied
stresses and sometimes corrosion phenomena. Colloidal gels,
by virtue of their clear separation of structural length-scales,
can be regarded as simple model systems for studying these
common yielding mechanisms of heterogeneous solids. Our
results thus provide insight into the fracture of hierarchically
structured materials under a constant loading.
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A Stress state and strand forces

A strand with its length axis in thêp direction is subjected
to tensile and transverse shear force components,F ‖(p̂)

andF⊥(p̂) according to Eqs. (6a) and (6b). The strands of
highest dissociation rate are oriented in the directionq̂ which
maximizes the effective strand forceF = F ‖ + αF⊥.

In simple shear, the non-zero components of the stress ten-
sor σ are σ12 = σ21. From symmetry, we find that̂q =
[cosϕ, sinϕ, 0],−π/2 < ϕ < π/2. Maximizing F =
σ12(sin 2ϕ + α| cos 2ϕ|)/ρ rendersϕ = π

4
± 1

2
arctanα.

From symmetry, it is expected that fracture planes develop
for ϕ = π

4
.

In compression, the only non-zero stress component
is σ22 < 0. We consider fracture planes with normalq̂ =
[cos θ, sin θ, 0],−π/2 < θ < π/2, recognizing that there is
an axial symmetry around the 2-direction. MaximizingF =
σ22(sin

2 θ − 1
2
α| sin 2θ|)/ρ givesθ = ± 1

2
arctanα. Other

load cases can be treated in a similar manner.
In general, the effective strand force in the fracture plane

can be written asF = σ/ρ, whereσ ∼ σ12 in simple shear,
which is our main concern in this work.
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