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Abstract

In recent years, there has been a growing interest in congestion pricing
as a tool for solving traffic congestion problems in urban areas. However,
the transportation system is complex and to design a congestion pricing
scheme, i.e. to decide where and how much to charge the road users, is
not trivial. This thesis considers congestion pricing schemes based on
road tolls, and the efficiency of a pricing scheme is evaluated by a social
welfare measure. To assist in the process of designing congestion pricing
schemes, the toll design problem (TDP) is formulated as an optimiza-
tion problem with the objective function describing the change in social
welfare. In the TDP, the road users are assumed to be distributed in the
traffic network according to a Wardrop equilibrium. The TDP is a non-
convex optimization problem, and its objective function is non-smooth.
Thus, the TDP is considered as a hard optimization problem to solve.

This thesis aims to develop methods capable of optimizing both toll
locations and their corresponding toll levels for real world traffic net-
works; methods which can be used in a decision support framework
when designing new congestion pricing schemes or tuning already im-
plemented ones. Also, this thesis addresses the global optimality of the
TDP.

In this thesis, a smoothening technique is applied which approxi-
mates the discrete toll location variables by continuous functions (Pa-
per I). This allows for simultaneous optimization of both toll locations
and their corresponding toll levels, using a sensitivity analysis based as-
cent algorithm. The smoothening technique is applied in a Stockholm
case study (Paper II), which shows the potential of using optimization
when designing congestion pricing schemes.

Global optimality of the TDP is addressed by piecewise linear ap-
proximations of the non-linear functions in the TDP (Papers III and IV),
resulting in a mixed integer linear program (MILP). The MILP can be
solved to global optimality by branch and bound/cut methods which are
implemented in commercially available software.
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Populärvetenskaplig sammanfattning

Om du n̊agon g̊ang har kört bil i en större stad under rusningstrafik
s̊a har du kanske märkt att det tog lite längre tid än om du varit en-
sam p̊a vägen. Vad du d̊a upplevde var en av vägtrafikens negativa
effekter, mer specifikt trängsel. Trängsel i vägtrafiken är inte bara ett
problem för dig som är ute p̊a vägen, utan även för samhället i stort och
den samhällsekonomiska förlusten av trängsel, i form av b̊ade tid och
monetära utgifter, inom EU uppskattas till ungefär 1% av BNP.

Trängselavgifter är ett ekonomiskt styrmedel som kan användas för
att förändra resenärernas val av färdmedel, destination, resväg och avre-
setidpunkt, genom att p̊averka kostnaden som är relaterad till varje
alternativ. Genom att p̊averka resenärernas val kan ett mer effektivt
utnyttjande av befintlig infrastruktur uppn̊as, och de negativa effek-
terna relaterade till trängsel kan därigenom minskas. Att införa ett
trängselavgiftssystem är dock kostsamt och det är därför viktigt att
utforma trängselavgiftssystemet s̊a att det f̊ar önskad effekt. Trans-
portsystemet är komplext, och det är inte självklart vilken effekt ett
trängselavgiftssystem f̊ar p̊a trafiken. Därför används transportmodeller
för att beräkna hur införandet av trängselavgifter kommer att p̊averka
transportsystemet. Transportmodeller ger en förenklad bild av delar av
transportsystemet och möjliggör att många alternativa utformningar av
ett trängselavgiftssystem kan utvärderas. För att utvärdera nyttan med
ett trängselavgiftssystem används ett samhällsekonomiskt välfärdsmått
som i monetära termer värderar förändringar i b̊ade restid och faktiska
kostnader.

Den här avhandlingen behandlar utformningen av trängselavgifts-
system baserade p̊a vägtullar. Matematisk optimering används för att
bestämma placering av tullportalerna, samt niv̊an p̊a avgiften som beta-
las vid tullportalen, s̊a att den samhällsekonomiska välfärden maximeras.
I avhandlingen visas potentialen med att använda metoder som bygger
p̊a matematisk optimering för att justera b̊ade avgiftsniv̊aer samt lokalis-
era tullportaler i ett trängselavgiftssystem.
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1 Introduction

1.1 Congestion pricing

Road congestion is one of the major negative effects of road transport.
For 2010, Schrank et al. (2011) estimates that congestion in urban areas
in the USA incurred a total of 4.8 billion hours in travel delay, and in-
creased fuel consumption by 7.2 billion liters, resulting in a total cost, in
terms of social welfare loss, of $101 billion which is approximately 0.7%
of the GDP. Compared with historical data, this is an increase of 28%
in the congestion cost during the last ten years, and of 481% during the
last 28 years. For the EU, the cost of congestion was estimated to reach
1% of the GDP in 2010 (European Commission, 2001), which makes the
problem of reducing the cost of congestion an important one. This prob-
lem has commonly been addressed by increasing the capacity of the road
infrastructure. Increasing road capacity is not only expensive, but will
in itself lead to an increased demand for road traffic, a relationship which
is well established1, and cannot be considered as a sustainable solution.
Road pricing can be used for charging the road users a fee for using the
road infrastructure, and provides a tool for achieving a more efficient
usage of the road capacity, without building new road infrastructure.

The users of the transportation system make travel choices based
on their individual costs and benefits; for example, travel time, fuel
cost, comfort of the transportation alternatives and attractiveness of
the destinations, associated with different travel alternatives. While the
choices associated with making a trip are based on the individual costs
and benefits, there are also other, external, costs associated with making
a trip. Limiting the discussion to cars, such costs include increased
travel costs for fellow road users and the emission of pollutants. These
are negative external effects of making a trip, which are not experienced

1This is commonly referred to as induced demand. See e.g. Goodwin (1996) and
Noland and Lem (2002) for thorough reviews on studies which provide evidence on
the existence of induced demand.
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1. INTRODUCTION

by the road users themselves. Road pricing can be used to affect the
travelers’ choices of route, travel mode, departure time and destination,
in order to reduce the negative external effects of road traffic.

Within transportation economics, the general idea of optimal road
pricing is that if road users experience the full cost of each transportation
alternative, including external costs, they will make efficient choices.
Any direct charges imposed on the road users, for example parking fees,
fuel taxes and road tolls can be regarded as road pricing, and can be
used to charge the road users for various external costs. In this thesis,
the term congestion pricing will be used for road pricing schemes which
have the clear objective to charge the road users for the negative external
effects related to congestion. Congestion pricing will redistribute the
road users to alternative routes, other modes of transportation (e.g.
bicycle and public transport), or to travel during other time periods.
The effect of congestion pricing can be aggregated into a social welfare
measure, in which ideally, all relevant benefits and costs are included.

To design a congestion pricing scheme involves decisions on when,
where and how much to charge road users. The work presented in this
thesis focuses on the decision of where and how much to charge road
users in a congestion pricing scheme based on road tolls, in order to
maximize the social welfare measure. This problem will be referred to
as the toll design problem. In a congestion pricing scheme based on
road tolls, a road user is charged each time he or she passes certain road
segments in the traffic network. The location of these road tolls are often
chosen so that they form a closed cordon or a screen line. Other design
principles for congestion pricing schemes are area-based pricing, in which
the road users are instead charged for having access to a restricted part
of the traffic network, and distance-based charging, in which the road
users are charged for each kilometer driven.

Road pricing is not a new concept, and throughout history2, long
before the introduction of cars, road pricing has been used as a source
for funding road infrastructure. Today, road pricing as a source for fi-
nancing roads is used in many countries, e.g. the toll bridge (“Öresunds-
bron”) between Sweden and Denmark, the road tolls charged on French
motorways, the toll cordons in a number of Norwegian cities, and the
kilometer charge for heavy goods vehicles in Austria and Germany, just
to mention a few. Congestion pricing, on the other hand, has been dis-

2See e.g. Jackman (1916) for an introduction to pavage or pontage tolls in medieval
England.
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1.2. MODELING THE TRANSPORTATION SYSTEM

cussed during the 20th century, but with the exception of Singapore,
has been a theoretical idea rather than implemented in practice. During
the last ten years, however, congestion pricing has been implemented in
both London (area-based) and Stockholm (road tolls), and in 2013, it
is planned that the city of Gothenburg will introduce congestion pric-
ing. As the amount of traffic continues to grow we are likely to see
more cities turning towards congestion pricing in order to improve the
performance of the transportation system, rather than building new in-
frastructure, which is not only expensive, but also supports an increased
traffic growth.

1.2 Modeling the transportation system

Urban transportation systems consist of complex systems of road in-
frastructure, public transport and the users of this infrastructure, and
serve the purpose of providing mobility of goods and people. To make
changes in the transportation system (e.g. changes in public transport or
road infrastructure capacity, and changes in the pricing of road or public
transport) is often associated with considerable expense, and it is there-
fore important to be able to predict what effect a specific change will
have in terms of congestion, travel times, emission of pollutants, traffic
safety, accessibility and equity, for example. Such predictions are done
by using models of the transportation system, which provide a simplified
description of the transportation system based on behavioral assump-
tions of the people using it. Traffic models were initially developed to
study how changes in road infrastructure affected the quality of service
in the transportation system. Today, models are used for evaluating
infrastructure investments, policy changes, traffic information systems
and road pricing, for example.

Traffic modeling approaches are commonly divided into microscopic,
mesoscopic and macroscopic approaches. In microscopic models, the tra-
jectory of each single vehicle is described in detail, by the position, speed
and acceleration of each single vehicle. The relationship between travel
time and traffic flow is a result of the simulation of interactions among
the vehicles, and can therefore not be expressed in closed-form func-
tions. In macroscopic approaches the traffic conditions are described by
aggregated measures (e.g. flow, density and speed), and simplified rela-
tionships in terms of closed-form analytical functions are used to describe
how travel cost, traffic flow and travel demand are related. Mesoscopic
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1. INTRODUCTION

models can be positioned between microscopic and macroscopic models,
and they usually model single vehicles or group of vehicles but use a
simplified description of the relationship between traffic flows and travel
times.

Macroscopic models can be further divided into time static and time
dynamic models. Time dynamic models can describe the temporal dis-
tribution of congestion, and allow the introduction of time dependent
travel times, traffic flows and travel demands. Static models, on the
other hand, can only be used to describe average travel times, traffic
flows, and demand during one single time period. Both dynamic and
static modeling approaches describe a steady-state distribution of trav-
elers in the road network, and rely on the behavioral assumption that
travelers make choices which maximize their individual utility. In this
thesis, a time static transportation modeling approach which is based on
analytical relationships between generalized travel cost (which includes
both time and money costs) and traffic flow, is adopted. Optimization
modeling is then used for locating tolls and deciding their corresponding
toll levels, with the objective of maximizing social welfare.

1.3 Outline

The remainder of this thesis is outlined as follows. In Chapter 2 the static
user equilibrium model is described and its mathematical formulation is
presented. The economic principles behind congestion pricing and the
social welfare measure used for evaluating congestion pricing schemes
are presented in Chapter 3. In Chapter 4, the mathematical program
formulation of the toll design problem is presented, followed by a review
of solution approaches applied to this problem. Chapter 5 presents the
objectives and contributions of this thesis and finally four papers are
included in the thesis.

4



2 The static user equilibrium model

To be able to predict effects on the traffic system, e.g. from the intro-
duction of congestion pricing, a static modeling framework is adopted
in this thesis. The static modeling framework, which relies on a math-
ematical representation of the road traffic network and on analytical
relationships between traffic flow and travel costs, can be formulated
both as an optimization problem, a complementarity problem, and as a
variational inequality problem.

2.1 Modeling travel demand

The modeling of travel demand and the assignment of the road traffic
demand onto the traffic network is commonly described through a se-
quential four-step process (Hensher and Button, 2000), which includes
trip generation, trip distribution, modal split and traffic assignment. In
the trip generation step, the trip frequencies are determined for each
origin and destination separately, and in the trip distribution step the
number of trips in each origin-destination (OD) pair is decided so that
they match the trip frequencies from the previous step. In the modal
split step, the proportion of trips made with each travel mode is de-
cided, and in the traffic assignment step the demands for the different
travel modes are assigned to routes in the traffic network. By combining
one or several steps with the traffic assignment, combined models can
be formulated (see e.g. Ortúzar and Willumsen, 1990), and such models
can also include the assignment of traffic to more than one network,
e.g. a public transport network. The model formulation presented in
this chapter will be limited to a road traffic network. To extend this
model formulation to combined models in which for example, choice of
mode1 and destination are described by a discrete choice model (McFad-

1In Paper II (Ekström et al., 2012a), the car traffic demand is given by a binomial
logit model, describing the choice between car and public transport for the travellers
with access to car.
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2. THE STATIC USER EQUILIBRIUM MODEL

den, 1970), is however straightforward (see e.g. Ortúzar and Willumsen,
1990).

2.2 Wardrop equilibrium

Under the assumption that the road users have perfect information
about travel costs in the network and behave rationally to minimize their
individual travel costs, the route choice model corresponds to Wardrop’s
user equilibrium (Wardrop, 1952) or Wardrop’s first principle2. This
states that within an OD pair, road users choose to travel on a route
with minimal cost in the traffic network, and no user can reduce his or
her travel cost by changing route. This is also referred to as user-optimal
behavior. If the road users should instead choose routes so that the to-
tal travel cost in the traffic network was minimized, the system-optimal
solution would be obtained, and this is referred to as Wardrop’s second
principle. In practice, a system-optimal behavior cannot be assumed,
but in a congestion pricing context there are interesting parallels which
will be discussed later. For modeling the travel demand, it is assumed
that an individual only makes a car trip if this is beneficial, i.e. the in-
dividual surplus associated with the car trip is larger than the surplus
related to any other alternative (i.e. transit trips, slow mode trips or no
trip at all).

2.3 Mathematical formulations

2.3.1 The traffic network

The traffic network represents the supply side of the traffic system and
is modeled by a set of links A and a set of origin destination (OD) pairs
I. For each link there is a generalized cost function, which includes
travel costs in terms of both monetary expenses, e.g. fixed running costs
per kilometer and paid road tolls, and average travel time. Congestion
pricing schemes based on road tolls or travelled distance can be modeled
by link tolls. Link tolls are additive costs associated with the usage of a
specific link in the traffic network, and the total paid tolls for a trip is
the sum of the tolls paid for using each link. Limiting the running costs

2The Wardrop equilibrium is a special case of the more general Nash equilibrium
(Nash, 1951).
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2.3. MATHEMATICAL FORMULATIONS

in the generalized cost function to link tolls, the monetary expenses are
given by the link toll τa, and the average travel time is given by the
travel time function ta(va). Let α be the VOT which transforms time
into a monetary unit, and β the car occupancy which gives the conver-
sion between the number of travelers and cars. Then the generalized
cost function, ca(τa, va) of toll level and link flow, can be expressed as
ca(τa, va) = αta(va) +

τa
β .

The relationship between generalized travel cost and demand is ex-
pressed by the travel demand function qi = Di(πi) or its inverse πi =
D−1
i (qi), where qi is the demand in the unit of number of travelers and

πi is the minimum generalized travel cost in OD pair i. For each OD
pair i ∈ I there is a set of routes Πi with fp travelers on each route
p ∈ Πi. Note that while v is measured in terms of car flow, f and q are
measured in the number of travelers. The flow, va, on link a is given
by va = 1

β

∑
i∈I
∑

p∈Πi
fpδ

a
p , where δ

a
p takes the value of 1 if route p

traverses link a, and 0 otherwise (the link-route-based formulation). An
equivalent formulation can be achieved by considering the traffic net-
work in terms of a set of nodes N (the link-node-based formulation).
Each link a ∈ A connects the node pair {ns, ne} in N , where ns and ne
are the start and end nodes respectively. Let xi be the vector of link
flows induced by the demand in OD pair i ∈ I. Then

Ω =

{
(q, v) : v =

∑
k∈I

xk, Bxi =
1

β
biqi, qi ≥ 0, xi ≥ 0, i ∈ I

}

gives the feasible set of demand and link flow vectors, with B being the
link-node incidence matrix and bi a vector with a length equal to the
number of nodes. The vector bi has two non-zero elements, with the
element at the position of the origin node equal to −1 and that of the
destination node equal to 1.

2.3.2 An optimization formulation

The static user equilibrium model with elastic demand given by the
inverse travel demand function can be formulated as the following convex

7



2. THE STATIC USER EQUILIBRIUM MODEL

optimization problem (the user equilibrium problem) (Sheffi, 1984)

UE-OPT:

min
q,v

G(τ, q, v) = β
∑
a∈A

∫ va

0
ca(τa, u)du −

∑
i∈I

∫ qi

0
D−1
i (w)dw

subject to
∑
p∈Πi

fp − qi = 0, i ∈ I (2.1a)

fp ≥ 0, p ∈ Πi, i ∈ I (2.1b)

qi ≥ 0, i ∈ I (2.1c)

va − 1

β

∑
i∈I

∑
p∈Πi

fpδ
a
p = 0, a ∈ A. (2.1d)

The system-optimal problem based on Wardrop’s second principle can
be formulated by replacing

∑
a∈A

∫ va
0 ca(τa, u)du with

∑
a∈A ca(va)va in

UE-OPT. UE-OPT is based on the link-route-based formulation of the
user equilibrium problem, and an equivalent link-node-based formulation
can be obtained by replacing the constraints with (q, v) ∈ Ω. Note that
τ is a constant in UE-OPT, and the only variables are the demands, q,
and link flows v. If the travel time is given by an increasing function and
the demand by a decreasing function, UE-OPT has a unique link flow
and OD demand solution. The route flows, however, are not unique, i.e.
there can be many different route flows satisfying the same link flows
and OD demands which solve UE-OPT.

For most interesting practical problems concerning congestion pric-
ing, the demand is assumed to be elastic. A special case of the user
equilibrium problem, however, occurs when the demand is assumed to be
inelastic with respect to changes in the generalized travel costs (referred
to as the fixed demand user equilibrium problem). Then the demand,
q, becomes constant and UE-OPT can be reduced to the minimization
of
∑

a∈A
∫ va
0 ca(τa, u)du (Sheffi, 1984).

The Frank-Wolfe method (Frank and Wolfe, 1956) for solving con-
strained convex programs has been widely applied for solving UE-OPT
and is based on the link-node formulation of the user equilibrium prob-
lem. Although its slow convergence, the Frank-Wolfe method has been
implemented in several commercial software products, e.g. Emme/2
(INRO, 1999). Based on the link-route formulation of the user equi-
librium problem, several alternative (path-based) algorithms have been
developed, e.g. Larsson and Patriksson (1992), Chen et al. (2002) and

8



2.3. MATHEMATICAL FORMULATIONS

Dial (2006). For a thorough review of such algorithms see Patriksson
(1994).

To be able to formulate the user equilibrium problem as a convex
program, the integrals

∫ qi
0 D−1

i (w)dw and
∫ va
0 ca(τa, u)du need to be well

defined, which require the travel time and inverse demand functions to
be separable, with respect to OD demands and link flows. This limits
the possibility to describe real world phenomena where the cost of trav-
eling along one link is affected by the flows on other links e.g. delays
at intersection. It is, however, possible to use non-separable generalized
travel cost functions if their Jacobian matrix is symmetric everywhere
(Sheffi, 1984). This is equivalent to requiring that the link cost functions
need to be symmetric in terms of how the link flows affect the gener-
alized travel costs. Symmetric link cost functions are important when
extending the user equilibrium problem to multiple user classes with dif-
ferentiated VOT, but there are many real world phenomena, e.g. delays
at intersections and queuing spillbacks, which require asymmetric link
cost functions. Although the user equilibrium cannot be formulated as
an optimization problem for asymmetric link cost functions, methods
have been developed for finding equilibrium link flows and demand even
for this case. For a review of such methods see e.g. Patriksson (1994).

2.3.3 Alternative formulations

Based on the first-order Karush-Kuhn-Tucker optimality condition of
UE-OPT, the following complementarity problem (CP) can be formu-
lated (Sheffi, 1984)

UE-CP: fp ·
(∑
a∈A

ca(τa, va)δ
a
p − πi

)
= 0, p ∈ Πi, i ∈ I (2.2a)

∑
a∈A

ca(τa, va)δ
a
p − πi ≥ 0, p ∈ Πi, i ∈ I (2.2b)

qi ·
(
πi −D−1

i (qi)
)
= 0, i ∈ I (2.2c)

πi −D−1
i (qi) ≥ 0, i ∈ I (2.2d)

and constraints (2.1a) − (2.1d). (2.2e)

Assuming that the link costs are additive, the generalized travel cost
in OD pair i ∈ I, along route p ∈ Πi is given by

∑
a∈A ca(τa, va)δ

a
p .

Constraint (2.2a) states that a route in OD pair i with positive flow fp,

9



2. THE STATIC USER EQUILIBRIUM MODEL

p ∈ Πi must have a cost equal to the minimum cost of traveling in OD
pair i, and constraint (2.2b) that any route in OD pair i must have a
cost equal to or larger than the minimum cost of traveling in OD pair i.
In OD pair i, constraint (2.2c) gives that the minimum travel cost, πi,
will equal the cost of traveling D−1

i (qi) if there is a positive demand.
Alternatively to the optimization problem (UE-OPT) and the com-

plementarity problem (UE-CP), the user equilibrium can also be ex-
pressed by using the following variational inequality (VI) formulation3

(Dafermos, 1980)

UE-VI:
∑
a∈A

ca(τa, va)(va − ṽa)−
∑
i∈I

D−1
i (qi)(qi − q̃i) ≤ 0, (ṽ, q̃) ∈ Ω.

Both the CP-formulation and the VI-formulation are convenient from
an optimization perspective, since they allows the user equilibrium prob-
lem to be formulated as inequalities in an optimization problem. More-
over, for non-separable cost and demand functions, the total link travel
cost function ca(τa, v)va and the total OD travel cost function D−1

i (q)qi
are well defined. The VI-formulation has been adopted for formulating
more general user equilibrium problems, even with time dynamic rela-
tionships (see e.g. Friesz et al., 1993). Although ca(τa, v)va andD

−1
i (q)qi

are well defined, they cannot be expected to be convex, and to find a
solution to UE-VI for this case is therefore more difficult.

2.3.4 Extensions of the standard model

The congestion pricing scheme in Stockholm is commonly implemented
by link tolls in transportation models (Eliasson and Mattsson, 2006;
Kristoffersson, 2011). The pricing scheme in Stockholm, however, in-
cludes the exception that a road user can be charged a maximum of 60
SEK each day4, and after the maximum fee has been reached, the road
user can travel freely through the road network for the rest of the day.
Thus, after a road user has paid the maximum daily toll, the pricing
scheme can in fact be considered as area-based. Both link-based and
area-based pricing schemes are special cases of the more general class
of non-linear pricing schemes. Extending the user equilibrium model

3Here, the link-node-based formulation is given. For the equivalent link-route-
based formulation see e.g. Patriksson (1994).

4During peak-hours, the toll is 20 SEK for entering or exiting the cordon, and
between the morning and the afternoon peak-hours the toll is 10 SEK.
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2.3. MATHEMATICAL FORMULATIONS

to non-additive link costs allows for modeling of area-based and other
non-linear pricing schemes, and such extensions are discussed in Gabriel
(1997), Lo and Chen (2000), Maruyama and Sumalee (2007) and Law-
phongpanich and Yin (2012).

The average cost of traveling on a road segment is described by the
generalized cost, which includes costs both in terms of time and money,
with the travel time weighted by the mean value of time (VOT). Link
tolls are introduced into the model by adding a toll to the generalized
cost. In reality the VOT is perceived differently by individual travelers,
but within this thesis a mean value across the population is used. By
grouping the users into different groups of socioeconomic characteristics
(Dafermos, 1973), or by assuming that the continuous distribution of
VOT is known across the population (Dial, 1996, 1997), models which
take the heterogeneity of road users into account can be formulated.
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3 Economics of congestion pricing

The engineering approach to road traffic congestion recognizes that when
the density on a road segment is increased, the interactions among the
vehicles will result in increased travel times through lower speeds, and
eventually, in reduced flows. This phenomenon is visualized in the fun-
damental diagram of traffic (Pipes, 1967). From the fundamental dia-
gram of traffic, the average cost curve (Walters, 1961) used in economic
analysis can be derived (see e.g. Verhoef, 1999). The average cost curve
is backward bending, and the static equilibrium model only describes
its lower part. The analysis in this chapter follows the standard analy-
sis1 which can be found in the literature, e.g. Beckmann et al. (1956),
Walters (1961), Jansson (1971) and Verhoef et al. (1996).

3.1 The standard analysis of congestion pricing

In Figure 3.1 the principles of congestion pricing are presented, with the
average cost function, ac(v), giving the average generalized travel cost,
for traveling, with respect to the traffic flow v. While the average cost
function gives the cost experienced by a road user, the use of a trans-
portation system also has negative external effects which are not experi-
enced directly by the road users themselves. Examples of negative exter-
nal effects from road transport are congestion, the emission of pollutants,
road wear and accidents. Limiting our discussion to congestion, the av-
erage cost function, ac(v), represents the average travel time (or delay)
at flow v (compare with t(v) in Chapter 2), converted into a monetary
unit. The total system cost at flow v is ac(v)v, and the marginal increase
in total system cost, incurred by one additional unit of flow, is given by
the marginal cost function, mc(v) = d

dvac(v)v = ac(v) + v d
dvac(v). The

1The standard analysis is based on partial welfare analysis, which is valid under
the assumption that there is no link between the transportation sector and other
sectors of the economy (Hall, 2003). This assumption is widely applied and accepted
within the area of optimal congestion pricing, and it is not within the scope of this
thesis to further elaborate on these assumptions.
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3. ECONOMICS OF CONGESTION PRICING

congestion externality is the difference between the marginal cost and
average cost, v d

dvac(v), (first noted in Pigou, 1920), i.e. the difference
between the cost a road user incurs on the other users, and the cost
actually experienced by the road user.

  

  

 

  

( ) 
( )( ) 

( )

Figure 3.1: The average and marginal cost function

In economic terms, the road infrastructure represents the supply side
of the traffic system, with average cost function ac(v), and the inverse
demand function D−1(v) represents the demand side giving the willing-
ness to pay for traveling at flow v. An equilibrium is achieved where
average generalized travel cost equals willingness to pay, i.e. at v̄ in Fig-
ure 3.1 where ac(v) intersects D−1(v), which is the user-optimal flow.
The total utility for the road users at this flow, can be expressed by
the area under D−1(v). Note that the total system cost, ac(v)v, can be
expressed as ac(v)v =

∫ v
0 mc(u)du, and the total system cost, at flow v̄,

is thus given by the area under mc(v), i.e. ac (v̄) v̄ =
∫ v̄
0 mc(u)du. Intro-

ducing a toll, τ , equal to the congestion externality, i.e. τ = v d
dvac(v),

will result in a flow v̂ where D−1(v) intersects mc(v), which is the
system-optimal flow. At this flow, the user benefit has been reduced
by
∫ v̄
0 D

−1(w)dw − ∫ v̂0 D−1(w)dw, the total system cost has been re-
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3.2. THE WELFARE MEASURE

duced by
∫ v̄
0 mc(u)du−

∫ v̂
0 mc(u)du, and the area in Figure 3.1, marked

with ΔSS, constitutes the increase in social surplus.
If the paid tolls are transferred back to the road users, in terms of, for

example, reduction of fuel taxes or infrastructure investments, a conges-
tion pricing scheme which result in a positive change of the social surplus
will leave the users better off as a group, but individual users may still
be worse off. Ideally the collected tolls are used to compensate the road
users who are worse off, and Small (1992) discuss the possibility device
such redistribution schemes in order to gain acceptance of congestion
pricing. This is further discussed in Eliasson and Mattsson (2006) for
the practical case of a congestion pricing scheme in Stockholm.

While the static user equilibrium model requires that the relationship
between traffic flow and generalized travel cost is formulated as a closed-
form function, and is therefore only capable of describing the lower part
of the dynamic average cost curve correctly, the very same requirement
is appealing from an optimization perspective. Another option would
be to adopt a dynamic traffic model, as this has the capability of de-
scribing the upper part of the dynamic average cost curve. Such models
can also include time-dependent demand modeling, and in de Palma
and Lindsey (2006) and Kristoffersson and Engelson (2011), congestion
pricing schemes are evaluated by the help of dynamic mesoscopic traffic
models. Such dynamic mesoscopic models, however, rely on simulation
for computing generalized travel costs and assigning the traffic onto the
road network, which is time consuming for large networks. Mesoscopic
models are therefore usually limited to studies of a restricted part of an
urban region.

3.2 The welfare measure

Given a congestion pricing scheme defined by the toll levels τ , with
flows v(τ), demand q(τ) and OD generalized travel cost π(τ), the social
surplus2 (SS) is the difference between total benefits and total costs in
the traffic system, and can be formulated as the sum of the consumer
surplus (CS) and operator surplus (OS)3 (see e.g. De-Rus, 2010).

2In Paper I (Ekström et al., 2009) the term net social surplus is used for the case
when the operator costs are taken into account and the term social surplus when the
operator costs are excluded (or assumed to be zero).

3Usually denoted as producer surplus in standard welfare economic literature.
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3. ECONOMICS OF CONGESTION PRICING

The consumer surplus (CS) is given by the difference between the
user benefits (UB) and user costs (UC), US = UB−UC. The user ben-
efit, UB, is determined according to the Marshallian measure (see e.g.

Zerbe and Dively, 1994) by the integral UB =
∑

i∈I
∫ qi(τ)
0 D−1

i (w)dw,
and for the example in Section 3.1 the user benefit is given by the area
under the inverse demand function. The user cost, UC, is the total gen-
eralized travel cost in the network, and is given both in term of link costs
and OD costs, UC = β

∑
a∈A ca(τa, va(τ))va(τ) =

∑
i∈I πi(τ)qi(τ), and

for the example in Section 3.1 is equal to the area under the marginal
cost function plus the toll revenues.

The operator surplus (OS) is the difference between the operator
benefits (OB) and the operator costs (OC), with the operator benefits
being the collected tolls, OB =

∑
a∈A τava(τ). The operator costs are

for each link given by the function ga(ya), which is often assumed to be
a linear function of the number of toll locations (Yang and Zhang, 2003;
Sumalee, 2004), and the total operator cost in OS =

∑
a∈A ga(ya).

It is not the social surplus measure itself that is of interest when eval-
uating congestion pricing schemes, but the difference in social surplus
(ΔSS) between the tolled and no-toll scenario, as this gives the change
in social welfare from introducing the congestion pricing scheme. The
change in social surplus incurred by the toll vector τ is given by4

ΔSS(τ) =
∑
i∈I

∫ qi(τ)

0
D−1
i (w)dw − β

∑
a∈A

ca(τa, va(τ))va(τ)

+
∑
a∈A

(τava(τ)− ga(ya))− SS0,

(3.1)

where SS0 corresponds with the social surplus associated with the no
toll scenario. Note that the toll revenue appears twice in ΔSS with
different signs and the change in social surplus can therefore be reduced

4de Palma and Lindsey (2006) also include the benefits gained from reducing the
marginal cost of public funds (Dahlby, 2008) by replacing OS with (1 +MCPF )OS
in SS, where MCPF is a factor related to the cost of using distortional taxes to pay
for public spending. In Sweden there is an ongoing discussion as to whether benefits
related to the MCPF factor should be included in welfare analysis, and currently the
MCPF factor is recommended by the Swedish Transport Agency to be set to zero
(SIKA, 2009).
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to

ΔSS(τ) =
∑
i∈I

∫ qi(τ)

0
D−1
i (w)dw

−
∑
a∈A

(αβta(va(τ))va(τ) + ga(ya))− SS0.

(3.2)

Expression (3.1) is more convenient when the demand is computed with
discrete choice models, for which Williams (1977) shows that CS can be
expressed in terms of the logsum, and expression (3.2) is more convenient
when the inverse demand function is readily available.

3.3 First-best optimal congestion pricing

When there are no restrictions on toll locations and/or toll levels, and
there is no cost associated with the collection of tolls (i.e. OC = 0), a
first-best pricing scheme can be achieved. The analysis in Section 3.1 is
based on a simplified model of the transportation system with the sup-
ply side represented by one single average cost function and the demand
side by one single inverse demand function. It is well recognized that
by introducing a toll equal to the congestion externality on each link in
a traffic network, a traffic flow distribution based on Wardrop’s second
principle (system-optimal distribution) is achieved (see e.g. Beckmann
et al., 1956; Dafermos and Sparrow, 1969). A toll equal to the conges-
tion externality, i.e. the difference between experienced cost and social
cost, is commonly referred to as a marginal social cost pricing (MSCP)
toll. The equivalence between a user equilibrium with MSCP tolls, and
the system-optimal problem is given in e.g. Sheffi (1984). Thus, the
introduction of MSCP tolls on each link in the road network will max-
imize the social surplus function. This would, however, require tolls to
be located on every road segment with congestion delays in the road
network. While modern technology makes such pricing schemes possi-
ble (although possibly expensive), it is not practical from several other
perspectives. The MSCP toll is dependent on traffic flow, and would
require frequent updating. Also, with different toll levels on each road
segment, it would be difficult for the road users to estimate their gen-
eralized travel cost, and the possibility to predict the generalized travel
cost is one of the cornerstones of the underlying user equilibrium model.
The collection of tolls on every road segment could also be expensive.
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If the demand is elastic, all toll patterns which result in system-
optimal flow and demand (i.e. which maximize the social surplus) will
charge the road users the same amount on a route level (Larsson and
Patriksson, 1998; Yin and Lawphongpanich, 2009). However, this will
not hold for the special case of fixed demand traffic networks for which
there can exist several pricing schemes which will charge the road users
differently even on a route level (Hearn and Ramana, 1998). In Hearn
and Ramana (1998), the set of first-best toll vectors is formulated math-
ematically. An objective function can then be formulated to choose
among the first-best toll vectors based on some additional criteria. The
set of first-best toll vectors can also be extended to the case of elastic
demand (Yildirim and Hearn, 2005), but as is pointed out in Larsson
and Patriksson (1998), this set is of limited interest, since in practice, it
is only possible to transfer tolls between different links on a route when
several links (with positive MSCP tolls) can be replaced by a single one.

3.4 Second-best optimal congestion pricing

In the first-best pricing analysis, it is assumed that road tolls can be
levied at any link, with no restrictions on the toll levels and without any
cost associated with the collection of the tolls. Maximizing the social
surplus under restriction on toll locations, toll levels and/or introducing
a cost for setting-up and operating the toll collection system, results in
a second-best pricing problem.

First, consider the case when the toll locations are predetermined but
where tolls can only be levied on a subset of the links with congestion.
For a simple two route problem where only one route is tollable, second-
best optimal toll levels can be computed analytically (Lévy-Lambert,
1968; Marchand, 1968; Verhoef et al., 1996; Liu and McDonald, 1999)
and results similar to those for the first-best case can be obtained. How-
ever, for a network of several links and OD pairs, second-best optimal
toll levels cannot be derived easily. While the first-best pricing problem
can be formulated as a convex optimization problem, the second-best
problem is non-convex, its objective function include points in which it
is non-differentiable, and even when the objective function is differen-
tiable, the gradient is not readily available as a closed-form expression.
Thus, standard optimization approaches cannot be directly applied.

To set-up and operate a congestion pricing scheme is expensive. For
the Stockholm pricing scheme, the setup costs were 1900 mSEK and

18



3.4. SECOND-BEST OPTIMAL CONGESTION PRICING

the annual cost is estimated to be 220 mSEK (Eliasson, 2009). Tradi-
tionally, toll locations and levels have been determined by a “trial and
error” process, in which several design scenarios are devised on the basis
of judgmental approaches. The scenarios are then evaluated by traffic
modeling software and the corresponding surplus associated with each
pricing scheme computed. With such a process, it is only possible to
evaluate a limited number of scenarios, and the quality of the scenarios
is subjected to the judgmental design approaches. Introducing the toll
locations as variables will make it possible to explicitly take the set-up
and operational cost of the pricing scheme into account. On the other
hand, it also introduces a combinatorial complexity into the second-best
optimization problem. Comparing judgmental and optimization based
approaches, May et al. (2002) and Sumalee et al. (2005) show the po-
tential of using optimization based approaches for both locating tolls
and for determining their corresponding toll levels in congestion pricing
schemes.
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4 The toll design problem

The toll design problem (TDP)1 is the problem of finding optimal toll
locations and levels in a road toll based congestion pricing scheme. The
objective of the TDP is to maximize some performance measure, usually
chosen as the social surplus when the target is to reduce road congestion.
The TDP is similar to the network design problem (NDP), in which the
problem is to allocate additional road infrastructure, either in terms of
new roads (the discrete network design problem (DNDP) Leblanc, 1975)
or in terms of increasing the capacity of existing roads (the continuous
network design problem (CNDP) Abdulaal and LeBlanc, 1979). If the
NDP includes both continuous and discrete variables, it is referred to
as the mixed network design problem (MNDP). The NDP is commonly
formulated as a bilevel program, and a similar formulation can be used
for the TDP (Yang and Yagar, 1994). For the general case, the resulting
bilinear program is both non-convex and non-smooth, and therefore dif-
ficult to solve for a global optimum. For a review of bilevel formulations
of the NDP and TDP and for solution approaches to such programs,
see Migdalas (1995) and more recently Colson et al. (2007) and Tsekeris
and Voß (2009).

4.1 Bilevel formulation of the toll design problem

In the TDP, the decision variables are toll locations and their corre-
sponding toll levels, and the bilevel formulation can be presented as a
Stackelberg game (von Stackelberg, 1952). A Stackelberg game involves
a leader that chooses values on the decision variables to maximize the
performance of the system, and followers, who respond to the values of
the decision variables according to a Nash equilibrium (Nash, 1951). For

1In Paper I Ekström et al. (2009), Paper II (Ekström et al., 2012a) and Paper III
(Ekström et al., 2012b) the term toll level setting problem (TLP) is introduced to
separate the cases when toll locations are variable (TDP) and when the toll locations
are fixed (TLP). Here TDP is used as a unifying term for both cases.
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the TDP, the leader corresponds to the road authority or the society in
general, that chooses the values on the decision variables so that the
social surplus is maximized. The followers correspond to the road users,
and the Nash equilibrium can then be expressed as a user equilibrium
problem. In Figure 4.1 the concept is described, with the leader control-
ling the decision variables in terms of toll locations (y) and toll levels
(τ), in an attempt to maximize the social surplus. At the lower-level,
the followers (road users) respond to the design of the pricing scheme in
order to maximize their own individual utility, resulting in demands q
and traffic flows v, which are obtained by solving UE-OPT. The leader
can then take appropriate counter actions, and this can continue until
the leader can find no better design for the pricing scheme.

The road authority: 
Maximizing social surplus 

The road users: 
Maximizing their individual utility 

Toll locations:  
Toll levels:  

Traffic state: ,  

Figure 4.1: Illustration of the bilevel program approach

Let Φ define the set of feasible toll locations and variables, with

Φ =
{
(τ, y) : 0 ≤ τa ≤ τUa ya, ya = {0, 1}, a ∈ A} ,

where ya is a binary variable equal to 1 if link a is tolled and 0 otherwise,
and τUa is introduced as an upper bound on the toll level for link a. The
TDP can then be formulated as the bilevel program2

TDP-BL: max
(τ,y)∈Φ

ΔSS(τ, y) =
∑
i∈I

∫ qi(τ)

0
D−1
i (w)dw

−
∑
a∈A

(αβta(va(τ))va(τ) + ga(ya))− SS0 (4.1a)

subject to (q(τ), v(τ)) = argmin
(q,v)∈Ω

G(τ, q, v). (4.1b)

2Here, the link-node-based formulation of UE-OPT is used, see Chapter 2.3.2.
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The upper-level objective corresponds to the change in social surplus
(3.2) and the lower-level program to the user equilibrium problem (UE-
OPT). Note that τ is a constant in the lower-level program (4.1b), and in
the upper-level program (4.1a) the values on q and v are given implicitly
by the solution to the lower-level program. Non-differentiability of the
upper-level objective function occurs for toll levels which result in a
solution to UE-OPT in which the route flow solution is non-strictly
complementarity (see e.g. Shimizu et al., 1996; Josefsson and Patriksson,
2007) , i.e. when there exists routes with zero flow and generalized cost
equal to the minimum OD travel cost. Thus, even when the TDP only
involves continuous decision variables, the upper-level objective function
can still be non-differentiable.

While the upper-level program has a clear economic interpretation,
the lower-level program has no such interpretation, and its objective
function is only chosen so that the solution to the lower-level program
corresponds to a distribution of travelers in which each traveler max-
imizes his or her individual utility. It is therefore important to note
that the upper-level objective function of the bilevel program can only
be evaluated if there exists a closed-form lower-level objective function
G(τ, q, v).

By treating the y-variables as parameters and assigning them to ei-
ther 0 or 1, the TDP is reduced to the problem of determining optimal
toll levels, given fixed toll locations. In the objective function of the
TDP, the toll collection cost becomes a constant, and in literature solely
dealing with the case of fixed toll locations it is therefore usually disre-
garded.

4.2 Alternative formulation of the toll design prob-
lem

The bilevel program (TDP-BL) can be formulated as a single level pro-
gram by replacing the lower-level program by the variational inequality
(VI) formulation of the user equilibrium problem (UE-VI) (Marcotte,
1983; Lawphongpanich and Hearn, 2004), resulting in a mathematical
program with equilibrium constraints (MPEC)
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TDP-VI: max
(q,v)∈Ω,(τ,y)∈Φ

ΔSS(τ, q, v, y) =
∑
i∈I

∫ qi

0
D−1
i (w)dw

−
∑
a∈A

(αβta(va)va + ga(ya))− SS0

subject to
∑
a∈A

ca(τa, va)(va − ṽa)−
∑
i∈I

D−1
i (qi)(qi − q̃i) ≤ 0, (ṽ, q̃) ∈ Ω.

While the VI-constraints in TDP-VI are formulated for all (q, v) ∈
Ω, an equivalent formulation can be obtained based on the extreme
points of Ω, with one VI-constraint for each extreme point (see e.g.
Lawphongpanich and Hearn, 2004).

Alternatively to the VI-constraints, the complementarity problem
formulation (UE-CP) can be introduced as constraints to the upper-
level program, resulting in a mathematical program with complemen-
tarity constraints (MPCC)

TDP-CC: max
π,τ,f,q,v,y

ΔSS(τ, q, v, y) =
∑
i∈I

∫ qi

0
D−1
i (w)dw

−
∑
a∈A

(αβta(va)va + ga(ya))− SS0

subject to fp ·
(∑
a∈A

ca(τa, va)δ
a
p − πi

)
= 0, p ∈ Πi, i ∈ I

∑
a∈A

ca(τa, va)δ
a
p − πi ≥ 0, p ∈ Πi, i ∈ I

qi ·
(
πi −D−1

i (qi)
)
= 0, i ∈ I

πi −D−1
i (qi) ≥ 0, i ∈ I

(τ, y) ∈ Φ

and constraints (2.1a) − (2.1d).

The equivalence between the MPEC and MPCC formulation is pro-
vided by Luo et al. (1996).
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4.3 Solving the toll design problem

To solve non-convex optimization problems, algorithms based on either
optimal approaches or heuristic approaches are applied. Optimal ap-
proaches rely on the mathematical model being formulated by closed-
form functions, and can be grouped into global optimal approaches and
local optimal approaches.

4.3.1 Solution approaches

Global optimal approaches, e.g. inner approximation, outer approxima-
tion and branch and bound methods, have the capability of providing
and verifying a global optimal solution. Local optimal approaches, e.g.
pattern search and derivative based algorithms, can provide local opti-
mal solutions but do not guarantee that the final solution is global op-
timal. Heuristic approaches do not give any guarantee for the solution
being either local or global optimal, and in general heuristic approaches
do not rely on the mathematical model being formulated by closed-form
functions. For combinatorial optimization problems, the metaheuristic
methods have shown to provide good solutions for problems which are
hard to tackle by global or local optimization methods.

Several solution approaches developed for solving TDP-BL relies on
repeated solutions of the lower-level user equilibrium problem, with the
toll levels updated in between. To be able to efficiently solve the user
equilibrium problem is therefore of importance. Path-based algorithms,
with route storing capability, provides the possibility to efficiently reop-
timize a previous equilibrium solution, which makes such appealing to
use for solving user equilibrium problems that occur within algorithms
for solving TDP-BL.

4.3.2 Global optimal approaches

The TDP has an objective function which is both non-convex and non-
smooth, and the toll location variables also introduce a combinatorial
difficulty into the problem. While there have been no global optimization
approaches, either for fixed or variable toll locations, applied to the TDP
in the literature there have been such attempts for the related CNDP and
MNDP. In Wang and Lo (2010), the CNDP based on the complemen-
tarity problem formulation of the user equilibrium problem (compare to
TDP-CC), is approximated by a mixed integer linear program (MILP).
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The MILP formulation is based on piecewise linear approximation of the
non-linear functions in the CNDP, and can be solved to its global opti-
mal solution by standard branch and bound techniques. The approach
was later extended for the MNDP by Luathep et al. (2011), based on the
VI-formulation of the user equilibrium problem. In Paper III (Ekström
et al., 2012b), and further extended in Paper IV (Ekström et al., 2012c),
a similar MILP approximation approach is adopted to solve the TDP
with variable toll locations to global optimality.

4.3.3 Local optimal approaches

Despite the difficulties of non-convexity and non-differentiability of the
TDP, derivative based approaches were the first to be developed for
solving TDP-BL with fixed toll locations. For variable toll locations,
derivative based approaches cannot be applied, since the toll locations
introduce a combinatorial difficulty.

Since the demands, q, and link flows, v, are given implicitly by the
solution to the lower-level program, the Jacobians ∂q(τ)∂τ and ∂v(τ)

∂τ are not
available as analytical expressions, and thus nor is the gradient of the
upper-level objective function. This makes it difficult to apply solution
approaches that are based on the availability of gradient information.

While derivative information of link flows and demand changes with
respect to toll levels are not available in closed-form function, Tobin and
Friesz (1988) developed a method for performing sensitivity analysis on
link flows and demand with respect to a small perturbation of link costs
(i.e. toll levels). The sensitivity analysis information can then be used
to approximate the gradient of the upper-level objective function. Al-
though the results from Tobin and Friesz have been criticized, since their
method relies on unrealistic assumptions on the network topology (see
e.g. Patriksson, 2004), the approach is used for developing derivative
based methods for optimizing toll levels in urban road networks in Yang
(1996) and Yang and Bell (1997). Alternative approaches for sensitivity
analysis of traffic equilibrium have been developed in Patriksson and
Rockafellar (2003) and in Lu (2008). The former approach has been
adopted in the sensitivity based algorithm for optimizing toll levels pre-
sented in Paper I (Ekström et al., 2009)3, which has later been used in

3In Paper I (Ekström et al., 2009), the sensitivity analysis based method is related
to as a heuristic method since local optimality cannot be guaranteed, due to the
existence of non-differentiable points in the objective function of TDP-BL. Here, it is
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Paper II (Ekström et al., 2012a) for a case study of congestion pricing
in Stockholm.

In Verhoef (2002b) toll levels are updated by treating link flows and
demands, in TDP-CC, as constant. For a given toll vector, TDP-CC
can then be formulated with only linear constraints (each constraint
corresponding to one of the used routes). Verhoef computes the La-
grange multipliers corresponding to the linear equalities and uses these
multipliers to update the toll levels. The approach is implemented to-
gether with the traffic assignment software SATURN by Shepherd and
Milne (2001), and later shown in Shepherd and Sumalee (2004) to be
sensitive with respect to the accuracy of the user equilibrium solution,
and thus unreliable when applied to large networks. A similar approach
based on the TDP-CC formulation, can be found in Chen and Bernstein
(2004), in which it is assumed that a set of “reasonable routes” which
will be used in the tolled equilibrium, can be identified. Under this
assumption, the complementarity constraints related to unused routes
are removed, and for the “reasonable routes” the complementarity con-
ditions are turned into ordinary non-linear constraints. The resulting
optimization problem can be solved with standard non-linear optimiza-
tion software. Chen and Bernstein also propose an iterative procedure
in which the set of “reasonable routes” are updated and the simplified
version of TDP-CC resolved.

The MPEC formulation of the TDP is adopted by Lawphongpanich
and Hearn (2004), in which a cutting constraint algorithm (CCA) is
applied to solve TDP-VI with fixed toll location. To deal with the VI-
constraints, their approach generates the VI-constraints iteratively, and
in each iteration of the CCA, a non-linear program (the single level
TDP with a restricted number of VI-constraints) needs to be solved.
One important difference between solving the TDP-BL and the TDP-VI
formulations of the TDP is that methods applied to TDP-BL usually re-
quire repeated solutions of lower-level (user equilibrium) programs. For
the user equilibrium problem, there exist efficient solution approaches
which make use of the underlying network structure and which have been
implemented in commercially available software products. Applying a
CCA to the TDP-VI formulation instead requires repeated solutions of
TDP-VI, with a restricted set of VI-constraints, an optimization prob-
lem for which there are no tailored solution algorithms which make use

discussed under local optimal approaches since it is based on (approximative) gradient
information.
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of the network structure readily available.

4.3.4 Heuristic search approaches

A solution approach is considered to be heuristic if it can neither guar-
antee the solution to be global optimal nor local optimal. Metaheuristic
methods is a class of heuristic methods commonly applied for solving
combinatorial optimization problems, and for the TDP, metaheuristic
methods have been successfully applied in the literature. In metaheuris-
tic methods, a known feasible solution is iteratively improved by moving
to a neighboring solution with a better objective function value, where
the definition of a neighboring solution can be considered as part of de-
signing the heurist algorithm. The definition of neighboring solutions
result in a neighborhood search space, and for every feasible solution
there exist a finite number of neighboring solutions. When the choice
among neighboring solutions is strictly based on the best improvement
of the objective function value, the metaheuristic is referred to as a lo-
cal search heuristic. Metaheuristics based on stochastic search have also
been developed, which by some probability accept choices of neighboring
solution which does not result in an improvement of the objective func-
tion value, and thus provides a mechanism to escape a local optimum.

For solving the TDP, neighborhood local search (NS), which is a lo-
cal search metaheuristic, has been applied, as well as simulated anneal-
ing (SA) and genetic algorithms (GA), which both belong to the class
of stochastic search metaheuristics4. In all of the heuristic approaches
adopted for solving the TDP, a large number of user equilibrium prob-
lems need to be solved, and even if the user equilibrium problem can be
solved efficiently, the computational time quickly grows for larger road
networks.

While most applications of metaheuristics are applied to the case
with variable toll locations, Yang and Zhang (2003) develop a method
for optimizing toll levels based on SA and Shepherd and Sumalee (2004)
develop a method based on GA.

With variable toll locations, heuristic approaches applied for solving
TDP-BL are based on hierarchical decisions of toll locations and levels.
To evaluate a toll location solution requires that a TDP with fixed toll
locations is solved. Thus, these solution methods rely on the possibility

4See e.g. Michalewicz and Fogel (2004) for a comprehensive introduction into meta-
heuristic methods.
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to efficiently solve the TDP with fixed toll locations, which is a compu-
tationally demanding problem in itself, and limits the applicability of
such approaches. While requirements on the cordon structure are diffi-
cult to introduce as constraints in TDP-BL, such requirements can be
introduced when defining the neighborhood search space in a heuristic
approach. In Zhang and Yang (2004), a GA is applied to the case of sin-
gle and doubled-layered cordon design with uniform toll levels, without
taking the operator costs into account. Sumalee (2004) adopts a similar
GA approach for cordon design with uniform toll levels on each cordon,
but explicitly takes the operator costs into account. In Shepherd and
Sumalee (2004) a GA is used which makes no assumptions on the cordon
design, allows individual toll levels for each located toll, and which also
takes the operator costs into account.

In Verhoef (2002a), a procedure based on a location index com-
putable for each link is developed. Given a feasible solution to TDP-BL,
the location index gives an approximation of the improvement in social
surplus which can be achieved by introducing a toll on each link (or
combination of links). Thus, the location index can be used in a meta-
heuristic to approximate the improvement in objective function value
for a specific choice of toll locations, without actually solving the TDP
for fixed toll locations. Within the literature of metaheuristics, such an
approximation of the improvement in objective function value is com-
monly referred to as a fitness value. In what is referred to as Strategy 1
in Verhoef (2002a), the toll location indices are used for choosing the n
number of toll locations with highest value on the location index. This
approach does not, however, take any interaction among the links into
consideration, and Strategies 2 and 3 in which location indices are ap-
plied iteratively are therefore developed. While the approach in Verhoef
(2002a) is not discussed in the terms of metaheuristics, what is referred
to as Strategy 2 and Strategy 3 is in fact a NS metaheuristic, in which
the solution neighborhood is described in terms of either selecting one
(Strategy 2) or two (Strategy 3) additional tolls to locate. After a link
is added to the set of tolled links, TDP-BL is resolved with fixed toll
locations, using the algorithm outlined in Verhoef (2002b). In Shepherd
and Sumalee (2004), the location index is applied as a fitness values
in a GA, to approximate the improvement in social surplus associated
with a specific choice of toll locations. Thus, the number of TDPs with
fixed toll locations that need to be solved in each iteration of the GA,
can be decreased substantially. While the approach in Verhoef (2002a)
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does not take the operator costs into account, this is done in the GA
approach used by Shepherd and Sumalee (2004). Moreover, the NS ap-
proach from Verhoef (2002a) is further extended to take the operator
costs into account in Paper I (Ekström et al., 2009).

In Paper I (Ekström et al., 2009), a heuristic method is developed, in
which the operator cost functions are approximated by continuous ones,
in order to smoothen the objective function of TDP-BL. The resulting
optimization problem only involves continuous variables. The continu-
ous optimization problem is then repeatedly solved by a sensitivity anal-
ysis based algorithm, with the continues approximations of the operator
cost functions being iteratively updated in between, in order to improve
the approximation accuracy. While this approach requires several ver-
sions of TDP-BL with fixed toll locations to be solved iteratively, the
number of such problems to be solved is considerably fewer compared
with what is required in metaheuristic approaches. The method is suc-
cessfully applied to a Stockholm network in Paper II (Ekström et al.,
2012a).
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5 The thesis

This thesis focuses on the quantitative analysis of congestion pricing,
and its main objective is to develop models and methods to be used
as decision support for locating the toll collection facilities and their
corresponding toll levels within a road traffic network.

5.1 Motivation

During the past decade, there has been a growing interest in conges-
tion pricing, and congestion pricing has moved from theoretical ideas
to practical implementations. In addition, emerging technologies allow
for more advanced pricing schemes to be implemented in practice. To
design a congestion pricing scheme is complex and involves both tech-
nological and political considerations. To aid the planning of congestion
pricing schemes, various methods based either on optimal approaches or
heuristic approaches have been proposed in the literature. However, a
number of these methods do not consider the location of the toll collec-
tion facilities to be part of the optimization problem, and of those that
do, few consider the operator costs.

In previously developed methods, the choice of toll locations and
toll levels are applied to TDP-BL hierarchically, and for each proposed
toll location an optimization problem needs to be solved to obtain corre-
sponding toll levels. Since the problem of determining optimal toll levels
given fixed toll location in itself is a hard optimization problem, methods
which rely on repeated solution of such problems tend to be computa-
tionally demanding. Furthermore, several of the previously developed
methods rely on specific cordon structures, which in some cases can be
a sound assumption, but will also restrict the possible solutions. One of
the objectives of the work presented in this thesis is to develop meth-
ods capable of optimizing both toll locations and their corresponding
toll levels simultaneously for real world road traffic networks; methods
which can be used in a decision support framework when designing new
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congestion pricing schemes or tuning already implemented ones.
The type of bilevel program presented in this thesis is a challenging

optimization problem. With the exception of the recent studies in Wang
and Lo (2010) and Luathep et al. (2011) for a similar network design
problem, none of the methods proposed in the literature, address the
global optimality of the toll design problem (TDP). The lack of meth-
ods that are able to guarantee the global optimality or at least provide
a bound on the optimal objective function value makes it difficult to
evaluate the performance of heuristic methods. To address the global
optimality of the TDP even for smaller test problems, can give valu-
able insight into the performance of other, heuristic, methods and good
design principles. One objectives of the work presented in this thesis
is therefore to address the global optimality of the TDP, and also the
problem of bounding its optimal objective function value.

5.2 Contributions

This thesis makes the following scientific contributions:

• Extends a previously developed heuristic procedure for finding the
optimal locations and toll levels, given a fixed number of tolls to
locate, to also find the optimal number of toll facilities.

• Develops a novel solution algorithm for the TDP which simulta-
neously determines optimal toll locations and their corresponding
toll levels, explicitly taking the operator costs into account. The
solution algorithm is based on smoothening of the operator cost
functions in the TDP objective, and makes use of recent advances
in sensitivity analysis of traffic equilibria.

• Gives insight into the benefits of using optimization when design-
ing congestion pricing schemes, based on a case study of a Stock-
holm network.

• Shows that, for a Stockholm case study, continuous toll levels
(which are often used in optimization methods) can be transformed
into discrete levels, with only a small reduction of the social sur-
plus.

• Formulates a link-based mixed integer linear program (MILP) ap-
proximation of the TDP. As a MILP, its solution is guaranteed to
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be globally optimal.

• Develops a solution algorithm, for solving the MILP approximation
of the TDP, based on cutting constraint techniques.

• Provides an optimistic estimation of the optimal objective func-
tion value to the TDP. The optimistic estimation is a result of
formulating the MILP approximation in such a way that its op-
timal objective function value is guaranteed to give an optimistic
estimation of the global optimum of the TDP.

• Develops an iterative solution approach for the TDP, in which the
MILP approximation of the TDP is iteratively improved. Each
such improvement will move the optimal objective function value
of the MILP towards the global optimum of the TDP.

• Develops an improved implementation of the cutting constraint
algorithm, used for solving the MILP approximation, which in-
tegrates the cutting constraint algorithm into a branch and cut
framework.

• Formulates linear programs which are used for domain reduction
of the TDP in order to obtain link flow bounds, without cutting
away the globally optimal solution. The domain reduction makes
it possible to reduce the error introduced by piecewise linear ap-
proximations of the non-convex functions in the TDP.

• Gives insight into the choice of link flow break points for the piece-
wise linear functions in the MILP approximation of the TDP. Two
different strategies are evaluated, one based on the non-tolled user
equilibrium and the system optimal link flows, and the other one
based on an even distribution of link flow break points over the
range of the link flow variables.

5.3 Delimitations

In this thesis, a static traffic modeling method is adopted for describing
the change in travel times, traffic flows and travel demands resulting
from the introduction of a congestion pricing scheme. A social welfare
measure is used to quantify the efficiency of a pricing scheme, but no
considerations are made for equity or acceptability issues.
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The static traffic model relies on the assumptions that the traffic
conditions are stable over time and that the congestion on a road seg-
ment does not spill over into the surrounding network. The road users
are assumed to be utility maximizing individuals, behaving rationally
and with access to perfect information about the traffic conditions. By
combining the static traffic model and the social welfare measures, a
mathematical program for finding efficient pricing schemes is formulated,
and the resulting static modeling framework for optimizing congestion
pricing schemes, used in this thesis, is well established in the literature.
There exist dynamic approaches for modeling road traffic, which can
describe road congestion with a higher spatial and temporal resolution.
Shortcomings of dynamic models are, however, that they lack of ana-
lytical relationships and are computational demanding, that there are
few calibrated models in use, and that the existing calibrated models
are software specific. Thus, dynamic models in general are unappeal-
ing from an optimization perspective despite the possibility to describe
congestion effects with a higher level of detail.

While there are several categories of congestion pricing schemes, this
thesis focuses on congestion pricing schemes based on link tolls, which
means that a road user is charged a fixed amount when passing certain
links in the traffic systems. Also, the focus is on pricing schemes which
are implemented with the objective to alleviate congestion, and which
are evaluated with accepted socio-economic measures. Road tolls whose
objective is to finance infrastructure, or to reduce other forms of neg-
ative transportation externalities besides congestion are not discussed,
although the methods developed may be extended to these cases.

5.4 Summary of papers

Four papers are included in the thesis. The main focus of Papers I
and II is on developing and applying local optimal and heuristic methods
based on sensitivity analysis of traffic equilibria, for solving the TDP.
Papers III and IV focus on a MILP approximation of the TDP. In this
section, a short description of each paper is given, and the contribution
made by the author of this thesis is also presented for each paper.
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Paper I: Heuristic Algorithms for a Second-Best Congestion
Pricing Problem

In Paper I, local optimal and heuristic methods are developed and eval-
uated for solving the TDP given a road network with elastic demand,
and the problem of optimizing the TDP is stated as a combinatorial
bilevel optimization problem. At the upper-level the social surplus is
maximized, and at the lower-level a user equilibrium problem with elas-
tic demand is solved, given the toll locations and toll levels, to model
the road users’ response. A known heuristic procedure for finding the
optimal locations and toll levels, given a fixed number of tolls to locate,
is modified to find the optimal number of toll facilities as well. A new
heuristic for the simultaneous optimization of toll locations and their
corresponding toll levels, based on combining a smoothening technique
of the TDP objective function with a sensitivity analysis based method,
is also presented. The smoothening technique approximates the oper-
ator cost functions in TDP objective with continuous functions of toll
levels, and the sensitivity analysis based method is used for optimizing
the resulting continuous objective function.

Numerical results for two small test networks are presented. Both
methods perform satisfactorily on the two networks. Comparing the
two methods, the smoothening technique is the one which shows the
best results.

Paper I is co-authored with Leonid Engelson and Clas Rydergren.
The author of this thesis has contributed to the paper as main author,
and by major involvement in the research planning, the modeling and
algorithmic development, and in analyzing the results.

Paper I is published in NETNOMICS: Economic Research and Elec-
tronic Networking, 10(1), 2009, pp. 85-102.

Parts of the content in Paper I have also been published in:

• Proceedings of the 4th International Kuhmo Conference and Nectar
Cluster 2 meeting, University of Urbino Carlo Bo , 2007, ISSN: 1971-
8810.

• Proceedings of the 87th Annual Meeting of the Transportation Re-
search Board, Washington D.C., 2008.

• Designing Urban Road Congestion Charging Systems: Models and
Heuristic Solution Approaches, Licentiate thesis, Linköping, 2008.
(Ekström, 2008)
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Parts of the content of Paper I have been presented at:

• The 4th International Kuhmo Conference and Nectar Cluster 2
meeting, Urbino, July 12-13, 2007.

• The 2nd Nordic Optimization Symposium, Oslo, October 18-20,
2007.

• Transportforum, Linköping, January 9-10, 2008.

• The 87th Annual Meeting of the Transportation Research Board,
Washington D.C., January 13-17, 2008.

Paper II: Optimal Toll Locations and Levels in Congestion Pric-
ing Schemes: a Case Study of Stockholm

In Paper II, the smoothening technique and the sensitivity analysis based
method from Paper I (Ekström et al., 2009) is applied for a Stockholm
case study. The possible welfare gains of either optimizing the toll levels
in the current cordon or optimizing both the toll locations and their
corresponding toll levels are evaluated. It is shown that by tuning the
toll levels in the current congestion pricing cordon used in Stockholm,
the welfare gain can be significantly increased, and it can be further
improved by allowing a toll on the bypass highway “Essingeleden”. It is
also shown that by optimizing both the toll locations and levels, a con-
gestion pricing scheme with welfare gain close to what can be achieved
by marginal social cost pricing, can be designed with tolls being located
on only a forth of the tollable links.

While continuous toll levels are not likely to be introduced in prac-
tice, most algorithms used for optimizing toll levels in road traffic net-
works assume continuous toll levels. In Paper II, a method for converting
continuous toll levels into discrete ones (multiples of 5 SEK are used in
this case study) is presented, and for the Stockholm case study, it is
shown that the reduction in social surplus from using the discrete toll
levels is negligible.

In Kristoffersson and Engelson (2011), the results from Paper II are
used for designing and evaluating alternative congestion pricing schemes
in Stockholm, using a dynamic traffic simulation approach.

Paper II is co-authored with Leonid Engelson and Clas Rydergren.
The author of this thesis has contributed to the paper as main author,
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and by major involvement in the research planning and in analyzing the
results of the case study.

Paper II is under review for possible publication in Transportation
Planning and Technology.

Parts of the content in Paper II have also been published in:

• Designing Urban Road Congestion Charging Systems: Models and
Heuristic Solution Approaches, Licentiate thesis, Linköping, 2008.
(Ekström, 2008)

• Proceedings of the 13th International Conference of Hong Kong
Society for Transportation Studies, Hong Kong, 2008, ISBN: 978-
988-98847-3-4.

• Proceedings of the 16th ITS World Congress, Stockholm, 2009.

Parts of the content of Paper II have been presented at:

• The 16th ITS World Congress, Stockholm, 21-25 September, 2009.

• The 13th International Conference of Hong Kong Society for
Transportation Studies, Hong Kong, December 13-15, 2008.

• Transportforum, Linköping, January 13-14, 2010.

Paper III: Optimizing Toll Locations and Levels Using a Mixed
Integer Linear Approximation Approach

Paper III addresses the problem of solving the TDP in a fixed demand
traffic network. The objective of the TDP then becomes to minimize
the total travel time and the operator costs. A MILP approximation is
formulated for the TDP, with the user equilibrium represented by the
link-based variational inequality (VI) constraints. The MILP can be
solved to its globally optimal solution by a cutting constraint algorithm
(to deal with the VI-constraints), which requires one MILP to be solved
to optimality in each iteration. Note that even though the focus of
Paper III is to solve the TDP with variable toll location, the MILP
approximation can also be applied to the case when the toll locations
are predetermined.

The accuracy of the MILP approximation is improved by iteratively
updating the approximation scheme, and each such improvement will
move the optimal objective function value of the MILP towards the
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global optimum of the TDP. Furthermore, the piecewise linear approx-
imations of the non-linear functions are done in such a way that the
MILP gives an optimistic estimation of the optimal objective function
value to the TDP. For larger instances it is not possible in practice to
update the approximation scheme, and for such cases it cannot be ex-
pected that the toll level solution to the MILP also solves the TDP. The
same sensitivity analysis based method that is implemented in Paper I,
is therefore used to further tune the toll levels, given the initial solution
from the MILP.

To demonstrate the MILP approximation approach, the algorithm
is applied to two networks: a smaller network with 18 links and 4 OD
pairs to illustrate its properties, and the Sioux Falls network with 87
links and 30 OD pairs to demonstrate its applicability.

Paper III is co-authored with Agachai Sumalee and Hong K. Lo.
The author of this thesis has contributed to the paper as main author,
and by major involvement in the research planning, the modeling and
algorithmic development and in analyzing the results.

Paper III has been accepted for publication in Transportation Re-
search Part B (Ekström et al., 2012b).

Parts of the content in Paper III have also been published in:

• Proceedings of the 4th Kuhmo-Nectar Conference, Köpenhamn,
2009.

Parts of the content of Paper III have been presented at:

• The 4th Kuhmo-Nectar Conference, Köpenhamn, June 29 - July 3,
2009.

• The 4th Nordic Optimization Symposium, Aarhus, September 30 -
October 1, 2010.

Paper IV: Solving a MILP Approximation of the Toll Design
Problem Using Constraint Generation within a Branch and Cut
Algorithm

Paper IV extends the MILP approximation in Paper III to the case of
elastic demand. A branch and cut framework is presented to solve the
MILP, in which the branch and cut subproblems are solved by a cutting
constraint algorithm to deal with the VI-constraints. Unlike Paper III,
here there is no need to solve a series of MILPs to optimality, and any
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solution found during the branch and cut process is a feasible solution
to the MILP.

One problem with the approach of iteratively improving the approxi-
mation scheme in Paper III is the increasing number of binary variables.
To improve the accuracy of the approximation without increasing the
number of binary variables, a domain reduction scheme is introduced.
The domain reduction will reduce the error which is introduced by the
piecewise linear approximation of non-convex functions, and is computed
in two steps. First a lower bound on the operator costs is determined
by solving a MILP, and in the second step, two linear programs are
solved for each link (to find upper and lower bounds on the link flow).
The domain reduction scheme is introduced, together with two differ-
ent principles for determining the piecewise linear functions used in the
approximation of the non-convex functions. The first one is based on
the known system optimal and non-tolled user equilibrium link flow so-
lutions, and the second one is based on an even distribution of the link
flow break points over the range of the link flow variables. The choices of
link flow break points and the effect of the domain reduction is evaluated
on the Sioux Falls network with 87 links and 30 OD pairs. Applying the
toll level solution from the MILP to the TDP, the toll levels are fur-
ther tuned by using the sensitivity analysis based method from Paper
I. In addition, the smoothening technique from Paper I is applied for
comparison.

Paper IV is co-authored with Clas Rydergren and Agachai Sumalee.
The author of this thesis has contributed to the paper as main author,
and by major involvement in the research planning, the modeling and
algorithmic development and in analyzing the results.

Paper IV is under review for possible publication in Transportmet-
rica.

Parts of the content in Paper IV have also been published in:

• Proceedings of TRISTAN VII, Tromsö, 2010, pp. 238-241.

• Proceedings of the 15th HKSTS International Conference, Hong
Kong, 2010, ISBN:978-988-98847-8-9.

Parts of the content of Paper IV have been presented at:

• TRISTAN VII, Tromsö, June 20-25, 2010.

• The 15th HKSTS International Conference, Hong Kong, Decem-
ber 10-14, 2010.
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5.5 Future research

The research presented in this thesis shows the potential benefit of us-
ing optimization when designing congestion pricing schemes. The algo-
rithms presented in Paper I and applied in Paper II can be used with real
world traffic networks. Recent research (Börjesson and Kristoffersson,
2012) has shown that dynamic modeling approaches are able to more
accurately estimate the welfare improvements from congestion pricing,
compared with static models. Unfortunately, research within the area of
optimal design of congestion pricing schemes has not been able to make
use of the recent developments of dynamic traffic models. The main
obstacles to overcome for using dynamic traffic modeling approaches
when optimizing toll locations and levels, are both the lack of analyt-
ical relationships in such models and the computational time required
for running dynamic models. While metaheuristic approaches allow for
derivative free optimization, the large number of toll location and toll
level solutions which need to be evaluated render heuristic approaches
unsuitable to use with dynamic traffic modeling approaches, for any-
thing that resembles a real traffic network. Sensitivity analysis based
approaches limit the number of candidate solutions to be evaluated,
when optimizing toll levels, and to extend sensitivity analysis based
approaches to dynamic traffic models, possibly by heuristic means, is
therefore interesting for future research.

Papers III and IV focus on the global optimization of the TDP, and
while the approaches presented in these papers are not readily applicable
for real world traffic networks, they can still be useful for studying the
design principles of congestion pricing schemes. One of the most inter-
esting extensions of the MILP approximation is towards other forms of
congestion pricing schemes, e.g. area-based pricing or more general non-
linear pricing schemes, and this is further discussed in Paper III. The
MILP approximation transforms the non-convex TDP into a combina-
torial problem, which can be tackled by heuristic methods developed
for combinatorial problems. Such approaches could make the MILP ap-
proximation applicable for optimizing congestion pricing schemes in real
world traffic networks.
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