Linköping Studies in Science and Technology
Dissertation No. 1454

Development of molecular dynamics
methodology for simulations of hard materials

Peter Steneteg

Linköping University
The Department of Physics, Chemistry and Biology
Theory and Modeling
SE-581 83 Linköping, Sweden
Linköping 2012

c Peter Steneteg, 2012

ISBN 978-91-7519-883-5
ISSN 0345-7524

Published articles have been reprinted with permission from the respective
copyright holder.
Typeset using LATEX

Printed by LiU-Tryck, Linköping 2012
ii

Abstract
This thesis is focused on molecular dynamics simulations, both classical and
ab initio. It is devoted to development of new methods and applications of
molecular dynamics based techniques to a series of materials, all of which have
the common property of being hard.
I ﬁrst study grain boundaries in diamond and apply a novel method to
better explore the conﬁgurational phase space. Using this method several
new grain boundary structures are found. The lowest energy grain boundary
structure has 20% lower energy then the one obtained with a conventional
approach.
Another area is the development of eﬃcient methods for ﬁrst principles
Born-Oppenheimer molecular dynamics. Here a fundamental shortcoming of
the method that limits eﬃciency and introduces drift in the total energy of
the system, is addressed and a solution to the problem is presented. Special
attention is directed towards methods based on plane waves. The new molecular dynamics simulation method is shown to be more eﬃcient and conserves
the total energy orders of magnitude better then previous methods.
The calculation of properties for paramagnetic materials at elevated temperature is a complex task. Here a new method is presented that combines
the disordered local moments model and ab initio molecular dynamics. The
method is applied to calculate the equation of state for CrN were the connection between magnetic state and atomic structure is very strong. The
bulk modulus is found to be very similar for the paramagnetic cubic and the
antiferromagnetic orthorhombic phase.
TiN has many applications as a hard material. The eﬀects of temperature
on the elastic constants of TiN are studied using ab initio molecular dynamics.
A signiﬁcant dependence on temperature is seen for all elastic constants, which
decrease linearly with temperature.
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Populärvetenskaplig
sammanfattning
Denna avhandling sitter i korsningen mellan materialvetenskap och datorvetenskap. Under de senaste decennierna har det skett stora framsteg i
båda fälten. Inom den senare så återﬁnns den integrerade kretsen och den
påföljande Moores lag, vilket har givet oss en beräkningskapacitet som fördubblas var artonde månad. I den förra så har framförallt utvecklingen av den
så kallade densitets-funktional-teorin (DFT) gjort det möjligt att numeriskt
lösa Schrödingerekvationen för system med mer än en handfull partiklar.
Dessa två framsteg, tillsammans med otaliga andra, har gett upphov till
ett nytt sätt att göra experiment. I stället för att genomföra experimentet i
laboratoriet så simuleras experimentet i datorn. En speciﬁk simuleringsmetod kallad molekyldynamik går ut på att ett antal atomer placeras i en låda
och därefter så löser man rörelseekvationen för atomerna och simulerar deras
rörelser. Denna metod är en röd tråd genom denna avhandling, då de problem som studerats antingen ämnar att förbättra denna simulerings metod,
eller applicera den på något materialsystem. Det ﬁnns ytterligare en gemensam nämnare mellan dessa materialsystem, de har alla den egenskapen att de
är väldigt hårda, och därför ofta lämpar sig i många industriella tillämpningar.
Det första två kapitlen presenterar bakgrunden och de metoder och teori
som använts. Därefter så presenteras ett antal olika projekt. Först så studeras
hur diamantkorn binder till varandra med en ny metod. Med hjälp av denna
hittas en ny, avsevärt stabilare, gränsstruktur.
Det nästkommande avsnittet beskriver utvecklandet av en ny metod som
löser ett tillkortakommande hos molekyldynamik-simuleringar baserade på
DFT. Problemet uppkommer då man återvinner gamla lösningar för att
snabba upp metoden, ofta en faktor tio. Tyvärr så bryter det grundläggande
egenskaper för rörelseekvationerna som leder till att simuleringen inte längre
bevarar totalenergin. Genom att tillföra hjälpvariabler till rörelseekvationerna
så kringgås problemet, eﬀektiviseringen kvarstår, och totalenergin bevaras.
Därefter så presteras en ny metod för att modelera det paramagnetiska
tillståndet i ett material. I det paramagnetiska tillståndet så förändras
v

varje atoms magnetiska moment slumpmässigt över tiden. Detta leder till
svårigheter att separera relaxationer från den atomistiska konﬁgurationen relativt den magnetiska konﬁgurationen i statiska beräkningar. Genom att köra
en molekyldynamik-simulering där den magnetiska konﬁgurationen regelbundet byts slumpmässigt löses det problemet. Metoden appliceras på kubisk
CrN där det länge funnit frågetecken kring kompressibiliteten.
Vidare så används molekyldynamik-simulering för att undersöka de
elastiska egenskaperna för TiN som funktion av temperatur. Ett tydligt temperaturberoende ses för alla de elastiska konstanterna, som mest sjunker de
23% mellan 0 och 1500 K.
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Chapter

Introduction
This thesis positions itself in the intersection between two diﬀerent ﬁelds of
science, computer science and materials science. The work here is made possible by the simultaneous and rapid development in both ﬁelds.

1.1

Computer science

The invention of the computer and the integrated transistor started a remarkable development over the last few decades. This is perhaps best illustrated
by the well known Moore’s law, stating that the number of transistor in a
chip should double every two years. This is illustrated over the last 20 years
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Figure 1.1: Moore’s law illustrated with the development of the top 500 supercomputers in the world. Especially noted are swedish academic computers. It
can be noted that the performance rate is increasing even faster then predicted
by Moore, doubling about every 14th month. 2

1

1

2

INTRODUCTION

Figure 1.2: One of the computer clusters used heavily in the computations in
this thesis, Neolith at National Supercomputer Center (NSC) in Linköping. 1

in Fig. 1.1 for the top 500 supercomputers in the world. The academic supercomputers in Sweden are highlighted, and a few of the fastest ones are also
named. Most work in this thesis has been carried out on the Neolith system
at National Supercomputer Center in Linköping as can be seen in Fig. 1.2 and
later on Lindgren at PDC in Stockholm. It could be noted that the computational power, here measured in billion ﬂoating point operations per second
(GFlops/s), of the top supercomputers in the world of the last 20 year even
have double on average every 14 months. And the academic supercomputers
in Sweden has followed that trend very well.
But pure transistor count is not enough, there has also been numerous
other important developments. A set of very well optimized numerical libraries for solving linear algebra type problems have been developed. Tools
for running code in parallel have also been developed together with the design
and development of even larger supercomputers and clusters to run the parallel code on. Without these developments very few of the simulations in this
thesis would be possible. And even with these very fast computers, trying to
solve the Schrödinger equations directly for anything but a few electrons is
practically impossible.

1.2

Materials science

The materials we use have always been a deﬁning characteristic. We even
deﬁne diﬀerent periods in history by what materials that could be processed,
the stone age, the bronze age, and the iron age. How well we master diﬀerent
materials have always set the limits on much of our activities. With the dis-
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covery of iron and metallurgy, a broad range of possibilities opened up. It was
possible to construct tools that were more resilient than previous generation.
Even a simple thing as a nail made construction much faster. In recent years,
in the context of this theses, the mastering of silicon and how to process it
into transistors is one of the most important developments, giving rise to the
computer industry, and eventually this thesis.
During the previous century many important discoveries in physics have
been made. For the theoretical material scientist, the most important one
might be the development of quantum mechanics and the Schrödinger equation. This, in principle, gives us all the answers, since we now knew the underlying equations that describe matter. Unfortunately, the equations proved
extremely diﬃcult to solve except for in a few simple cases like the hydrogen atom. A new framework for how to attack these equations had to be
developed. In the sixties the work of Hohenberg and Kohn 35 and later Kohn
and Sham 39 provided us with this framework. Although at the time the
computers were still not up to the task of actually solving the equations for
any substantial systems. But as we saw earlier the computers have improved
tremendously, allowing this framework to be successfully applied to a large
variety of systems.

1.3

Outline

The main focus in this theses is on the development and application of molecular dynamics methodology, and less on speciﬁc materials. Although, all materials that have been investigated in the thesis are considered hard, and are
often used in applications where hardness is of prime importance, for example
in cutting tools.
Chapter 2 starts by presenting the basics of molecular dynamics, the main
method used in this work. It describes the basic theory of both classical and
ab initio molecular dynamics. It then goes on to discuss ﬁve diﬀerent problem areas that have been addressed in this thesis. In chapter 3 the results
of the investigation of diamond grain boundaries related to Paper I are presented. Chapter 4 discussed the work with time reversible ab initio molecular
dynamics of Paper II through IV. Chapter 5 deals with the paramagnetic
state of matter, developing a novel approach to study the problem at elevated
temperature. This chapter is related to Paper V. In chapter 6 the results of
the calculation of elastic constants of TiN as a function of temperature are
presented, in relation to Paper VI.

Chapter

Molecular dynamics
The dynamics of many-body systems consisting of three or more bodies have
no general analytical solution. A method that has been proven useful in many
cases, are numerical simulations instead of theoretical calculations. Numerical
simulations of many-body systems have applications in many ﬁelds of physics,
all the way from simulating the galaxies we live in down to the molecules and
atom we are made of.
One way of simulating atoms and molecules is called Molecular Dynamics
(MD). It has its basis in the deterministic properties of our world, so well put
forward by Laplace: 44
Given for one instant an intelligence which could comprehend
all the forces by which nature is animated and the respective positions of the beings which compose it, if moreover this intelligence
were vast enough to submit these data to analysis, it would embrace in the same formula both the movements of the largest bodies in the universe and those of the lightest atom; to it nothing
would be uncertain, and the future as the past would be present
to its eyes.
Molecular dynamics is a way to simulate materials on an atomic scale. The
input that is necessary is all the atoms’ positions, velocities, and masses. MD
is a deterministic way to simulate the movement of the atoms. The simulation
is divided into a number of time steps, usually in the order of femtoseconds1 .
For each time step all the forces between all the atoms are calculated and then
integrated to obtain new positions and velocities. This is iterated to the end
of the simulation. During the time steps material properties can be calculated
from the positions, velocities and forces.
1 10−15

seconds

5
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2.1

MOLECULAR DYNAMICS

A simple MD program

The basic parts of MD simulations can be seen in ﬁgure 2.1. First the system
needs to be initialized, often a cell consisting of a periodic lattice with atoms
are used. The atoms are assigned, mass, charge, and velocity. The positions
and velocities are chosen so that they correspond the temperature that is
selected. The initialization can be done in many diﬀerent ways, most basic
would be to use ideal positions, and random velocities, the next step might
be to assign the velocities according to a gaussian distribution at a certain
temperature. An even more précis way could be to excite a superposition of
phonons according to the phonon density of states and the dispersion relations
of the crystal if they are known. 75 Then the basic MD loop starts, which
Start

Initiate

Forces

Yes

More
steps?

Integrate

MD Loop

Sample

Themostat

No
End

Figure 2.1: The basic MD loop.
in principle consist of two important steps: the force calculation and the
integration. The force calculation is where the interactions between all the
atoms are calculated. There are many diﬀerent methods to choose from,
all with their advantages and disadvantages. The Schrödinger equation can
be applied directly for a solution from ﬁrst principles, alternatively a purely
empirical force ﬁeld might be used, or any combination thereof. The forces
are used to integrate the atomic equations of motion, propagating the atoms.
After that the system is sampled to calculate physical properties. The most
important ones would be the total energy and the temperature or kinetic
energy of the system, but other properties might also be calculated such as
pressure, stresses.
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The next step, which is often applied but not mandatory, is to manage the
temperature of the system. The temperature is important since it is directly
connected to the motions of the atoms in the system. Everything from just
setting the temperature to the desired value during the initial period of the
simulation to controlling it through out the simulation and even varying it
over time to simulate heating or cooling.
Finally we check if enough time steps have been calculated, otherwise we
increase the time by one step and start over calculating forces again. When
the simulation is ﬁnally done, a huge amount of data is generated: positions,
velocities, forces, energies, temperatures, and all other sample data collected
during the calculation. So the last step is perhaps the most important, the
post-processing of all the generated data where the relevant physical properties are extracted, as well as their visualization.

2.2

Theoretical derivation

The theoretical background for the molecular dynamics method can be derived
from the time dependent Schrödinger equations, following the notation of
Marx and Hutter. 48 ,
i

∂
Φ({ri }, {RI }; t) = HΦ({ri }, {RI }; t)
∂t

(2.1)

with the standard Hamiltonian
H=−

 2
 2
∇2I −
∇2i
2MI
2m
e
i

(2.2)

I

+

1 
1 
e2
e2
e2
1 
+
+
4π0 i<j |ri − rj | 4π0
|RI − rj | 4π0
|RI − RJ |
I,i

 2
 2
∇2I −
∇2i + Vn−e ({ri }, {RI })
=−
2MI
2m
e
i

I<J

I

 2
=−
∇2 + He ({ri }, {RI }).
2MI I
I

The upper case indices represent nuclei and lower case represent electrons,
with the corresponding positions RI and ri . MI and me represent the nucleus and electron masses respectively, Z the atomic number, −e the electron
charge, and 0 the vacuum permittivity. As seen here in its well known form,
the Hamiltonian consists of the electron kinetic energy part, the ion kinetic
energy part, the electron-electron interaction, electron-ion interaction, and
the ion-ion interaction.
Consider the solution to the time-independent electronic Schrödinger equation,
He ({ri }; {RI })Ψk ({ri }, {RI }) = Ek ({RI })Ψk ({ri }; {RI }),

(2.3)
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known for each conﬁguration of the nuclei {RI }. Then the total wavefunction
can be expanded in terms of the orthonormal eigenstates to He ,
Φ({ri }, {RI }; t) =

∞


Ψk ({ri }; {RI })χk ({RI }; t)

(2.4)

k=0

where {χl } can be seen as time-dependent expansion coeﬃcients. This is the
ansatz introduced by Born in 1951 11,12 to separate the dynamics of the light
elements, the electrons, from the heavy elements, the nucleus.
By inserting this ansatz in Eq. 2.1 and multiplying from the left with
Ψ∗l ({ri }; {RI }) and integrating over all electronic coordinates {ri } a set of
coupled diﬀerential equations can be derived


 2

∂
2
−
∇I + Ek ({RI }) χk +
Ckl χl = i χk
(2.5)
2MI
∂t
I

with

l




 2
2
=
∇ Ψl dr
−
2MI I
I


1 
∗
Ψk [−i∇I ]Ψl dr [−i∇I ].
+
MI


Ckl

Ψ∗k

(2.6)

I

The matrix elements Ckl deﬁne the coupling between diﬀerent states. In the
Born-Oppenheimer approximation 12 all of the coupling elements are set to
zero. This leads to a completely decoupled set of equations


 2
∂
−
∇2 + Ek ({RI }) χk = i χk
(2.7)
2MI I
∂t
I

Since all interaction between diﬀerent states have been removed, it is noted
that the system will never change from its initial quantum state during the
dynamics.
Next the nuclei wavefunctions χk are approximated as classical point particles. This is done by rewriting χk on polar form, and then taking the limit
when  → 0. The resulting equation can be identiﬁed as an equation of motion in the Hamiltonian-Jacobi formulation of classical mechanics. And the
familiar Newtonian equations of motion can be read oﬀ
MI R̈I (t) = −∇I V0BO ({RI (t)}).

(2.8)

In the Born-Oppenheimer approximation the potential, VkBO , is restricted to
the ground state of the time-independent Schrödinger equation, Eq. 2.3, hence

(2.9)
V0BO = Ψ∗0 He Ψ0 ≡ E0 ({RI }).
The Born-Oppenheimer approximation can be motivated mainly by the
fact that elections usually move much faster then the nuclei, often 3 orders
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of magnitude. In practice the approximation has proved to be suﬃciently
accurate for a large number of interesting system. All the molecular dynamics simulations in this thesis have been done within the Born-Oppenheimer
approximation. There are situations in which the approximation fails, for example, if one wants to study the dynamics of the decay of an excited state
into a lower state.
In ab initio molecular dynamics the potential V0BO is calculated directly
but since this is computationally expensive it is often approximated further.
In classical molecular dynamics V0BO is expanded in a set of many-body interactions
V0BO

≈V

FF

=

N

I=1

v1 (RI ) +

N

I<J

v2 (RI , RJ ) +

N


v3 (RI , RJ , RK ) + . . .

I<J<K

(2.10)
often called a “force ﬁeld” or an interaction potential. This will be much faster
to solve, but introduces the new problem of how to ﬁnd vi , which often is a
diﬃcult task.

2.3

Integration schemes

When choosing an integration method there are several points to consider.
The integrator should be accurate, but there are diﬀerent kinds of accuracy
that are important. First one can consider atomic trajectories. It is known
that any numerical integrator will never give correct trajectories over long
timescales for a multi-body system, because of the sensitivity to initial conditions. Even for an arbitrarily small diﬀerence in initial condition the trajectories will diverge exponentially in ﬁnite time. Fortunately, one is usually
interested in either ensemble averages or time correlations functions. For ensemble averages the most important factor is to sample the correct part of
phase space, therefore exact trajectories are of lesser importance. And for
time correlation functions one is mostly interested in correlation function on
such a short time scale that the trajectories will be suﬃciently accurate. Alternatively it is possible to choose a time step that is short enough to give
suﬃcient accuracy on the required time scale.
So perhaps the most important property of the integrator is that it remains in the part of phase space that the system is constrained to by the
given total energy. Time reversibility is one property of an integrator which
conserves phase space. Consider moving on a trajectory forward in time and
then changing the sign of δt going back in time again. If one arrives at a different point than the initial phase space has not been conserved. This phase
space volume change is called drift, and a time-reversible integrator should
exhibit minimal such drift.
Energy conservation is important for a good integrator. It is often closely
connected to the time reversibility of the integrator. Energy conservation can
be divided into short time and long time conservation and these two properties
are usually in conﬂict, meaning that an integrator with good short time energy
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conservation often shows energy drifts for longer time spans and the opposite
for integrators with good long time conservation.
There are a few methods that fulﬁll these requirements, perhaps the most
famous one would be the velocity Verlet method 66 which is both time reversible and symplectic 27,62 . It is also simple to implement and does not
require much memory. It is one of the most used methods. It provides both
positions, velocities, and forces at the same time step, which a few similar
methods does not. There are also higher order methods that will give better
trajectories then the velocity Verlet on short to intermediate time scales, but
on long time scales they will often be worse. There are also higher order symplectic integrators 53,54,47,45,23 that will conserve phase space well, but they
are often complicated to implement.

2.3.1

Verlet algorithm

The Verlet algorithm 70 is one of the simplest algorithms and at the same time
one of the best for most cases. It gives good long time accuracy at the cost of
a quite poor short time accuracy which leads to shorter allowed time steps.
The memory usage of this integrator is as small as possible and it is also fast.
The positions, r, for the next time step are generated by
r(t + δt) = 2r(t) − r(t − δt) +

f (t) 2
δt ,
m

(2.11)

where f is the force and m the mass of the atom. The velocities are obtained
by the simple diﬀerence equation
v(t) =

r(t + δt) − r(t − δt)
.
2δt

(2.12)

This also implies that the velocities will be know ﬁrst after the next time step
is calculated.

2.3.2

Velocity Verlet algorithm

Velocity Verlet 66 is a Verlet-like integrator that gives the same trajectories
but also gives the velocities in a more straightforward way, it is probably the
most commonly used integrator. The positions and velocities are given by
f (t) 2
δt
2m
f (t + δt) + f (t)
δt.
v(t + δt) = v(t) +
2m
r(t + δt) = r(t) + v(t)δt +

(2.13)
(2.14)

With this method the velocities needs to be calculated in two steps, ﬁrst for
the current forces f (t) and then after the new forces f (t + δt) are calculated
from the new positions r(t + δt).
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Classical molecular dynamics

In classical molecular dynamics the forces are calculated from a parameterized
potential, either ﬁtted to empirical data or to ﬁrst principles calculations.
Classical molecular dynamics is fast, at least in comparison with ab initio
molecular dynamics. Large systems can be simulated in the order of billions
of atoms, hence it is possible to simulate grain growth, crack propagation,
heat transport, etc. And for moderate system sizes long simulation time can
also be achieved, many millions of time steps, which means that processes that
take a relatively long time to occur can be simulated, e.g. diﬀusion. Another
advantage is that since the potential is known it can be modiﬁed to study
how the changes in the potential eﬀect the physical properties of the system.
Hence it can be a useful model to understand the underlying mechanics of the
system.
Though, there are many problems, ﬁrst there is the empirically ﬁtted potential and forces. The ﬁtting will never be as good as the exact quantum
mechanical potential. There will always be compromises when ﬁtting the parameters. One also has to decide what properties that are most important to
reproduce and which ones should be ﬁtted to. There is also the problem of
transferability, since the parameters are ﬁtted to experimental or ﬁrst principles data for a certain conditions. And whenever the potential is applied
for an other conditions is it not well known how well the model will represent
this new situation. This means that it is diﬃcult to know how accurate the
potential is in an unknown conﬁguration. And since the goal is to predict
properties of that are unknown, this is a severe limitation.
Since most potentials are based on pair interactions and triplet interactions, a parameterization of an alloy with a few elements will require a rapidly
increasing number of parameters, since parameters are needed for each kind
of diﬀerent interaction, a-a, a-b b-b, a-c c-b, c-c, and even worse in the case
of triplet interactions, with a-a-a, a-a-b, a-b-a, a-b-b, and so on. And with increasing number of elements the number of parameters grows very fast. This
makes the process of ﬁtting extremely time consuming. A problem is that
many parameters that are co-dependent and often without enough empirical
data to ﬁt to. Although parameters can often be ﬁtted to ab initio results,
that will require many expensive calculations.

2.4.1

Lennard Jones potential

There are very many classical potentials, here I will only mention a few that
I have worked with. The Lennard Jones potential 3



12
6

σ
σ
LJ
V
=
4ε
−
.
(2.15)
RIJ
RIJ
I<J

maybe the most famous one. It is a simple pair potential, and the basic start
for most molecular dynamics codes. The potential is best suited for noble
gases, very “simple” systems, although they can be very useful model systems
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in many cases. It has only two parameters ε which is the depth of the potential
well and σ the distance at which the pair potential is zero.

2.4.2

Embedded atom method

The embedded atom method 17,18,22 is designed to simulate metals. It is related to the second moment approximation to tight binding theory. It works
well for many pure metals like Cu, Ag, Au, Pt, although it can also be used
for alloys.
⎡ ⎛
⎞
⎤



1
⎣Fα ⎝
V EAM =
ρβ (RIJ )⎠ +
φαβ (RIJ )⎦
(2.16)
2
J=I

I

J=I

The ﬁrst term in the sum is the embedding energy Fα , representing the energy
for putting an atom, I, into the electron density, ρβ , of all the other atoms.
The second term is a repulsive pair-wise potential function.

2.4.3

Tersoﬀ potential

The Tersoﬀ potential 69,68,67 is a three-body potential made to simulate covalent materials, such as silicon, germanium and carbon and also alloys of
covalent materials for example silicon carbide. This is the potential that I
used in Paper I. The main idea is to scale the two-body potential with the
assumption: each extra bond an atom has decreases the strength of all bonds.
The Tersoﬀ potential is described in equation (2.17) to (2.24). The potential energy is taken as a sum of all pair interactions.
VT =

1
Vij ,
2

(2.17)

i=j

where Vij is a pair potential
Vij = fc (rij ) (fr (rij ) + bij fa (rij )) .
The function fc (rij ) is a smooth cutoﬀ function
⎧
⎪
⎪
⎨1,
 rij < Rij

rij −Rij
1
1
fc (rij ) = 2 + 2 cos Sij −Rij , Rij < rij < Sij
⎪
⎪
⎩0,
r >S
ij

(2.18)

(2.19)

ij

The other two functions fr and fa are the repulsive and the attractive part
of the potential.
fr (rij ) = Aij e−λij rij

fa (rij ) = −Bij e−μij rij

(2.20)

The parameter bij make the potentials a three body potential; it depends on
the positions of all the surrounding atoms. It aﬀects the pair potential in
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such a way that a large value of bij makes the bond stronger and a small
value makes it weaker. In a broad sense, a small value of bij corresponds to a
high bound count and vice versa.


ni −1/2ni
bij = χij 1 + βini ζji
The function ζij works as a kind of bond counter inside the cutoﬀ.

ζij =
fc (rik )g(θijk )exp[λ3ij (rij − rik )]

(2.21)

(2.22)

k=i,j

The counter is angle dependent, with the eﬀect that atoms at positions with
bond angles of about 125 degrees form stronger bonds. The function g is
deﬁned by
c2i
c2
(2.23)
g(θijk ) = 1 + i2 − 2
2.
di
di + (hi − cos θijk )
The alloy parameters can be constructed by the following arithmetic and
geometric means of the pure material parameters
λi + λj
 2
Bij = Bi Bj
λij =

μi + μj
 2
Rij = Ri Rj
μij =


Ai Aj

Sij = Si Sj .

Aij =

(2.24)

where A, B, λ, μ, β, n, c, d, h, R, S and χij are material speciﬁc parameters.

2.5

Ab initio molecular dynamics

Ab initio molecular dynamics have great advantages over classical molecular
dynamics. It is extremely accurate compared to classical molecular dynamics,
there is no need to ﬁt any parameters, all that has to be speciﬁed is the
atomic positions, the atomic number of the element, and everything else will
be derived from fundamental physical laws.
This method has been prohibitively expensive because the numerical equations are diﬃcult to solve, but thanks to some recent developments in theory
and the exponential growth of computer power many more interesting problems are now within reach.

2.5.1

Density Function Theory

In ab initio molecular dynamics there are no empirical potentials, hence the
time independent Schrödinger equation, Eq. 2.3, needs to be solved directly.
In the Schrödinger equations there are on the order of 1024 dependent variables for a real material, which makes it impossible to solve the equation
directly. And even with the symmetry of the crystal there are still several
100s of dependent variables in the wavefunction to solve. But it is known
that the independent one-electron wavefunction is a very good approximation
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in many cases. Hence a Slater-determinant of independent one-electron wavefunctions will often give a good approximation. Density Function Theory
(DFT) exploits this fact by substituting our system of dependent variables
(in a simple potential) with a system of independent variables (in a complicated potential), while hiding all the complicated many-body interactions in
an eﬀective potential.

2.5.2

Hohenberg-Kohn theorems

In 1964 Hohenberg and Kohn 35 made a quantum leap in the realization of a
practical solution to the Schrödinger equation. They were not the ﬁrst in the
ﬁeld, but perhaps made the most important contribution. They formulated
two theorems. The ﬁrst one state:
Theorem 1 For any system of interacting particles in an external potential,
Vext (r), the potential Vext (r) is determined uniquely, except for a constant, by
the ground state particle density n0 (r).
What this implies is that if the density of the system is known everything
about the system is known. Because if the density is known it corresponds
uniquely to a potential. And if the potential is known then the Hamiltonian of
the system is known, and in principle everything about the system is known.
Hence if we can ﬁnd the ground state density, everything there is to know is
known. The second theorem provides a way to do this:
Theorem 2 A universal functional for the energy E[n] in terms of the density
n(r) can be deﬁned, valid for any external potential Vext (r). For any particular
Vext (r), the exact ground state energy of the system is the global minimum
value of this functional, and the density n(r) that minimizes the functional is
the exact ground state density n0 (r).
This means that a scheme can be devised to ﬁnd the ground state energy and
the ground state density and in principle everything about the system.
From these theorems, following the notation of Martin, 46 the HohenbergKohn energy functional can be derived

EHK [n] = T [n] + Eint [n] + n(r)Vext (r)dr + EII
(2.25)

= FHK [n] + n(r)Vext (r)dr + EII
(2.26)
It consists of a kinetic energy part, an electron interaction part, an external
potential from the ions in the system, and the ion-ion interaction energy. The
ﬁrst two parts are universal and do not depend on the speciﬁc problem. But
still it is very diﬃcult to solve since it still a many-body problem.
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Kohn-Sham equations

The next step was taken by Kohn and Sham the following year when they
presented their ansatz, later known as the Kohn-Sham (KS) ansatz. 39 Brieﬂy,
it states that there is a system of non-interaction particles corresponding to the
system with interacting particles that has the same ground state density. This
means that instead of solving a system of interacting particles in a “simple”
external potential we can try to solve a system of independent particles in
a “complex” eﬀective potential instead. All the many-body interactions in
the system are reduced to an eﬀective potential, hence the electrons will only
interact through the eﬀective potential.
From this ansatz we can derive a set of one-particle Schrödinger like equations, called the Kohn-Sham equations

1
− ∇2 + Veﬀ (r) φi (r) = i φi (r)
(2.27)
2
with the eﬀective potential calculated as

n(r )
δExc [n(r)]
Veﬀ = Vext +
dr +
|r − r |
δn(r)

(2.28)

the right hand side of equation 2.28 contains the external potential, the
electron-density interaction, and the last term called the exchange-correlation.
Now the density is just a sum over the one-particle wavefunctions.
n(r) =

N


|φi (r)|2 .

(2.29)

i=1

Following this we can derive a new energy functional

EKS [n] = Ts [n] + drVext (r)n(r) + EHartree [n] + Exc [n] + EII
1
φi |∇2 |φi 
2 i=1

n(r)n(r )
1
drdr
,
EHartree [n] =
2
|r − r |

(2.30)

N

Ts [n] = −

(2.31)
(2.32)

with the kinetic energy of independent electrons Ts , the external potential,
the Hartree term, the exchange-correlation, and ion-ion interactions. The
kinetic energy is calculated exactly for the non–interacting particles. The
Hartree term is the classical self-interaction of the charge density. Finally we
have the exchange–correlation term, for which we don’t know any functional
form. It can be important to note here that since the independent particle
kinetic energy term and the long-range Hartree term is calculated explicitly,
the remaining part is in many cases mostly local. This feature will be exploited
in the next section.
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Exchange-correlation functionals

Up to this point we have just reformulated the problem in an exact way. Here
we are forced to ﬁnd approximations to the many-body problem. The simplest
way to do this is the local density approximation. 39

LDA
Exc
[n] = drεhom
(2.33)
xc ([n], r)n(r).
It estimates the exchange–correlation to that of a homogenous election gas
with the same density. Since the homogenous election gas is, relatively speaking, a simpler problem it can be solve for diﬀerent values of the density using
for example quantum Monte Carlo techniques. These solutions are then used
for the real system mapping the density at each point to the density in the
electron gas. This will give a very good approximation in many cases. The
theory can also be extend, the most famous one being the Generalized gradient approximation, 55 where not only the local density is considered but also
the local gradient

GGA
[n] = drεGGA
([n, ∇n], r)n(r).
(2.34)
Exc
xc

2.5.5

Self-consistent solution

To ﬁnd the ground state density in practice an iterative method is used, as
illustrated in Fig. 2.2. The ﬁrst step is to generate an initial density n0 (r),
this can be done by, for instance, simply adding single atom densities. From
this density an eﬀective potential Veﬀ (r) is constructed. Now the Kohn-Sham
equation can be solved, giving rise to a new set of wavefunctions. This will
then be summed up to construct a new density ñk+1 (r). Then comparing
the input density nk (r) with the output density ñk+1 (r) the convergence is
checked. If they diﬀer by more then some small , a new input density nk+1 (r)
is constructed by mixing the output density ñk+1 (r) with previous densities.
By choosing how to do this mixing in a good way 13 the convergence will be
as eﬀective as possible. Directly using the output density as input density
will result in very slow and oscillating convergence if any. When the output
density ñk+1 (r) is found to be suﬃciently close to the input density nk (r), the
calculation has converged, and the total energy, EKS [n(r)], forces, etc., can
be calculated.

2.5.6

Basis set and Bloch’s theorem

When solving the Kohn-Sham equations 2.27, the wavefunctions needs to
be expanded in a basis set. For applications to periodic crystals it is very
convenient to expand them in plane waves. Considering a large volume Ω
with periodic boundary conditions. The wavefunctions φi can be expanded
as

1
ci,q √ eiq·r
φi (r) =
(2.35)
Ω
q
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Start

Guess initial density
n0 (r)

Construct effective potential

n(r )
δExc [n(r)]
Veﬀ (r) = Vext (r) +
dr +
|r − r |
δn(r)



Solve Kohn-Sham equations

1
− ∇2 + Veﬀ (r) φi (r) = εi φi (r)
2

Mix new density
nk+1 (r) = mix(ñk+1 (r), nk (r))

Calculate new density
N

ñk+1 (r) =
|φi (r)|2
i=1

|ñk+1 (r) − nk (r)| < 

No

Yes
End

Figure 2.2: Flowchart illustrating the basic steps in the Kohn-Sham selfconsistency loop.

In the same way we can expand the eﬀective potential, Veﬀ (r), it will of course
have the same period as the unit cell from deﬁnition, hence we can write
Veﬀ (r) =



1
Veﬀ (Gm ) √ eiGm ·r .
Ω
Gm

(2.36)

By multiplying the Kohn-Sham equations 2.27 from the left with e−iq·r and
integrating over the whole volume Ω, the problem can be written as a matrix
equation

Hm,m (k)ci,m (k) = i (k)ci,m (k)
(2.37)
m

where q = k+Gm is divided in two parts: k a wavevector in the ﬁrst Brillouin
zone and Gm a reciprocal lattice vector. The matrix element Hm,m (k) is
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simple

1
|k + Gm |2 δm,m + Veﬀ (Gm − Gm ).
(2.38)
2
This equations are a “simple” linear algebra problem and much more suitable
for computers. Its non-trivial solutions can be found from the secular equation
Hm,m (k) =

|H − 1¯
| = 0

(2.39)

for which there are many eﬃcient numerical methods.
The eigenfunction to equation 2.37 can be separated in two terms
φi,k (r) =


m

1
1
ci,m (k) √ ei(k+Gm )·r = eik·r √
ui,k (r).
N
Ω
cell

(2.40)

The last part of equation 2.40 is
ui,k (r) = √

1 
ci,m (k)eiGm ·r
Ωcell m

(2.41)

where Ωcell Ncell = Ω. Since Gm is a reciprocal lattice vector it follows that
ui,k (r) has the periodicity of the lattice. This is what Bloch’s theorem 7 states.

2.5.7

Hellman-Feynman Theorem

In general the force on atom I can be written as
FI = −

∂E
,
∂RI

(2.42)

where E = φ| He |φ + EII . The force can be written as
     
  
 

 
 ∂H 
 
∂E
 φ − ∂φ  H  φ − φ  H  ∂φ − ∂EII .
= − φ 
FI = −
  ∂R
∂R
∂RI 
∂R  
∂R
(2.43)
Since the at the exact ground state the energy is at an extreme point with
respect to any variation in the wavefunctions, the second and third terms will
vanish:
 
 
 ∂H 
 φ − ∂EII .

FI = − φ 
(2.44)
∂R 
∂R
This is often called the Hellmann-Feynman theorem 19,32 or the force theorem.
Further it is possible to show that FI only depends in the electron density
and the positions of the nuclei

∂Vext (r) ∂EII
.
(2.45)
−
FI = − drn(r)
∂RI
∂R
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Pseudo-potentials

One of the main problems with the use of plane waves as a basis set is that in
the core region of the atom the potential well is deep, and since all the oneparticle wavefunctions have to be orthogonal, the solutions will be rapidly
oscillating functions. This means that for the plane wave expansion of the
wavefunctions to work, the basis set has to be very large. Usually one deﬁnes
an energy cut oﬀ,
1
Ecut = |k + Gmax |2
(2.46)
2
so to describe a smaller feature in real space, Gmax has to be increased in
reciprocal space and hence the energy cut of. This leads to more terms in the
Kohn-Sham matrix equation 2.37 and seriously limits the size of systems that
can be solved.
One solution to this problem is to use pseudo-potentials and especially the
projector augmented waves (PAW) method. 10 The basic idea is that since the
core region of the atom is usually not involved in the bonding of the speciﬁc
material it can be pre-calculated and replaced with a smooth part making the
plane-wave expansions much more eﬀective.
Following the derivation of Rostgaard, 60 we apply a linear operator, T̂ ,
to the smooth auxiliary wavefunctions φ̃n to get the complex single electron
Kohn-Sham wavefunctions φn
 
(2.47)
|φn  = T̂ φ̃n .
This means that we can transform the Kohn-Sham equations to be expressed
in the smooth auxiliary wavefunctions
T̂ † Ĥ T̂ |φn  = i T̂ † T̂ |φn 

(2.48)

which now can be solved using a much smaller basis set. Since the wavefunctions already are smooth in the interstitial region in between the atoms the
transformation, T̂ , can be deﬁned as
T̂ = 1 +

N


T̂ a ,

(2.49)

a=1

where T̂ a has no eﬀect outside a speciﬁc atom centered augmentation region.
Inside the augmentation region the true and auxiliary
  wavefunctions are expanded in corresponding partial waves ϕai | and ϕ˜ai . Then is can be shown
that the atomic centered transformation can written as

Tˆa = 1 +
(ϕai | − ϕ̃ai |) p̃ai |
(2.50)
i

 
where p˜ai  are projector functions. To summarize, the full wavefunction can
be written as

  
φn (r) = φ̃n (r) +
(2.51)
(ϕan (r) − ϕ̃2n (r)) p̃ai  φ˜n .
a

i
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φn (r)

=

-

φ̃n (r)

N


φ̃an (r − Ra )

+

a=1

=
All electron wave
functions, ”complicated”

Smooth pseudo wave
functions, core regions
replaced, ”simple”

N


φan (r − Ra )

a=1

+
Smooth onsite pseudo
wave functions

All electron onsite
wave functions

Figure 2.3: Schematic view of the diﬀerent terms in the PAW method

As a convince we can deﬁne the one center expansions

  
ϕan (r) p̃ai  φ˜n
φan (r) =
i

φ̃an (r) =



  
ϕ̃an (r) p̃ai  φ˜n .

(2.52)
(2.53)

i

In this notations the transformation can be visualized as in ﬁgure 2.3.

2.5.9

Solving the Kohn-Sham equations

The Kohn-Sham secular equation (2.37) can of course be solved directly using
standard linear algebra diagonalization. For large systems this will be slow
and a substantial bottleneck in the solution of the Kohn-Sham equations,
especially for system with very large basis sets, like in the case of plane waves,
even with the use of pseudo-potentials.
Instead of the direct diagonalization of the problem, an iterative solution
method can be used. A direct diagonalization scales as Ne Nb2 where Ne is
the number of eigenstates in the system and Nb is the size of the basis set.
Iterative method can scale as Ne2 Nb which can be a very large diﬀerence when
Nb
Ne . And in the case of structural relaxations or molecular dynamics
one can often ﬁnd a good initial guess from the previous steps, reducing the
computational demand even more.

2.6

Post-processing and visualization

A large part of the work when doing molecular dynamics simulations actually
comes after the ﬁnished simulation. During the simulation a, often large
amount, of data is generated, instantaneous energies, temperatures, pressures,
stresses, and of course an even larger amount of positions, velocities and
forces. In many cases one will also have to run molecular dynamics simulations
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over a range of diﬀerent parameters, for example, temperatures, volumes, and
diﬀerent structures.
For example, in ﬁgure 2.4 the atomic probability density of face-centered
cubic (FCC) Mo is visualized.

Figure 2.4: Atomic probability density of Mo as a function of temperature.
The data visualized is a histogram of the x-y projections of the atomic displacements in face-centered cubic Mo. One can see a clear transition as the
temperature increases, from dynamical unstable Mo at low temperatures to
the dynamically stable Mo at high temperatures.
FCC Mo is dynamically unstable at low temperatures, this is indicated
in the ﬁst subplot of ﬁgure 2.4, where we see that the atomic distribution is
asymmetric. As the temperature increases we can see how the distribution
becomes more and more symmetric, indicating that the dynamics now are
stable.
As a matter of fact, scientiﬁc visualization is important for all types of
molecular simulations. For example, in Paper 7 I carried out the visualization
and analysis of the energy surface of TiN and disordered TiAlN. The surface
diﬀusion of adatoms on TiN and TiAlN surfaces is important in the understanding of growth process when depositing thin ﬁlms. To better understand
the surface diﬀusion the binding energy of an Al and a N atom were calculated for every point on a grid of the surface. From these energies I was able
to build the energy surface and calculated all the minimum energy sites, and
from that all the diﬀusion barriers across the surface. The energy barriers
where then used in kinetic Monte Carlo simulations to determine the adatom
mobility on the diﬀerent surfaces.
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Problem areas

In the following chapters four diﬀerent problem areas in connection with
molecular dynamics are presented and addressed.
Conﬁgurational phases space. First we address the issue of ﬁnding the
conﬁgurational ground state in a grain boundary. Since the space of
possible conﬁgurations is so large, one has to use clever methods to
try to ﬁnd it. Here a method suggested by von Alfthan et al. 72 is
implemented and applied to diamond grain boundaries.
Time reversible integration. In chapter 4 we look at the problem of total
energy drift in ab initio molecular dynamics. It happens that in an attempt to signiﬁcantly speed up the MD, one also introduce a systematic
energy drift in the system. Here I describe a method that removes the
energy drift while maintaining the gained performance.
The paramagnetic state. Using molecular dynamics we present a way to
treat both the lattice vibrations and magnetic excitations in a paramagnetic material
Temperature dependent elastic constants. The temperature dependence of elastic constants is of great importance in the continuum
modeling of materials. Using ab initio molecular dynamics these
properties are now within reach of our computer calculations. Here I
calculate the elastic constants for TiN.

Chapter

Grain boundary structure
For any crystalline material the microstructure is important for the mechanical properties, e.g. hardness. The hardest material is diamond. Natural
diamonds are often single-crystals, but synthetic diamonds may be multigrain. One important part of the microstructure in a polycrystalline material
is how the grains are connected to each other, or in other words, the grain
boundary structure. In general it is very diﬃcult to calculate how two grains
are connected to each other. There are many diﬀerent parameters that can
vary: The orientation of the involved grains with respect to each other, the
size of the grains, all the diﬀerent ways the atoms can form bonds between
each other. This problem was studied in Paper I.
Diamond, with its many fascinating properties, has always been a interesting material, especially during the last decades when the technology to
produce artiﬁcial diamonds became available. Thus, in the last few years, it
has been made possible to produce materials with very small diamond crystals (nanocrystalline diamonds), with particles in the order of a few nm 28 . In
such polycrystalline aggregates, the amount of substance located in between
the crystallites, i.e. in the grain boundary (GB), becomes considerably larger
and important for the properties of the material. Diamond grain boundaries
have therefore been studied in a large variety of ways, both experimentally 28
and theoretically 38,77,63 . In particular, a determination of GB structure has
attracted substantial attention, and the role of computer simulations in solving this problem is currently well-recognized. One type of grain boundaries
which have been studied extensively are the so-called twist GB. They are generally high energy GB and are seen as representative of many of the GB in
nanocrystalline diamond. Simulations have shown GB structures which have
a very high amount of sp2 bonded atoms, up to 80 % 38 . The boundaries often show high structural order at the expense of coordination disorder. The
widths of these boundaries are very narrow, usually of the size of one or two
lattice constants 38 .
The problem of ﬁnding the structure of a GB is in general very hard, both
since the conﬁgurational phase space is very large for an arbitrary GB and the
limitations in time and space that computational methods gives rise to. Most
23
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attempts to ﬁnd the ground state structure of a twist boundary are based on
creating a supercell representing the GB, subjecting it to simulated annealing
at high temperature and thereafter cooling it down to zero temperature 38,77 .
Von Alfthan et al. 72 introduced a new method where the procedure for creating the initial conﬁguration was modiﬁed to vary the number of atoms in
the GB, resulting in signiﬁcantly diﬀerent GB conﬁgurations and lower GB
energies, compared to previous simulations when applied to grain boundaries
in silicon. Here I apply this method for the study of grain boundaries in
diamond.

3.1

Special grain boundaries

To consider all possible grain boundary structures would be diﬃcult. Fortunately there are a few classes of special grain boundaries that are especially
well suited for simulation. In this work we will focus on the twist boundaries.
We use them as a model system for a more general boundary. A twist boundary consists of a rectangular slabs of atoms cut in the middle and rotated
around an axis perpendicular to the cut with respect to the other, as can be
seen in the Fig 3.1. A requirement for doing molecular dynamics simulations
of the twist boundary is that both slabs of atoms are commensurate with the
simulation cell. This means that only a subset of possible angles of rotation
are available. One can enumerate these possible rotation angles and their respective grain boundaries. This is done using the Σ K notation where the K
represents how many times larger the unit cell has become. The smallest GB
in the (001) direction is called Σ 5 and has a unit cell that is ﬁve times larger
than the ordinary diamond unit cell, with an angle of rotation of 36.87◦ .

3.2

Phase space spanning

To ﬁnd the ground state you would have to, in principle, consider all possible
atomic conﬁgurations and select the one with the lowest total energy. We call
this space of possible atomic conﬁgurations the conﬁgurational phase space.To
ﬁnd the best possible conﬁguration we want to search as large part of this
space as possible. If we focus on the special case of the Σ 5 boundary there
are several aspects to consider, how large will the new GB unit cell be, it
can of course consist of several Σ 5 unit cells, how far apart will the two
slabs be. We address this by using a simulation cell that is larger then the
smallest possible commensurate cell. In this case we use a simulation cell that
consists of 2 by 2 commensurate cells. But in principle this could be very
large to include all the possible relaxations. The distance between the slabs is
allowed to adjust freely, solving the problem with ﬁnding the right distance.
This means that the supercell will have two free surfaces since we can’t have
periodic boundary conditions perpendicular to the GB. This means that we
will have to make sure that we have a suﬃcient amount of layers in each slab
to ensure that the free surface, and the GB does not interact.

3.3. VARYING THE NUMBER OF ATOMS IN GB

25

Figure 3.1: The initial conﬁguration of the Σ 5 twisted grain boundary supercell before simulated annealing. I should be noted the upper and lower
part of the slab have diﬀerent orientation. They have been rotated 36.87◦ in
relation to each around an axis orthogonal to the GB. When removing atoms
from the GB, a random selection of ΔN yellow atoms is removed.

3.3

Varying the number of atoms in GB

Even though we take all of these issues into account, von Alfthan et.al. 72
suggested that the phase space search would still be severely limited. This
is due to the fact that when we generate the two opposite GB surfaces we
determine beforehand how many atoms there should be in the GB. In principle
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atoms should be able to diﬀuse through the bulk layers and out to the free
surfaces in case that it would be energetically favorable although this is an
extremely slow process from the point of view of a MD calculation. This will
in principle never happen during our simulated annealing calculations. Thus,
to alleviate this problem we will generate many diﬀerent initial supercell with
a certain number, ΔN , of atoms in the layer closes to the GB removed as
shown in ﬁgure 3.1. Given, for example, a Σ 5 GB one can see by symmetry
that if 10 atoms are removed from the layer closes to the GB and the slab is
shifted a small bit we will end up in the same conﬁguration as we started. We
will never have to remove more then 9 atoms. But there are of course many
diﬀerent ways to remove ΔN atoms from the layer, so we generate a random
sample of 20 diﬀerent setups for each ΔN .

3.4

Simulated annealing
4000

Simulation temperature
Quench samples

Temperature K

3000
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Figure 3.2: Temperature evolution during the simulated annealing, the vertical arrows symbolize quenches to 0K done throughout the cooling period.
Simulated annealing is then done by ﬁrst quickly heating the GB region
to around the melting temperature while the temperature of the surrounding
bulk is kept low. The system is maintained in this state for some time, 1ns,
to erase as much of the memory of the initial state as is possible. Then we
start cooling the system slowly, during this cooling the current conﬁguration
is saved at a regular intervals. These are then later quenched to 0K, by
minimizing all the forces in the system, using the Fire 9 algorithm. This
will result in a number of diﬀerent candidate structures and from these we
select the one with the lowest total energy. A typical temperature proﬁle of a
simulation can be seen in Fig. 3.2. Figure 3.3 plots the energy of the diﬀerent
quenched structures. It is clear that after about 2/3 of the simulation a
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Figure 3.3: Energy the the quenched structures as a function of annealing
time.

plateau is reach and the simulation will not yield any structures that are
lower in energy.

3.5

Simulation details

These calculations require detailed control during the simulation run. Especially the temperature needs to be controlled in a precise way independently
in diﬀerent regions in the simulations cell. I have implemented the diﬀerent
methods in an in house MD code called MDSinecura. 64 This also gives the
possibility to do all the quenches inline in the simulation. All simulations are
performed using the well-known Tersoﬀ potential. 69 This interaction potential
is well suited for simulation of covalently bonded materials such as Si and C,
as it can reproduce the features of both sp2 and sp3 bonded atoms 72,73,38,74 .

3.6

Resulting structures

The lowest grain boundary energies found for each ΔN are shown in Table
3.1. The smallest energy is found for the case of ΔN = 1. It is approximately
20% lower than the energy for the conﬁguration with ΔN = 0, which is the
most often used conﬁguration in previous MD simulations. We also note
that the GB with ΔN = 9 has substantially lower energy compared to the
ΔN = 0 case. Watanabe et al. 74 reported on the calculation of the thermal
conductivity in diamond GB and did not ﬁnd any structures with lower energy
when using Alfthens et al. method 72 for the Σ21 GB. However we clearly see
the importance of this new technique in the case of Σ5 GB.
In Fig 3.5 the resulting lowest energy GB with ΔN =1 is shown, and for
comparison the lowest energy structure with ΔN =0 is shown in Fig. 3.4.
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Figure 3.4: Top and side view of the lowest energy structure for ΔN =0, the
green bonds comes from sp3 bonded atoms and the yellow from sp2 bonded
atoms. The colors on the atoms correspond to energy Vi =
j Vij in the
Tersoﬀ potential, green atoms have low energy, blue, yellow, and red atoms
have increasingly higher energy.
Table 3.1: The minimal grain boundary energy, EGB , (J/m2 ) found for all
diﬀerent numbers of removed atoms ΔN . ΔV is the GB volume increase per
unit area as a fraction of the lattice constant.
ΔN
ΔV (%)
EGB

0
16
4.96

1
16
3.93

2
21
4.75

3
22
5.00

4
38
5.13

5
18
5.38

6
23
5.09

7
31
4.93

8
27
5.69

9
48
4.35

Fig. 3.4 and 3.5 gives a further analysis the resulting GB structures. We
can see that the ΔN =1 structure is more ordered then the ΔN =0 case. All
the sp2 -bonded atoms are in a narrower area in the ΔN =1 case and almost
all of them is used in the bonding across the GB which consist of only sp2
bonded atom pairs forming bonds that are almost completely perpendicular
to the GB surface.
In Figure 3.7, the ﬁnal distribution and total number of sp2 and
sp3 bonded atoms in the GB are shown. As it can be observed in Figure
3.7, in the central region of the Σ5 (2x2) ΔN = 1 GB, more than 85 % of the
atoms are sp2 bonded, in total 48 out of 56 atoms in the central 3 monolayers.

3.6. RESULTING STRUCTURES
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Cumulative number of atoms

Figure 3.5: Top and side view of the lowest energy structure for ΔN =1. Using
the same colors as in Fig. 3.4. The structure is clearly more ordered then in
the the case of ΔN = 1 in Fig. 3.4
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Figure 3.6: View of the distribution of sp2 and sp3 bonds in the GB for ΔN =0

The GB width measured between the two fully sp3 bonded monolayers closest
to the GB, would only be slightly wider than the perfect crystal, about 1.12a0 .
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Figure 3.7: View of the distribution of sp2 and sp3 bonds in the GB for ΔN =1

The very step-like features of the left side of Figure 3.7 also reveal a quite ordered structure, compared to the smooth features of the corresponding Figure
3.6.
In Table 3.1 we also present the excess volume of the GB compared to
bulk diamond per unit area of the GB as a fraction of the lattice constant,
ΔV = (VGB − V ∗ NGB )/(AGB ∗ a) where VGB is the volume of the GB region,
V is the bulk volume per atom, NGB is the total number of atoms within VGB ,
AGB is the area of the GB and a is the bulk lattice constant. From this we
see that, as expected, the diamond with equilibrium GB should be less dense.
However, we note that the lowest energy GB ΔN =1 is as dense as the ΔN =0
case, despite the fact that it has one atom less. This demonstrates that bonds
are optimized in such away as to compensate for the atom removal.
In summary, a new conﬁguration of Σ5 GB in diamond with one atom
removed from the boundary, is found to have energy approximately 20% lower
than that for the standard conﬁguration used in calculations. This lowest
energy conﬁguration is narrow, has higher degree of order, and predominantly
sp2 bonding between the atoms in the GB.

Chapter

Extended Lagrangian
Born-Oppenheimer MD
The main limiting factor for all BOMD is the speed of the calculation. Despite
all the developments in theoretical treatment and computational power the
applicability of the simulations are still severely limited by the computational
resources. As we saw in section 2.5.5 we use an iterative solution to the
Kohn-Sham equations. How fast that solution converges is of course highly
dependent on how good the initial guess density, n0 (r), is. In molecular
dynamics we can often create quite a good guess from a linear combination
of previous time steps
n0 (t) =

M


cm n(t − mδt).

(4.1)

m=1

This will often reduce the number of necessary iterations by an order of magnitude and hence speed up the simulations drastically. Although, as will
be shown below, this comes at the cost of systematic energy drift. In this
chapter I present a solution to this problem in terms of an extended Lagrangian formulation of Born-Oppenheimer molecular dynamics. The similar
expression “extended Lagrangian ab initio molecular dynamics” often refers
to Car-Parrinello molecular dynamics (CPMD). 14 This should not be confused with the extended Lagrangian Born-Oppenheimer molecular dynamics
method discussed here. In many ways our new method combines some of the
best features of regular BOMD and CPMD, while avoiding their most serious shortcomings. 48 Our method maintains the small cost per time step from
CPMD through good guesses, while the systematic energy drift of BOMD is
avoided. It keeps the long time steps of BOMD since there are no electron
dynamics to consider. The approximations that are made are well deﬁned as
in BOMD. There are no free parameters to set as in CPMD, and the method
work equally well both for metals and insulators. Finally it should be noted
that all molecular dynamics simulations are built on the NVE ensemble. Even
though a simulation might use for example an NVT ensemble, if the underly31
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ing NVE ensemble is not correct, there is no guarantee that the NVT ensemble
will be correct. Therefore energy conservation is not only important in the
NVE ensemble but in all ensembles.

4.1

Energy drift

Let us consider a linear combination of previous time steps. For simplicity,
let us look at a second order extrapolation
nsc (t + δt) = SCF [2nsc (t) − nsc (t − δt)]

(4.2)

where SCF[·] represents the Kohn-Sham self-consistency loop. It is easy to
see that the propagation of the density is not done in a time reversible way.
If we change δt to −δt we will not arrive at an equation of the same form
since the iterative SCF solution is not linear. This will be true for any linear
combination, unless the SCF solution is exact which will never happen in
practice. This means that we have broken the time-reversal symmetry of the
underlaying equations of motion, and hence we will no longer have the total
energy as a constant of motion in the system. This will led to a systematic
long term energy drift in the system.

Total energy drift meVf.u.
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Figure 4.1: Total energy ﬂuctuations of 2x2x2 primitive unit cells of B1 TiN
as a function of time. Simulated in the Vienna Ab-Initio Simulation Package 43,41,42 using the projector augmented wave method. 10 A time step of 0.5
fs and an energy cutoﬀ of 0.1 meV were used.
The standard way to solve this is to decrease the time step and increase
the convergence criteria for the SCF solution. But this will reduce the gained
eﬃciency that was the point to start with.
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In extended Lagrangian BOMD 51,50,65 (XL-BOMD) the dynamical variables
of the BO Lagrangian are extended with an auxiliary density ρ evolving in an
harmonic oscillator centered around the self-consistent ground state density
nsc ,

1
2
LXBO (R, Ṙ, ρ, ρ̇) = LBO (R, Ṙ) + μ ρ̇(r) dr
2

1 2
2
− μω
(4.3)
(nsc (r) − ρ(r)) dr.
2
Here μ is a ﬁctitious electron mass parameter and ω is a frequency or curvature parameter for the harmonic potentials. Applying the Euler-Lagrange
equations to the extended Lagrangian in Eq. 4.3 gives

∂UDFT
μω 2 ∂
Mi R̈i = −
−
(4.4)
(nsc (r) − ρ(r))2 dr,
∂Ri
2 ∂Ri


μρ̈(t) = μω 2 nsc (t) − ρ(t) .

(4.5)

In the limit when μ → 0 we get
∂UDFT [R; nsc ]
,
∂Ri

(4.6)



ρ̈(t) = ω 2 nsc (t) − ρ(t) .

(4.7)

Mi R̈i = −

Thus, in the limit of vanishing ﬁctitious mass parameter, μ, we recover the
regular BO equations of motion in Eq. 4.6, with the total BO energy as a
constant of motion. Equation 4.7 determines the dynamics of our auxiliary
density ρ(t). Since μ is set to zero, the only remaining undetermined parameter is the frequency or curvature ω of the extended harmonic potentials. As
will be shown below, ω occurs in the integration of Eq. 4.7 only as a dimensionless factor δt2 ω 2 and therefore aﬀects the dynamics in the same way as
the ﬁnite integration time step δt.
Since the auxiliary density ρ(t) is a dynamical variable, it can be integrated
by, for example, the time-reversible Verlet algorithm. 70 Moreover, since the
auxiliary density evolves in a harmonic well centered around the ground state
solution, ρ(t) will stay close nsc . By maximizing the curvature ω 2 of the
harmonic extensions we can minimize their separation. Using the auxiliary
dynamical variable ρ(t) in the initial guess to the SCF optimization,
nsc (t) = SCF [ρ(t); R] ,

(4.8)

therefore provides an eﬃcient SCF procedure that can be used within a timereversible framework. The nuclear forces will then be calculated with an underlying electronic degrees of freedom with the correct physical time-reversal
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symmetry. This is in contrast to conventional BOMD, where the SCF optimization is given from an irreversible propagation of the underlying electronic
degrees of freedom as in Eq. 4.2. Hence the system will be propagating reversibly and should not suﬀer from any systematic drift in the total energy
and phase space.

4.3

Wavefunction extended Lagrangian BOMD

In section 2.5.9 I discussed solving the Kohn-Shan matrix equation using an
iterative procedure instead of the direct diagonalization. As a consequence
of this there is also a need for a good initial guess to the wavefunctions, or
the more correctly, to the wavefunction coeﬃcients. This means that in the
case of molecular dynamics simulations based on plane waves, we also want to
supply a good guess for the wavefunctions in the next time step, not only for
the density. Here we will run into the same problem once more, but we can
apply a similar scheme. In Paper III I extend our Lagrangian with a set of
auxiliary wavefunctions Φ = {φnk } evolving in harmonic oscillators centered
around the self-consistent ground state wavefunctions Ψsc (t),

μ
LWXBO (R, Ṙ, ρ, ρ̇, Φ, Φ̇) = LXBO +
|φ̇nk |2 dr
2
nk
2 
μω
sc
−
− φnk |2 dr.
(4.9)
|ψnk
2
nk

Applying the same logic as before we will get an additional set of equations
for the auxiliary wavefunctions


(4.10)
Φ̈(t) = ω 2 Ψsc (t) − Φ(t)
with the same properties as the density. Hence we can use both the auxiliary
density ρ and the auxiliary wavefunctions as initial guesses to the iterative
Kohn-Sham loop
{nsc (t), Ψsc (t)} = SCF [ρ(t), Φ(t); R] .

4.4

(4.11)

Integration of equations of motion

Since ρ and Φ are dynamical variables just as R, they can be integrated in
the same way. For example with the Verlet algorithm of some other timereversible or symplectic algorithm. In this work I only consider the simple
Verlet method. Hence, for both the auxiliary density and wavefunction we
can write
Φ(t + δt) =2Φ(t) − Φ(t − δt) + δt2 Φ̈(t)
ρ(t + δt) =2ρ(t) − ρ(t − δt) + δt2 ρ̈(t),

(4.12)
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where δt is the molecular dynamics time step. By applying the equations of
motions 4.7,4.10 we get


Φ(t + δt) =2Φ(t) − Φ(t − δt) + δt2 ω 2 Ψsc (t) − Φ(t)
(4.13)
 sc

2 2
ρ(t + δt) =2ρ(t) − ρ(t − δt) + δt ω n (t) − ρ(t) .
(4.14)
Here we can clearly see that if we substitute δt with −δt we still have exactly
the same equation. Hence we have a time reversible system and the constants
of motion will be conserved.

4.5

Phase alignment

Unfortunately the integration for the wavefunctions will not work very well.
This can easily be understood if we consider the last part of equation 4.13




(4.15)
δt2 ω 2 Ψsc (t) − Φ(t) = δt2 ω 2 SCF [Φ(t)] − Φ(t) .
Remember that the wavefunction is a complex function and that it is invariant
to unitary rotations in the phase space. The phase of SCF [Φ(t)] and Φ(t) can
therefore be completely diﬀerent, because the Kohn-Sham self-consistancy
will not preserve the phase of Φ(t). Only by deﬁning the phase of Ψsc is the
integration in equation 4.13 continuos.
We can solve this problem by applying unitary transform U which rotates
sc
Ψ (t) such that the deviation from Φ(t) is minimized in the Frobenius norm,
i.e.
U = arg min
||Ψsc (t)U  − Φ(t)||F .
(4.16)

U

U can be calculated from U = (OO† )−1/2 O where O = Ψsc |Φ is the overlap
matrix between Ψsc (t) and Φ(t) 6,40,25 . Since the rotation is only applied to
Ψsc (t) and not to previous auxiliary wavefunctions, the reversibility is not
aﬀected. The redeﬁned Verlet integration for the wavefunctions is


Φ(t + δt) = 2Φ(t) − Φ(t − δt) + δt2 ω 2 Ψsc (t)U − Φ(t) .
(4.17)

4.6

Stability and noise dissipation

A problem that appears in a system that has perfect time reversibility is
that errors tend to accumulate since the system does not have the ability to
forget anything. And since we always have numerical errors, and often not a
complete convergence in practical implementations, this will eventually lead
to instabilities in the propagation. How soon will depend on the magnitude
of the errors. In many cases we do not want to spend the necessary time
to minimize these errors, since they may be on acceptable levels from other
points of view. We would like to remove these errors from the propagation in
a controlled manner.
One possible way to do this is to add a few extra terms in the Verlet
integration in such a way as to dissipate the errors as much as possible while
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still only breaking the time reversal symmetry as little as possible. If we
consider such an approach we can write the integration as


Φ(t + δt) = 2Φ(t) − Φ(t − δt) + δt2 ω 2 Ψsc (t)U − Φ(t)
+α

K


cm Φ(t
m=0
 sc
2 2

− mδt).

(4.18)


ρ(t + δt) = 2ρ(t) − ρ(t − δt) + δt ω n (t) − ρ(t)
+α

K


cm ρ(t − mδt).

(4.19)

m=0

The stability of the Verlet integration in Eqs. 4.18, 4.19, under the condition
of an approximate and incomplete SCF convergence, can be analyzed from the
roots λ of the characteristic equation of the homogeneous (steady state) part
of the Verlet scheme, in the same way as for the density matrix in Paper II.
Assume a linearization of an approximate SCF optimization, Eq. 4.11, around
the hypothetical exact solution Ψ∗ and n∗ , where
nsc =SCF[ρ] ≈ n∗ + Γ SCF (ρ − n∗ )
Ψsc =SCF[Φ] ≈ Ψ∗ + Γ SCF (Φ − Ψ∗ ).

(4.20)

Let γ be the largest eigenvalue of the SCF response kernel ΓSCF . Inserting
Eq. 4.20 in the Verlet scheme, Eqs. 4.18,4.19, with ΓSCF replaced by γ, for the
homogeneous steady state solution, for which Ψ∗ ≡ 0, gives the characteristic
equation
λn+1 = 2λn − λn−1 + κ(γ − 1)λn + α

K


cm λn−m .

(4.21)

m=0

Here κ = δt2 ω 2 is a dimensionless constant and γ ∈ [−1, 1] is proportional to
the amount of convergence in the SCF optimization. As long as the initial
guess Φ(t) is brought closer to the ground state solution by the SCF procedure, |γ| will be smaller than 1. If the characteristic roots have a magnitude
|λ|max > 1, the integration is unstable (even if the accuracy is good), whereas
it is stable if |λ|max ≤ 1 (even if the optimization is approximate). For
|λ|max < 1 the accumulation of numerical noise will be suppressed through
dissipation. 26 The coeﬃcients κ = δt2 ω 2 , α and cm are optimize under a set
of conditions. First the coeﬃcients cm are chosen in such a way that as many
odd terms in δt are zero as possible. Then we require that all characteristic roots have a magnitude smaller
! 1 then one. Finally we try to maximize
the dissipation by minimizing −1 |λ|max dγ. This will also keep κ as large
as possible, hence the curvature ω 2 of the extended harmonic wells will be
maximized, which keeps the auxiliary wavefunctions Φ(t) as close as possible
to the ground state solutions Ψsc (t) 53 .
Our optimized values of α and κ and the cm coeﬃcients can be found
table 4.1. The dissipation decreases with increasing K, and correspondingly
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Table 4.1: Optimized coeﬃcients for the Verlet integration scheme with the
external dissipative force term in equation 4.18.
K
0
3
4
5
6
7
8
9

δt2 ω 2
2.00
1.69
1.75
1.82
1.84
1.86
1.88
1.89

α×10−3
0
150
57
18
5.5
1.6
0.44
0.12

c0

c1

c2

c3

c4

c5

c6

c7

c8

c9

-2
-3
-6
-14
-36
-99
-286

3
6
14
36
99
286
858

0
-2
-8
-27
-88
-286
-936

-1
-2
-3
-2
11
78
168

1
4
12
32
78
168

-1
-6
-25
-90
-300

1
8
42
184

-1
-10
-63

1
12

-1

the energy stability increases with increasing K. For the applications in this
chapter K = 5 has been found to be a good balance between error dissipation
and energy stability, which also has been conﬁrmed in independent studies. 78
Three diﬀerent examples of dissipation as a function of SCF convergence as
measured by |λ|max and |γ| are shown in Fig. 4.2.

Dissipation Λ max

1.2
1.0
0.8
0.6
BOMD, 2nd order integration
XLBOMD, Α0
XLBOMD, Α0

0.4
0.2
0.0

1.0

0.5

0.0

0.5

1.0

SCF convergence Γ
Figure 4.2: Stability and dissipation for 2nd order regular BOMD 6,40 and
XL-BOMD, Eq. 4.18. The stability region of the regular BOMD is limited to
γ ∈ [−0.14, 0.50] hence demanding a higher degree of SCF convergence, even
if the accuracy in each step is high. In contrast, XL-BOMD is stable in the
entire region of SCF convergence, γ ∈ [−1, 1].

4.7

Application to TiN

A supercell with 2x2x2 primitive TiN unit cells was simulated for a total of
10,000 steps with an ionic temperature starting around 500 K and a time step
of 0.5 fs, using the Vienna Ab-Initio Simulation Package (VASP), 43,41,42 with
the projector augmented wave (PAW) method. 10 The regular BOMD inte-
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Figure 4.3: Fluctuations in the total energy, ΔE, as a function of time for
2x2x2 primitive TiN unit cells and an integration time step of 0.5 fs. The
same SCF convergence criterion was used, δE = 0.5 meV The regular BOMD
simulation shows signiﬁcant systematic energy drift.

gration scheme was based on a 2nd-order extrapolation of the wavefunctions
from three previous time steps 6,40 and the XL-BOMD scheme used K = 5
for the dissipation. Both methods used the velocity Verlet integration for
the nuclear degrees of freedom and were run with the same SCF energy convergence criterion, δE = 0.1 meV, resulting in about 4.6 SCF iterations per
time step for the conventional method and 3.6 for XL-BOMD method. Each
SCF cycle includes one single construction and solution of the Hamiltonian
eigenvalue problem. For matrix diagonalization we chose the iterative RMMDIIS 76,57 method. As SCF convergence accelerating algorithm we used the
Pulay scheme. 57 A plane-wave energy cutoﬀ of 500 eV and a grid of 2x2x2
k-points was used and the exchange-correlation energy was given by the local
density approximation. 15
The ﬂuctuations in the total energy can be seen in Fig. 4.3. For regular
BOMD we see a systematic drift in the total energy of the order of 25 meV/ps.
In comparison, XL-BOMD shows no drift and the magnitude of the energy
ﬂuctuations due to the local truncation errors, occurring because of the ﬁnite
time steps and the approximate SCF convergence, is the same. The resulting
shift in temperature is quite dramatic as can be seen in Fig. 4.4. During the
simulation the temperature doubles from the initial 500K to over 1000K 10 ps
later for the regular BOMD. For the XL-BOMD temperature is stable at 500K
through the entire simulation as expected from the conserved total energy.
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Figure 4.4: Temperature drift for TiN in conventional BOMD and XL-BOMD,
thick lines represent a running average of the temperature. The conventional
BOMD shows a dramatic drift, doubling the temperature during the simulation.

Chapter

Disordered local moments
molecular dynamics
Chromium nitride is a material which combines practical and industrial relevance as a component in protective coatings 71,58 with fascinating fundamental
physical phenomena. The latter include a phase transition with a magnetically driven lattice distortion 20 between an antiferromagnetic orthorhombic
low temperature phase and a paramagnetic cubic high temperature phase 16 .
The importance of strong electron correlations, as well as the necessity to
model the paramagnetic state using ﬁnite disordered local moments have been
recently shown 34,5 . Important issues, such as the impact of the phase transition on the compressibility of the material 59,4 are still subjects of an intense
discussion.
The core problem of obtaining a complete understanding of these phenomena and properties on the most fundamental level of physics arises from
the diﬃculty of simulating the paramagnetic high-temperature phase from
ﬁrst principles. I present a practical scheme for calculating thermodynamic
properties, in particular the equation of state, of a paramagnetic material at
elevated temperature merging ab initio molecular dynamics and the disordered local moments model (DLM). This DLM-MD technique is then applied
to investigate the inﬂuence of temperature and pressure on the compressibility
of CrN. I show that the change of the bulk modulus of CrN upon the pressure
induced phase transition is minimal, strengthening conclusions from earlier
static calculations 4,5 which questioned its reported collapse 59 .

5.1

Modeling the paramagnetic state

Within our approach we describe the paramagnetic state of a system within
the disordered local moment picture. In this approach, local moments exist
at each magnetic site of a system (in our case, at Cr sites in CrN) and are
commonly thought to ﬂuctuate fairly independently. Thoughtful discussions
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of the DLM model can be found in papers by Gyorﬀy et al. 29 , Hubbard 36 ,37
and Hasegawa 30 ,31 .
The CPA is applicable for the description of a substitutionally disordered
system with atoms at the sites of an ideal underlying crystal lattice 61 , and
therefore cannot be used for treatment of lattice dynamics at ﬁnite temperatures. In a previous work Alling et al. 5 , took one step towards the simultaneous modeling of magnetic and vibrational ﬁnite temperature eﬀects by suggesting two alternative supercell implementations of the DLM calculations. In
the ﬁrst, a speciﬁc collinear distributions of up and down magnetic moments
arranged to minimize the spin correlation functions were used, in line with
the special quasirandom structure (SQS) 79 methodology. In the second, a
magnetic sampling method (MSM) was proposed. In the MSM, the energies
of a number of randomly generated magnetic distributions were calculated
and their running average was taken as the potential energy of the paramagnetic sample. In the work by Alling et al. 5 it was shown that for CrN MSM
calculations are converged already for 40 diﬀerent magnetic distributions, and
the two approaches, the SQS and MSM give almost identical results.
The SQS approach makes use of the fact that in a static picture with all
atoms ﬁxed on ideal lattice points, the description of a spatial disorder between
the local moment orientations is a good approximation to model the energetics
of the combined space and time ﬂuctuations of magnetic moments in a real
paramagnet. Unfortunately, if the vibrations of atoms are to be included,
one needs to go beyond the ﬁxed magnetic state described by the SQS. The
reason is that if a magnetic state is ﬁxed in time one would see artiﬁcial static
displacements of atoms oﬀ their lattice sites due to forces between the atoms
with diﬀerent orientations of their local moments and with diﬀerent local
magnetic environments. In the CrN case those are likely to be quite large
due to the magnetic stress discussed in the work by Filippetti and Hill 20 . In
a real paramagnet, due to the time ﬂuctuations of the local moments, this
eﬀects should be at least partially averaged out and suppressed depending on
the time scales of the spin ﬂuctuations and atomic motions.
The MSM could in principle be used to obtain the adiabatic approximation
where the magnetic ﬂuctuations are considered to be instantaneous on the
time scales of atomic motions. This approximation would be obtained if the
forces acting on each atom were averaged over a suﬃcient number of diﬀerent
magnetic samples during each time step of a molecular dynamics simulation.
The obvious drawback in this approach is that a large number of calculations
needs to be run in parallel leading to an increase, a factor 40 in our case, in
computational demands. However, the MSM gives us a very good starting
point for the implementation of the DLM picture in a MD framework.

5.2

Disordered local moment molecular dynamics

In this I introduce a method for molecular dynamics simulations of paramagnetic materials within the traditional ab-initio molecular dynamics frame-
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Figure 5.1: Schematic ﬁgure describing the spin ﬂipping process in DLM-MD.
First Δtsf /Δt time steps of conventional MD then all the spins are ﬂipped
randomly but maintaining zero net magnetization, then the process repeats.
The ﬁgure show an example with CrN and a spin ﬂip time Δtsf = 10 fs.

work. Starting from the DLM idea of a spatial disorder of local moments, I
also change the magnetic state periodically and in a stochastic manner during
our MD simulation. In this way I deal with a magnetic state that does not
show order either on the length scales of our supercell, or time scale of our
simulation. We make an approximation that the magnetic state of the system
is completely randomly rearranged with a time step given by a spin ﬂip time
(Δtsf ), and with a constraint that the net magnetization of the system should
be zero. Hence to simulate a paramagnetic system with a spin ﬂip time Δtsf ,
as illustrated in ﬁgure 5.1, I initialize the calculations by setting up a supercell
where collinear local moments are randomly oriented and the total moment
of the supercell is zero, and run collinear spin-polarized molecular dynamics
for the number of time steps (ΔtM D ) corresponding to the spin ﬂip time, that
is for Δtsf /ΔtM D time steps. Thereafter the spin state is randomized again,
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while the lattice positions and velocities are unchanged, and the simulation
run continues.
In the work by Gyorﬀy et al. 29 the magnetic degree of freedom was related
to an inverse spin-wave frequency tsw ∼ 1/ωsw ∼ 100 fs, which represents
the dominating magnetic excitation at low temperatures. However, in the
paramagnetic state at high temperatures the relevant magnetic excitations
are associated with spin-ﬂips rather than with spin waves. Thus the relevant
time scale is better characterized by the spin decoherence time Δtdc rather
than by the inverse spin-wave frequency. The latter was estimated to be of
the order 20-50 fs in bcc Fe above TC 33 . For CrN, with a TN around room
temperature and probably with weaker exchange interactions, we expect that
tdc could be somewhat larger.
However, our procedure makes it possible to model a paramagnetic system
for any particular time scale of the spin dynamics. In fact one can span
the whole range between the two adiabatic approximations: from the frozen
magnetic structure to magnetic conﬁgurations that rearrange instantaneously
on the time scales of each atomic motion during the MD run. Of course, the
appropriate value of this parameter needs to be found with real spin dynamics
calculations or taken from experiments. In this work, I study a range of
diﬀerent spin ﬂip times and their consequences for the obtained structural
and thermodynamic properties of CrN.

5.3
5.3.1

Examination of CrN
Potential energy and temperature

From the DLM-MD calculations I extract the potential energies of CrN. As
can be seen in ﬁgure. 5.2, the potential energy of the system is well conserved.
To investigate the inﬂuence of the spin ﬂip time, the average potential energy
of CrN is calculated for several Δtsf . In Fig. 5.3 these potential energies
are collected and shown relative to the potential energy of the calculations
with shortest Δtsf , 5 fs. There is a clear shift in potential energy of about
10 meV from the simulations with the shortest spin ﬂip times of 5 fs to the
longest of 100 fs. This can be compared with the total energy reduction due
to static relaxations of 15 meV that is found when using the SQS approach
treating the magnetic state as frozen in time. Of course, the energy scale
should be material speciﬁc. I suggest, as a quick test of the importance to
consider this eﬀect, a calculation of relaxation energies of a paramagnetic
system using the SQS approach 5 with a ﬁxed magnetic state through the
relaxation. The obtained relaxation energy should correspond to an upper
limit on the potential energy dependence on Δtsf .

5.3.2

Pair distance distribution

In order to analyze the diﬀerence between the proposed DLM-MD simulations and magneto-static MD in more details, an investigation of the local
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Figure 5.2: Potential energy of cubic paramagnetic CrN as a function of
simulation time calculated at 300 K using DLM-MD method. Shown are the
results obtained with a spin ﬂip time of 10 fs and 100 fs, as well as with a
static magnetic state. Results for conventional AIMD simulations carried out
for CrN in the orthorhombic antiferromagnetic ground state are also shown
for comparison. The potential energy is stable and well converged as can be
seen by the included running averages.
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Figure 5.3: Potential energy shift for paramagnetic CrN as a function of the
spin ﬂip time Δtsf . The shortest spin ﬂip time of 5 fs is taken as reference.

environment of the diﬀerent atoms is carried out, especially the Cr - Cr metal
nearest neighbor distances. In ﬁgure 5.4 histograms are shown of all the Cr Cr nearest neighbor distances. These are also separated into ↑↑, ↓↓ and ↑↓, ↓↑
pairs. Hence I can see the eﬀect of the magnetic state on the distribution
of pair distances. In the top panel of ﬁgure 5.4 the Δtsf is very short, 5 fs,
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Figure 5.4: Histogram of the Cr - Cr nearest neighbor distances for Cr atoms
with parallel (solid line) and antiparallel (dashed line) orientations of local
magnetic moments obtained from DLM-MD simulation for the cubic paramagnetic phase at 300 K and 1000K, for spin ﬂip times, Δtsf , of 5, 10, 50,
and 100 fs. The ﬁfth row is for a static spin conﬁguration, and the last row
simulates the orthorhombic antiferromagnetic phase of CrN calculated with
conventional AIMD for comparison.

hence the atoms do not have time to adjust their positions for the current
orientation of local magnetic moments and we do not see any diﬀerence in
distances between the ↑↑, ↓↓ and the ↑↓, ↓↑ pairs. First in the third panel of
ﬁgure 5.4, with Δtsf = 50 fs, there are any noticeable diﬀerence between the
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↑↑, ↓↓ and the ↑↓, ↓↑ pairs. In the fourth panel, the spin ﬂip time is increased
to 100 fs and now the atoms have had suﬃcient time to move towards the
energetically preferential positions. Consequently, a shift in pair distances between ↑↑, ↓↓ and the ↑↓, ↓↑ is evident. In fact the splitting between ↑↑, ↓↓ and
the ↑↓, ↓↑ pairs are very similar as those in panel ﬁve where the orientation
of local moments is kept constants during the whole MD run. Hence, 100
fs between the re-arrangement of magnetic conﬁgurations is long enough for
the atomic nuclei to adjust considerably their positions in the supercell to the
given magnetic conﬁguration.
In the bottom panel of ﬁgure 5.4, the pair distances are shown for the
low temperature antiferromagnetic orthorhombic ground state for comparison.
Here the ↑↑, ↓↓ and ↑↓, ↓↑ pairs of magnetic moments are arranged in an
ordered way, see e.g. Fig. 4 in the paper by Alling et al. 5 , that allows for
maximal relaxation of atomic coordinates in combination with a structural
relaxation of the unit cell, giving rise to a large separation between the two
diﬀerent kinds of pairs.
A possibility of statistical correlations between the atomic distances and
the orientation of atomic moments also in a dynamically changing paramagnetic phase is indeed an intriguing thought experiment. Although we cannot
rule out its existence from principal considerations, to the best of our knowledge it has never been reported in experiments. However, I note that our two
main approximations in the present DLM-MD, the usage of collinear moments
and the temporarily broken ergodicity of the DLM approach, are likely to introduce inaccuracies that exaggerate those local spin-lattice correlations when
a slow spin dynamics is modeled. Therefore, when the here suggested method
is used, a smaller value of Δtsf , corresponding to the absence of diﬀerences
in distances between atoms with parallel and antiparallel local moments, like
in the top two panels of ﬁgure 5.4, should be recommended.

5.3.3

Equation of state

The goal with this work is to study the equation of states, and in particular
the bulk modulus of paramagnetic CrN which has recently been discussed in
the literature. 59,4
Using the DLM-MD approach I am able to calculate volume as a function
of temperature and pressure for both the paramagnetic cubic and the antiferromagnetic orthorhombic phases. In the former case I also investigate if
there is an impact of the value of the spin ﬂip time parameter on the equation
of state. Thus I am able to investigate how both the dynamical change of
magnetic conﬁgurations in the paramagnetic state and the lattice vibrations,
neglected in previous theoretical works but of course present in the experiments, impact on the compressibility. Figure 5.5 shows the calculated volume
as a function of pressure for the two phases at 300 K and compare them to the
experimental measurements by Rivadulla et al. 59 . One sees very good agreement between theoretical and experimental equations of state. In particular
the relative shift in volumes between the two phases is reproduced within the
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Figure 5.5: Volume as a function of pressure for the cubic and orthorhombic
phase from MD simulations at 300 K. The equation of state for the cubic
phase is calculated using a spin ﬂip time of 10 fs. The calculated volumes are
normalized with the calculated equilibrium volume, (17.42 Å3 ), of the cubic
phase, and the experimental points 59 with the measured equilibrium volume,
(17.84 Å3 ), of the cubic phase.
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Figure 5.6: The dependence on spin ﬂip time for the calculated equation of
state. The volumes are normalized in accordance with ﬁgure 5.5

measured error bars. The calculated slope of the orthorhombic phase agrees
well with the measured values for this phase where the measurement is done
over a large pressure range. Figure 5.6 shows the inﬂuence of the spin ﬂip time
on the volume versus pressure curves in paramagnetic cubic CrN. A change in
Δtsf introduces a small shift of the volumes, but does not inﬂuence the slope
of the curves.

Chapter

Temperature dependent elastic
constants
The hardness of a material is an important property for technological applications, but it is also a diﬃcult property to quantify theoretically. It depends
on a large set of underlaying material properties, starting with the elastic
constants of the single crystal, if restrict our self to crystalline materials, the
polycrystalline elastic moduli, the microstructure, the grain boundary structure, crack propagation, and many more. Here I will discuss the ﬁrst and most
basic properties, the single crystal elastic constants and how their temperature
dependence can be calculated.

6.1

Elastic constants

The fundamental measure of homogenous
⎛
11 12
 = ⎝ 12 22
13 23

strain is the matrix 21
⎞
13
23 ⎠ .
33

(6.1)

If the strain moves a point r to a new point r + u then the stain elements are
deﬁned by

1 ∂uα
∂uβ
+
.
(6.2)
αβ =
2 ∂xβ
∂xα
The strain can then be expressed in the same form of a symmetric matrix, for
a small strain we can write the stress using Hooke’s law as

σαβ =
Cαβγδ γδ ,
(6.3)
γδ

where the tensor Cαβγδ deﬁnes the elastic constants. In general it will have
81 diﬀerent elements, but from symmetry it can always be reduced to at most
21, and for many crystal structures even fewer. For example, a crystal with
cubic symmetry will only have 3 independent elastic constants.
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Since there only are 21 independent elements, a very convenient transformation can be made call the Voigt notation, we can remove two of the indices
and write equation 6.3 in a much simpler form

σi =
Cij j .
(6.4)
j

The new σi and i are deﬁned as follows
⎞ ⎛
⎛
11
1 5 5
⎝ 4 2 4 ⎠ = ⎝ 212
5 4 3
213
and

⎛

σ1
⎝ σ4
σ5

σ5
σ2
σ4

⎞ ⎛
σ11
σ5
σ4 ⎠ = ⎝ σ12
σ3
σ13

212
22
223

⎞
213
223 ⎠
33

(6.5)

σ12
σ22
σ23

⎞
σ13
σ23 ⎠
σ33

(6.6)

In this notation we can write the strain-stress relations as a matrix equation.
For example, in a cubic system we get
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

σ1
σ2
σ3
σ4
σ5
σ6

⎞

⎛

⎟ ⎜
⎟ ⎜
⎟ ⎜
⎟=⎜
⎟ ⎜
⎟ ⎜
⎠ ⎝

c11
c12
c12
0
0
0

c12
c11
c12
0
0
0

c12
c12
c11
0
0
0

0
0
0
c44
0
0

0
0
0
0
c44
0

0
0
0
0
0
c44

⎞⎛
⎟⎜
⎟⎜
⎟⎜
⎟⎜
⎟⎜
⎟⎜
⎠⎝

1
2
3
4
5
6

⎞
⎟
⎟
⎟
⎟.
⎟
⎟
⎠

(6.7)

where we consider the strain and stress matrices as vector with six elements
instead of matrices.

6.2

Calculation of temperature dependent elastic
constants

Here I only describe how I calculate the temperature dependent elastic constants, how to calculate elastic constants at 0K has been well covered elsewhere, see for example the book by Finnis 21 . To extract the elastic constants
at ﬁnite temperature I use the strain-stress relation explicitly, instead of using
the total energies, which is often done at 0K
I start by applying a known strain matrix to the system, in this work I
have used the non volume conserving matrix
⎛
⎞
1 + η η2 0
 = ⎝ η2
(6.8)
1 0 ⎠
0
0 1
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by inserting in equation 6.7, for a cubic material, the following equations can
be derived
dσ1
= C11
dη
dσ2
= C12
dη
dσ6
= C44 .
dη

(6.9)
(6.10)
(6.11)

This means that all I have to do is to calculate the stress for a few values of
η and then evaluate the derivative to extract the elastic constants.
To capture the temperature dependence, I have to run molecular dynamics
simulations for several temperatures, and since the stress tensor will ﬂuctuate
during the simulation, I have to run the simulations long enough to establish
a well converged value for the stress tensor.

6.3

Parallel molecular dynamics simulations

In order to establish a well converged value for the stresses the total number
of molecular dynamics time steps are not the most important criteria, but
rather the total number of uncorrelated time steps. Since two adjacent time
steps from a molecular dynamics simulation will be highly correlated the actual number of time steps with signiﬁcant information will be much less then
the total number of time steps. One way two increase the number of uncorrelated time steps is to run several molecular dynamics simulations in parallel
from diﬀerent starting conﬁgurations. This will sample the phase space more
evenly and generate an increased number of signiﬁcant time steps. The drawback will be that often the ﬁrst part of each the simulation will be dedicated
equilibrating the system to the desired temperature. Hence this will create a
large overhead and waste simulation time in comparison to running one serial
calculation. Although if one can initialize the system in a good enough way
to decrease the need for equilibrating the system this drawback would not be
a problem.
Following the method by West and Estreicher 75 supercells can be prepared with very good accuracy, eliminating most of the need to equilibrate
the system. To generate the thermal excitations, the interatomic force constant matrix is calculated. Then the normal mode canonical transformation,
that diagonalizes the classical harmonic Hamiltonian, is obtained from the
dynamical matrix. We arrive at a set of 3Na normal modes with corresponding eigenvalues ωk2 and eigenvectors k from the dynamical matrix, that can
be used to express the position uj and momentum u̇j of each atom
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uj =

3N
a

jk ck ei(ωk t+δk )

(6.12)

ijk ck ωk ei(ωk t+δk ) .

(6.13)

k=1

u̇j =

3N
a
k=1

where δk are chosen randomly to give an equal distribution between kinetic
and potential energy. The amplitudes ck should be chosen so that the
velocity
components are normally distributed with a standard deviation of kb T /m,
and each mode k should contain on average kB T /2 of the internal energy.
By choosing the following expression, with χ uniformly distributed between
0 < χ < 1 these conditions are fulﬁlled
$
2kB T 
1
ck =
− ln χ.
(6.14)
ωk
mi
This eﬀectively eliminates the need of a long equilibrium period in the beginning of each molecular dynamics simulation, making the process of running
molecular dynamics simulations embarrassingly 24 parallel.

6.4

Application to TiN

I have applied this method to TiN using the Vienna Ab-Initio Simulation Package (VASP), 43,41,42 using the projector augmented wave (PAW)
method. 10 The simulation cell consists of 4 × 4 × 4 primitive TiN unit cells
in total 64 Ti and 64 N atoms. The electronic exchange-correlation eﬀects
are modeled using the generalized gradient approximation. 55 The plane wave
cut-oﬀ is increased from 400 to 500 eV to reduce the errors in the stresses.
The Brillouin zone was sampled using the Monkhorst-Pack scheme ? with a
grid of 2 × 2 × 2 k points. All the simulations use a canonical ensemble (NVT)
to maintain the desired temperature. The standard Nosé thermostat 52 as
implemented in VASP is used with the default Nosé mass set by VASP.
First I calculate the equations of state. A grid of molecular dynamics
simulations over temperature and volume is setup, as can be seen by the gray
dots in ﬁgure 6.1. Then the total energies for each temperature are ﬁtted
to the Birch-Murnaghan equation of state 8,49 , and the equilibrium lattice
constants are extracted, as can be seen in ﬁgure 6.1. At each temperature a
set of deformations,  with η ∈ {−0.02, −0.01, 0.00, 0.01, 0.02}, are applied to
the supercell. For each such deformation a set of parallel molecular dynamics
are simulated according to the method in section 6.3. The resulting stresses
for 300K can be seen in ﬁgure 6.2. Then a second order polynomial is ﬁtted
to these points. The result of the ﬁttings can be seen as dashed lines in ﬁgure
6.2. The variation of the stresses during the molecular dynamics simulations
can be seen as the vertical spread of the points at each temperature. The
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Figure 6.1: Temperature dependence of the lattice constant for B1 TiN, calculated using AIMD.
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Figure 6.2: The stress-strain relationship for B1 TiN at 300K. The points
correspond to the instantaneous stresses from a large set of time steps. The
variation of the stresses during the molecular dynamics simulation can be
seen from the spread of the points at each temperature. The dashed lines are
second order polynomial ﬁts to these points.

convergence of the ﬁttings have been investigated by selecting subparts of the
simulation data and ﬁtting to then individually.
The ﬁnal step is to calculate the derivative of the strain-stress curves, in
accordance with equation 6.9, to ﬁnd the values of the elastic constants. The
results are drawn as a function of temperature in ﬁgure 6.3. I should not here
that equation 6.9 considers external stress, but the stresses plotted in ﬁgure

TEMPERATURE DEPENDENT ELASTIC CONSTANTS

C44 GPa C12 GPa C11 GPa

54

600 
550
500
135 
130
125
120
160 
155
150
145
140
0








Static
Molecular dynamics



















500

1000

1500

Temperature K
Figure 6.3: Temperature dependence of B1 TiN single-crystal elastic constants. Circles are static calculations at T = 0, squares are AIMD calculations.

6.2 are internal stresses from VASP, therefore there will be a diﬀerence in the
sign of the derivatives. One sees from ﬁgure 6.3 that the elastic constants calculated by means of AIMD at room temperature are in good agreement with
the corresponding zero temperature values obtained in conventional static
calculations. The later, in their own turn, agree well with earlier ab initio
calculations of single-crystal elastic constants of TiN, summarized by 56 .
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