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Sammanfattning 

Magnetresonanstomografi (MRT) är ett viktigt icke-invasivt verktyg för att diagnostisera 

leversjukdomar. En viktig komponent i detta är användningen av kontrastförhöjande medel vid 

bildtagningen (eng. 'dynamic contrast enhanced', DCE-MRT). Tackvare det hepatocytspecifika 

kontrastmedlet Gd-EOB-DTPA så är det nu möjligt att kunna skatta leverfunktion med MRT. 

Utöver kvalitativa analyser av DCE-MRT, är parametriska och kvantitativa tekniker under 

utveckling vilka ger mer objektiva analyser. Systembiologi är ett expanderade forskningsfält som 

tillämpar matematiska modeller för att ge djupare mekanistisk förståelse i komplexa biologiska 

system. Målet med detta projekt är att kombinera dessa två forskningsfält för att skapa en 

fysiologiskt korrekt, minimal helkroppsmodell som kan användas för att kvantitativt undersöka 

leverfunktion baserat på DCE-MRT insamlat med kliniska protokoll. 

De experimentella data som använts i detta arbete kommer ifrån två tidigare publicerade verk 

som använder Gd-EOB-DTPA i friska försökspersoner: i) regions analys av levern med DCE-

MRT, ii) preklinisk blodprovsbaserad utvärdering av Gd-EOB-DTPA. Modelleringsramverket 

består av ett system av ordinära differentialekvationer som beskriver kontrastmedelsdynamiken 

samt ickelinjär fysikaliskmodellering av kontrastmedelskoncentrationer till relaxivitetsvärden 

motsvarande det som beräknats ur DCE-MRT bildvolymerna. 

Med hjälp av ett χ
2
-test visas att den föreslagna modellen med hög sannolikhet kan beskriva de 

experimentella mätvärdena. Modellen kan beskriva data för doser upp till tjugo gånger högre än 

de som används kliniskt med samma parametervärden. Resultaten visar även att vissa av 

parametrarna som styr flödet kring hepatocyten av kontrastmedlet kan vara numeriskt 

identifierbara. Framtida tillämpningar av modellen kan vara en bas för regional leverfunktions 

bestämning. Detta kan leda till diagnos och prognostisks analys för behandlandeläkare samt även 

som stöd för kirurger vid planering av leverresektion.  
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Abstract 

Magnetic resonance imaging (MRI) of the liver is an important non-invasive tool for diagnosing 

liver disease. A key application is dynamic contrast enhanced magnetic resonance imaging 

(DCE-MRI). With the use of the hepatocyte specific contrast agent (CA) Gd-EOB-DTPA it is 

now possible to evaluate the liver function. Beyond traditional qualitative evaluation of the 

DCE-MRI images, parametric quantitative techniques are on the rise which yields more 

objective evaluations. Systems biology is a gradually expanding field using mathematical 

modeling to gain deeper mechanistic understanding in complex biological systems. The aim of 

this thesis to combine these two fields in order to derive a physiologically accurate minimal 

whole body model that can be used to quantitatively evaluate liver function using clinical DCE-

MRI examinations.   

The work is based on two previously published sources of data using Gd-EOB-DTPA in healthy 

humans; i) a region of interest analysis of the liver using DCE-MRI ii) a pre-clinical evaluation 

of the contrast agent using blood sampling.  The modeling framework consists of a system of 

ordinary differential equations for the contrast agent dynamics and non-linear models for 

conversion of contrast agent concentrations to relaxivity values in the DCE-MRI image volumes. 

Using a χ
2
-test I have shown that the model, with high probability, can fit the experimental data 

for doses up to twenty times the clinically used one, using the same parameters for all doses. The 

results also show that some of the parameters governing the hepatocyte flux of CA can be 

numerically identifiable. Future applications with the model might be as a basis for regional liver 

function assessment. This can lead to disease diagnosis and progression evaluation for physicians 

as well as support for surgeons planning liver resection. 
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1 Introduction 

Detailed characterization of regional liver function is important for surgeons planning liver 

resection or physicians evaluating liver disease progression. With recently approved 

hepatobiliary specific contrast agents (CA) such as Gd-EOB-DTPA (Primovist®, Schering, 

Berlin, Germany) together with an magnetic resonance imaging (MRI) scanner, it is now 

possible the get informative time-course images covering the entire liver. The aim of this project 

is to develop a first human whole body model for hepatobiliary contrast agent dynamics. This 

will hopefully be a steppingstone towards new insights and possibly diagnostic tools for regional 

liver function evaluations. Since the entire liver volume is described, a much clearer view can be 

given in comparison to the golden standard of a liver biopsy where about 1/50 000 of the volume 

is sampled. Potentially future versions of this method can be used to characterize the regional 

functional impairment for a wide range of pathologies and thus yielding a tool for evaluating 

many different patients. A future scenario could be to aid surgeons in planning their liver 

reduction by supplying them with high spatial 3D representations of areas in the liver with 

abnormal functionality. 

To the best of my knowledge this is the first whole body model constructed for liver specific CA. 

There exist other small models which evaluate the perfusion of the liver for detection of hepatic 

metastases [2] or as a measure for liver function [3]. 

1.1 Goal 

The aim for the thesis was to construct a human whole body minimal model with interpretable 

parameters describing the liver function, based on region of interest analysis of dynamic contrast 

enhanced magnetic resonance imaging using Gd-EOB-DTPA.   

A description of reliable predictions and model behavior under physiologically sound 

constrictions of the parameters should also be presented.  Model parameters feasible for clinical 

applications should also be suggested.  

1.2 Outline 

Chapter 2 introduces the reader to some of the fundamental aspects regarding MRI. This is not a 

complete description on how images are created from the output of the scanner or the more 

intricate features regarding design of sequences for constructing these. In essence the chapter 

introduces the reader to the features that can be affected by the use of contrast agents, and 
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hopefully gives understanding of the reason for applying DCE-MRI for evaluating liver function. 

The chapter continues with a physiological account of how the contrast agents are moving 

throughout the human body; which transports are of importance from a macroscopic point of 

view. The chapter ends with a brief summary of previously published methods of analyzing 

contrast enhanced images in a mathematical model framework. 

Chapter 3 describes the data used in this thesis to fit and analyze the models and how this was 

initially collected. The chapter continues with an account of the modeling framework including 

the type of model, workflow and model analysis techniques. 

Chapter 4 is the main presentation of the resulting models developed during this thesis project. 

The analyses of the models’ ability to fit data and predictions are collected into Chapter 5 which 

initially describes the techniques on choosing appropriate solutions subsequently used in the 

analysis.  

Chapter 6 contains a discussion regarding the model and the analysis results. Ideas on further 

development of the model are also included in Chapter 6, as well as ways of solving potential 

problems when moving towards more individualized models. 

Additional figures are shown in Appendix A; these were not included in Chapter 5 in order to 

ease the reading experience.  
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2 Background 

This chapter starts with an introduction to magnetic resonance imaging (MRI) and how contrast 

agents (CA) affect the measured signals. Moving on to an introduction is presented into the 

important aspects of CA flux within the human body for a specific substance. And finally a brief 

summary of existing ways of analyzing CA enhanced MRI. 

Magnetic resonance imaging (MRI) is a complex imaging technique requiring a multitude of 

software and hardware in order to produce images. This background will only cover the most 

important aspects for fundamental understanding of producing signals and how this can be 

altered using contrast agents.  

2.1 Magnetic Resonance Imaging 

Nuclear magnetic resonance (NMR) has for over 50 years been used as a chemical analytical 

technique, this is the basis for the imaging technique called magnetic resonance imaging (MRI). 

In the center of MRI lays the electromagnetic waves which are crucial for the understanding of 

MRI.  

According to Maxwells’ wave theory electromagnetic waves have two components; an electric 

field and a magnetic field. These are perpendicular to each other and furthermore they are both 

perpendicular to their propagation in space. The electric and magnetic field have the same 

frequency, ω, and are 90° out of phase with each other. In MRI the energies are much lower than 

in e.g. X-ray, also the frequencies (remember that the energy of an electromagnetic wave is 

directly proportional to its frequency,    ). The frequencies of electromagnetic pulses used in 

MRI are typically in the range of radio and TV (3-100MHz) and are referred to as RF pulses. [4] 

2.1.1 The basic principals 

One of the pioneers of NMR theory was Felix Bloch in the early parts of the 20
th

 century. He 

theorized that any spinning charged particle creates an electromagnetic field. The magnetic 

component of this field causes certain nuclei to act like a bar magnet. The hydrogen nucleus is an 

example of this, which is a single positively charged proton. According to quantum theory an 

atomic nuclei have specific energy levels related to a property called spin quantum number, S. 

For example the hydrogen nucleus has a spin quantum number of ½.The number of energy states 

of a nucleus is determined by;     . So for the hydrogen nucleus the number of energy states 

is equal to 2. The two energy states of the proton are denoted as -½ and +½. That is the hydrogen 
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protons are spinning about their axis and creating a magnetic field, and some spin the opposite 

way yielding an opposing magnetic field. This is referred to as spin up or spin down which is a 

low and high energy state respectively. If there is an even number of protons in the nuclei all 

spins would be paired, that is one spin up and the other spinning down. These opposing magnetic 

fields (or magnetic dipole moment MDM) would then cancel each other out and the net magnetic 

field would be zero. Any element with nuclei that has an odd number of protons and/or neutrons 

can be used in NMR such as 
1
H and 

13
C. In MRI hydrogen is predominantly used due its natural 

abundance in the human body in e.g. water and fat. 

All substances get magnetized to a degree when placed in a magnetic field, however the degree 

varies, the magnetic susceptibility of a substance is measure of how magnetized they get. 

Substances can be grouped according to how they are affected by external magnetic fields as; 

diamagnetic, paramagnetic or ferromagnetic. [4] 

 The diamagnetic substances have no unpaired orbital electrons and when placed in an 

external magnetic field a weak opposing field is induced. This results in a reduction of 

the net magnetic field. This effect is found in a vast majority of tissues in the body.   

 The paramagnetic substances have unpaired orbital electrons and become magnetized in 

an external filed (and demagnetized once removed). The induced magnetic field is in the 

same direction as the external thus increasing the net magnetic field. The element with 

the greatest number of unpaired electrons is the rare earth element gadolinium (Gd) 

which has seven unpaired electrons. This property can be utilized in designing contrast 

agents (CA) which alters the signal intensity. Another example of paramagnetic 

substance is deoxyhemoglobin which has four unpaired electrons; this is in part utilized 

in fMRI.  

 The ferromagnetic substances are strongly attracted by a magnetic field and become 

permanently magnetized in an external field such as iron.  

2.1.2 MRI at a glance 

Contrary to X-ray where radiation is passed through an object MRI relies on RF pulses 

penetrating the tissue which induces a RF transmission in return from the magnetized spins. 

When spinning unpaired protons are placed in an external magnetic field they will eventually 

line up along the field. If then a RF pulse of a specific frequency is sent into the patient some 

spins will change their alignment as a result of the new magnetic field. After the RF pulse ends 

they induce a signal as they return to the original orientation. The external magnetic field in a 
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scanner often found in a clinical setting is 1.5T which is about 30 000 times stronger than the 

earth’s magnetic field (another increasingly common field strength is 3T). However it should be 

noted that this field is not perfectly uniform within the scanner.  

In a tissue all hydrogen protons have their own small magnetic fields and are spinning around 

their own axes. Each of these magnetic fields is an MDM and is denoted by γ. However since 

they all are arranged in a random way the net magnetization is zero. Though once placed in an 

external magnetic (B0) field they will all line up in the direction of the field. Approximately half 

will be oriented so they point north and half south, this will eventually shift towards an excess 

amount pointing north (about one spin extra per million spins). As a consequence the net 

magnetization grows in the direction of B0. This increasing magnetization follows an 

exponentially rising curve, in which the timing of the growth depends in part on the type of 

tissue and the strength of the magnet.  

The growth of the magnetization vector, M, along the axis of the B0 filed occurs with a time 

constant designated T1 and the event is described by         . As time goes by more protons 

will align and M increases up to a limit. The time constant depends not only on the tissue but 

also the strength of B0 so if B0 increases so will T1. 

Magnetization also depends on the proton density (PD), which is how many protons per unit 

volume there are in the tissue. However it isn’t just the absolute number of protons in the tissue 

but also the number of mobile protons (which can change the direction). So the net longitudinal 

magnetization (meaning along the B0 axis) can at a particular time be more precisely described 

according to Eq. 1.  

                                                         

When a proton, which naturally rotates around its axis and generates a magnetic field, is placed 

within an external field it also starts to precess (“rotate”) about the axis of the B0 (Figure 1). 

Moreover the angular velocity at which it precesses is much slower than the speed at which it 

rotates about its own axis, and the proton precession is described by the Larmor equation, Eq.2; 

             

where ω is the angular precessional frequency of the proton, γ the gyromagnetic ratio and B0 the 

strength of the external field.  The gyromagnetic ratio is a constant that is unique for the nucleus. 

For example; a hydrogen proton with γ = 42.6 MHz/T placed in a magnetic field with B0 = 1.5T 

will precess about the B0 axis with an angular frequency of 63.9 MHz (about the same as an 

analog TV transmission).  
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Figure 1 A proton precesses about the z-axis in an applied external magnetic filed B0. The rate at 
which this process occurs is defined by the Larmor frequency. 

  In order to e.g. control B0 inhomogeneities, receive or transmit RF pulses coils are placed 

within the scanner along with the patient. These are also used in order to get spatial localization 

of the induced signal which requires three types of gradients (slice-select, frequency- and phase-

encoding) placed in each direction (x, y and z).  These typically operate in several orders of 

magnitude smaller than the magnetic field. [4] 

Coils themselves can be of many different designs which provide different improvements of the 

signal and spatial localization. These differences will not be further covered, other than the use in 

spatial encoding, in this background. 

2.1.3 RF pulses and flipping 

When the protons align within the external field the magnetization is referred to as the 

longitudinal (the z axis as in Figure 1). Since only oscillating signals can be transmitted and 

received and seeing as the longitudinal magnetization is not oscillating (also highly insensitive to 

oscillations along the z-axis). The oscillations have to be flipped into the traverse x-y plane, 

where it can precess about the z-axis, for this a RF pulse is utilized. Even though all the 

individual spins are precessing around the z-axis the net magnetization prior to the RF pulse, M, 

does not. The reason for this is that the all protons are precessing out of phase with each other 

thus the x-y component of M is equal to zero. 

Assume that an RF pulse is sent along the x-axis. Initially the protons as previously mention 

precesses about the axis of B0 (z-axis) at a frequency ω0 given by the Larmor equation. The RF 

pulse introduces a new magnetic field in the system (B1) from the magnetic component of the 

electromagnetic wave; this will cause the protons to start precessing also about the x-axis at the 

frequency ω1. There are two important differences between the fields; B0 is a constant field 

typically at 1.5T whereas the B1 field is oscillating and has strength around 50mT. Since the B1 
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field is so much weaker the precessional frequency ω1 is much slower than ω0. Now the protons 

are precessing about both z- and x-axis, this result in a spiral motion of the net magnetization 

vector from the z-axis into the x-y plane. The RF pulse must have a frequency equal to that of 

the Larmor frequency otherwise the protons will not start to precess around the B1-axis. If the 

frequency of RF pulse matches the frequency of precession resonance occurs, resulting in the RF 

pulse adding energy to the protons. Following the RF pulse the protons will tend to line up with 

the new magnetic field and will start to spin in phase. This, in effect, creates transverse 

magnetization. As more and more protons line up, phase coherence increases, as does the 

transverse magnetization. This together with a spiral downward motion explains the process 

known as flipping. The angle of magnetization flipping, α, (known as flip angle) is determined 

by; 

              

where τ is the duration of the RF pulse, γ the gyromagnetic ratio and B1 the strength of the RF 

magnetic field. So the angle can be controlled by either changing the strength of the RF pulse or 

its duration.  

In order to more easily understand the concept a new rotating frame of reference can be 

introduced (Figure 2) which rotates about the z-axis at a frequency equal to ω0. Within the new 

frame only the movement due the RF pulse is observed, this will then be manifested by a slow 

downward arc towards the x-y plane. If the RF pulse is strong or long enough a 90° flip of the 

magnetization vector can be achieved, that is M does not contain any z-component and the 

transverse magnetization vector Mxy is then equal to the magnitude of M0 (or the steady state Mz 

component of M). After the RF pulse some of the excess protons spinning at the lower energy 

state (which yields the Mz vector) are excited to the higher state thus cancelling the z-axis 

component out. Furthermore the in-phase precession about the x-axis leads to the vector sum of 

M to point away from the RF source in the x-y plane. The angle of flipping can in theory be 

arbitrary chosen and the magnitude of M in the transverse plane is equal to           . [4] 

But in practice the B1 inhomogeneity and limitations of the coil currents also affect the actual 

flip angle. So even though the flip angle can in theory be arbitrarily chosen, technical aspects 

may complicate or hinder specific angles. 
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Figure 2. With a new rotating frame of reference about the z-axis the spiral motion of the 
magnetization vector is seen as a simple arc towards the x-axis. 

2.1.4 Relaxation times – T1 & T2 

Once a RF pulse is turned off the systems of spins are relaxing back to thermal equilibrium 

magnetization. The probability of the spins is marginally shifted in favor of the lower energy 

state yielding the loss in net magnetization. And as the net magnetization realigns about the axis 

of B0 the excess energy introduced by the RF pulse is emitted from the system. The time 

constant is, as previously mentioned, designated as T1 and called the longitudinal relaxation 

time, since it refers to the time it takes to realign M with the z-axis. It is also referred to spin-

lattice relaxation due to the time it takes for the spins to transfer energy to the surrounding 

lattice. Directly following a 90° pulse the transverse magnetization precesses within the x-y 

plane oscillating around the z-axis with all protons rotating in phase. A general principle of 

thermodynamics is that all systems seek its lowest energy level consequently two things will 

occur when the RF pulse is turned off: 

1. The thermal equilibrium is restored; the probability of the spins existing in the lower 

energy state increases. 

2. The spins will get out of phase with each other. 

Two simultaneous but separate processes will commence once the RF pulse is terminated 

(Figure 3): 

1. The Mxy component will decrease rapidly. 

2. The Mz component will recover slowly. 
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Figure 3 Illustration of the magnetization decay in the xy-plane (T2 relaxation) and the recovery of 
magnetization in the z-axis (T1 relaxation) 

The rate at which Mz recovers to M0 is given by R1=1/T1, where the R1 relaxation rate is in 

units of s
-1

 and the T1 relaxation time in units of s. The growth of Mz is characterized by: 

                          

The rate at which Mxy decays is given by R2=1/T2, where the R2 relaxation rate is in units of s
-1

 

and the T2 relaxation time in units of s. The Mxy decay is characterized by: 

          
             

These are as mentioned two independent rates typically the T2 decay is about 5 to 10 times faster 

than the T1 recovery, the reason for this is dephasing.  

 As previously mention following a 90° flip all spins are in phase, dephasing of the spins is due 

to two phenomena: interactions between spins and external field inhomogeneities.  

 Neighboring spins alters the overall magnetic field strength exposure for its neighbors 

thus the precessional frequency will change. This first cause of dephasing is inherent in 

the tissue and is called spin-spin interaction.  

 The other cause is the B0 inhomogeneities which is due the fact that no matter how good 

the scanner is it will always be minute variations within the magnetic field. These 

alterations in the magnetic field strength will slightly vary the Larmor frequency for the 

protons and eventually all will be out of phase resulting in the Mxy net magnetization 

vector declining to zero.  

T2 is referred to as the transverse or spin-spin relaxation time. T2 primarily depends on spin-spin 

interaction whereas the closely related T2* also depends on B0 inhomogeneities. Note that T2 is 

fixed for varying tissues but T2* depends on how uniform the magnet field is. Furthermore T2* 
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is always less than T2 and R2* is always faster than R2, the rates relate to each other according 

to 

                      

 [4] 

2.1.5 Properties of the measured signal 

Assuming the RF pulse is emitted by a coil aligned with the x-axis plane and it’s also used as the 

receiver (which is often the case). Recall that moving a charged particle generates a magnetic 

field; a magnetic field induces movement of particles. So the oscillating magnetic field about the 

wire in the coil will induce a current which can be measured, which is the signal. As previously 

mentioned after a 90° RF pulse M rotates in the x-y plane at the frequency ω0, and all are in 

phase. When the magnetic field is in the same direction as the coil receiver a signal is induced in 

the coil. So at t=0 (when the pulse is terminated) all protons are in the direction of the RF coils, 

as the spins rotate 90° at time t=t1 (not the constant T1) M won’t have any component in the x-

axis. Since the coil can only detect a signal in the x-axis, at t=t1 there will be no signal. When 

t=t2 (another 90° rotation) there is a signal which is negative in relation to the one at t=0. The 

frequency of the received signal is identical to the protons spin at the frequency ω0, and it will 

look like a cosine wave. 

However this is an idealized case, where all spins are in phase. Since the spins dephase, by the 

time the spins have reached t=t4 the induced signal will be slightly less than at t=0. The signal 

will be weaker and weaker as it goes towards zero. The signal thus has the shape of a cosine 

oscillating exponentially decaying function. This is called free induction decay (FID) after the 

RF pulse: 

 The spins begin to precess freely. 

 The spins induce a current in the receiver coil. 

 The spins start to decay within time. 

This decaying signal, in the x-y plane, is described by 

          
                      

[4] 
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2.1.6 Contrast and signals 

In the previous discussion there is only one FID, from the entire patient which is from all protons 

in the entire body. To get the spatial information the x, y and z coordinates of the signal needs to 

be specified; here gradients comes into play by altering the magnetic field. These are produced 

by gradient coils which thus spatially encode the signal; the gradient coils are lined along the 

entire length of the scanner tunnel.  By applying multiple RF pulses while varying the gradients 

multiple FIDs or other signals (e.g. spin echoes) are collected. By putting all of this information 

together an image can later be constructed.  

There are also timing parameters that are used in the acquisition of the signal. The time between 

each RF excitation is called the repetition time (TR). Assume that TR is chosen to be shorter 

than the T1 of a tissue. After the first excitation, using a 90° RF pulse, M will lie in the x-y plane 

and start relaxing back towards the z-axis. However if the TR is shorter than T1 the next RF 

pulse will flip the vector back to the x-y plane before the vector is restored to its initial state. So 

now there is a series of exponential curves that do not reach full magnetization in the z-axis. The 

signals are dimensionless and unit less, and tissues with more mobile protons will give a stronger 

signal. The signal is thus approximately given by: 

                                              

So for a given tissue with the T1 and PD constant the signal will be as above, and if the 

measurement is carried our immediately after the RF pulse the signal will be exactly as the 

above. This however, due to technical limitations, cannot be done.  

Since the measurement cannot be done immediately after the pulse a choice has to be made on 

when to conduct this. This parameter of the acquisition is called echo delay time or echo time 

(TE). That is the time the scanner waits after an RF pulse until the e.g. FID is measured. So in 

general due the time it takes until the signal is measured, how long time it’s been between 

excitations, B0 inhomogeneities and spin-spin interactions the signal intensity (SI) is generally 

given by: 

                                                            

Assume two different tissue types: A and B, where A has a shorter T1 than B. If TR is chosen to 

be greater than longest T1 the last term in Eq.9 will be approximately 1 one and the effect onT1 

on the signal is reduced. If however the TR is set to be shorter than tissue B ‘s T1 then A’s TR 

won’t be long enough to eliminate the last term this leads to the tissues having different SI from 
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each other. So a long TR reduces the T1 effect on the image and short TR enhances the T1 

effect. The same discussion can be made on tissue having different T2* with alternations made 

on TE. Focusing on the middle term in Eq.9 a short TE will reduced the T2* effect whiles a long 

TE enhances it. 

Generally T2 is fairly long in water due to little spin-spin interaction, whilst solid tissues have 

large number of spin-spin interactions and thus have a short T2. In between these two is fat and 

proteinaceous materials which have an intermediate T2. Whereas the T1 of water or a fluid is 

very long with fat and proteinaceous tissues having a short T1 and solids have an intermediate 

T1. 

Thus through choice of the timing parameters TE and TR the signal can be weighted towards T1 

or T2 differences between tissues to produce contrast in images. Typically a T1 weighted 

imaging setup has a short TR and a long TE. [4] 

2.1.7 The last steps 

The design of RF pulses and gradients is a basis of much research and modifying these aspects 

can be used to e.g. produce images with contrast enhanced in many different ways or reduce 

acquisition times. The signals are ultimately gathered in k-space, which is the frequency domain. 

And the gradient coils are used to move the signal acquisition around the k-space (spatial 

encoding). Using inverse Fourier transform an image can be reconstructed. This is of course a 

major simplification and a lengthy text would be required to introduce these concepts further. 

For the interested reader there are more on this subject in for instance [4, 5]. 

2.2 Contrast enhanced MRI 

The use of gadolinium based contrast agents in clinical MRI is a fairly novel application; the first 

approved media was introduced in 1988; Gd-DTPA (Magnevist®, Schering Berlin Germany). 

Where the gadolinium atom is bound with diethylenetraminepentaacetic acid (DTPA) resulting 

in a strongly paramagnetic stable complex [6]. Recall from the Chapter 2.1 that the paramagnetic 

properties of the Gd atom are due to unpaired electrons in the outer orbital, giving rise to MDM 

when exposed to a magnetic field and thus increasing the net field. The binding of the Gd atom 

to e.g. DTPA is known as chelation and this serves to preventing cellular uptake of free Gd and 

elimination of the heavy metal toxicity [5, 7]. However care must be taken when using Gd based 

ionic contrast media if the subject has reduced renal function.  This is due to the halftime of the 

ligand, even though they are supposedly stable they do degrade. If the gadolinium is free and 
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present in the human body it can likely induce a disease known as nephrogenic systemic fibrosis 

(NSF). It has been recently been shown in rats that a similar agent as the one used in this thesis, 

Gd-DTPA, has an established link. The second generation of these, such as then ones used in this 

study, is however much more stable. (Lecture by V.M. Runge in the 19
th

 ISMRM annual 

meeting and exhibition in Montreal 2011, [8]) 

New generations of CA’s based on gadolinium chelate has since been introduced into clinical 

applications, two of which are of interest within this thesis; Gd-EOB-DTPA (Primovist®, 

Schering, Berlin, Germany) and Gd-BOPTA (Multihance®, Bracco Imaging, Milan, Italy) these 

were introduced in Europe in 2004 and 1998 respectively. They behave similarly with respect to 

eliminations mechanics and bio-distribution within the human body after venous administration. 

The major difference between the two, with respect to pharmacodynamics, is the fraction of 

contrast media excreted via the kidneys and feces. Gd-EOB-DTPA has about an equal 

elimination fraction through both routes in healthy humans using the clinically approved dose of 

0.025 mmol/KgBW while Gd-BOPA has about 5% of the administered dose eliminated through 

the feces and 95% through the urine. This is due to that Gd-BOPTA does not have as high 

affinity towards the hepatocytes as do Gd-EOB-DTPA. [9, 10] 

The CA’s are detected indirectly through their effects on the relaxation time constants (T1 and 

T2) of water in the tissues. Furthermore the shortening of the relaxation constants is proportional 

to the contrast agent concentration within the tissue. Basically the T1-shortening is accomplished 

by dipole-dipole interactions with the metal ion and protons. [7] Recall in section 2.1 that the 

timing parameters of the MRI-scanner can be used to introduce contrasts due to T1; so the 

shortened T1 due to the CA will show up as higher signal intensity than the surrounding tissue. 

Shown in Figure 4 is the increasing signal intensity in the images taken from a clinical 

examination. Initially the signal intensity of the liver is similar to that of the surrounding tissue, 

however as time progresses the liver parenchyma lights up.  
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Figure 4 Example of DCE-MRI using Gd-EOB-DTPA in a patient; pre-contrast, portal venous phase 
and 30min post-contrast. The areas with green corners are regions of interest (ROIs) placed in 
order to extract SI values. The liver parenchyma is clearly increasing in intensity as the CA is 
accumulated within the hepatocytes. 

 

2.3 CA targeting of the liver 

Typically the CA’s do not enter cells however in the case of the liver particular features in the 

anatomy makes the uptake and excretion CA possible (and in the case of Gd-EOB-BOPTA 

highly effective); 1) high blood flow; 2) large surface area of the hepatocytes; and 3) 

characteristics of the hepatic blood capillary. [11] 

The liver is feed by blood from both the portal vein and the hepatic artery and leaves the liver by 

the central vein (Figure 5). The blood capillaries in the liver are called sinusoidal capillaries 

since they, contrary to other blood capillaries, lack a basal membrane and are not a continuous 

wall instead there are pores of 100 to 1000 nm in size which allows for passage of particles. The 

surface area of the hepatocytes is very large due to the microvilli, which increases the flux 

(Figure 6). Furthermore the extravascular extracellular space (EES), that is the space in between 

the Kupfer cells and the hepatocytes, is known as the “space of Dissé”. [11] 
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Figure 5 Schematic anatomy of a liver lobule, showing blood supplied via the hepatic artery along 
with the portal vein and the relationship between the heaptocytes, bile canaliculi and bile ductules. 
Redrawn and modified from [11, 12] 

 

Figure 6 A detailed diagram of the liver parenchyma and contrary to other classes of capillaries 
found in the human body the capillaries in the liver contains pores in the wall that allows for 
particles to pass through to the hepatocytes readily. Redrawn and modified from [11, 12] 
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2.4 Relevant CA transporting proteins in the hepatocyte 

The hepatocytes are responsible for clearing a large variety of substances from the blood such as 

bile salts and bilirubin. This is mediated by a few transporting proteins families and employs 

different mechanisms such as ATP dephosphorylation. Consequently these routes are 

competitively inhibited by the various substrates. [13, 14]  

The uptake mechanism of Gd-EOB-DTPA into the hepatocytes has most likely multiple paths, 

see Figure 7, with the dominant protein being a member of the organic anion transporting 

protein (OATP) family. OATP1B3 has been recognized as the main transporter in which the 

mechanism for the transport is neither ATP nor sodium co-transport dependent.[15, 16] It has 

also been shown that OATP1B3 carries out a bidirectional transport [17]. The closely related 

OATP1B1 and the sodium/taurocholate co-transporting polypeptide (NCTP) are furthermore 

also involved to some extent in the uptake of Gd-EOB-DTPA [15]. Recently it has been 

proposed that the closely related oatp1, the rat equivalent of OATP, has the ability to facilitate 

efflux of substrates back to the extracellular space [14, 18]. 

Transfer from the hepatocytes to the bile ductules is only mediated by the multi drug resistance 

protein (MRP2) which is ATP driven [19]. This is the rate-limiting step in bilary excretion of e.g. 

bilirubin and Gd-EOB-DTPA.[20] 

In the case biliary obstruction regulatory changes of transporting proteins in the hepatocytes have 

been observed. One of these is the MRP3 which is up-regulated and located on the basolateral 

side which has the ability to transfer bilirubin back to the space of Dissé. [21] Diffusion and 

leakage is also a possible route and may be responsible to minor Gd-EOB-DTPA flux  [22]. 

Once the CA has reached the bile canaliculus it will follow the bile to the gallbladder and the 

gut. It has previously been shown in rat studies that there is a choleretic effect (increased bile 

flow) after administration of Gd-EOB-DTPA. For a corresponding dose the bile flow is 

approximately doubled, however in rats there is a larger portion of the CA excreted via the feces 

then found in humans. [9, 23] 
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Figure 7 The hepatobiliary contrast agent, Gd-EOB-DTPA, (blue circle), bilirubin (magenta circle) 
and bile salts (grey heaxgon). The colored arrows correspond to direction of transport color coded 
as the substrates and the ovals represent transporting proteins with the exception of the diffusion. 
The size of the symbols subjectively corresponds to their importance. Competition between the CA 
and naturally occurring molecules is rather high furthermore the many different possible routes for 
the flux can be appreciated. Omitted in this picture is the transporting protein OATP2 which 
facilitates bile salts and bilirubin transfer into the hepatocyte. 

 

2.5 Excretion of Gd-EOB-DTPA from the human body via the kidneys 

The second path the contrast agent takes from the human body is via the kidneys, which has been 

shown in both animal and human studies [9, 23]. In preclinical human studies it was suggested 

that it is freely cleared in the renal glomerular with no secretion or reabsorption in the renal 

tubuli. And that rate of clearance is equal in size to the glomerular filtration rate in healthy 

humans. [24] 
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2.6 Existing models for DCE-MRI 

Dynamic contrast enhanced magnetic resonance imaging refers to the use of a contrast media to 

introduce contrast within certain regions and the capture of images during a time period. To the 

best of my knowledge there are no other published whole body models available to date.  

There are models based on diffusion in a small region that require a very high temporal 

resolution, and are based in most cases on deconvolution of the images by the so called arterial 

input function (AIF). An AIF is in short a function that describes the concentration of CA due 

the bolus (a “plug” of CA flowing through the blood vessels) over a time period. These models 

are used within a time frame of a few minutes and shows how well the tissue adjacent to the 

vessels allow for diffusion. It is possible to distinguish between cancerous tissue and healthy 

tissue by applying these methods. [3, 25, 26] 

2.7 Difficulties related to DCE-MRI of the liver 

There are a few inert difficulties related to the data used in this thesis, these are all handled in 

either the model or the initial data processing. 

 The time range for in the clinical protocols is typically up to about 30-40min with sparse 

imaging in-between though denser initially. Consequently these data sets contain limited 

information on any high frequency events.  

 Naturally the patient breaths in-between each scan which leads to deformation and 

movement of liver. As a result the images are not representing exactly the same region of 

liver at all time points. 

 As mentioned in section 2.1 the signal intensity is proportional with arbitrary units to 

contrast agent concentration within the tissue. Thus normalizations and unique scaling 

constants have to be employed to get a comparable value from the images. 
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3 Materials and methods 

The model was developed using data from two previous studies. One based on DCE-MRI data 

by Dahlqvist Leinhard O et al 2010 [27] and the second based on blood plasma concentration by 

Schuhmann-Giampieri G et al 1997 [9]. In the subsequent results chapters, these data will be 

referred to as the DCE-MRI and SG data, respectively. 

The following sections are brief summaries of the two papers. 

3.1 Subjects 

In the Dahlqvist Leinhard study ten healthy volunteers were examined; 5 males with an age 

range of 23-27 years and 5 females with an age range of 22-33 years. In order to evaluate 

unknown liver disease and renal dysfunction total serum albumin and creatine levels were 

examined prior to the study. [27] In the study by Schuhmann-Giampieri 18 healthy male 

volunteers were examined with an age range of 20-40 years. [9] In both studies the test subjects 

gave informed written consent and the study protocols were approved by their respective ethics 

committees. 

3.2 Contrast agent 

The liver-specific contrast agent Gd-EOB-DTPA (Primovist®, 0.025mmol/ml, Schering, Berlin, 

Germany) were used in both papers. In the study by Dahlqvist Leinhard all test subjects were 

examined twice with at least 3 weeks apart with a dose of 0.025 mmol/kgBW using a manual 

bolus injection at a rate of 1ml/s ending with an equal amount of saline. [27] In the study by 

Schuhmann-Giampieri the subjects were divided into 3 groups and were given a dose of 0.2, 

0.35 and 0.5 mmol/kgBW. The doses were administered using a 10 minute infusion with a rate 

ranging from about 5-10ml/min depending on body weight and dose. [9] 

3.3 Data acquisition 

The data in the Dahlqvist Leinhard study were gathered using a 1.5 T magnetic resonance system 

(Achieva, Philips Medical Systems, Best, The Netherlands), using a four-channel phased-array 

SENSE body coil. The examinations took place following at least 7 hours of fasting. The study 

protocol consisted of 1 pre-contrast and 6 post-contrast acquisitions of an axial breath-hold 

gradient-echo fat-saturated T1-weighted 3D sequence (THRIVE, TR = 5.2 ms, TE = 2.6 ms, flip 

angle α = 10°, scan time 30-40 s, FOV 350-400 x 250-280 mm
2
, matrix 256 x 115, reconstructed 
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voxel size 1.6 x 1.6 x 1.6 mm
3
). The post-contrast acquisitions took place at; arterial and portal 

venous phases, 10, 20, 30 and 40 minutes after injection. [27] The data in the Schuhmann-

Giampieri study were gathered using 23 5 ml blood samples unevenly spaced in time in the time 

range of 0 to 120 hours after the initiation of the infusion. Urine and faeces were also collected 

up to 6 days after the infusion. [9] 

3.4 Data analysis 

In the Dahlqvist Leinhard study the signal intensity (SI) curves where acquired using the 

averages from 7 regions of interest (ROIs) in the liver, 3 ROIs in the spleen and 2 in veins (portal 

and hepatic). The ROIs were placed in parenchymal areas both in the left and the right liver 

lobes taking care not place the ROIs in large vessels and lesions, they were placed by an 

experienced radiologist [27]. An example of ROI placement is shown in Figure 4. The blood, 

urine and faeces samples in the study by Schuhmann-Giampieri were analyzed using induction 

coupled plasma atomic emission spectroscopy (ICP-AES). [9] 

3.5 Signal normalization and conversations on the data from Dahlqvist Leinhard 

et al 2010 [27] 

In order to get quantitative values comparable to CA concentrations the SI in the DCE-MRI 

measurements are converted relative change in relaxivity with respect to pre-contrast images, 

these values are then proportional to the CA concentrations (See Chapter 2.1 for motivation of 

this). The following sub-sections describe, in a condensed form, the equations for completing 

this task. 

3.5.1 Pre-contrast normalization of SI 

The SI time series (SI(t)) from each individual ROI was normalized by dividing it by the pre-

contrast signal intensity (SI(0)). The signal normalizations removed any constant background 

effects on the SI. Resulting in the following relation, 

     
     

     
          

3.5.2 Conversion of SI values to relaxation rate 

The normalized SI values were then recalculated to relaxation rate values, assuming fixed pre-

contrast agent injection or intrinsic T1 values, T1pre = T1(0). These were 586 ms for the liver, 
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1057 ms for the spleen ROIs. Correction was also made for non-linear effects from the chosen 

TR, and flip angle (α) in this procedure. Resulting in a non-linear expression for T1(t), 

 

     
  

 

  
    

     

     

      

            
   

          
     

     

      

            
              

Where SI(t) is the signal intensity at time t, SI(0) is the signal intensity at pre-contrast injection 

and 

      
   
                

      
 

     
           

Where R1(t) is the relaxation rate at time t. 

3.5.3 Calculation of contrast concentration 

After recalculation of the SI to R1 values, a linear relation that depends on the contrast 

concentration (C) were assumed as follows, 

                               

3.6 Computer software 

The model was implemented using Systems Biology Toolbox 2 (SBTB) [28] in a Matlab 

environment (MATLAB R2009a, The MathWorks, Inc. Massachusetts, US).  
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3.7 Modeling framework 

This sub-section is devoted to describing the type of model, analysis, and work-flow used in this 

thesis. In short it can be summarized as: 

1. Formulation of mechanistic model 

2. Search for all acceptable parameters 

3. Analysis, core prediction 

a. Parameter spread 

b. Clustering of state space vectors 

c. Evaluation of cluster behaviors 

d. If possible, comparison of predictions with literature 

This should preferably be followed by new experiments validating the predictions, but carrying 

out such follow-up experiments is outside the scope of this masters’ thesis. 

3.7.1 Formulation of the mathematical model 

The models are based on systems of ordinary differential equations, which have the following 

general form, 

                      

                     

Where x is the n-dimensional dynamic state vector that corresponds to concentrations in the 

compartments,    is the time-derivative of this vector, y is the m-dimensional measurement vector 

that corresponds to the experimental data. More specifically for this work; p are the parameters 

sub-setted into parameters for the whole-body model (px) and the measurement model (py); f is a 

vector of smooth nonlinear functions; and g is a vector of linear functions. The symbol u denotes 

the time-varying input to the system. [29] 

3.7.2 Model rejection based on size of the residuals: χ
2
 test 

For a given dataset and model, M, the difference between the measurements, y(t), and predicted 

data,   , is denoted as follows, 

                              

in which e denotes the residuals. The residuals are typically large if the combination of model 

structure and parameter set cannot explain a particular data (Figure 8).  
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Figure 8 The error bars represents experimentally collected data, y, with the mean and standard 
deviation (σ) along with the grey curve representing simulated data for a model with a certain set 
of parameters,         . In the third time point the residual is rather large due to that the model 
prediction fails to match experimental data, which will increase the test score as defined in Eq.17.  

It is assumed that the experimental data from the system behaves like the chosen model, M, for a 

certain parameter vector, p
0
, with some noise, 

                             

The null hypothesis is thus that the residuals should come from the same distribution as the 

systems noise when      . Assuming that the noise terms follow a zero mean normal 

distribution it is possible to do a statistical test using a χ
2
 test function, 

     
           

        
 

  
        

                

Here the degrees of freedom, d, is equal to the number of time points in the experimental data 

(minus the amount of identifiable or practically identifiable parameters) and σ
2
 is the variance in 

the experimental data [29]. In this thesis, the number of identifiable parameters is assumed to be 

zero, which yields a conservative test.  

3.7.3 Optimization of parameters 

Optimization of model parameters is carried out using a pseudo-random global search algorithm, 

simulated annealing, implemented in Matlab. The algorithm is modified so that it returns not 

only a global optimum but also the sub-optima’s that can describe the data [30]. The objective 

function for the optimization is as follows, 
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Where V(p) is equal to equation 17 [29]. In the algorithm, all parameter vectors evaluated that 

pass the χ
2
 test is stored for later evaluation. The optimization algorithm is bound by an upper 

limit for V(p),which steers the algorithm towards optimal parameter values; this limit is 

periodically lowered as the algorithm converges towards a minimum. 

3.7.4 Model evaluation 

Prior to the evaluation of the model, a large set of acceptable parameter vectors were collected 

by doing multiple optimizations. The optimizations were run ten times for all model variants, 

and the start guesses were in all cases chosen so that the initial cost was in the range of 40-50. 

Furthermore the start temperature of the algorithm was set to 10
9
 times the start cost. The 

numbers of iterations per temperature level were set to be 2500 and 5000 times         for each 

level and for the zero temperature respectively. The algorithm was set to evaluate 10 separate 

local minima to enlarge the returned acceptable parameter space. In the χ
2 

test the cut-off value 

for acceptable solutions was set to correspond with a 95% probability. 

Following the large-scale optimizations of all model variants the parameter vectors were 

gathered and non-unique vectors were removed. Thereafter the all vectors were simulated and a 

K-means clustering algorithm in Matlab was used to cluster the liver signal into four clusters. 

The choice of using the simulated liver signal for clustering is due to that it contains all states in 

the model; this is further explained in Chapter 4. From these clusters fifty vectors were randomly 

selected to get a representative subset that could be evaluated as shown in the following sub-

sections. The unique vectors were in the range of 4-600 000 for each model variant.  

3.7.5 Core predictions 

Typically when dealing with complex biological systems the model parameters that best 

represent the mechanistic properties in the system may not be found by minimizing the objective 

function (Eq. 18) [31]. Thus it may be more meaningful to explore the entire parameter space 

that can successfully represent the experimental data, which has passed a test based on e.g. 

residual analysis.  

A core prediction can be varying entities; e.g. either well defined parameters in the solution, well 

defined predictions for some reaction rate or concentration. In other words, even though most 

parameters are unidentifiable and the model is over-parameterized, as is most often the case in 

biological modeling, it is possible to provide uniquely identifiable results using this approach. 

This should hold true for all acceptable parameters, and can be used for validating the model if a 
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prediction can be made that could be subject to experimental evaluation. It is also a way of 

discriminating between different models. It’s also likely that there could exist scenarios where a 

solution for a certain rate or state value can be sub-dived into separate cases, which may then 

also be viewed as core predictions. 

For the interested reader, a more in-depth discussion about core predictions can be found in [29, 

32] 

3.7.6 Model development concept 

There are different ways in which a novel model might be conceived. In the paper by Brännmark 

et al [33] the modeling steps are based on iterative model-based hypothesis testing and model 

analysis followed by new experiments to validate or reject the core predictions given by the 

model. [33] Rejection of a prediction would also reject the model as a feasible mechanistic 

explanation of the system. 

In this project the aim was to derive a minimal model [29] that can describe data with fairly low 

temporal resolution with well defined parameter values. The construction initially starts with a 

very minimalistic model, which is then fitted to the data. The models ability to describe the data 

and the predictions given by the model are thereafter analyzed. Prediction analysis demands, in 

most cases, a good overall understanding of the dynamics of the system. Until a satisfactory 

description and prediction of the model with a set of parameters is reached the model is revised. 

The model revision includes implementation of new transports as well as previously omitted 

ones. Furthermore, established transports are subsequently removed in order to evaluate the 

model so that given the new modifications the other transports are still needed. Through this 

process it’s possible to establish the critical components of the system needed to describe the 

data with reasonable predictions. (Figure 9) Another aspect of this process in relation to the 

previously mentioned is that it does not necessarily demand new experiments. Of course it is 

wise to conceive experiments that can validate certain aspects of the system if the predictions 

contradict literature or no previous experiments evaluate this aspect. But this is then conducted 

after a model structure has been thoroughly evaluated. As the case of DCE-MRI on human test 

subjects the possibility to conduct experiments are limited by ethics and resource limitations. 
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Figure 9 Workflow for the construction of the model. We iterate between model hypothesis and 
analysis in order to reach a model that is critically correct and consists of a minimal amount of 
parameters. 

 

3.8 Constraints on the solutions 

Two unique aspects presented in the preclinical article by Schuhmann-Giamperi et al [9] which 

was used as constraints. Theses constraints was applied on the complete parameter space 

solutions. These constraints were compared to model predications at 3h post-contrast. 

Furthermore they were applied in a serial sense so that their affect on the solutions independently 

could be assessed. 

1. A typically used pharmacokinetic evaluation scheme is to assess the amount of the 

substance of interest residing within the blood pool at a given time. In the preclinical 

study this was determined to be about 1% of the injected dose in a dose normalized time 

curve after 3h [9].  

2. Another important aspect is how much CA is eliminated via the liver and the kidneys; 

this is as mentioned in Chapter 2.2 to be roughly 50/50. The solutions were compared to 

Table 4 in the preclinical study which contained estimates of eliminations 6 days post-

contrast for a dose of 0.2mmol/KGBW. In comparing the elimination data with the 

predictions it should be noted that the elimination data was gathered for a total of 6 days 

post-contrast. However since only about 1% of the dose is present within the serum after 

3 hours these predicted eliminations fractions will not deviate significantly [9]. 
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4 Results – The Model 

The resulting minimal model consists of two parts.  

1. A system of ordinary differential equations (ODE) describing the CA fluxes in the human 

body. 

2. A small linear measurement model, which converts the concentrations from the ODE’s to 

change in relative relaxivity (in order to fit to the DCE-MRI data), and which can be 

viewed as an observer of the system.  

The resulting model is shown in a schematic manner in Figure 10.  

 

Figure 10 Diagram of the model equations with states (x, rounded triangles), output (circles), 
transports with their respective base equations (f, arrows), input function (u, pointed rectangle) 
and measured DCE-MRI signals (y, shaded grey areas) 
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4.1 Assumptions 

As an effect of the use of ODE’s, all states are viewed as instantly and homogeneously mixed 

containers for the CA. Furthermore the bolus effect, that is the “plug” of CA that initially travels 

throughout the vessels (in the DCE-MRI experiments), is not modeled. Disregarding the bolus 

effect in the model is most likely a legitimate simplification due to the fact that the temporal 

resolution of the data is relatively low, and since the bolus effect is only of major importance in 

the first minute. However, as a consequence of the bolus injection, the first time point in the data 

will be rather high due the CA plug in the vessels and therefore more likely to be poorly matched 

by the model.  

All the volumes, fractions and weights of importance in this model are matched to a “standard 

human” of 70 kg with 20% fat content [34].  

The mean values from the ROIs placed in the spleen and in the liver (in the DCE-MRI 

experiments) are assumed to be representative of the whole organs, assuming also a homogenous 

distribution of the important, in this thesis’ point of view, compartments within an organ.  

4.2 State definitions 

In the system there are strictly speaking four states (Figure 10). However, since it is assumed 

that no CA is taken up by the spleen parenchyma, the Spleen tissue state is equal to zero at all 

times. Thus the system, in the implementation, consists of three states that affect the flux; 

Hepatocyte, Blood plasma and EES. In order to implement the input function, a fourth state is 

included and labeled Syringe; see Chapter Input function4.5 for motivation and implementation 

of this part. The initial conditions of all states, except Syringe, are equal to zero.  

4.3 DCE-MRI signal observer 

The DCE-MRI measurements have the unit of per second (s
-1

) in comparison to the 

concentrations in molar (M) from the model. Thus in order to compare the experimental data 

with the model output an observer model was also constructed. Also since the measurements 

from the liver and spleen are a mix of several compartments, which cannot be differentiated, this 

subdivision has to be taken into account when fitting the model. The subdivision of each organ in 

compartments used in the signal model can be seen in Figure 10. 

According to Eq. 15 the relative change in relaxivity calculated from the DCE-MRI is 

proportional to the contrast agent concentration via a tissue specific constant. The ROI’s are 



 

29 

viewed as linear combinations of the different states, where the state values are scaled according 

to the fraction of the tissue type in question that make up the ROI in the organ of interest. That is 

how much of an organs water volume is taken up by a state. To calculate the change in relaxivity 

for a ROI composed of different states I propose the following equation; 

      
 

  
                   

 

   
 

Where       is the relative change in relaxivity with respect to the pre-contrast image for organ i, 

Vi is the organ’s total water volume, Cj is the concentration in state j, Vj is the total water volume 

of state j, γi,j is the relative water volume fraction of state j with respect to the organ i’s volume 

(as defined in Eq. 20) and rj is the tissue specific in situ relaxivity value. The relative water 

fraction of the tissue type j with respect to the organ i was calculated as follows 

     
       

  
          

Equations 19 and 20 combined leads to the expression which is used as the signal model, 

                        
 

   
 

4.3.1 Tissue specific relaxivity 

In Table 1 the r1 values for Gd-EOB-DTPA in different tissue types and at varying field 

strengths are listed. However since not all values in the tissue types/compartments are found for 

the field strength of interest one of the values is estimated. The major physical properties that 

affect the relaxivity for the CA is: temperature, field strength, environment (such as micro 

viscosity and acidity) [35]. Assuming all things being equal, except the field strength and 

compartment, the value for bile in the last column in Table 1 was estimated using linear 

interpolation. Based on how much the relaxivity decreases when going to higher field strength 

for the same environment and how much the value deviates from water and plasma in the same 

field strength. 
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Table 1 in situ specific relaxivity values (mean ± std) at two different field strengths from 
published sources, the last column contains the values implemented in the model disregarding the 
uncertainties.  

* This value is an estimate. 

Compartment r1 [1/mmol/s] 
@ 0.47T [23] 

r1[1/mmol/s] 
@ 1.5T[36] 

r1[1/mmol/s] 
@ 0.47T [37] 

r1[1/mmol/s] 
@ 1.5T [37] 

r1[1/mmol/s] 
@ 1.5T 

Water 5.30±0.33  5.3±0.3 4.7±0.2 4.7 
Bile 6.03±0.17    5.4* 
Plasma 8.64±0.47  8.7±0.4 6.9±0.2 6.9 
Blood 11.2±0.60   7.3±0.4 7.3 
Liver 16.6±1.10 10.7±0.5   10.7 

 

4.3.2 Compartment water volume fractions for the organs 

In equations 10-12 references are made to the water volume compartment fractions of the organs. 

The relative fractions of the organs are somewhat hard to establish due the high variability 

between individuals. In Figure 10 the shaded grey areas show which states are included into 

each part of the observer model. Specifically the liver observer consists of the following states; 

Hepatocyte, Blood Plasma and EES. The spleen observer consist of; Spleen parenchyma (the 

state is always equal to zero), Blood Plasma and EES. The fractions are listed in Table 2 and are 

based on 70 kg and 20 % fat “standard human” from Table 6 in the publication by D.G Levitt 

2003 [34]. 

Table 2 The water volume fractions of the states found in the two organs that are evaluated in the 
DCE-MRI experiment. The fractions are based on the work by D.G. Levitt 2003 [34]. 

State Fraction of total liver volume Fraction of total spleen volume 

Blood plasma 0.12 0.35 
EES 0.20 0.20 
Hepatocyte 0.64 N/A 

4.3.3 Scaling constant 

Since the values from the DCE-MRI measurements are proportional to concentration and not 

absolute (see Chapter 2.1) a scaling constant is implemented on the observer model. This is due 

to the fact the MR-scanner does not directly provide absolute quantitative values, and the needed 

scale will differ in the various experiments. Fitting of the scaling parameter was not included in 

the main parameter optimization, or in the SBTB implementation of the model. The motivation 

for this is three-fold: 
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1. In order to reduce the computational time and chance of the algorithm not converging it 

is desirable to have as low dimensional parameter space as possible.  

2. The scaling problem can easily be reduced to a linear regression, and using a large scale 

global optimization is not ideal. 

3. A qualitatively accurate solution can be scaled optimally after the parameter optimization 

to give it a better quantitatively correct solution than if the scaling were included in the 

main optimization.  

The scaling was implemented using a weighted linear regression (lscov in Matlab) in the cost 

function evaluation; the regression is weighted by the standard deviation of the experimental data 

for each time point.  

4.4 Model for the CA flux in the human body 

As stated in section 0 this model is based on a system of ODE’s. Each state is characterized by a 

first order time-derivate that includes the equations for the CA flux between connected states. 

These various base equations in the state descriptions are defined in the following sub-sections. 

4.4.1 The flux between the EES and blood plasma  

A small pharmacokinetic model [25] for DCE-MRI with a Gd based contrast media for the use in 

e.g. cancerous tissue have solid base in many publications in the last decade. The model 

describes the relationship between the blood plasma and the EES as a gradient dependent flux. 

There are variants of the general form depending on whether the flow or permeability is the 

limiting factor. One instance of which that will be called the model by Tofts in this work is 

extensively described in a review from 1999 [25]. The general form of the model is; 

   
  

           
  
  
            

                  

Where C is the CA concentration in the blood plasma (p), tissue (t) and EES (e). K
trans 

is the 

volume transfer constant between blood plasma and EES and ve is the volume of EES per unit 

volume of tissue or interstitial space. [25] 

Combing Eq.22 a and b yields an equation relating the blood plasma and EES concentrations, 
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This is incorporated into the whole body model for CA flux involving the EES and the blood 

plasma. Note that since the parameters in the quotient K
Trans

/ve cannot be individually established 

they are replaced in the model implementation with only K
Trans

. A typical value for ve is in the 

range of 0.1-0.5 and in some model evaluations fixed [38]. 

4.4.2 Renal clearance 

In pre-clinical studies by Schumann-Giampieri et al 1992 and 1997 the rate of renal clearance is 

determined to be close to the glomerular filtration rate [9, 23]. The clearance of the blood plasma 

from CA via the kidneys maintains a constant rate, in volume per unit time, regardless of if the 

injected dose is the clinically approved or twenty times higher [9]. The following linear equation 

is used for glomerular filtration, 

                 

Where v is the resulting rate in mol/l/s, CLr is the parameter in l/min and Cp is the CA 

concentration in the blood plasma compartment.  

4.4.3 Hepatocyte CA flux 

In the uptake of CA there is active and probably bi-directional transport of CA into the 

hepatocyte that can take many routes depending on e.g. pathology (see Chapter 2.4). 

It is reasonable to use Michaelis-Menten (MM) kinetics [39] as a model for the complete CA 

flux between the hepatocyte and the blood plasma. The non-linear MM equation returns a 

transfer rate that is proportional to the concentration. It is furthermore approximately linear for 

concentrations in the order of magnitude of KM and then moves to the saturated maximal rate 

given by Vmax. The single directional rate of transport is modeled using the following equation, 

  
     

    
          

Where v is the resulting rate in mol/s and Vmax is the maximum reaction rate, KM is the MM 

constant and C is the substrate concentration. Eq. 16 is applied in both directions with individual 

rate constants so that it can be possible to fit the model to a situation where to outflow from the 

hepatocyte into the blood plasma can be non-existing or on the other extreme.  

The outflow of CA from the heaptocytes into the canaliculi is an energy demanding process that 

is strictly one-way (see Chapter 2.4). It has also been shown that the flow throughout the biliary 
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system is saturated when higher doses are reached, going to twenty times higher than the 

clinically used in humans. [23]  This flux is therefore also modeled using MM kinetics (Eq. 25). 

4.4.4 Serum albumin binding 

In a preclinical study of Gd-EOB-DTPA the CA were shown to bind to human serum albumin 

(HSA) in whole blood. The fraction of Gd-EOB-DTPA bound to HSA in relation to free CA 

were determined to be 10 % [23]. The binding and dissociation process is assumed to be so fast 

that it’s need necessary to implement a rate equation for this aspect in the model. Thus the 

implementation of the HSA binding to Gd-EOB-DTPA in the model is accomplished by 

reducing the concentration in the blood plasma that is available for the transporters accordingly.  

4.5 Input function 

The different experiments from which the data is used in this work have the CA injected into the 

veins at varying rates. In the work by Dahlqvist Leinhard et al 2010 the CA is injected at a rate 

of approximately 1 ml/s [27] and in the blood plasma measurements by Schuhmann-Giampieri et 

al 1997 the CA is injected at a dose dependant rate during a time period of 10 min [9]. Thus there 

is a need for a generic input function that could be altered to match the experimental data’s need. 

This is done using the trigger functionality in the SBTB.  

Implementation of the input function is accomplished by creating a new state representing a 

stock solution of CA and from which, at constant speed, the CA is injected into the blood plasma 

compartment. Furthermore a second compartment was also implemented that receives equal 

amounts of CA and after the proper dose is reached the trigger stops the injection by means of 

setting the syringe state to zero.  

4.6 Volumes and weights 

The weights, volumes and doses used in the modeling of the mean valued data are all set to 

match a 70 kg 20% fat “standard healthy human male”, the weight range in the DCE-MRI 

experiments were 65.9-80.9 kg [27]. In the input function all doses are therefore based on this 

assumption. The volumes used in this work are listed in Table 3. 
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Table 3 The water volumes needed to complete the model. The liver volume from the work by D.G. 
Levitt 2003[34] is similar to the calculated volume of the mean liver water volume for the ten 
healthy test subjects in the work by O Dahlqvist Leinhard 2010 et al [27] which also is in the same 
range (1.263-1.723) as volumetric computed tomography of healthy subjects [40] 

Compartment Volume [l] 

Liver 1.43 [34, 40] 

Whole blood 4.51 [34] 

EES  14.77 [34] 

Since the whole blood volume consists, amongst other things, red blood cells and ECF the 

volume has to be converted into the blood plasma volume. Furthermore the CA does not enter 

the red blood cells. The fraction of red blood cells in the whole blood volume is calculated using 

the fraction referred to in literature as hematocrit (Hct) [41] leading to the following relation, 

                      

Hct is varying in size depending on gender, altitude, disease, fitness level etc.[41]. Since the 

model is currently tuned to males the value of Hct = 0.41 was chosen [34], which is also within 

reported range for both female and at the lower range for males [41]. 

4.7 The ODE’s 

In Eq. 27a-d the time-derivative are presented for the four states; Hepatocyte (h), Blood plasma 

(p), EES (ees) and Syringe (syr) respectively. There are also a few other compartments included 

which are used for integrating certain rates for control but do not affect the dynamics of the 

model. The excluded rate equation designated v7 corresponds to flow of CA in canaliculi 

towards the gallbladder which is not used for this version of the model, the indexing of the rates 

are kept for simplifying model comparison. All of the equations are combinations of base rate 

equations (Eq. 28a-g) and in some cases normalized with the state water volume to achieve 

concentration instead of amount of CA. 
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Where V is the volume, C concentration and v rate expression for their respective compartments 

as defined by their indices. Furthermore the constants γ is the fraction of hepatocytes in the liver 

and Hct is the hematocrit fraction. The definitions of the parameters in the rate equations are 

listed in Table 4 and the interpretation of the rate indices are listed in Table 5. 

   
        
       

           

   
        
       

           

   
            

           
             

                       

                          

                        

                      

Table 4 Definitions and units of the parameters in the rate expressions (Eq. 28a-g). 

Parameter Interpretation Unit 

Vmax Maximal transfer rate. mol/s 

KM The concentration for which the transfer rate is equal to half that of the 
maximal rate. 

mol/l 

γAlb The fraction of CA that is not bound to HSA. - 

CLr Renal clearance l/s 

KTrans Transfer rate between the EES and blood plasma. 1/s 
Ksyr Injection rate of CA into the blood plasma l/s 
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Table 5 Interpretation of the rate equations in Eq. 28a-g 

Rate Interpretation 

v1 Transporting CA from the hepatocyte to the bile 
v2 Transporting CA from the hepatocyte to the blood plasma 
v3 Transporting CA from the blood plasma to the hepatocyte 
v4 Clearing the blood plasma of CA via the kidneys 
v5 Part of the EES flux, transporting the CA from the blood plasma to the EES 
v6 Part of the EES flux, transporting the CA from the blood plasma to the EES 
v8 Injection of CA into the blood plasma 

4.8 Model modifications 

In the analysis of the chosen model structure a decision was made to evaluate minor 

modifications. One of the major motivations for these simplifications was to reduce the degrees 

of freedom within the model and consequently reach a better defined solution. The following 

subsections describe these modifications. 

4.8.1 Linearization of the hepatocyte and plasma flux 

A MM rate equation can approximately be viewed as linear in a certain concentration ranges of 

the substrate depending on the value of Km (see Figure 11) which was the case after initial 

evaluations of the model. As a result of this a linear version of the model was also constructed in 

which the rate equation was chosen to be a linear gradient dependent transfer. The modification 

translates in the following partial time-derivative (excluding the transfer into the bile ductules) 

for the hepatocyte, 

 

  
                         

Eq.29 is separated into the following two rate equations which replace v2 and v3 in Eq.28 

                  

                      

Where the new parameters relate to Eq. 29 according to;       and        and are defined 

as per second (s
-1

). 
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Figure 11 A example of how the MM kinetics change with varying Km parameter value. In both 
cases Vmax is equal to 10 mol/s, which is thus the highest possible rate. In the left panel Km = 10M 
and in the right panel Km = 1000M. Notice how the substrate concentration range in which the rate 
is approximately linear (black line) increases drastically when Km increases. Note that the x-axis’s 
have different scales 

4.8.2 Fixed clearance 

The renal clearance or glomerular filtration is typically well defined and stable over time in a 

healthy population. Since the data and consequently the model reflect such a situation choosing a 

fixed value instead of estimating it might be preferable.  The renal clearance of a healthy 

population was estimated and reported in the study by Schuhmann-Giampieri et al 1997 [9]. 

Consequently both of the models (full and linearized model) were evaluated with and without 

fixed renal clearance value, the chosen value are the mean of the reported values.  

4.9 Evaluated model and modifications 

The presented model evaluations in Chapter 5 are for simplicity short-handily defined according 

to Table 6.  

Table 6 Short-hand for the four variants of the model evaluated 

Model designation Base model Fixed CLr 

MA The full-scale model  No 
MAf The full-scale model Yes 
MB The linearized model No 
MBf The linearized model Yes 
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4.10 Parameter ranges 

For the optimization algorithm to be able to converge parameter ranges can typically not go 

beyond 10-12 orders of magnitude, furthermore setting the lower bound to exactly zero will 

result in an infinitely large range to search in. Listed in Table 7 and Table 8 are the ranges used 

in the optimization for models MA and MB respectively. 

Table 7 Parameter ranges for model MA and MAf 

Parameter Lower limit Upper limit 

KM,1 1e-6 1e+6 
KM,2 1e-6 1e+6 
KM,3 1e-6 1e+6 
CLr 1.5e-4 2.5e-3 
VMax,1 1e-6 1e+6 
VMax,1 1e-6 1e+6 
VMax,1 1e-6 1e+6 
KTrans 1e-4 1e+2 

Table 8 Parameter ranges for models MB and MBf 

Parameter Lower limit Upper limit 

KM 1e-6 1e+6 
VMax 1e-6 1e+6 
KTrans 1e-4 1e+2 
CLr 1.5e-4 2.5e-3 
Kph 1e-6 1e+2 
Khp 1e-8 1e+2 
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5 Results - Model behavior and predictions 

In this section, only the evaluations of the model Maf and Mbf are presented, since they are all 

special cases for Ma and Mb the presented solutions exist for these as well. In principal what may 

change between the two sets are decreased kidney function which is not plausible. 

Figures involving the clusters are color coded in ascending order as; red, blue/cyan, green and 

magenta. All figures are gathered at the end of this chapter due to their numbers and size. A 

selection of figures is furthermore gathered in Appendix A due to the amount of figures and 

since these are not directly important to the discussion. 

5.1 Rate quotients, sums and products 

The different time curves for the rates were initially analyzed using 50 randomly selected vectors 

from the 4 cluster from which quotients, sums and products were calculated. The analysis of 

these did not yield any results of interest, as they were all behaving similarly with the difference 

of their absolute values which reflected the cluster order or the inverse order. No figures from 

this analysis are presented in this thesis. 

5.2 Experimental data fits 

It is impossible to plot the entire parameter space for the acceptable vectors. Subsequently the 50 

randomly selected vectors from each cluster were selected and the ability for both models to fit 

the DCE-MRI data is shown in Figure 12, the SG data fit is found in Appendix A. The predicted 

values for the spleen and vein signals are well defined for all clusters, also in the initial time 

points all models and clusters fail equally to describe fit the data this is most likely due to the 

bolus effect. Furthermore the predicted liver signal shows high variability towards the middle 

and later time points. This might in part be due to that there is currently no bile ducts 

incorporated in the model and no data was initially available thus there is no direct guidance 

towards the amount of CA that should be transported into the bile ductules. Furthermore the liver 

signal is linearly combined of all states in the models; consequently all model variability affects 

the values. And also the initial time points are high due to the bolus effect. Another factor might 

be the chosen compartment fractions of the liver and spleen. 

In both models the simulations tend to either describe the spleen or vein data soundly. This 

follows an inverse vector cluster order with respect to the liver signal i.e. the cluster which has 
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the highest simulated liver signal yields the lowest spleen signal and subsequently 

underestimates the vein signal. 

5.3 Ability to describe the different datasets 

Figure 13 gives a general idea on how the models either describe the DCE-MRI or the SG data 

in an optimal fashion, with the exception of the data with a 0.5mmol/KGBW dose. As can be 

seen on the data sub-set (0.5mmol/KGBW e.g. Figure 17) this has high uncertainty in 

comparison to the other SG data. It is likely that the model would be worse describing this sub-

set should the standard deviation be similar to the other two SG data sub-sets. 

In addition the overall min and max cost contributed by each data sub-set is comparable to the 

complexity of the estimated values, e.g. in terms of number of states.  

5.4 Parameter spread  

The initial assumption made when setting up the χ
2 

was that there were no identifiable 

parameters presents within the model. In order to evaluate this all parameter vectors that passed 

the test were stored and analyzed. As mentioned in Chapter 4.8.2 the rate determining renal 

clearance was chosen as fixed, or viewed as a constant.  

For model Maf  

Table 9 and Figure 14 provides a summary of the parameter space that can successfully describe 

all the datasets, additionally Table 10 and Figure 15 shows the spread in the same manner for 

model Mbf. Please note that these histograms (Figure 14 & Figure 15) are not to be taken as an 

attempt for constructing probability density functions, they are just a visualization of the spread 

in the parameter space for the acceptable solutions. It should also be noted that the statistical test 

used deems all passed parameter vectors as equally probable solutions. 

5.4.1 Maf 

Interestingly, in Figure 14, all Km parameters for Maf show an inclination for the upper limits of 

the parameter bounds. Since Km corresponds to the concentration where the maximal transfer 

rate is half that of Vmax in MM kinetics it’s reasonable to be assume that they can be described 

using linear relationships thus reducing the overall complexity of the model (as discussed briefly 

in Chapter 4.8.1). Furthermore it might also be of interest to evaluate wider bounds or slide the 

window towards higher values; however this might also move into highly unnatural rates in a 
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biological point of view and practically linearize the rate equation. The other parameters (Figure 

14) all are more or less well contained within the boundaries as can also be appreciated in  

Table 9. There are two parameters that clearly stand out as well defined: K
trans

 and Vmax3. The 

first of which define the flux from the blood plasma to the EES. Arguably K
trans

 could be set as a 

constant instead, since it’s not probable that the diffusion over the blood vessels should be 

noticeably altered between individuals or by disease (at least the ones affecting the liver that are 

of interest for the application of this model). The latter, Vmax3, defines the overall influx of CA 

into the hepatocytes and the highly well defined value is a good sign that a shift in hepatocyte 

uptake of CA due to pathology could potentially be identified and quantified using this 

parameter.  

5.4.2 Mbf 

In Figure 15 Km and Vmax displays similar performance as for Maf with the exception of Vmax 

having a narrower spread (these are equal to Km,1 and Vmax1 in Maf). The range of acceptable 

parameters is however not shifted compared to the other model. Moreover just as in Maf K
trans 

and 

the Kph (roughly comparable to Vmax3, it represents the same transporters) are found in a 

compact range. The last parameter Khp is pressed towards the lower bound and can in all 

practical sense be viewed as more or less non-existing in the high signal liver case (compare with 

Figure 12). 

5.5 Prediction analysis 

Contrary to the previous analysis this section is based on extrapolating the simulations up to 3 

hours post-contrast. 

All of the sub-sets were compared to the two constraints in Chapter 3.8, initially with the 3h 

constraint for the CA residing in the blood plasma. This did not uniquely follow the clusters as 

shown in Figure 16, but in both models the vectors that predicted this were all located in cluster 

1 (the highest absolute value in the simulated liver signal). The other clusters are shown in 

Appendix A. Superimposed in red on Figure 16 is also the simulation for the optimal solution 

(defined by the lowest objective function value), which fails to predict this feature. All vectors 

who failed to capture show this aspect passed the 1% point much earlier in time. 

The second constraint (Chapter 3.8), regarding the elimination fractions, applied on the data is 

presented in Table 11. The table shows both a physiologically valid solution, according to the 
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previous constraint, and the optimal solution. What is striking is that only the vectors in the 

subsets which predicted about 1% after 3h could present proper elimination fractions. 

From the subset clusters a physiologically valid solution was compared to the optimal solution ( 

Table 12). Noticeably the physiologically valid solution has a very high cost in comparison to 

the optimal solution. However since this a global optimization of rather complex systems this is 

possibly not the absolute lowest values. For both models the solutions that were physiologically 

valid were found within cluster 1 (highest liver signal) and the optimal were in the two middle 

clusters (intermediate absolute liver signal strength).  

The two cases for each model were also simulated and compared to the experimental data 

(Figure 17 and Figure 18 for model Maf and Mbf respectively). For both models the optimal and 

a physiologically valid solution behaves equally well. Furthermore the most apparent difference 

between the two can be found in the simulated liver signal were the parameters have to fit model 

to the initial time point very well to get a low test score whereas the more physiologically 

accurate solutions fails to describe this point.  

In summary a possibly strong core prediction is that the parameter vectors that accurately 

describe the amount of CA left in the serum after 3h (Figure 19 and Figure 20) all predict valid 

elimination fractions (Table 11). Furthermore they also fit the DCE-MRI data very well, with 

the exception of the initial time points which most likely due to the bolus effect are missed 

(Figure 17 and Figure 18).  
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Figure 12 The DCE-MRI data fit for model Maf (upper row) and for model Mbf (lower row). The 
simulations are based on 200 parameter vectors in each case, gathered from randomly selecting 50 
parameter vectors from each cluster (as defined by the color code). Interestingly the cluster with 
the absolute highest value in the liver signal has the lowest values in the spleen and vein fits, tough 
much less well-defined. The fit with the same parameter vectors to the SG data can be found in 
Appendix A.  
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Figure 13 The two models Maf (upper panel, based on 697 412 unique vectors) and Mbf (lower 
panel, based on 470 657 unique vectors) demonstrate the ability to either describe the DCE-MRI 
data or the SG data optimally. The χ2 test score is on the y-axis and on the x-axis the 6 different sub-
data sets grouped into the DCE-MRI data (1-3) and SG data (4-6), they correspond to the legend in 
descending order. The blue vertical lines are the max and min cost attributable to each data set for 
all acceptable solutions. The color coded lines in the figures represent the solution that yields the 
lowest score for each data subset, where the solid and dashed lines are the DCE-MRI data and SG 
data respectively. 
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Figure 14 Histograms for the parameters for model Maf based on 697 412 unique vectors. The 
parameters Ktrans and Vmax3 are highly well defined whilst the other Vmax, though still contained 
well within the bounds, are possibly practically unidentifiable. The colors in the plots are equal to 
those in the previous sub-section and are corresponding to the clusters. Note that the parameter 
value bins on the x-axis are in a logarithmic scale. 

 

Table 9 The spread of the parameters for model Maf that can describe the data sets according to χ2 
test. In the two right columns the boundaries for each parameter is presented, which is used in the 
optimization. 

Parameter Mean Max Min Upper boundary Lower boundary 

Km,1 2856120.843 1250000 2.0446 1e+6 1e-6 
Km,2 447694.471 1250000 0.023656 1e+6 1e-6 
Km,3 901207.444 1250000 447.7967 1e+6 1e-6 
Vmax1 225.341 159.3274 0.00074315 1e+6 1e-6 
Vmax2 1.225 708.97 1e-6 1e+6 1e-6 
Vmax3 4730.9657 8658.8578 2.8371 1e+6 1e-6 
KTrans 0.0033686 0.0073156 0.0017645 1e+2 1e-4 
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Figure 15 Histograms for the parameters for model Mbf based on 470 657 vectors. Both the 
parameter Kph and Ktrans are highly well defined. The colors in the plots are equal to those in the 
previous sub-section and are corresponding to these clusters. Note that the parameter value bins 
on the x-axis are in a logarithmic scale. 

 

Table 10 The spread of the parameters for model Mbf that can describe the data sets according to χ2 
test. In the two right columns the boundaries for each parameter is presented, which is used in the 
optimization. 

Parameter Mean Max Min Upper boundary Lower boundary 

Km 736112.1496 1250000 7.0635 1e+6 1e-6 
Vmax 612.386 1643.8413 0.0094131 1e+6 1e-6 
Kph

 0.0056238 0.0093156 0.0033145 1e+2 1e-6 
Khp 4.3634e-6 0.00080591 1e-8 1e+2 1e-8 
KTrans 0.0035184 0.0080122 0.0018134 1e+2 1e-4 
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Figure 16 Dose-normalized serum concentration time curve for both models with the subset 
solutions of cluster 1. The green lines represent a physiologically valid case whereas the 
superimposed red lines are the optimal from the acceptable parameter space. Validity of the 
simulations were decided by comparison to [9] in which approximately 1% of the injected dose is 
residing within the blood plasma at 3h Note that the y-axis is in a logarithmic scale. 

 

Table 11 The amount of CA that is eliminated via the kidneys, in relation to the amount of CA 
eliminated via the bile and kidneys after 3h. Compared to the measured for a dose of 0.2 
mmol/KGBW which after 6 days 43.6 ± 8.6 % of the injected dose  [9]. 

 Maf Mbf 

Lowest cost 27.66 26.80 
Physiologically valid 41.31 44.20 

 

Table 12 The χ
2
 test value for a optimal and a physiologically valid solution in both models. χ

2 

cut-off was equal to  61.66, p = 0.05. Both the physiologically valid solutions where close the 

cut-off. 

 Maf Mbf 

Optimal  39.62 37.64 
Physiologically valid  60.12 58.85 
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Figure 17 Maf optimal (red lines) and a physiological valid solution (blue lines). The black bars are 
the mean ± SE (DCE-MRI) or std (SG). The most apparent difference between the two is in the upper 
left panel where the optimal solution quickly declines. 
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Figure 18 Mbf optimal (red lines) and a physiological valid solution (blue lines). The black bars are 
the mean ± SE (DCE-MRI) or std (SG). The most apparent difference between the two is in the upper 
left panel where the optimal solution quickly declines. 
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6 Discussion and future work 

The aim in this thesis was to create a critically correct minimal model for Gd-EOB-DTPA in the 

human body, the results presented in Chapter 5 clearly shows that this has been fulfilled. Both 

versions of the model (Maf and Mbf) can describe the data equally well, with less well defined 

parameter space for the more complex model. They both could predict physiologically valid 

cases with correct amount of CA in the blood pool after 3h and elimination fractions without 

optimization for it. The physiologically valid cases both failed to predict the initial time point in 

the liver simulations, which is most likely due to the bolus effect. This failure was to be expected 

since the model does not contain any means of correcting for bolus. Furthermore the models can 

also predict data measured using a completely other modality, and with doses ranging up to 20 

times that of the indented use with the same parameters for all doses.  

However due to the late discovery of the post hoc constraints (Chapter 3.8) it was not possible to 

characterize the physiologically valid cases fully with respect to constrains on parameters and 

rates. The problem was that the clustering scheme failed to differentiate between the slightly 

altered time curves who reached roughly equally high values. A potential solution is to cluster all 

states individually and then compare which combinations of these cluster of state vectors that 

can fulfill the sought after predictions. Hopefully the clustering scheme will yield a set of 

parameter vectors uniquely defining the physiologically valid solutions. Moreover since the rate 

evaluations came up short this novel clusters might also provide insight into these domains. 

As have also been shown; locking down the renal clearance is valid and it should also be valid to 

fix the K
trans

 parameter since it is so well defined and diffusion over blood vessels ought to be, in 

a global sense, constant. The value for renal clearance should be evaluated since it has been 

determined to have a span of about 10ml/min (for comparison the fixed value is 116ml/min).  

Since no apparent change in model dynamics (other than more defined parameters) and due to 

the extremely high Km values in Maf the linearized seems to be valid and preferable over Mbf. 

Thus the model will only have 4 parameters, should the K
trans

 be fixed, which opens up for other 

expansions (see Chapter 6.2 - 6.4) without gaining a large parameter space. Seeing as the 

temporal resolution is rather low a low dimensional parameter space is highly sought after, partly 

due to identifiability reasons. As is also seen in Chapter 5.3 (Figure 13) the model weighs 

between predicting either e.g. liver or vein data, this might indicate that the estimated volume 

fractions (Chapter 4.3.2) are not as good as they should be. Furthermore the volume fractions are 
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based on a homogenous liver including large vessels and ducts, which has been actively avoided 

in the ROI placement. Thus it might be wise to incorporate these fractions in the optimization. 

In view of the fact that the SG data is collected in a vein and blood flow induces a time delay 

between injection and measured response. In order to match the measured response in the 

experiment to the response in the model the time points was slightly modified, that is removing 

the time delay from injection to response. As can be seen in Chapter 5.3 that the model “has to 

choose” whether to fit the SG or DCE-MRI data, which is rather interesting but a sub-optimal 

situation. The SG data should perhaps be removed in the future, and only keeping the constraints 

used to locate physiologically valid solutions. 

There are also two more generic modeling aspects that this thesis is a striking example of: 

1. Typically a model that is expanded by more complex equations and additional parameters 

is capable of predicting data better and better, to a point. And as shown in Chapter 5.2 

(Figure 17 and Figure 18) the two model versions are on exactly that point. They both 

describe the data equally good, and the lowest cost is approximately equal. 

2. The optimal is not the best. This might seem as a bit strange statement but it holds true in 

a physiological point of view, as discussed in [29, 31]. As shown in chapter 5 the optimal 

solution is by far inferior to the physiological valid solution in terms of eliminations and 

predicted residual CA in the blood. Furthermore the physiological case has a much higher 

cost than does the optimal. Of course due to the bolus effect this is a bit excessive, and 

the model should be modified further as mentioned. 

6.1 Clinical relevance 

The understanding the complex contrast dynamics in vivo can in the near future be further 

increased using the proposed simplified model. However in the current form a global measure of 

the liver function derived from the model is more computationally expensive than other quotients 

or fitted mono-/bi-exponential functions such as in [27, 42]. Nevertheless the strength of this 

approach is that it might be used on a localized scale either on the liver segments or on voxel 

based data.  

Depending on the physiological manifestation of the liver disease there are different model 

parameters that will be affected. These can be dived into four different scenarios: 

1. Hepatocytes unable to take up CA due to competitive inhibition of the transporting 

proteins, which is noticeable through lowering of the parameter Kph. 
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2. Hepatocytes unable to transport CA into the canaliculi, but still proper uptake ability. 

Here there are two candidate parameters Vmax and Km, which both govern the same 

transport. 

3. Excessive scaring of the liver tissue, i.e. low amount of healthy hepatocytes. 

4. Poor blood flow to the liver 

In order to get a measure of the amount of functional hepatocytes within the liver the fraction of 

the liver containing hepatocytes can be included in the model fit. Poor blood supply can be 

observed if the model is expanded according to Chapter 6.2.1. With these changes all four 

scenarios are likely to be identifiable.  

However with these changes the uncertainty of the solutions will increase. A major source of 

uncertainty is due to that there are no observations in the data regarding the CA efflux from 

hepatocytes to the canaliculi. This uncertainty can be decreased by implementing CBD 

measurements as well as the proposed 3h constraint. Since the 3h constraint only serves as a 

lowest possible limit in humans it will always be applicable. In the diseased case the amount of 

CA residing within the blood pool will be higher than the normal case after 3h. 

By combining these parameters the regional function of the liver can most likely be evaluated 

and potentially increasing the understanding and propagation of diseases affecting the hepatocyte 

functionality. Furthermore this can be used in order to evaluate if the remaining liver volume has 

enough functional hepatocytes to support long term post-operative survival of the patient. An 

overall noteworthy feature of this approach is that it can be employed on a wide range of 

pathologies that alters hepatocyte function regionally or globally. 

6.2 Possible modification of the model 

The following sub-sections contain solutions and discussion regarding possible modifications of 

the models that could or have to be made later on. 

6.2.1 Modifying the extracellular compartments of the liver 

The interface between the EES within the liver (the space of Dissé) and the blood plasma allows 

for rapid diffusion due to the pores in the vessel walls (see Chapter 2.3) A possible modification 

is to combine the space of Dissé and the blood plasma to a single compartment. From which the 

CA is transported into the hepatocytes. This compartment is then fed CA from the whole body 

blood pool by a rate equivalent to the blood flow of the vessels supplying the liver, and 

subsequently washed out with the same rate. The fraction of the cardiac output that passes 
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through the liver is well defined and stable. So the rate can be estimated and fixed thus not 

increasing the complexity of the optimization problem.  

As a comparison; in perfusion models employed on the liver using DCE-MRI data both type of 

vascular configurations has successfully been used [2]. The types of models different quite a lot 

but the description of the vascular compartments in the liver are analogous. 

6.2.2 Taking into account the biliary tree 

At this point the model does not take into account the signal additions from the biliary tree, 

which most likely has an addition to the overall signal from the liver. As previously discussed 

the model is likely to have a less uncertain parameter space. This is in part due to time issues, 

attempts were made late in the modeling phase to include the biliary tree but there was not 

enough time left to complete this task.  

The hypothesized extension on model is to implemented a new state situated in Figure 10 on the 

arrow designated MM between the Hepatocyte state and Bile. However the exact mechanistic 

relationships’ governing these CA transfers was not fully established. 

6.2.2.1 Biliary tree volume 

The biliary apparatus consist of systems of canals with increasing size, it begins in the canaliculi, 

followed by the bile ducts and ending in the common bile duct [43]. The biliary state in the 

model should be defined as the entire biliary apparatus.  

The total volume of this compartment have varying values in literature; in data based on 

microscopic evaluations it is estimated to be 0.32% of the total liver volume [44]. Another study 

preformed a year later based on infusing normal autopsy livers with a CA followed by CT 

imaging and microscopic evaluation yielded an estimate of about 1.5% [45]. The post mortem 

estimation is possibly an over estimate due to fact the luminal volume most likely is increased by 

the gravity infusion of the CA, the authors believed this could probably result in a increase of 

about three or four fold [45]. Consequently the true value is somewhere in-between 0.32-1.73% 

of the liver volume most likely closer to the lower bound. A good choice might be 0.43% which 

is a fourth of the later estimates.   

6.3 The bi-directional hepatocyte and plasma flux  

As shown the transfer from the hepatocytes to the plasma is in all practical aspects negligible so 

this transport could possibly be removed when the model is applied to a healthy subject. The 
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interesting aspect of this bi-directional transport is that it’s not entirely certain whether regions in 

the functionally impaired liver has a no uptake or fast removal of the CA which could be 

explored with this possible flux. Since there are many different types a pathology that affects the 

liver   

6.4 Possible individualization of the model 

At this point the model is based on a mean valued “standard” male human of 70kg and 20% fat 

content. In order to get a more accurate representation of an individual a few absolute volumes 

have to be estimated. More specifically the total liver volume (TLV), whole blood and total body 

water (TBW). In the following sub-sections ways to calculate these volumes are presented that 

do not rely on image analysis.  

6.4.1 Liver volume 

The volume of the liver might be estimated based on the images volumes from the MRI-scanner 

or it may also be estimated using age, body weight or body surface area (BSA, calculated using 

the weight and height). The formula is based on linear regression and has the following for TLV 

in liter: 

                                                  

Where m, k1 and k2 are constants specified on whether BSA or weight is used. [46] 

 There is however a major drawback with this approach since the liver volume can differ quite a 

lot due to pathology. Furthermore there is wide individual range of TLV in healthy humans. As 

for humans suffering from hepatobiliary diseases both the TLV and spleen volume increases 

significantly with severity of e.g. fibrosis and fatty liver disease [47]. So this approach should 

only be considered as an approximate solution if the actual volume cannot be measured in the 

image volumes.  

6.4.2 Whole blood volume 

Whole blood volume (BV) can be estimated using the height cubed and body weight resulting it 

the following formula for volume in liter: 

                                               

Where m, k1 and k2 are gender specific constants. [48] 
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6.4.3 Total body water 

The total body water can be estimated using three parameters; gender, weight and height. This is 

however only applicable for subjects over the age of 16. The formula is based on linear 

regression and has the following general form for TBW in liter: 

                                          

Where k1, k2 and m are gender specific constants. Typically the TBW can be subdivided into 

55% intracellular fluid and 45% extracellular fluid. [49] 

6.4.4 Subdivision of the hepatocytes for estimating regional function 

On the road towards parameterized image volumes the hepatocyte compartments have to be 

subdivided into functional groups with unique parameters describing the hepatocyte flux. The 

complexity of the model increases with the following relationship 

               

                  

Where m is the dimension of the original state vector, n the number of hepatocyte states and i is 

the original parameter space dimension. Furthermore the number of nonlinearities is equal to that 

of the number of hepatocyte states. It is also necessary to estimate the fraction of the individual 

hepatocyte state volumes with respect to the total hepatocyte volume so that the concentration 

can be calculated, keeping the total hepatocyte volume equal to that of mean model. For the 

signal calculations the various scaling of the states incorporated into Eq. 12 should, for 

simplicity, be viewed as fixed.  

Obliviously the complexity of the optimization problem will increase a great deal with just a few 

subdivisions and some effort should be put into attempts to simplify the algorithms chance of 

success. One possibility is to create a look-up table (LUT) for start guesses based on the time 

curves for the subdivided liver volumes, and relate them using area under the curve (AUC) so 

that it can be used quickly. There might also be a need to define a hard upper limit for the 

number of possible subdivisions so that the model dimensions doesn’t reach extreme sizes, 

however hopefully it will not be a problem since there is optimistically not that many 

significantly different regions to be found. 
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7 Conclusions 

A human whole body minimal model was constructed. Furthermore a linear measurement model 

for conversation of CA concentrations, in the whole body model, to relaxivity changes in the 

DCE-MRI data was also constructed. The model can fit data from both DCE-MRI and blood 

sample analysis. A χ
2
-test indicates that the model with high probability (P=0.05) explains the 

experimental data for doses ranging up to 20 times the clinically used one.  

By applying constraints on the simulated serum concentration after 3h, better defined and 

physiologically sound solutions were found. The constrained solutions included a valid amount 

of CA within in the blood pool, and legitimate amount of CA excreted via the biliary system 

along with the kidneys. We identified a core prediction regarding the flux of CA via the 

hepatocytes. 

The parameters defining the flux from the plasma via the hepatocytes to the canaliculi can likely 

be used as a quantitative regional liver function assessment. There is still work to be done in 

order to gain regional function analysis using DCE-MRI of the liver, for example addition of 

measurements in the biliary tree in order to decrease parameter uncertainty regarding biliary 

excretion.  
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9 Appendix A 

9.1 Percentage of dose in serum for all clusters 

 

Figure 19 Dose-normalized serum concentration time curve showing in percent the dose in serum 
for all clusters simulated for the DCE-MRI data and for the two lowest concentrations in the SG data 
with model Maf. The green lines correspond to a physiologically valid case whereas the red lines 
correspond to the optimal case. As can be seen in the predictions in the SG data sets there is blue 
line next to the green one which also yields similarly good predictions as the green line with respect 
to elimination and liver signal behavior. Note that the y-axis is in a logarithmic scale. 
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Figure 20 Percent of dose in serum for all clusters simulated for the DCE-RMI data and for the two 
lowest concentrations in the SG data with model Mbf. The green lines correspond to a 
physiologically valid case whereas the red lines correspond to the optimal case. 
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9.2 Model fits for SG data 

 

Figure 21 SG data fit for models Maf (upper row) and Mbf (lower row). The simulations are based 
upon 200 parameter vectors from 50 randomly selected vectors in each cluster. 
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