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On the Hadamard formula for second order

systems in non-smooth domains

Vladimir Kozlova and Sergey Nazarovb

aDepartment of Mathematics, Link�oping University,
S�581 83 Link�oping, Sweden

b Institute for Problems in Mechanical Engineering,
Russian Academy of Sciences,

V.O., Bol'shoy pr. 61, St Petersburg 199178, RF

Abstract. Perturbations of eigenvalues of the Dirichlet problem for a second
order elliptic system in a bounded domain Ω in Rn are studied under variations
of the domain Ω. We investigate the case when the perturbed domain is lo-
cated in a d-neighborhood of the reference Lipschitz domain. A new asymptotic
formula is derived; it contains terms that are absent in the classical formula
of Hadamard. The latter is valid only for smooth domains and smooth per-
turbations. We give conditions that guarantee the validity of the Hadamard
formula. The general asymptotic formula is applied when Ω is perturbed by
small curvilinear and circular cuts. Most of the results are new even for the
Laplace operator.

1 Introduction

One of the classical shape optimization problems deals with minimization of
eigenvalues of a boundary value problem for elliptic operator in a bounded
domain. In this problem, the optimization parameter is the domain, possibly
subject to certain constraints. A standard approach to such a problem is to
apply asymptotic formulae for eigenvalues when the domain is varied, and one
of the �rst examples of such an asymptotic formula is the Hadamard formula
for the �rst eigenvalue of the Dirichlet Laplacian (see [6]):

λ(ht(Ω)) ∼ λ(Ω)− t

∫
∂Ω

|∂νu|2v · ν dΓ.

Here the domain Ω is perturbed by the family of smooth mappings ht : Rn 7→ Rn
such that h0 is the identical mapping; v = dht/dt|t=0, ν is the outward unit nor-
mal on ∂Ω; dΓ is the standard measure on the boundary; λ(Ω) denotes the �rst
eigenvalue of the Dirichlet Laplacian in a bounded domain Ω ⊂ Rn, and u is
the eigenfunction corresponding to λ(Ω) and normalized in the Lebesgue space
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L2(Ω). Subsequently, this formula was generalized in order to make it appli-
cable to an arbitrary eigenvalue of a second-order system, but the requirement
that perturbations of the reference domain are described by a family of smooth
isomorphisms remained unchanged (see [14], [4], [7], [2] and references therein).
On the other hand, there are many problems in which more general classes
of perturbations are involved, namely, non-smooth perturbations and pertur-
bations that cannot be described by a class of isomorphisms. An example of
such a problem is the shape optimization problem with perturbations subject
to certain constraints.

In [10] and [11], a new abstract approach was proposed that allows to treat
such problems. In particular, an example of the perturbation of the �rst eigen-
value of the Dirichlet Laplacian was used in [10] to demonstrate that the abstract
Theorem 1 proved in this paper is applicable to non-smooth reference domains
as well as to non-smooth perturbations.

In the present paper, we discuss perturbations of an arbitrary eigenvalue
of the second-order matrix elliptic operator which is formally self-adjoint and
is acting on vector functions subject to the homogeneous Dirichlet condition
on the boundary of a domain satisfying minimal smoothness and geometrical
assumptions. Minimal assumptions are imposed on the perturbations as well;
in particular, they are not supposed to be given by a family of isomorphisms.

Let Ω1 and Ω2 be bounded domains with nonempty intersection and with
boundaries Γ1 and Γ2, respectively. We introduce the following sesquilinear
forms:

(u, v)k ≡ (u, v)Ωk
=

n∑
i,j=1

∫
Ωk

(
Aij∂xju , ∂xiv

)
dx , k = 1, 2. (1)

Here (·, ·) is the standard inner product in CM , the constant M ×M -matrices
Aij are such that Aij = A∗

ji, where A
∗
ji stands for the adjoint matrix. By

A(∂x) = −
n∑

i,j=1

Aij∂xi∂xj

we denote the corresponding di�erential operator; the matrix −A(ξ) is supposed
to be positive de�nite for all ξ ∈ Rn \ O.

Let us consider the following spectral problems formulated in the variational
form:

(φ, v)1 = λ⟨φ, v⟩1 for all v ∈ (W̊ 1,2(Ω1))
M (2)

and
(U, V )2 = µ⟨U, V ⟩2 for all V ∈ (W̊ 1,2(Ω2))

M . (3)

Here ⟨·, ·⟩k is the inner product in (L2(Ωk))
M , φ ∈ (W̊ 1,2(Ω1))

M and U ∈
(W̊ 1,2(Ω2))

M . The space W̊ 1,2(Ωj) is, as usual, the closure of C∞
0 (Ωj) in the

norm of W 1,2(Ωj).

2



Assumption I. We suppose that Ω1 is a bounded Lipschitz domain and
Ω2 is an arbitrary domain such that Ω2 \ Ω1 and Ω1 \ Ω2 belong to the d-
neighborhood of Γ1 with a small d > 0.

Note that the perturbed domain Ω2 can be arbitrary (and not assumed to
be Lipschitz).

Let λm be the mth eigenvalue of problem (2), by Xm we denote the cor-
responding eigenspace, dimXm = Jm. According to [10], if d is su�ciently
small, then there exist exactly Jm eigenvalues of problem (3) within the interval(
(λm−1+λm)/2, (λm+λm+1)/2

)
; these eigenvalues are denoted by µ1, . . . , µJm .

One of our main results is the following

Theorem 1 If Assumption I holds, then the following asymptotic formula is
valid:

1

µj
=

1

λm
+ τj +O(d1+δ) , j = 1, . . . , Jm. (4)

Here δ is a positive number depending only on Ω1 and the matrices Aij; {τj}Jmj=1

is the set of eigenvalues of the following �nite-dimensional eigenvalue problem:

1

λm

(
(Ψφ,Ψψ)2−(Φφ,Φψ)2−(φ,ψ)Ω1\Ω2

−(Ψφ, ψ)2−(Ψψ, φ)2

)
= τ(φ,ψ)1 (5)

for all ψ ∈ Xm, where the function Φ = Φφ depends on φ ∈ Xm and is such
that the equality

(Φ, w)2 = 0 holds for all w ∈ (W̊ 1,2(Ω2))
M

and Φ+ φ ∈ (W̊ 1,2(Ω2))
M . Furthermore, the function Ψ = Ψφ ∈ (W̊ 1,2(Ω2))

M

is a solution of

(Ψ, w)2 = (φ,w)2 − λm⟨φ,w⟩2 =

∫
Γ1

(Nφ, w)dΓ ∀w ∈ (W̊ 1,2(Ω2))
M , (6)

where

Nφ =
n∑

i,j=1

Aijνj∂xiφ (7)

is the co-normal derivative and ν is the outward unit normal to Γ1.

Similar assertion was proved in [10] for the Laplace operator under the addi-
tional assumption that the boundary of perturbed domain Ω2 is also Lipschitz.
Thus, Theorem 1 covers a larger set of perturbed domains even for the Lapla-
cian.

The next theorem deals with the remainder in the asymptotic formula (4).

Theorem 2 Suppose that the boundary Γ1 is of class C1. If the following pos-
itivity assumption

n∑
i,j=1

(Aijξi, ξj) ≥ 0 for all ξi ∈ CM , i = 1, . . . , n (8)

holds for the operator A, then formula ( 4) is valid for an arbitrary δ ∈ (0, 1).
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In the next theorem we give conditions on the reference and perturbed do-
mains that guarantee the validity of the Hadamard formula for perturbed eigen-
values. Below we use the following coordinates near the boundary Γ1: τ is the
signed distance from x to Γ1 (it is negative for x ∈ Ω1) and z ∈ Γ1.

Theorem 3 Let Ω1 be of class C1,α, α ∈ (0, 1), and let τ = h(z, d) be the
equation of Γ2, where h satis�es∫

Γ1

|∇zh(z, d)|2dΓ = o(1) as d→ 0. (9)

Then the following formula holds:

1

µj
=

1

λm
+ θj + o(d) , (10)

where {θj}Jmj=1 are eigenvalues of the problem

1

λm

∫
Γ1

h(z, d)
n∑

i,j=1

(Aijνjνi∂νφ, ∂νψ)dΓ = θ(φ,ψ)1 for all ψ ∈ Xm. (11)

The last formula extends the classical Hadamard formula to second-order matrix
operators and is new even for the Laplacian as well.

If Ω2 ⊂ Ω1, then Ψ = 0 in Theorem 1. Let the boundary of Ω2 be also
Lipschitz. By [5, Theorem 4.2],∫

Ω2

|∇Φφ|dx ≤ C

∫
Γ2

|∇τφ|2dΓ, (12)

where ∇τ is the tangent gradient on Γ2. The constant C depends on the number
of �xed-size cylinders covering Γ2 and on the local Lipschitz constant of functions
that give local representations of the domain as an upper graph of Lipschitz
functions. Using (12), one can write the asymptotic formula (4) as follows:

1

µj
=

1

λm
− κj
λ2m

+O(d1+δ) +O(q) . (13)

Here

q = max

∫
Γ2

|∇τφ|2dΓ,

the maximum taken over all φ ∈ Xm such that (φ,φ)1 = 1; κj , j = 1, . . . , Jm,
are eigenvalues of the problem

n∑
i,j=1

∫
Ω1\Ω2

(
Aij∂xjφ , ∂xiψ

)
dx = κ

∫
Ω1

(φ,ψ)dx for all ψ ∈ Xm, (14)

where φ ∈ Xm. If Γ1 is smooth and q = o(d), then these formulae imply
(10). In Sect. 3.6, we consider a two-dimensional domain whose boundary has
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Figure 1: Perturbations by small circular and curvilinear cuts

corner points. In this case one cannot represent the boundary of perturbed
domain through the normal shift and therefore the Hadamard formula cannot
be applied. However, formula

1

µj
=

1

λm
− κj
λ2m

+O(d) . (15)

still holds in this case; here κj , j = 1, . . . , Jm, are eigenvalues of (14).
In the last section, we apply the general formula to the case when a smooth

bounded domain is perturbed either by curvilinear cuts, whose lengths are of
the same order as the distances between them, or by circular cuts uniformly
distributed along the boundary, see Fig.1. Of course, the Hadamard formula
is not valid in these cases, because there are no smooth mappings from the
unperturbed domains onto perturbed ones. Let us describe the �rst of these
examples for the Laplace operator. Let Ω1 be a 2D simply connected domain
whose boundary has length 1. The perturbed domain is de�ned by

Ω2 = Ω \ ∪Nj=1Υ
ε
j , Υεj = {x ∈ Ω ∩ V : z = jε, τ ∈ [−εℓ(z), 0]}, (16)

where z is the arc length measured from a certain �xed point and ℓ(z) is a
positive C∞ function on Γ1. In this case, the function Ψ vanishes in (5) and the
function Φ contributes to the asymptotics of µ. Assuming that µ is a simple
eigenvalue located near the eigenvalue λ and the corresponding eigenfunction φ
is normalized so that ||φ||L2(Ω1) = 1, we get

1

µ
=

1

λ
− ε

τ

λ2
+O(ε1+δ) . (17)

Here δ is an arbitrary number from the interval (0,1) and

τ =

∫
Γ1

∫ 1/2

−1/2

∫ 0

−∞
|∇ξw(ξ, z)|2dξdz,

where w is a bounded solution of the following problem:

∆ξw = 0 in Πz = {ξ = (ξ1, ξ2) : ξ < 0, ξ2 ∈ (−1/2, 1/2)} \ Lz,
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Lz = {ξ = (ξ1, 0) : ξ1 ∈ (−ℓ(z), 0)}. Moreover, w must satisfy the boundary
conditions:

w(0, ξ2, z) = 0, ξ2 ∈ (−1/2, 1/2),

w(ξ1, 0, z) = −ξ1∂νφ(0, z), ξ1 > −ℓ(z),

and the following periodicity conditions

w(ξ1,−1/2, z) = w(ξ1, 1/2, z), ∂ξ2w(ξ1,−1/2, z) = ∂ξ2w(ξ1, 1/2, z), ξ1 < 0.

Other examples showing importance of generalized Hadamard formula are pre-
sented in Sect.4, where we consider both types of perturbations shown in Fig. 1
in the case of second order systems.

Proofs of above asymptotic formulae are based on the abstract asymptotic
formula obtained in [10] for eigenvalues of compact operators acting in various
Hilbert spaces. However, further analysis di�ers essentially from that in [10].
Indeed, here we apply Hardy type inequalities instead of Lp-estimates valid for
solutions of the Dirichlet problem in Lipschitz domains. The distance from the
boundary of 2d-neighborhood of Ω1 is taken as a weight function in the Hardy
inequality. It does not depend on the perturbed domain which allows us to show
in Lemma 3 that for domains close to Ω1 there is always an interval for powers
of the weight in which the Dirichlet problem in Ω2 is solvable. Thus, we avoid
imposing any smoothness assumption on Ω2. Another important tool is based
on the fact that a weak solution in a Lipschitz domain has some additional
smoothness. One more advantage of the method is that it does not require the
use of an extension operator, see [10, Sect. 4.3]. This allows us to obtain all
results under rather weak assumptions about smoothness of Ω1 and Ω2, which
are new even for the Dirichlet Laplacian.

2 General domains

In this section, we consider eigenvalue problems (2) and (3) assuming that Ω1

and Ω2 are bounded domains with non-empty intersection. The proximity of
domains and operators is described by smallness of constants in some integral
inequalities. The main result is obtained in Theorem 5, where an asymptotic
representation is given for eigenvalues of problem (3) located near an eigenvalue
of problem (2).

For convenience of the readers, we present in Sect. 2.1 an asymptotic result
from [10] about eigenvalues of two compact operators acting in di�erent Hilbert
spaces. In Sect. 2.2, we apply this abstract theorem to problems (2) and (3).

2.1 Abstract theorem on asymptotics

Let Kj , j = 1, 2, be a compact, non-negative, self-adjoint operator in a Hilbert
space Hj with the inner product (·, ·)j and with the norm || · ||j . By λ−1

k , k =
1, 2, . . ., we denote the eigenvalues of K1 numbered so that 0 < λ1 < λ2 < · · · ;
the eigenspace corresponding to λk is denoted by Xk, and Jk = dimXk. The
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notation λ−1
k used for eigenvalues of a compact operator is applied because we

reserve the notation λk for eigenvalues of the corresponding di�erential operator.
Our aim is to describe the set of those eigenvalues of the operator K2 that

are located near an eigenvalue λ−1
m of the operator K1. In order to measure

the proximity of these eigenvalues we introduce a bounded, linear operator S :
H1 → H2, a positive constant c1 and an integer N such that N ≥ m and

c1||S||2H1→H2

λN+1
≤ 1

λm+1
. (18)

We set

XN =
N⊕
j=1

Xj

and denote by YN the orthogonal complement in H2 to SXN . The proximity of
the operators K1 and K2 is measured by the constant ε in the following three
inequalities:

(K2w,w)2 ≤ c1(K1S
∗w, S∗w)1 + ε ||w||22 for all w ∈ YN , (19)

where S∗ : H2 → H1 is the operator adjoint to S;∣∣ ||Sφ||22 − ||φ||21
∣∣ ≤ ε||φ||21 for all φ ∈ XN ; (20)

and ∣∣(Bφ,w)2∣∣ ≤ ε||φ||1 ||w||2 for all φ ∈ XN and w ∈ H2, (21)

where
B = K2S − SK1 : H1 → H2. (22)

Of course, all these inequalities hold provided ε is su�ciently large, but it occurs
that if ε is small, then there are exactly Jm eigenvalues of the operator K2 in a
neighborhood of λ−1

m (say in
(

2
λm+λm+1

, 2
λm+λm−1

)
). Moreover, these eigenvalues

belong to (λ−1
m − cε, λ−1

m + cε), where c is a constant depending only on λm−1,
λm and λm+1. We denote these eigenvalues of K2 by µ−1

1 , . . . , µ−1
Jm

.

In order to describe the eigenvalues of the operator K2 that are close to
λ−1
m more explicitly, we introduce the constants ρm and σm that appear in the

inequalities ∣∣(Bφ, Sψ)2∣∣ ≤ ρm||φ||1 ||Sψ||2 for all φ,ψ ∈ Xm (23)

and ∣∣(Bφ,w)2∣∣ ≤ σm||φ||1 ||w||2 for all φ ∈ Xm, w ∈ Ym, (24)

where Ym is the orthogonal complement to SXm in H2. It is clear that we can
put ρm = σm = ε, but, in fact, these constants can be essentially smaller than
ε. In what follows, we denote by Pm the orthogonal projector in H2 onto SXm,
and so Qm = I − Pm is the orthogonal projector onto Ym.
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Theorem 4 ([10]) There exists a constant εm depending only on λm and λm±1

such that if (19) (20) and (21) hold for ε ≤ ε0, then for the eigenvalues µ−1
s ,

s = 1, . . . , Jm, of the operator K2 introduced above the following asymptotic
representation holds:

1

µj
=

1

λm
+ ωj +O(σ2

m(ρm + σ2
m)) , (25)

where {ωj}Jmj=1 are eigenvalues of the problem

(Bφ, Sψ)2 + (R(φ), Bψ)2 = ω(Sφ, Sψ)2 for all ψ ∈ Xm. (26)

Here φ ∈ Xm, ρm and σm are the constants in (23) and (24), respectively, and
R = R(φ) ∈ Ym is a solution of the equation

λ−1
m R−QmK2R = QmBφ . (27)

This solution satis�es the estimate

||R||2 ≤ Cσm||φ||1. (28)

(The factor ||φ||1 is lost in the corresponding formula (19) in [10, Theorem 1].)

2.2 Eigenvalues of problem (3) located near λm

In what follows, vector functions from W̊ 1,2(Ωk)
M and W̊ 1,2(Ω1 ∩ Ω2)

M are
extended by zero outside Ωk and Ω1 ∩ Ω2, respectively.

Let us reduce the spectral problems (2) and (3) to equivalent spectral prob-
lems for compact operators. The operators K1 and K2 are de�ned by the
equality

(Ksu, v)s = ⟨u , v⟩s that holds for all u, v ∈ W̊ 1,2(Ωs)
M .

The operator Ks is compact and problems (2) and (3) take the form

K1φ = λ−1φ φ ∈ W̊ 1,2(Ω1)
M , (29)

and
K2U = µ−1U U ∈ W̊ 1,2(Ω2)

M , (30)

respectively. In order to compare eigenvalues of these problems we apply Theo-
rem 4. We put Hk = W̊ 1,2(Ωk)

M and supply this space with the inner product
(·, ·)k, the corresponding norm is denoted by || · ||k. We de�ne the operator
S : H1 → H2 as follows. Let φ ∈ H1, then u = Sφ ∈ H2 is a unique solution of
the problem

(u,w)2 = (φ,w)2 for all w ∈ H2. (31)

The adjoint operator S∗ : H2 → H1 is de�ned by

(φ, S∗w)1 = (φ,w)1 (32)
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for all φ ∈ H1. Clearly,

||S||H1→H2
= ||S∗||H2→H1

= 1 .

Moreover, if w ∈ H1 ∩H2, then Sw = w and S∗w = w. If wk ∈ Hk and wk is
orthogonal to H1 ∩H2, then the orthogonality is also valid for Sw1 and S∗w2.

Let 0 < λ1 < λ2 < · · · be eigenvalues of problem (2) or, equivalently, λ−1
j

are eigenvalues of problem (29), and let Jj be the multiplicity of λj . By Xj we
denote the space of eigenfunctions corresponding to the eigenvalue λj .

The results in this section are valid without Assumption I made in Introduc-
tion. It is su�cient to assume that Ω1 and Ω2 are two bounded domains with
a non-empty intersection and the following inequality∫

Ωk

|w|2dx ≤ σ||w||2k (33)

is valid with a small constant σ for all w ∈ Hk, k = 1, 2, orthogonal to H1 ∩H2.
The latter constant σ describes the proximity of Ω1 and Ω2, cf. [10].

We introduce ρ1 as the best constant in the inequality∣∣∣(Bφ, Sψ)2∣∣∣ ≤ ρ1||φ||1 ||Sψ||2 (34)

that holds for B given by (22) and for all φ,ψ ∈ Xm. Let Ym be the orthogonal
complement of SXm in H2, let also Qm = I − Pm, where Pm denotes the
orthogonal projector on SXm in H2. By (u, v)Ω we denote the sesquilinear form
(1) de�ned on Ω, and ⟨u, v⟩Ω =

∫
Ω
(u, v)dx. In particular, (u, v)Ωk

= (u, v)k and
⟨u, v⟩Ωk

= ⟨u, v⟩k.

Theorem 5 Let Ω1 and Ω2 be two domains with non-empty intersection, and
let the constant σ in (33) be small. Then there are exactly Jm eigenvalues of
problem (3) in the interval ((λm−1 + λm)/2, (λm + λm+1)/2), for which the
following asymptotic formula holds:

1

µj
=

1

λm
+ ωj +O(σ(ρ1 + σ)) . (35)

Here {ωj}Jmj=1 are the eigenvalues of problem (26), where φ ∈ Xm and R =
R(φ) ∈ Ym is a solution of equation (27).

Proof. In order to apply Theorem 4 we have to verify conditions (19), (20) and
(21).

Let us prove inequality (19) with c1 = 1 and ε = 2
√
2σc0, where c0 is the

constant in ∫
Ω2

|φ|2dx ≤ c0(φ,φ)2, φ ∈ H2. (36)

This inequality follows from

(K2w,w)2 ≤ (K1S
∗w, S∗w)1 + ε ||w||22 valid for all w ∈ H2.
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Using the de�nition of K1 and K2, we write the last inequality as follows:∫
Ω2

|w(x)|2dx ≤
∫
Ω1

|S∗w(x)|2dx+ ε (w,w)2 for all w ∈ H2. (37)

In order to prove (37), we split w ∈ H2 into the sum

w = w0 + w1, where w0 ∈ H1 ∩H2 and w1 is orthogonal to H1 ∩H2. (38)

Then inequality (37) takes the form∫
Ω2

|w0 + w1|2dx ≤
∫
Ω1∩Ω2

|w0 + S∗w1|2dx+ ε(w0, w0)2 +ε(w1, w1)2. (39)

Using (33) for S∗w1, we obtain∫
Ω1

|S∗w1|2dx ≤ σ(S∗w1, S
∗w1)1 ≤ σ(w1, w1)2. (40)

Applying (33) to w1, we get that∫
Ω2

|w1|2dx ≤ σ(w1, w1)2. (41)

Since∫
Ω2

|w0 + w1|2dx=
∫
Ω2

(
|w0|2 + |w1|2 + 2ℜ(w0, w1)

)
dx=

∫
Ω1

|w0 + S∗w1|2dx

+

∫
Ω2

(
2ℜ(w0, w1)− 2ℜ(w0, S

∗w1) + |w1|2 − |S∗w1(x)|2
)
dx,

we have that∫
Ω2

|w0 + w1|2dx ≤
∫
Ω2

(
|w0 + S∗w1|2 + 2δ|w0|2

)
dx+

2σ(1 + δ)

δ
(w1, w1)2.

Here (40) and (41) are also taken into account. Using (36) and choosing ε = 2c0δ

and δ =
√

2σc−1
0 , we arrive at (39), and so (19) is valid.

In particular, c1 = 1 in our case, and so we can take N = m in (18).

Let us verify (20) for φ ∈ Xm = X1 ⊕ · · · ⊕ Xm. Clearly, we have that
||Sφ||2 ≤ ||φ||1. Let us estimate ||Sφ||2 from below. We represent φ as the sum

φ = φ0 + φ1, where φ0 ∈ H1 ∩H2 and φ1 is orthogonal to H1 ∩H2. (42)

Since Sφ = φ0 + Sφ1 and ||Sφ||22 = ||φ0||21 + ||Sφ1||22, we have ||Sφ||2 ≥ ||φ0||1.
Furthermore, (33) implies that∫

Ω1

|φ1|2dx ≤ σ(φ1, φ1)1. (43)
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Let φ = Φ1 + · · · + Φm, where Φj ∈ Xj . From (φ1, φ1)1 = (φ,φ1)1 it follows
that

(φ1, φ1)1=
m∑
j=1

(Φj , φ1)1=
m∑
j=1

λj⟨Φj , φ1⟩1 ≤
( m∑
j=1

λ2j ||Φj ||2L2(Ω1)

)1/2

||φ1||L2(Ω1).

Since Φj is an eigenvector corresponding to λj , we get from (43) that

(φ1, φ1)1 ≤ λ1/2m σ1/2a1(φ,φ).

Therefore,

||Sφ||22 ≥ ||φ0||21 = ||φ||21 − ||φ1||21 ≥ (1− λ1/2m σ1/2)||φ||21, (44)

and so (20) folds with ε = λ
1/2
m σ1/2.

Finally, let us show that (21) holds with ε = cσ1/2, or, equivalently, we have
that

||Bφ||2 ≤ cσ1/2||φ||1 for all φ ∈ Xm. (45)

Since

(Bφ,w)2 = (K2Sφ,w)2 − (SK1φ,w)2 = ⟨Sφ,w⟩2 − ⟨φ, S∗w⟩1 (46)

for φ ∈ Xm and w ∈ H2, the representations (38) and (42) yield that

(Bφ,w)2 = ⟨φ0, w1⟩2 − ⟨φ1, w0⟩1 + ⟨Sφ1, w⟩2 − ⟨φ, S∗w1⟩1. (47)

Now, applying (33) to the functions w1, Sφ1, φ1 and S∗w1, we arrive at

|(Bφ,w)2| ≤ cσ1/2||φ||1||w||2 for φ ∈ X1 and w ∈ H2, (48)

where c is a constant depending on the constant c0 in (36). Thus, (45), and
consequently (21) are satis�ed. Using results obtained in Sect.2.1, we conclude
that there are exactly Jm eigenvalues of problem (30) in the interval (2/(λm+1+
λm), 2/(λm+λm−1)) and they are located in (λ−1

m −cε, λ−1
m +cε), where ε = cσ1/2

and the constant c depends on λm−1, λm and λm+1. This gives the �rst assertion
of lemma.

In order to apply Theorem 4, we put σm = cσ1/2 and take ρm equal to the
constant ρ1 in (34). This choice of constants yields formula (25) in the form
(35). The proof of Lemma is complete.

Remark 1 It follows from (48) that the constant σm is estimated by cσ1/2.
Using this along with (48) and (28), we obtain

|(R(φ), Bψ)2| ≤ cσ||φ||1||ψ||1 for φ, ψ ∈ Xm. (49)

In conclusion of this section, we obtain a useful representation of (Bφ, Sψ)2
involved in (26). Let φ, ψ ∈ Xm, then we use the representations

Sφ = φ+Φφ and Sψ = ψ +Φψ , (50)
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where the vector function Φ = Φφ satis�es the integral identity (Φ, w)2 = 0 for
all w ∈ H2, Φ+ φ ∈ H2 and the same is true for Φψ. Therefore,

(Bφ, Sψ)2 = ⟨φ+Φφ, ψ +Φψ⟩2 − λ−1
m (φ+Φφ, ψ +Φψ)2.

From the de�nition of Φφ and Φψ, it follows that

(Φφ, ψ +Φψ)2 = (φ+Φφ,Φψ)2 = 0, (51)

which implies

(Bφ, Sψ)2 = ⟨φ+Φφ, ψ +Φψ⟩2 + λ−1
m

(
(Φφ,Φψ)2 − (φ,ψ)2

)
. (52)

Using the relation

(Ψϕ, Sψ)2 = (Ψϕ, ψ)2 = (φ,Φψ + ψ)2 − λm⟨φ,Φψ + ψ⟩2

and similar equality with exchanged φ and ψ, we obtain

⟨φ,Φψ⟩2 =
1

λm

(
(φ,ψ +Φψ)2 − (Ψφ, ψ)2

)
− ⟨φ,ψ⟩2

=
1

λm

(
(φ,ψ)2 − (Φφ,Φψ)2 − (Ψφ, ψ)2

)
− ⟨φ,ψ⟩2,

where we used (51). Applying this relation (and corresponding relation with
exchanged φ and ψ) to (52), we get

(Bφ, Sψ)2 = −⟨φ,ψ⟩2 + ⟨Φφ,Φψ⟩2 − λ−1
m

(
(Φφ,Φψ)2 − (φ,ψ)2 + (Ψφ, ψ)2 + (Ψψ, φ)2

)
.

Now using that (φ,ψ)1 = λ⟨φ,ψ⟩1, we arrive at

(Bφ, Sψ)2 = ⟨φ,ψ⟩Ω1\Ω2
+ ⟨Φφ,Φψ⟩2

−λ−1
m

(
(Φφ,Φψ)2 + (φ,ψ)Ω1\Ω2

+ (Ψφ, ψ)2 + (Ψψ, φ)2

)
. (53)

3 Domains satisfying Assumption I

In Sect. 3.1 and 3.2, we present estimates used for proving the main asymptotic
formulae. In Sect. 3.3, we derive the asymptotic formula (4). In Sect. 3.4, we
show that if the boundary of Ω1 is of class C1 and A satis�es assumption (8),
then δ in (4) is an arbitrary number belonging to the interval (0, 1). In Sect.
3.5, we give su�cient conditions that guarantee that the classical Hadamard
formula is valid, and in Sect. 3.6, we consider perturbations of a plane domain
with angular points on the boundary.
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3.1 Corollaries of Assumption I and an estimate for σ

Let D+
d = {x : dist(x,Ω1) < d} and D−

d = {x ∈ Ω1 : dist(x,Γ1) > d}, and so
Ω2 ⊂ D+

d and D−
d ⊂ Ω1 ∩ Ω2 according to our assumptions. Furthermore, we

put r = r(x) = dist(x, ∂D+
2d). If β < 1, then the following Hardy inequality∫

D+
2d

rβ−2|v|2dx ≤ Cβ

∫
D+

2d

rβ |∇v|2dx (54)

is valid for functions belonging to C∞
0 (D+

2d). This estimate is a consequence of
the one-dimensional Hardy inequality combined with a local change of variables
�atting the boundary.

In what follows, we �x a small positive number d0 so that the domains D+
2d

and D−
2d are Lipschitz provided 0 ≤ d ≤ d0; moreover, they can be de�ned

locally by functions with uniformly bounded Lipschitz constants using the same
local coordinates.

Lemma 1 Let w ∈ (W̊ 1,2(D+
d ))

M , then∫
D+

d \D−
d

|w|2dx ≤ cd2
∫
D+

d \D−
d

|∇w|2dx (55)

and ∫
∂D−

d

|w|2dx ≤ Cd

∫
D+

d \D−
d

|∇w|2dx. (56)

Here C is a positive constant that may depend on Ω1, d0 and Aij.

Proof. First we prove (55). The domain D+
d \ D−

d is locally described by
ξ−d (y

′) < yn < ξ+d (y
′), where yn = ξ−d (y

′) and yn = ξ+d (y
′) are the local equa-

tions of the boundaries of D−
d and D+

d , respectively. Using the Newton-�Leibniz
formula with respect to yn, one directly veri�es that∫

|y′|<r

∫ ξ+d (y′)

ξ−d (y′)

|w|2dyndy′ ≤ Cd2
∫
|y′|<r

∫ ξ+d (y′)

ξ−d (y′)

|∇w|2dyndy′

and ∫
|y′|<r,yn=ξ−d (y′)

|w|2dy′ ≤ Cd

∫
|y′|<r

∫ ξ+d (y′)

ξ−d (y′)

|∇w|2dyndy′.

These inequalities yield (55) and (56), respectively.

Corollary 1 (i) Let w ∈ (W̊ 1,2(D+
d ))

M , and let w be orthogonal to (W̊ 1,2(D−
d ))

M

with respect to the inner product (·, ·)D+
d
. Then∫

D+
d

|w|2dx ≤ Cd

∫
D+

d \D−
d

|∇w|2dx. (57)

(ii) The number σ in (33) can be taken as cd.

13



Proof. Since the function w satis�es Aw = 0 in D−
d , it follows from [5, Theorem

2.1] that ∫
D−

d

|w|2dx ≤ C

∫
∂D−

d

|w|2dΓ .

This together with (55) and (56) leads to (57).
Assertion (ii) follows from (i) .

Lemma 2 Let φ ∈ Xm and ||φ||2 = 1, then
(i) ∫

Ω1\D−
2d

|φ|2dx ≤ cd3,

∫
Ω1\D−

2d

|∇φ|2dx ≤ cd and

∫
Γ1

|∇φ|2dΓ ≤ c. (58)

(ii) Let Φ be the same as in (50), then∫
Ω2

|Φ|2dx ≤ cd2 and

∫
Ω2

|∇Φ|2dx ≤ cd. (59)

Proof. (i) Let us write φ = Φ1 + Φ2, where Φ1 ∈ (W 3,2(Rn))M solves the
problem −AΦ1 = λφ in Rn, whereas the function Φ2 solves the boundary value
problem AΦ2 = 0 in Ω1 and Φ2 = −Φ1 on Γ1.

Let γτ = {x ∈ Ω1 : dist(x,Γ1) = τ}, then the trace theorem yields∫
γτ

(|Φ1|2 + |∇Φ1|2)dγ ≤ c.

Using this estimate with τ = 0 and [5, Theorem 4.2] for the function Φ2, we
obtain that ∫

γτ

|∇Φ2|2dγ ≤ c.

These inequalities with τ = 0 imply the third estimate (58). Integrating the
above inequalities with respect to τ , we arrive at the second inequality (58).
The �rst inequality (58) follows from the second one combined with (55).

(ii) Let τ be the normal variable and let ζ = ζ(τ) be a smooth function
vanishing for τ ≤ 1 and equal to 1 for τ ≥ 2. Putting ζd(τ) = ζ(τ/d), we
seek Φ in the form ζdφ+Ψ. Then Ψ must satisfy the boundary value problem
AΨ = −A(ζdφ) in Ω2 and Ψ = 0 on Γ2. Hence we have

(Ψ,Ψ)2 =

∫
Ω2

(
− (Aij∂jζdφ, ∂iΨ) + (Aij∂jζd∂iφ,Ψ)− λm(ζdφ,Ψ)

)
dx,

and so

(Ψ,Ψ)2 ≤ c
(
d−1||φ||L2(Ω1\D−

2d)
||∇Ψ||L2(Ω2\D−

2d)

+d−1||∇φ||L2(Ω1\D−
2d)

||Ψ||L2(Ω2\D−
2d)

+ ||φ||L2(Ω1\D−
2d)

||Ψ||L2(Ω2\D−
2d)

)
.
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Since estimate (55) gives

(Ψ,Ψ)2 ≤ c||∇φ||2
L2(Ω1\D−

2d)
,

the second inequality (59) follows from (58). Furthermore, in view of (55), (56)
and the second inequality (59) we obtain∫

Ω2\D−
2d

|Ψ|2dx ≤ cd3 (60)

and ∫
∂D−

2d

|Ψ|2dx ≤ cd2. (61)

Applying [5, Theorem 2.1] to the function Ψ in D−
2d and using (61), we arrive

at ∫
D−

2d

|Ψ|2dx ≤ cd2,

which together with (60) leads to the �rst inequality (59).

The �rst estimates (58) and (59) combined with (53) immediately give

Corollary 2 The following relation holds:

(Bφ, Sψ)2 =
−1

λm

(
(Φφ,Φψ)2+(φ,ψ)Ω1\Ω2

+(Ψφ, ψ)2+(Ψψ, φ)2

)
+O(d2). (62)

3.2 Weighted estimates

In a domain Ω subject to D−
d ⊂ Ω ⊂ D+

d , we consider the problem

(u,w)Ω =

n∑
i=1

⟨fk, ∂kw⟩Ω + ⟨f0, w⟩Ω for all w ∈ (W̊ 1,2(Ω))M , (63)

where f0, f1, . . . , fn ∈ (L2(Ω))M and u ∈ (W̊ 1,2(Ω))M .

Lemma 3 There exist a constant β0 ∈ (0, 1) such that if u ∈ (W̊ 1,2(Ω))M is a
solution of (63), then the following inequality∫

Ω

rβ−2|u|2dx+

∫
Ω

rβ |∇u|2dx ≤ C

∫
Ω

(
rβ

n∑
k=1

|fk|2 + rβ+2|f0|2
)
dx, (64)

holds for |β| ≤ β0; here C is a positive constant depending only on the constant
β0, the domain Ω and the coe�cients Aij.
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Proof. Taking w = rβu in (63) and setting v = rβ/2u, we obtain

(r−β/2v, rβ/2v)Ω =

n∑
k=1

⟨fk, ∂krβ/2v⟩Ω + ⟨f0, rβ/2v⟩Ω.

Therefore, we have

(v, v)Ω − β2

4

∫
Ω

r−2
n∑

i,j=1

(Aij∂ir∂jr v, v)dx =
n∑
i=1

⟨rβ/2fk, ∂kv⟩Ω

+
β

2

n∑
i=1

⟨rβ/2fk, vr−1∂kr⟩Ω + ⟨rβ/2+1f0, r
−1v⟩Ω. (65)

Using H�older inequality together with (54), we arrive at∫
Ω

|∇v|2dx ≤ c1C

∫
Ω

(
rβ |∇F |2 + rβ+2|f |2

)
dx,

provided |β| is small. This together with (54) gives (64).

Applying Lemma 3 to the operators S, S∗ and to the projection operator
onto H1 ∩H2, one obtains the following

Corollary 3 There exists a constant β0 ∈ (0, 1) such that the following esti-
mates are valid for |β| ≤ β0.
(i) Let v ∈ H2, then

||S∗v||Ω1,β ≤ C||v||Ω2,β .

(ii) Let v ∈ H1, then
||Sv||Ω2,β ≤ C||v||Ω1,β .

(iii) Let P be the orthogonal projector (with respect to the inner product (·, ·)Ω1∪Ω2)
from W̊ 1,2(Ω1 ∪ Ω2) onto W̊

1,2(Ω1 ∩ Ω2). If v ∈W 1,2(Ω1 ∪ Ω2), then

||Pv||Ω1∩Ω2,β ≤ C||v||Ω1∪Ω2,β .

Proof. The operators appearing in (i)�(iii) can be written in the form (63)
with f = 0, see (31) and (32) for the operators S and S∗, respectively, and the
operator u = Pv is de�ned by

(u,w)Ω1∩Ω2 = (v, w)Ω1∩Ω2 .

Therefore, assertions (i)�(iii) follow from Lemma 3.
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3.3 Proof of Theorem 1

Let us consider the term (R(φ), Bψ)2 in (27). Let us write R = λmQmBφ+R1,
where R1 = R1(φ) satis�es

λ−1
m R1 −QmK2R1 = g, g = λmQmK2QmBφ . (66)

According to Remark 1, we have

||R1||2 ≤ C||g||2. (67)

Since the operators Qm and K2 are bounded in H2, we combine this fact and
(45), thus obtaining

||R1||2 ≤ Cd1/2||φ||1. (68)

Next we rewrite equation (66) in the form

(R1, w)2 = λm(K2R1, Qmw)2 + λm(g, w)2 for all w ∈ H2. (69)

It occurs that the right-hand side of this equation is as follows:

λm⟨R1, Qmw⟩2 + λ2m⟨QmBφ,Qmw⟩2 − λm⟨(R1 + λmQmBφ), Pmw⟩2. (70)

In order to represent it in the form ⟨f, w⟩2 with some f , we �x an orthonormal
basis {Φk}Jmk=1 in SXm and write

Pmψ =

Jm∑
k=1

(ψ,Φk)2Φk. (71)

Then we have

(Pmv, w)2 =

Jm∑
k=1

(v,Φk)2(Φk, w)2 = λm

Jm∑
k=1

(v,Φk)2⟨Φk, w⟩2,

and so (70) is equal to ⟨f, w⟩2, where

f = λmR1 + λ2mQmBφ− λ2m

Jm∑
k=1

(R1 + λmBφ,Φk)2Φk. (72)

It is clear that

||f ||L2(Ω2) ≤ c
(
||R1||2 + ||Bφ||2

)
≤ cd1/2||φ||1,

where estimates (45) and (70) are used. Now, applying Lemma 3 to equation
(69), we get the inequality

||R1||W 1,2
β (Ω2)

≤ cd1/2||φ||1 (73)

for |β| ≤ β0.
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Lemma 1 yields the following estimate of expression (47) with φ replaced by
ψ:

|(Bψ,w)2| ≤ C
(
||ψ0||L2(Ω1) ||w1||L2(Ω2) + ||Sψ1||L2(Ω1) ||w||L2(Ω2)

+||ψ1||L2(Ω1) ||w0||L2(Ω2) + ||ψ||L2(Ω1) ||S
∗w1||L2(Ω2)

)
.

Applying Corollary 1 (i) to the terms containing w1, ψ1, Sψ1 and S∗w1, we
obtain

|(Bψ,w)2| ≤ Cd(1+β)/2
(
||ψ0||L2(Ω1) ||w1||W 1,2

−β (Ω2)
+ ||Sψ1||W 1,2

−β (Ω1)
||w||L2(Ω2)

+||ψ1||W 1,2
−β (Ω1)

||w0||L2(Ω2) + ||ψ||L2(Ω1) ||S
∗w1||W 1,2

−β (Ω2)

)
for |β| ≤ β0. Using Corollary 3 and noting that w0 = Pw and ψ0 = Pψ, we
arrive at

|(Bψ,w)2| ≤ Cd(1+β)/2
(
||ψ||1||w||W 1,2

−β (Ω2)
+ ||ψ||W 1,2

−β (Ω1)
||w||2

)
. (74)

Since Ω1 is Lipschitz and ψ ∈ Xm, we have that ψ ∈ W 1,p(Ω1) for some p > 2
(see, for example, [1] or [5]), and so∫

Ω1

r−β |∇ψ|2dx ≤ C||ψ||21

with some positive β, which together with (73) leads to the inequalities

|(R1(φ), Bψ)2| ≤ Cd1+β/2||φ||1||ψ||1 (75)

and
|(Bφ, Sψ)2| ≤ cd(1+β)/2||φ||1||ψ||1 (76)

valid for φ, ψ ∈ Xm. This implies, in particular, that ρ1 can be taken in the
form cd(1+β)/2 and that the asymptotic formula (35) can be written as follows:

1

µj
=

1

λm
+ qj +O(d1+β/2) , (77)

where {qj}Jmj=1 are eigenvalues of the problem

(Bφ, Sψ)2 + λm(QmBφ,Bψ)2 = q(Sφ, Sψ)2 for all ψ ∈ Xm. (78)

Furthermore, using representation (50) for ϕ ∈ Xm and Lemma 2(ii), we have

||Sφ− φ||22 = ||Φ||22 ≤ cd||φ||21.

This and the second inequality in (58) show that∣∣(Sφ, Sψ)2 − (φ,ψ)1
∣∣ ≤ cd ||φ||1 ||ψ||1 for φ, ψ ∈ Xm.
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Moreover, it follows from (76) and (45) that qj = O(d(1+β)/2). Now using (71),
we obtain

(PmBφ,Bψ)2 =

Jm∑
j=1

(Bφ, Sφj)2(Sφj , Bψ)2,

where Sφj = Φj , φj ∈ Xm. Furthermore, applying (76), we get

(PmBφ,Bψ)2 ≤ cd1+β ||φ||1||ψ||1.

These observations lead to the following simpli�cation of formula (77)

1

µj
=

1

λm
+ τj +O(d1+β/2) , (79)

where {τj}Jmj=1 are eigenvalues of the problem

(Bφ, Sψ)2 + λm(Bφ,Bψ)2 = τ(φ,ψ)1 for all ψ ∈ Xm. (80)

In order to simplify the expression (Bφ,Bψ)2, we write

K2φ =
1

λm
Sφ− 1

λm
Ψ, (81)

where Ψ = Ψφ ∈ H2. Using the de�nitions of the operators K2 and S, one can
verify that Ψ solves the problem (6). Clearly, Ψ is orthogonal to H1 ∩H2.

According to (50) and (81), we have Bφ = K2Φφ − λ−1
m Ψφ, and so

(Bφ,Bψ)2 =
1

λ2m
(Ψφ,Ψψ)2+(K2Φφ,K2Φψ)2−

1

λm

(
(K2Φφ,Ψψ)2+(Ψφ,K2Φψ)2

)
.

(82)
Using the third inequality (58) combined with the de�nition of Ψ, we get

(Ψ,Ψ)2 ≤ c
(∫

Γ1

|∇φ|2dΓ
)1/2(∫

Γ1

|Ψ|2dx
)1/2

≤ c
(∫

Γ1

|Ψ|2dx
)1/2

. (83)

Reasoning as in the proof of Lemma 1, we derive the estimate∫
Γ1

|Ψ|2dx ≤ cd

∫
D+

d \D−
d

|∇Ψ|2,

cf. (56). Estimating the right-hand side in (83) by the right-hand side in the
last inequality, we obtain

(Ψ,Ψ)2 ≤ cd,

which together with (55) and (56) yields∫
D+

d \D−
d

|Ψ|2dx ≤ cd2
∫
D+

d \D−
d

|∇Ψ|2dx (84)
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and ∫
∂D−

d

|Ψ|2dΓ ≤ cd

∫
D+

d \D−
d

|∇Ψ|2dx.

Applying again [5, Theorem 2.1] to the function Ψ in D−
d , we obtain∫

D−
d

|Ψ|2dΓ ≤ cd

∫
D+

d \D−
d

|∇Ψ|2dx,

which implies that ∫
D−

d

|Ψ|2dx = O(d2),

and so (84) yields ∫
Ω2

|Ψ|2dx ≤ Cd2. (85)

The last estimate together with (50) and (82) leads to

(Bφ,Bψ)2 =
1

λ2m
(Ψφ,Ψψ)2 +O(d2),

which along with (80) and (62) gives (5).
Thus we the proof of Theorem 1 is complete.

We conclude this section by the following representation:

Ψφ = φ− Tφ, (86)

where T = Tφ ∈ H2 solves the problem (T,w)2 = λm⟨φ,w⟩2 for all w ∈ H2.

3.4 The case when Γ1 is C1-smooth. Proof of Theorem 2

In this section, we suppose that Γ1 belongs to the class C1, and the operator A
satis�es (8).

Here we use a regularized distance ρ = ρ(x) to the boundary ∂D+
2d. One can

de�ne ρ so that it is smooth in D+
2d, c1r ≤ ρ ≤ c2r and |∂αρ| ≤ cαr

1−|α|. Since
Γ1 is C1-smooth, ρ can be chosen that it also satis�es the estimate

|∂xj∂xiρ| ≤ ερ−1 + Cερ, (87)

where ε is an arbitrary positive number. Let us explain how such a function
can constructed locally. Consider the Lipschitz graph domain

G = {x = (x′, xn) ∈ Rn : xn > h(x′)} ,

where h is a Lipschitz function. Let us extend h onto Rn+ as follows:

Φ(ξ) =

∫
Rn−1

ωµ(τ)h(τξn + ξ′)dτ , (88)
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where ωµ(τ) = µ1−nω(τ/µ) and ω(τ) = c exp((|τ |2 − 1)−1) for |τ | ≤ 1, and
ω(τ) = 0 for |τ | > 1. The constant c is chosen so that∫

Rn−1

ω(τ)dτ = 1 .

It is clear that Φ is continuous on Rn+ and Φ(ξ′, 0) = h(ξ′). It was shown in
[9] that the mapping x′ = ξ′ , xn = ξn + Φ(ξ) is a bi-Lipschitz isomorphism
of Rn+ onto G, provided µ in (88) is su�ciently small. Taking, for example,
ρ(x) = ξn(x), one veri�es directly that all required properties are ful�lled.

Lemma 4 Let v ∈ W̊ 1,2(D+
d ) and let the operator A satisfy (8). Then for every

ε > 0 there exists a constant Cε such that

J ≤ 4

(1− ε)2
(v, v)D+

d
+ Cε

∫
D+

d

|v|2dx, (89)

where

J =

∫
Ω

ρ−2
n∑

i,j=1

(Aij∂iρ∂jρ v, v)dx. (90)

Proof. We have that

J = −
∫
Ω

n∑
i,j=1

(Aij∂i(ρ
−1)∂jρ v, v)dx (91)

=

∫
Ω

ρ−1
n∑

i,j=1

(
(Aij ∂iv, ∂jρ v) + (Aij∂jρ v, ∂iv) + (Aij(∂i∂jρ) v, v)

)
dx,

which together with (8) and (87) implies

J ≤ 2(v, v)
1/2

D+
d

J1/2 + εJ + Cε

∫
D+

d

ρ−1|v|2dx.

The last inequality yields (89).

Lemma 5 Assume that the boundary Γ1 is of class C1 and that the operator A
satis�es (8). Then for β ∈ (−1, 1) the following assertions are valid:
(i) estimate ( 64) holds with a positive constant C which may depend on β;
(ii) all assertions of Corollary 3 hold.

Proof. Putting v = ρβ/2w, we have that

(w, ρβw)Ω = (v, v)Ω − β2

4
J,

where J is given by (90). Then (89) yields

(w, ρβw)Ω ≥
(
1− β2

(1− ε)2

)
(v, v)Ω − Cε

∫
Ω

|v|2dx. (92)
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Using this inequality with |β| ≤ 1−ε for estimating the second term in (65),
we obtain

(v, v)Ω ≤ Cε

( n∑
i=1

⟨rβ/2fk, ∂kv⟩Ω +
β

2

n∑
i=1

⟨rβ/2fk, vr−1∂kr⟩Ω

+⟨rβ/2+1f0, r
−1v⟩Ω +

∫
Ω

|v|2dx
)
,

which together with the Hardy inequality (54) gives

(v, v)Ω ≤ Cε

∫
Ω

(
rβ

n∑
k=1

|fk|2 + rβ+2|f0|2
)
dx+ Cε(u, u)Ω. (93)

Estimating (u, u)Ω with the help of (64), where β = 0, we get (64) with β ≤ 0.
Now, let β ∈ (0, 1). In (63), we choose a solution of the problem

(w, V )2 = ⟨u, V ⟩2 for all V ∈ H

as w. Then (63) takes the form

⟨u, u⟩2 =

n∑
k=1

⟨fk, ∂kw⟩2 + ⟨f0, w⟩2.

Furthermore, applying (64) with negative β to w, we obtain∫
Ω

(
r−β |∇w|2 + r−β−2|∇w|2

)
≤ Cβ

∫
Ω

r−β+2|u|2dx.

Therefore, we have

⟨u, u⟩2 ≤
n∑
k=1

(∫
Ω

rβ |fk|2dx
)1/2(∫

Ω

r−β |∇w|2dx
)1/2

+
(∫

Ω

r2+β |f0|2dx
)1/2(∫

Ω

r−2−β |w|2dx
)1/2

,

which implies

⟨u, u⟩2 ≤ C
( n∑
k=1

∫
Ω

rβ |fk|2dx+

∫
Ω

r2+β |f0|2dx
)1/2(∫

Ω

r−β+2|u|2dx
)1/2

.

Since 2− β > 0, the last inequality yields that

⟨u, u⟩2 ≤ C
n∑
k=1

∫
Ω

rβ |fk|2dx+

∫
Ω

r2+β |f0|2dx.

Finally, using this inequality for estimating of the last term in (93) we get (64)
for β ∈ (0, 1). This completes the proof of assertion (i).

Assertion (ii) follows from (i) in the same way as Corollary 3 follows from
Lemma 3.

In the next lemma weighted estimates for Bw are obtained.
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Lemma 6 Let β ∈ (0, 1), then we have∫
Ω2

rβ |∇Bφ|2dx ≤ Cβd
2β ||φ||21. (94)

for φ ∈ Xm.

Proof. We apply the representation S∗w = ζd(x)w +W , where ζd = 1 in D−
2d

and ζd = 0 outside D−
d . The function ζd can be chosen so that |∂αx ζd| ≤ cαr

−|α|.
Then the function W satis�es the equation

(W, v)1 = ((1− ζd)w, v)1 =
n∑

i,j=1

∫
Ω1

(
Aij((1− ζd)∂iw − ∂iζi w, ∂jv)

)
dx.

In view of Lemma 5(i), we get∫
Ω1

rβ |∇W |2dx ≤ C

∫
Ω1

rβ
(
|1− ζd|2 |∇w|2 + |∇ζd|2 |w|2

)
dx.

Using (55), we obtain∫
Ω1

rβ |∇W |2dx ≤ C

∫
Ω1\D−

2d

rβ |∇w|2dx.

It follows from (46) that

(Bφ,w)2 = ⟨Φφ, w⟩2 − ⟨φ, (ζd − 1)w +W ⟩1.

Since φ ∈ Xm, we have (φ,W )1 = λm⟨φ,W ⟩1, and so

(Bφ,w)2 = ⟨Φφ, w⟩2 − ⟨φ, (ζd − 1)w⟩1 − λ−1
m (φ, (1− ζd)w)1.

Using again Lemma 5(i) together with (55), we get∫
Ω2

rβ |∇(Bφ)|2dx ≤ Cβ

(∫
Ω2\D−

2d

rβ |∇φ|2dx+

∫
Ω2

r2+β |Φφ|2dx
)
.

This inequality and Lemma 2(ii) give∫
Ω2

rβ |∇Bφ|2dx ≤ Cβ

(∫
Ω2\D−

2d

rβ |∇φ|2dx+ d2||φ||21
)
. (95)

It follows from (95) that∫
Ω2

rβ |∇Bφ|2dx ≤ Cβd
2β
(∫

Ω2\D−
2d

r−β |∇φ|2dx+ ||φ||21
)

(96)

for β ∈ (0, 1). Since the function φ belongs to W 1,p(Ω) for all p > 1, the
integral in the left-hand side is bounded by ||φ||21 and we obtain (94). The proof
is complete.
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Let us consider the right-hand side g in (66). We have

(g, w)2 = λm⟨QmBφ,Qmw⟩2 = λm⟨Bφ,Qmw⟩2 − λm⟨PmBφ,Qmw⟩2. (97)

Using the Hardy inequality (54), we estimate the �rst term in the right-hand
side as follows: ∣∣λm⟨Bφ,Qmw⟩2

∣∣ ≤ λm||Bφ||L2(Ω2)||Qmw||L2(Ω2)

≤ Cβ

(∫
Ω2

rβ |∇Bφ|2dx
)1/2

||Qmw||2,

where β ∈ (0, 1). Applying (94), we get∣∣λm⟨Bφ,Qmw⟩2
∣∣ ≤ Cβd

β ||φ||1 ||w||2. (98)

For estimating the second term in the right-hand side of (97), we note that
according to (71) with Φk = Sφk, φk ∈ Xm, we have

⟨PmBφ,Qmw⟩2 =

Jm∑
k=1

(Bφ, Sφk)2⟨Φk, Qmw⟩2.

Using estimate (76), in which the exponent β can be taken arbitrary close to 1
because we deal with the C1-case, we obtain∣∣⟨PmBφ,Qmw⟩2∣∣ ≤ Cβd

(1+β)/2||φ||1 ||w||2. (99)

Applying inequalities (98) and (99) for estimating the right-hand side in (97),
we arrive at ∣∣(g, w)2∣∣ ≤ Cβd

β ||φ||1 ||w||2 .

This leads to the estimate

||g||2 ≤ Cβd
β ||φ||1,

which combined with (67) gives

||R1||2 ≤ Cβd
β ||φ||1. (100)

Now let us turn again to equation (69), in which the right-hand side can be
written as ⟨f, w⟩2 with f given by (72). Using Lemma 5, we obtain∫

Ω2

r−β |∇R1|2dx ≤ C

∫
Ω2

r2−β |f |2dx,

where β ∈ (0, 1). One can check that∫
Ω2

r2−β |f |2dx ≤ C

∫
Ω2

rβ(|∇R1|2 + |∇Bφ|2)dx.
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By (100) and (94), the right-hand side does not exceed cd2β ||φ||1. Therefore,∫
Ω2

r−β |∇R1|2dx ≤ Cdβ ||φ||1.

Applying this for estimating the right-hand side in (74), we get

|(R1(φ), Bψ)2| ≤ Cd(1+3β)/2||φ||1||ψ||1.

This leads to
1

µj
=

1

λm
+ qj +O(d2β) ,

where {qj}Jmj=1 are eigenvalues of problem (78). Repeating the reasoning in Sect.
3.3 that goes after formula (78), we obtain

1

µj
=

1

λm
+ τj +O(d2β) ,

where {τj}Jmj=1 are eigenvalues of problem (80).
Thus, Theorem 2 is proved.

3.5 On the validity of the Hadamard formula.
Proof of Theorem 3.

We assume that Ω1 is of class C1,α, α ∈ (0, 1). This implies, in particular, that
the function φ belongs to C1,α(Ω1)

M . We will use the following coordinates in
a neighborhood of Γ1: if x belongs to this neighborhood, then z ∈ Γ1 is the
nearest to x point on Γ1 and τ is such that x = z + τν(z), where ν(z) is the
unit outward normal to Γ1 at z. Then Γ2 is given by τ = h(z). We suppose
that |∇zh(z)| is bounded by a constant independent of d, and h satis�es (9).
Our immediate aim is to prove formula (10) with θj given by (11).

Let Ωd be the domain whose boundary Γd is given by τ = d. We split Tφ

into the sum T
(1)
φ + T

(2)
φ , where T

(1)
φ solves the problem −AT (1)

φ = λmφ in Ωd
and T

(1)
φ = 0 on Γd. The function T

(2)
φ is a solution of the following problem:

AT (2)
φ = 0 in Ω2 and T

(2)
φ = −T (1)

φ on Γ2.

Since T
(1)
φ ∈ C1,α(Ωd)

M and T
(1)
φ = 0 on Γd, we obtain that

|T (1)
φ (x)| ≤ c|h(z)− d| and |∇zT

(1)
φ (x)| ≤ c|h(z)− d|α on Γ2. (101)

This together with (9) implies∫
Γ2

|T (1)
φ |2dz = O(d2) and

∫
Γ2

|∇zT
(1)
φ (z, h(z))|2dz = o(1).

Applying Theorems 2.1 and 4.2 from [5] to the solution T
(2)
φ in Ω2, we obtain∫

Γ2

|T (2)
φ |2dΓ ≤ c

∫
Γ2

|T (1)
φ (z)|2dΓ = O(d2)
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and ∫
Γ2

|∇T (2)
φ |2dΓ ≤ c

∫
Γ2

|∇zT
(1)
φ (z, h(z))|2dΓ = o(1).

Hence we have that

(T (2)
φ , T

(2)
ψ )Ω2 =

∫
Γ2

(T (2)
φ , NT

(2)
ψ )dx = o(d),

and so
(Ψφ,Ψψ)2 = (φ− T (1)

φ , ψ − T
(1)
ψ )2 + o(d).

Let us consider the function V = φ−T (1)
φ in Ω1∩Ω2. This function satis�es

AV = 0 in Ω1 ∩ Ω2 and V = φ − T
(1)
φ on the boundary of Ω1 ∩ Ω2, say, Γ12.

Since Γ12 is given by τ = h1(z), h1(z) = min(h(z), 0), we obtain∫
Γ12

|∇zT
(1)
φ (z, h1(z))|2dΓ (102)

≤
∫
Γ12

(|T (1)
φ,z(z, h1(z))|+ |T (1)

φ,τ (z, h1(z))| |∇zh1(z)|)2dΓ = o(1),

where relations (9) and (101) are taken into account, and T
(1)
φ,z and T

(1)
φ,τ stand

for the derivatives with respect to z and τ , respectively. Furthermore, we have

|φ(x)| ≤ c|τ |, |∇zφ(x)| ≤ c|τ |α and |∂τφ(x)| ≤ c (103)

because φ ∈ C1,α(Ω1)
M . This leads to the following relations:∫

Γ12

|φ|2dz = O(d2) and

∫
Γ12

|∇zφ(z, h(z))|2dz = o(1). (104)

Using the �rst inequalities (101) and (103) combined with [5, Theorem 2.1],
we obtain ∫

Γ12

|V |2dΓ ≤ c

∫
Γ12

|φ− T (1)
φ |2dΓ = O(d2).

In view of (102), (104) and (9), we apply [5, Theorem 4.2], thus getting∫
Γ12

|∇V |2dΓ = o(1), (105)

and so

(V, V )Ω1∩Ω2 =

∫
Γ12

(V,NV )dx = o(d).

This and (86) lead to

(Ψφ,Ψφ)2 = (T (1)
φ (φ), T

(1)
ψ (ψ))Ω2\Ω1

+ o(d). (106)

Since T
(1)
φ ∈ C1,α, we obtain

|∇T (1)
φ (z, τ)−∇T (1)

φ (z, 0)| ≤ c|τ |α.
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This and (105) imply

(T (1)
φ , T

(1)
ψ )Ω2\Ω1

=

∫
Γ0

h(z)(Aijνjνi∂νφ, ∂νψ)dz +O(d1+α), (107)

where Γ0 = Γ1 ∩ Ω2.
Using (103) and (9), we obtain∫

Γ2

|φ(z + h(z)ν)|2dz = O(d2) and

∫
Γ2

|∇zφ(z + h(z)ν)|2dz = o(1).

Applying Theorems 4.2 and Theorem 2.1 [5] to the problem for Φφ, we obtain∫
Γ2

|∇Φ|2dΓ = 0(1) and

∫
Γ2

|Φ|2dΓ = O(d2),

which leads to

(Φφ,Φψ)2 =

∫
Γ2

(Φφ, NΦψ)dx = o(d). (108)

Reasoning in the same way as in the case of the function T
(1)
φ , we get

(φ,ψ)Ω1\Ω2
=

∫
Γ1\Γ0

|h(z)|(Aijνjνi∂νφ, ∂νψ)dz + o(d). (109)

Finally, let us consider the terms (Ψφ, ψ)2 and (φ,Ψψ)2. Denote by P12 the
orthogonal projector onto H1 ∩H2 and represent ψ as P12ψ − Φ∗

ψ. Then Φ∗
ψ is

harmonic in Ω1 ∩ Ω2 and Φ∗
ψ + ψ ∈ H1 ∩H2. Similar to (108) one derives the

estimate (Φ∗
ψ,Φ

∗
ψ)2 = o(d). This relation together with (106) implies

(Ψφ, ψ)2 = o(d) (110)

and similarly (φ,Ψψ)2 = o(d)
Now these formulae together with (108), (109), (106), (107) along with (4),

(5) give (10) and (11). Thus, the following theorem is proved.

Theorem 6 Let Ω1 be a domain with C1,α boundary with some α ∈ (0, 1). Let
the boundary of Ω2 be given by τ = h(z), where h is a continuous function such
that h < d and condition (9) holds for it. Then the asymptotic formula (10) is
valid, in which θj are eigenvalues of the spectral problem (11).

3.6 Plane domains with corner points; proof of (15) and
(14)

In this section, we consider the 2D case. We assume that the boundary of Ω1

contains corner points p1, . . . , pl, outside of which the boundary belongs to the
class C1,δ, δ ∈ (0, 1). We denote by αs the interior angle at ps. It is clear
that αs < 2π. In view of known results about the behavior of solutions of the
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Dirichlet problem for second order systems near corner points (see [8, Sect. 8.6.3
and 8.7.1]), there exist numbers λs > 1/2 such that

|φ(x)|+ r|∇φ(x)|+ |r(x)1+δ∇φ(x)− r1+δ(y)∇φ(y)|
|x− y|δ

≤ C R , (111)

where r = r1r2 · · · rl, R = Πls=1r
λs
s and rs(x) = |x − ps|. Here and in what

follows, by c, C, ck... we denote various constants independent of d.
We assume that Ω2 ⊂ Ω1, and so the asymptotic formula (4) is valid, but

the functions Ψφ and Ψψ in (5) are equal to zero in the present case. Therefore,

the numbers {τj}Jmj=1 in (4) are eigenvalues of the problem

1

λm

(
− (Φφ,Φψ)2 − (φ,ψ)Ω1\Ω2

)
= τ(φ,ψ)2 for all ψ ∈ Xm. (112)

Let Γ′ = {z ∈ Γ1 : |z − ps| > cd}. In a neighborhood of Γ′, we use the
coordinates z and τ , the �rst of which is measured along Γ′, whereas τ is the
normal coordinate. The part of Γ2 lying outside Ω1 is given by τ = h(z, d). We
denote this part by Γ′

2, and assume that h ≤ d, |∂zh(z, d)| ≤ C and∫
Γ′
|h′(z, d)|2R2r−2dz = o(1). (113)

We also suppose that the remaining part of Γ2 is located inB(ps, c2d)\B(ps, c1d),
where B(p, r) is the disc having its center at p and radius equal to r; let each
of these parts be Lipschitz with uniformly bounded Lipschitz constants.

Since φ = 0 on the boundary of Ω1, we use estimates (111) for obtaining

|∂zφ(z, τ)| ≤ Cτ δRr−1−δ,

and so
|∂zφ(z, h(z, d))| ≤ C

(
τ δRr−1−δ +Rr−1|h′z|

)
.

Furthermore, it follows from (111) that

|φ(z, h(z, d))| ≤ Ch(z, d)Rr−1 and |(∇φ)(z, h(z, d))| ≤ CRr−1, (114)

which imply ∫
Γ′
|φ(z, h(z, d))|2dΓ = O(d2). (115)

Assumption (113) together with (114) gives∫
Γ′
|∂zφ|2dz = o(1) as d→ 0.

Moreover, it follows from (111) that∫
Γ2\Γ′

2

|∇φ|2dΓ = Cmax
s
d2λs−1.
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Applying [5, Theorem 4.2] to the function Φ, we obtain∫
Γ2

|∂νΦ|2dΓ = o(1). (116)

Using (115) and (116), we arrive at∫
Ω2

|∇Φ(x)|2dx =

∫
Γ2

φ∂νΦdΓ = o(d).

This together with (112) leads to (15), where the numbers {θj}Jmj=1 are eigenval-
ues of the problem (14). The reader can check the relation θj = O(d), for which
purpose the above estimates of φ must be applied. If one of the angles, say αs, is
greater than π, then [8, Theorem 8.6.2] yields that there is an eigenfunction such
that the norm of its gradient is estimated from below by crλ−1

s with λ ∈ (1/2, 1).
Then the Hadamard formula (11) will give the inequality θj ≥ cd2λ−1, which
shows that the eigenvalue problem (14) is a right replacement of problem (11)
for obtaining the asymptotic formula expressing the eigenvalue µj in the case
of a non-smooth boundary when a corner point of opening greater than π is
present.

4 Examples

In this section, we give applications of the general formula (4) to perturbations
of the reference domain which involves removing small cuts or small discs.

Let Ω1 be a 2D domain with a smooth boundary Γ1 whose length is rescaled
to unity. In a neighborhood V of Γ1, we introduce coordinates (z, τ) so that z
is the arc length measured from a �xed point of Γ1, whereas τ is the oriented
distance to the boundary (τ > 0 outside Ω). We put

Ω2 = Ω \ ∪Nj=1Υ
ε
j , Υεj = {x ∈ Ω ∩ V : z = jε, τ ∈ [−εℓ(z), 0]},

where ℓ is a positive C∞(Γ)-function, ε = 1/N and N is a large positive integer.
Clearly the domains Ω1 and Ω2 satisfy Assumption I made in Introduction with
d = cε. Since the reference domain is smooth and Ω2 ⊂ Ω1 formulae (4) and (5)
are valid with Ψ = 0 and an arbitrary δ ∈ (0, 1). Let us construct the function
Φφ = Φ that solves the problem A(∂x)Φ = 0 in Ω2 and Φ = −φ on Γ2. In the
variables ξ = (ξ1, ξ2) = (ε−1τ, ε−1z), Φ is sought in the form

Φ(x) = χ(x)εwφ(ξ, z) + εR(x, ε), (117)

where χ is a smooth function which has a compact support in V and is equal to
1 in a neighborhood of Γ1. Let us describe a family of boundary value problems
for w = wφ. Near every point z0 ∈ Γ1, the operator A has the following form
in variables ξ:

A(∂x) = ε−2L2(z0, εξ, ∂ξ) + ε−1L1(z0, εξ, ∂ξ) + L0(z0, εξ),
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where Lk(z, ξ, ∂ξ) is a di�erential operator of kth order; its coe�cients are
smooth functions of z and ξ. In Πz = Π \ Lz, where

Π = {ξ : ξ1 < 0, ξ2 ∈ (−1/2, 1/2)} and Lz = {ξ = (ξ1, 0) : ξ1 ∈ (−ℓ(z), 0)},

the term w is described by the boundary value problem that consists of the
following equation:

L2(z, 0, ∂ξ)w(ξ, z) = 0, ξ ∈ Πz,

and two types of conditions, namely, the periodicity conditions:

w(ξ1,−1/2, z) = w(ξ1, 1/2, z), ∂ξ2w(ξ1,−1/2, z) = ∂ξ2w(ξ1, 1/2, z), ξ1 < 0,

and the Dirichlet boundary conditions imposed on a part of the boundary:

w(0, ξ2, z) = 0, ξ2 ∈ (−1/2, 1/2),

w(ξ1, 0, z) = −ξ1∂νφ(0, z), ξ1 > −ℓ(z).

This problem has a unique solution in the class of vector functions such that
the following norm is �nite:(∫

Π

|∇ξu|2dξ +
∫ 1/2

−1/2

|u(ξ1, 0)|2dξ1
)1/2

. (118)

Moreover, this solution has the following asymptotic representation at the neg-
ative in�nity:

w(ξ, z) = M(z) + o(exp(δξ1)), δ > 0, ξ1 → −∞, (119)

where M(z) is a smooth vector-function of z, see [13].
In order to estimate the remainder R in (117), we proceed as follows. We

begin with rewriting representation (117) in the form:

Φ(x) = Φ̂ε(x) + εR1(x, ε),

Φ̂ε(x) =
(
−Xε(x)φ(x) + Xε(x)∂νφ(z, 0)τ

)
+ χ(x)εw(ξ, z).

Here Xε(x) = 0 for x ∈ Ω \ V and Xε(x) = χ0(ε
−1τ) for x ∈ Ω ∩ V, whereas χ0

is a smooth function such that χ0(t) = 1 for |t| < 2ℓ0 and χ0(t) = 0 for |t| > 3ℓ0
and ℓ0 = max ℓ(s). One can check that

R = R1 −Xε(x)
φ(x)− ∂νφ(z, 0)τ

ε
. (120)

The main reason for introducing the cut-o� function Xε in the representation
of Φ is to ensure that the remainder R1 satis�es the homogeneous Dirichlet
boundary condition on ∂Ωε. The function Φ satis�es the following integral
identity:

(Φ, u)2 = 0 for all u ∈ H2 and Φ+ φ ∈ H2.
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If u = R1 here, then we have that

(R1, R1)2 = ⟨A(∂x)Φ̂
ε, R1⟩2. (121)

Let us estimate the norm ||ρA(∂x)Φ̂
ε||L2(Ωε), where ρ is the same as in Sect.

3.4. Since

A(∂x)Φ̂
ε = −Xε(x)A(∂x)(φ(x)− ∂νφ(z, 0)τ)− [A,Xε](φ(x)− ∂νφ(z, 0)τ)

+ε(χ(x)A(∂x)w + [A, χ]w) = Iε(x),

it is straightforward to verify that

||ρIε||L2(Ω2) = O(ε3/2).

Combining this relation and the Hardy inequality (54), we obtain that

(R1, R1)2 ≤ cε3. (122)

This along with (120) leads to the inequality

(R,R)2 ≤ cε2.

Noting that

(χ(x)wφ(ξ, z), χ(x)wψ(ξ, z))2

= ε−1

∫
Γ1

∫ 1/2

−1/2

∫ 0

−∞

∑
(Aij∂ξiwφ(ξ, z), ∂ξjwψ(ξ, z))dξdz +O(1),

we obtain
1

µj
=

1

λm
− ε

τj
λm

+O(ε1+δ) , (123)

where δ is an arbitrary positive number from the interval (0,1) and {τj}Jmj=1 are
the eigenvalues of the problem∫
Γ1

∫ 1/2

−1/2

∫ 0

−∞

∑
(Aij∂ξiwφ(ξ, z), ∂ξjwψ(ξ, z))dξdz = τ(φ,ψ)1 for all ψ ∈ Xm.

The "Hadamard term" here is equal to zero, since Ω1 \ Ω2 consists of a �nite
number of cuts.

The second example is as follows. Let Ω1 be the same as above, and let

Ω2 = Ω \ ∪Nj=1Qε
j , Qε

j = {x ∈ Ω ∩ V : (z − jε)2 + (τ − q(z)ε)2 < ℓ2(z)ε2},

where q and ℓ are smooth functions on Γ1 such that 0 < ℓ(z) < q(z) and
ℓ(z) < 1/2. In the same way as in the previous example we introduce the
variables ξ and put

Πz = {ξ : ξ1 < 0, ξ2 ∈ (−1/2, 1/2) and (ξ1 − q(z))2 + ξ22 < ℓ(z)2}.
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Similarly to the previous case, formulae (4) and (5) are valid with Ψ = 0 and
δ ∈ (0, 1). Let us construct the function Φφ = Φ. We seek Φ in the form

Φ(x) = χ(x)εw(x, z) + εR(x, ε), (124)

where the function w = wφ satis�es the boundary value problem that consists
of the following equation:

L2(z, 0, ∂ξ)w(ξ, z) = 0, ξ ∈ Π,

and two types of conditions, namely, the periodicity conditions:

w(ξ1,−1/2, z) = w(ξ1, 1/2, z), ∂2w(ξ1,−1/2, z) = ∂2w(ξ1, 1/2, z), ξ1 < 0,

and the Dirichlet boundary conditions on a part of the boundary:

w(0, ξ2, z) = 0, ξ2 ∈ (−1/2, 1/2),

w(ξ, z) == −ξ1∂νφ(0, z), for (ξ1 − q(z))2 + ξ22 = ℓ(z)2.

This problem has a unique solution in the class of vector-functions such that
the norm (118) is �nite. Moreover, this solution admits the asymptotic repre-
sentation (119) at the negative in�nity, where M(z) depends smoothly on z.
Reasoning as above, one can show that the remainder in (124) satis�es (122)
and the asymptotic formula (123) is valid, where δ ∈ (0, 1) is arbitrary, whereas
{τj}Jmj=1 are the eigenvalues of the problem

(∫
Γ1

∫ 1/2

−1/2

∫ 0

−∞

∑
(Aij∂ξiwφ(ξ, z), ∂ξjwψ(ξ, z))dξdz

+

N∑
j=1

∫
Sj

ξ21(Aν∂νφ(j/N, 0), ∂νψ(j/N, 0))dξ
)
= τ(φ,ψ)1 for all ψ ∈ Xm.

Here Aν =
∑
Aijνiνj and Sj = {ξ : (ξ1 − q(j/N))2 + ξ22 < ℓ(j/N)2}.

Despite the perturbation of the eigenvalue is of the same order as in the
Hadamard formula, the coe�cient is di�erent here.
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