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Sammanfattning

Intresset för cellvariation har de senaste åren ökat i en stadig takt. Flertalet stu-
dier har visat att en stor andel av den observerade variationen i naturen härstam-
mar från det faktum att biokemiska reaktioner är stokastiska. Evolutionen har
bidragit till utveckling av avancerade ramverk som kan producera de precisa sig-
naleringsvägarna som finns hos de allra flesta celler, även med effekterna från de
bakomliggande stokastiska reaktionerna högst närvarande.

I det här examensarbetet har transporthastigheter hos den encelliga organismen
Saccharomyces cerevisia studerats. Dessa har undersökts genom matematisk mo-
dellering och därefter följts upp med en variationsstudie. Det visar sig att en two-
compartment modell är fullt tillräcklig för att kunna beskriva flödet av ett gult
fluorescerande protein (YFP) mellan cytosolen och cellkärnan. En profile likeli-
hood analys (PLH) visar att parametrarna i two-compartment modellen är full-
ständigt identifierbara och väldefinerade under använd experimentell YFP-data.
Variationsstudien visade att fördelningen av transportparametrarna av YFP hos
de 80 undersökta cellerna är lognormal. Dessutom visar det sig, i motsats till vad
man tidigare trodde, att det inte finns någon signifikant skillnad i transporthas-
tigheter av YFP mellan nydelade mor-dotterceller. Modelleringen har gjorts med
både standard two-stage (STS) och nonlinear mixed effect model (NONMEM).

En metodologisk jämförelse mellan STS och NONMEM presenteras. Idag är STS
den konventionella metoden vid studier av cellvariation, men i det här examens-
arbetet visas det att NONMEM, som är utvecklat för läkemedelsutveckling, fun-
gerar i vissa fall precis lika bra, och i andra fall bättre än STS, vid studier av
cellvariation.

Slutligen ges det ett förslag på ett nytt sätt att bedriva cellvariationsstudier. Det
föreslagna sättet utgörs av en kombination av STS, NONMEM och PLH. Denna
kombination visar sig vara speciellt lämplig om tillgänglig data innehåller för
lite information. Under sådana förhållanden kan en kombination av dessa tre
metoder minska osäkerheten vid parameterestimeringen av variationen hos en
cellpopulation.
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Abstract

The interest for cell-to-cell variation has in recent years increased in a steady pace.
Several studies have shown that a large portion of the observed variation in the
nature originates from the fact that all biochemical reactions are in some respect
stochastic. Interestingly, nature has evolved highly advanced frameworks special-
ized in dealing with stochasticity in order to still be able to produce the delicate
signalling pathways that are present in even very simple single-cell organisms.

Such a simple organism is Saccharomyces cerevisiae, which is the organism that
has been studied in this thesis. More particulary, the distribution of the trans-
port rate in S. cerevisiae has been studied by a mathematical modelling approach.
It is shown that a two-compartment model can adequately describe the flow of
a yellow fluorescent protein (YFP) between the cytosol and the nucleus. A pro-
file likelihood (PLH) analysis shows that the parameters in the two-compartment
model are identifiable and well-defined under the experimental data of YFP. Fur-
thermore, the result from this model shows that the distribution of the transport
rates in the 80 studied cells is lognormal. Also, in contradiction to prior beliefs,
no significant difference between recently divided mother and daughter cells in
terms of transport rates of YFP is to be seen. The modelling is performed by using
both standard two-stage (STS) and nonlinear mixed effect model (NONMEM).

A methodological comparison between the two very different mathematical STS
and NONMEM is also presented. STS is today the conventional approach in stud-
ies of cell-to-cell variation. However, in this thesis it is shown that NONMEM,
which has originally been developed for population pharmacokinetic/ pharma-
codynamic (PK/PD) studies, is at least as good, or in some cases even a better
approach than STS in studies of cell-to-cell variation.

Finally, a new approach in studies of cell-to-cell variation is suggested that in-
volves a combination of STS, NONMEM and PLH. In particular, it is shown that
this combination of different methods would be especially useful if the data is
sparse. By applying this combination of methods, the uncertainty in the estima-
tion of the variability could be greatly reduced.
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1
Introduction

The field of biology today is more exciting than ever due to the rapid advance-
ments in technology. Recently developed, sofisticated measurement techniques
result in better data from biological experiments, both in terms of quality and
quantity. In order to benefit from these experimental improvements in an opti-
mal manner, the analyzing tools must be at least on the same level of sofistication
as the measuring tools. This is where systems biology comes into the picture.

Systems biology is a relatively new field, which can be used as a tool to interpret
large amounts of experimental data. The approach includes mathematical mod-
elling of the biological system of interest. Using mathematical modelling rather
than just logical reasoning as an approach to understand a biological system, has
several benefits, e.g. that mathematical modelling makes it possible to gain bio-
logical insights that otherwise would be impossible to reach by simple reasoning.

The biological diversity in nature is overwhelming. Although every organism is
based upon the same framework, DNA, evolution has resulted in an enormous
amount of different organisms. With a biochemical background it is easy to un-
derstand why organisms with different genomes differ from each other. However,
it is less clear how single-cell organisms with identical genome can be different
from each other. This is one of the many questions that the research field of cell-
to-cell variation tries to answer. The study of cell-to-cell variation is important
for several reasons. One of these reasons regards the understanding of cell differ-
entiation, which in turn includes cancer and stem-cell research for instance.

The purpose of this thesis is two-fold. Firstly, the cell-to-cell variation of the
single cell organism Saccharomyces Cerevisiae will be studied using a systems
biology approach. Secondly, a comparison between two very different mathemat-
ical modelling approaches will be made. These approaches are called standard
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2 1 Introduction

two-stage (STS) and nonlinear mixed effect models (NONMEM).

This introduction will include a short overview of cell-to-cell variation, systems
biology, STS, NONMEM, S. Cerevisiae, the mathematical model used in this the-
sis, previous work, and end up with the objectives and the outline of the thesis.

1.1 Cell-to-cell variation

The first article that considered cell-to-cell variation was published in 1945 [Del-
brück, 1945]. The article discusses the distribution of burst size of cells after
being infected by a virus. Since then, the intensity of research on cell-to-cell
variation has gradually increased.

Today, it is well known that even cells with identical genome display cell-specific
differences in terms of proteins synthesis. To understand such differences, one
must consider the biological system on a molecular level. In Shahrezaei and
Swain [2008], they argue that all cellular behavior is stochastic, since they arise
from random intermolecular collisions, which in turn leads to stochastic biochem-
ical reactions. In general, the output from a system that only consists of stochastic
entities will be heavily dependent on the number of entities in the system. The
output from a system with a large number of stochastic entities will have a rel-
ativity low variation. However, in a system with a low number of entities, such
as protein synthesis where transcription factors are about ten, and gene copies
one or two [Ramanathan and Swain, 2005], the output will have a much higher
variation. This is the general explanation why even cells with identical genome
can differ from each other. Also, DNA-methylation and other post-translation
modifications contribute to cell-specific differences.

In Shahrezaei and Swain [2008], it is also argued that the stochastic nature of
the cellular environment has a profound effect on the evolution of cells. It is be-
lieved that the nature of the stochasticity affects the design of new intracellular
biochemical networks. Consider a cellular membrane receptor with the task to
monitor the extracellular matrix in order for the cell to give a proper response.
Because of the stochastic extracellular environment, the output signal from such
a receptor is fluctuating. In order for the cell to interpret the fluctuating receptor
signal correctly, a biochemical framework which would be able to process the real
information hidden in the noise of the signal is needed. There are several exam-
ples in nature where evolution has lead to development of such highly advanced
processing systems. A biological implementation of Baye’s rule can be seen in
Libby et al. [1977] and a biological Kalman filter can be seen in Andrews et al.
[2006].

In Colman-Lerner et al. [2005], a possible compensatory mechanism in the mat-
ing pheremone response pathway in yeast has been discovered. This mechanism
seems to be implemented as a negatively correlated relationship between differ-
ent parts of the mating pheremone response pathway. The mechanism might
function as a way of minimizing the stochastic nature of the output from the mat-
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ing pheremone response pathway. Many biological systems are fairly delicate in
terms of preciseness of input and output between different subsystems. Because
of this, it is safe to assume that there still remains many undiscovered mecha-
nisms derived from evolution that handles stochasticity.

It is important to remember that an average cell does not exist. This is especially
important to keep in mind when mapping out intracellular signalling pathways.
These pathways are often highly interrelated and show a high level of complexity.
By assuming that these pathways function in exactly the same manner in all cells,
which is what essentially is being done while working on an average cell, the risk
of drawing faulty conclusions increases. The mapping of these highly interre-
lated signalling pathways cannot be done without a systems biology approach.

1.2 Systems biology

Systems biology is a discipline that is based upon a close collaboration between
different fields such as biology, computer science, and mathematics. Up until
recently, research in biology and mathematics has evolved independently of each
other. But starting from when the first computers were introduced, the two fields
have slowly and gradually merged. It is only in recent years that this merging
has reached a level which is used in systems biology. In the beginning of the
merging, the use of computers as a mathematical tool in biology was very limited.
The recent rapid increase in computation capacity has lead to computers being
a central part in most research areas. However, even though mathematics and
computer science is increasingly getting incorporated in biological reseach, the
spread of the combination of these fields could still be extended.

The traditional approach in biological research is still mainly made up by di-
rect logical reasoning around data from biological experiments. Although this
approach does lead to biological insights, it has several drawbacks. Most impor-
tantly, the true properties of a system can rarely be unraveled by simply studying
the isolated constituents. The reason for this is because the biological relevance
comes from the output from interactions between simultaneous biochemical re-
actions. Even within a system with only a few constituents, the interactions be-
tween them will have a high level of complexity. In such common cases, simple
reasoning will just not suffice in the search for truly biological understanding.

Systems biology should be considered as a complement to the traditional biolog-
ical approach and supplies a methodological framework in which biological in-
sights can be obtained. The approach includes translating all of the constituents
in a biological system to a mathematical model that can be interpreted mechanis-
tically. By doing so, the interactions in a system can be studied simultaneously.
Such studies with the traditional approach can only be done with fairly simple
biological systems. By using both mathematical modelling and biological experi-
ments, new insights can be made; some of these could not have been obtained by
only applying the traditional reasoning-based approach.
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Mathematical modelling as an approach to understanding biological systems has
two major advantages. The first one concerns the ability to test different hypothe-
ses of the mechanistics in a biological system. Different hypotheses can be tested
by formulating corresponding mathematical models. If such a model fails to
describe data from a biological system, the hypothesis, which the mathemati-
cal model represents, is rejected. Rejection of a hypothesis is a much stronger
statement than finding a hypothesis that cannot be rejected. This is because the
proposed hypothesis of the mechanistics in the biological system might be the
correct one, but there are most probably other hypotheses that also can describe
the experimental data equally well.

The second advantage concerns predictions that can be made from a mathemat-
ical model. If it is impossible to reject a hypothesis, the aim is to find unique
properties in the mathematical model that can be tested experimentally. This
means that a mathematical model can be used to develop optimal experimental
designs in order to get as much information as possible from the studied biologi-
cal system.

1.3 Population pharmacokinetics/pharmacodynamics

Population pharmacokinetics (PK) analysis refers to the study of how the body
takes care of an administrated drug in terms of absorption, metabolism and elim-
ination. Population pharmacodynamics (PD) analysis is the study of the effect
that a drug inflicts in the body such as changes in heart rate. In the process of
drug development, a combination of both these analyses, known as population
PK/PD analysis, is essential [Yuh et al., 1994]. In a PK/PD analysis, the aim is
to describe mean, variance and covariance of PK/PD parameters in a population.
There are several ways of performing a PK/PD analysis.

The following two sections will include descriptions of the two methods that are
compared in this thesis: the STS approach and the NONMEM approach. The STS
approach is the most common one in studies of cell-to-cell variation, wheareas
NONMEM has to my knowledge never before been used in cell-to-cell variation
studies.

1.3.1 Standard two-stage approach

General description

STS performs a PK/PD analysis in two steps [Jonsson and Karlsson, 2000]. The
first step involves fitting a model to individual data and estimation of the individ-
ual parameters with no defined relationship between the the different individuals
in the population. These individual parameters are then used in the second step
where the variability and average parameters in the population are calculated. In
a PK/PD analysis, the average and variability parameters are often referred to as
PK/PD parameters.

The STS approach often derives an adequate description of the different PK/PD



1.3 Population pharmacokinetics/pharmacodynamics 5

parameters in a population. However, STS as an approach has two major draw-
backs if the modelling is performed under sparse data, that is if the data does
not contain sufficient information about the system. The first drawback concerns
the risk of running into practically unidentifiable parameters [Raue et al., 2009].
The second drawback concerns the model selection. During the process of model
selection under sparse data, different mechanistic models may be required for dif-
ferent individuals in order to describe the data in a good way. Different models
for different individuals pose a problem in the estimation of the PK/PD param-
eters in the population since the comparison and the pooling of the parameters
from the different model structures is no longer as straightforward.

STS provides a good estimation of the PK/PD parameters if the data contains
sufficient information. If the data is rich in information, STS is widely used in
population PK/PD analysis.

Model definition

A system S can be described by a model M. The constituents in S can be de-
scribed by one or several states x(t) in M. One could gain information about x(t)
by applying a dynamic input signal, u(t), and observe the output signal, y(t). In
the model, these are related in the following way

ẋi(t) = f (xi(t), ui(t), pi) (1.1)

yi(t) = h(xi(t), ui(u), pi) (1.2)

where i corresponds to the i :th individual. The states xi(t) in M are described by
(1.1) and the output signal is given by (1.2). The individual parameter vector pi
is estimated independently of the other individual parameter vectors.

1.3.2 Nonlinear Mixed Effect Model

This section includes a general description of NONMEM followed by the model
definition.

General description

NONMEM is a mathematical framework that is used as a modelling approach in
population PK/PD analysis. NONMEM was introduced in the late 1970’s [Bonate,
2005], and since then there has been a lot of methodological development and
refinement. Today NONMEM is the most widely used method in population
PK/PD studies.

NONMEM was originally developed in order to handle the problems associated
with sparse data mentioned in section 1.3.1 [Wählby et al., 2002]. Using NON-
MEM, data from all individuals in a study are pooled and the PK/PD parameters
are estimated in a single step. Even though the individuals are different, they also
share common information which is exploited in NONMEM by pooling the data.
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In population pharmacokinetic studies, the data often come from different ex-
perimental studies. When pooling data from different experimental studies, two
different approaches exist. Firstly, in the fixed study-effect (FSE) approach, which
is not used in NONMEM, it is assumed that there are different unrelated parame-
ters in different experimental studies. Secondly, in the random study-effect (RSE)
approach, which is used in NONMEM, the data from different studies are pooled
with the assumption of being related with a random effect. This random effect is
assumed to have the same distribution in the whole population, even if the data
come from different experimental studies. During the pooling of the data, the
denotation from the different individuals is still kept [Laporte-Simitsides et al.,
2000].

The NONMEM approach gives a better estimate of both the variance and covari-
ance as compared to STS in PK/PD analysis, assuming that the three submodels
mentioned below are defined in a good way [Jonsson and Karlsson, 2000]. Also,
NONMEM makes it possible to discover covariates in the population.

Since NONMEM has been developed partly for describing variability in a pop-
ulation, an evaluation of NONMEM as a contributor to the field of cell-to-cell
variation is a natural step.

NONMEM is based upon three submodels

A population PK/PD model in NONMEM is built up by three submodels: the
structural, statistical, and covariate model.

The structural model is the deterministic part in the model. The purpose of
the structural model is to describe the overall trend in the data. The structural
model can be defined in different ways depending on the purpose of the whole
model. The definition of the structural model is usually either mechanistic, semi-
mechanistic or purely empirical in population PK/PD analysis. In systems biol-
ogy however, the aim is to always define the structural model in a mechanistic
manner [Pharmacometrics group at Uppsala University, 2011].

The statistical model aims to describe the different types of variability in the
population and incorporates the random effect parameters. In NONMEM, three
different types of variability are taken into consideration. Firstly, the interindi-
vidual variability describes the variation between individuals. Secondly, the in-
teroccasion variability is considered. The interoccasion variability describes the
variance in the same type of measurement on different occasions on the same in-
dividual. Thirdly, the residual error variability is also considered. The residual
error is defined as the difference between the data and the prediction from the
model. Consider the unlikely event that the defined model is correct, and the
estimated parameters for that model are the true parameters. Even if this would
be the case, a residual error would still be present. This is because there are still
many factors that introduce errors in the experimental data. These could be er-
rors such as measurement errors, wrong dosage administered, wrong time frame,
etc [Pharmacometrics group at Uppsala University, 2011].
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The covariate model aims to describe the influence of different characteristics
of the individuals in the population. These could include sex, age, weight, liver
function, different types of diseases, etc. A characteristic is referred to as a co-
variate if it is shown to have a significant effect on the parameter estimation and
therefore the overall variability in the population. In NONMEM, it is possible
during the development of the model to discover new covariates. All this means
that it is possible with NONMEM to tailor-make drug treatments with respect to
maximizing the drug effect while at the same time minimizing the side effects
[Pharmacometrics group at Uppsala University, 2011].

Model definition

A system S can be described by a model M. In M, one or several states x(t) can
be defined which represents the entities in S. Via a dynamic input ui(t) to M,
information about S can be gained by studying the output signal y(t) from M.
The model is defined in the following way

ẋi(t) = f (xi(t), ui(t), φi) (1.3)

yi(t) = h(xi(t), ui(t), φi) + εi (1.4)

φi = g(zi , ui(t), θ) + ηi (1.5)

when both the residual error model εij and the random effect ηi are additive. The
notations j and i corresponds to the j :th observation and the i :th individual. The
changes of xi(t) in M are described by (1.3) and the output signal is given by (1.4).
The individual parameter vector φi is defined by g(∗) and ηi . g(∗) describes the
relation between the population parameter vector θ and the covariates zi , where
zi in this thesis has been excluded due to time constraints.

1.4 Test case: cell-to-cell variation in S. Cerevisiae

1.4.1 Saccharomyces cerevisiae

The biological data that has been used in this thesis comes from experiments
performed on Saccharomyces cerevisiae.

S. Cerevisiae is a single cell organism. It was the first eukaryote organism to
have its entire genome sequenced [Bojsen et al., 2012], which is one of the rea-
sons why it is amongst the most well studied organisms. There are a number of
other reasons why S. cerevisiase is so well studied, such as biological simplicity,
short generation time, and the possibilities of creating tailor-made strains of cells
with specific properties such as synthesis of fluorescent proteins. All of these rea-
sons make S. cerevisiase an appreciated biological platform for research projects
in several fields. Also, even though S. cerevisiase is a simple organism, it does
share certain molecular mechanisms with more complex organisms which makes
it suitable as a model organism [Guthrie and Fink, 1991].
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The cell division of S. cerevisiae is considered asymmetric. This means that the
mother and daughter cells will have different cell sizes and different cellular con-
tent. The differences in cellular content have been shown by observing the differ-
ence in the time frame for the cell cycle of the mother and daughter cell. Simple
microscopic studies have shown that the cell pair have different cell sizes [Talia
et al., 2006]. The asymmetric division of S. Cerevisiae makes it especially interest-
ing for stem cell research, since it is believed that asymmetric cell division plays
a key role in cellular differentiation [Neumüller and Knoblich, 2009].

1.4.2 Data acquisition

The cells of S. Cerevisiae that were studied in this thesis had all been genetically
modified to produce yellow fluorescent proteins (YFP). This modification leads to
YFP being located both in the nucleus, which contains the genetic material of the
cell, and in the cytosol which is a solution outside of the nuclues containing all
the molecules and organelles in the cells. It is known that YFP is transported be-
tween the nucleus and the cytosol. The transport of YFP is believed to be passive
through nuclear pores.

The experimental data, a part of which can be seen in Figure 1.1, consist of time
series where the flux of YFP between the nucleus and the cytosol can be seen.
From this figure the noise appears to be proportional to the intensity signal. The
measurements are from mother and daughter cells that have just divided.

During the data acquisition, several methods were used. The main method was
fluorescent recovery after photo-bleaching (FRAP). In order to observe the flux of
amounts of YFP between the nucleus and the cytosol, the YFP in the nucleus was
bleached. This caused a drastic drop in the fluorescent intensity from the nucleus.
The fluorescent recovery directly after the bleaching of the nucleus corresponds
to the influx of nonbleached YFP from the cytosol to the nucleus. The nucleus was
bleached four times in both mother and daughter cell. Also, the data has been
multiplied with a correction factor, which corrects for measurement noise and for
the fact that the observed signal from the cytosol only comes from a small part of
the cytosol. The changes in intensity of the fluorescent signal were analyzed with
confocal microscopy and image analyzing software.

1.4.3 Two-compartment model

A model with two compartments was used throughout the project. The two com-
partments represent the nucleus and the cytosol. The two-compartment model
aims to describe the flow of YFP between the cytosol and the nucleus. The model
is linear and illustrated in Figure 1.2 and described by equations (1.6)-(1.9).
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Figure 1.1: The fluorescent intensity from the nucleus and the cytosol is
shown in the left and the right panel respectively. In the left panel, the re-
covery of the fluorescent intensity signal can clearly be seen. The recovery
corresponds to the influx of nonbleached YFP from the cytosol to the nu-
cleus. In the right panel, the fluorescent intensity is virtually constant. This
is what to expect since the volume in the cytosole is much larger than the
volume in the nucleus.

Figure 1.2: The two-compartment model was used throughout the project.
The two compartments A1 and A2 represents the nucleus and the cytosol
respectively and the arrows symbolize the flow of YFP between them.

d
dt

(A1) = −k12 ∗ A1 + k21 ∗ A2 (1.6)

d
dt

(A2) = k12 ∗ A1 − k21 ∗ A2 (1.7)

y1 = A1 (1.8)

y2 = A2 (1.9)

The output signals y1 and y2 are the amount of YFP in the compartments de-
scribed over time. k12 and k21 are the mechanistic parameters in the model which
correspond to the transport rates of YFP.
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1.4.4 Previous work

In a previous master thesis, the same two-compartment model used in this thesis
has been used to describe the transport of the transcription factor Ace2p between
the cytosol and the nucleus in S. cerevisiase [Järvstråt, 2011]. The parameter un-
certainties of the transport rates were studied using a profile likelihood approach
[Raue et al., 2009]. The study showed that the parameter estimation for Ace2p un-
der the two-compartment model suffers from unidentifiability. Instead, a three-
compartment model for the transport of Ace2p was suggested. In this model, the
cytosol is divided into two compartments while the nucleus is still represented
by one compartment. It was shown that the parameters in the suggested three-
compartment model were identifiable.

Although there has been a lot of studies performed in S. cerevisiae these have not,
until previous mentioned master thesis, included transport rates. No conclusions
regarding transport rates of YFP has prior to this thesis been drawn.

1.5 Objective

The first objective of this master thesis was to study the cell-to-cell variation in
transport rates of YFP between the nucleus and the cytosol in S. Cerevisiae. This
study was done by using mathematical modelling.

The second objective consisted of an evaluation of NONMEM as a method for
studies of cell-to-cell variations. This evaluation will be presented using two com-
parisons. Firstly, it will be determined whether it is possible to use NONMEM to
describe data from a cell, S. Cerevisiae, rather than from a patient. Since STS
is the standard approach in studies of cell-to-cell variations, the results between
the two approaches will be compared. Secondly, artifical rich and sparse data is
generated with known parameters. The results from the modelling with STS and
NONMEM under the generated data is also compared.

1.6 Outline of thesis

In this chapter, a short background has been given. In Chapter 2, a more technical
description can be found. This description concerns the parameter estimation
and a specific definition of the used model in both STS and NONMEM.

The results from the modelling are presented in Chapter 3. The description of the
biological data under the two-compartment model, with parameters estimated
from both STS and NONMEM, will be shown. Also, a comparison between STS
and NONMEM under both rich and sparse generated data will be presented.

In Chapter 4 the results will be discussed and some possible continuations will
be suggested.



2
Materials and Method

In this chapter, all methods used in this thesis will be presented. These include
standard two-stage, profile likelihood, nonlinear mixed effect model and model
definitions.

2.1 Standard two-stage approach

In this section the STS approach will be described along with the used model.

2.1.1 Software

Modeling and parameter estimation with the STS approach was performed using
MATLAB (Mathworks). The simulation of the model was performed with the
function SPBDsimulate in The Systems Biology Toolbox.

2.1.2 The model

The structural submodel

The model in the STS approach is only made up by a structural part. This struc-
tural part, often referred to as the mechanistic part, has already been stated in
section 1.4.3 as the two-compartment model (1.6)-(1.9). This two-compartment
model is used throughout the whole thesis.

Optimizing the initial conditions

The initial conditions are the amount of YFP in the two compartments in the
model, respectively, in the beginning of the simulation. In Figure 1.1 , four inten-
sity drops in the nucleus can be seen as a result from the bleaching process. The
fluorescent recovery can be seen between the bleaching processes.

11
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In order to simulate the fluorescent recovery between the bleaching of the nu-
cleus, four different simulations were used. These simulations all had different
initial conditions and are related to the first observation after the bleaching pro-
cess respectively.

However, the initial conditions in the model were not directly stated as the same
as in the data. There were two reasons for this. Firstly, if the initial conditions
in the model would be stated exactly the same as the first observation after each
bleaching process, this would imply that the first observation has no uncertainty,
which is not the case. Secondly, the noise level in the data is relatively high. As
a consequence, there is a possibility that the first observation after the bleaching
of the nucleus might be an extreme point in the noise. If this would be the case,
the data will never be adequately described by the simulation. Because of the
reasons mentioned above, the initial conditions for each of the four simulations
were optimized instead of directly being taken from the data. By optimizing the
initial conditions, an adequate description of the data can be obtained.

When defining a model within systems biology there is always a tradeoff between
the complexity of the model and its ability to describe the data. By optimizing the
initical conditions, the complexity of the model increases from two parameters to
six parameters. However, due to the reasons meantioned above, this increase in
complexity is well motivated. Also, the addition of the extra parameters should
not be considered as an increasing complexity to the mechanistic hyphothesis
itself, but rather as an approach of dealing with the nature of the data. The
optimized initial conditions were stated in relationship with the experimental
initial conditions as

IC1optimized = kf rap1 ∗ IC1experimental (2.1)

IC2optimized = kf rap2 ∗ IC2experimental (2.2)

IC3optimized = kf rap3 ∗ IC3experimental (2.3)

IC4optimized = kf rap4 ∗ IC4experimental (2.4)

where kf rap1 − kf rap4 are the parameters that are being optimized and IC is an
abbreviation for initial condition.

2.1.3 Parameter estimation

The parameter estimation with the STS approach is performed by considering
data from individuals - here cells - one at a time. The optimal parameters for each
cell in the population will be obtained independently from all of the other cells in
the population, where the optimal parameter set for a given model is defined as
the parameter set which results in the best description of the experimental data.

The agreement between the output from the model and the experimental data is
measured by an objective function. In this thesis, the weighted sum of squared
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residuals has been used in the STS approach. The value of the objective function
is often referred to as the cost, and is defined as

costχ2(θ) =
∑
j

∑
i

(yij − ŷij )2

σ2
ij

(2.5)

Here, i and j denotes the i :th observation in the j :th state. yij is the experimental
data, ŷij is the output from the model, θ is the parameter vector and σij is the
standard deviation of the experimental measurement.

The optimal parameters are obtained by minimizing (2.5) as

θ̂ = argmin[costχ2(θ)] (2.6)

which can be shown correspond to the maximum likelihood estimate (MLE) of
θ. The lowest cost is found by varying the values of the parameters in the model.
The values of the parameters that yield the lowest cost are the optimal parameters,
given the model and the data. The optimal parameters has been obtained by
varying the values of the parameters using two different optimization algorithms.
These searches the parameter space globally and locally respectively.

Global optimization using simulated annealing

Simulated annealing is a global optimization algorithm. The algorithm includes
elements that enables movement in both uphill and downhill directions in the
landscape of the costfunction. This means that the optimization algorithm has
the ability to move away from a local minima that is it not a global minima. Also,
stochasticity in the step direction is implemented. As a result, the estimated
optimal parameters are fairly independent of the start guess of the parameters.
Simulated annealing has proven to be excellent at finding global minima for very
complex functions, and it has been shown that the global optimum will be found
for sufficient number of iterations [Duffull et al., 2002].

The algorithm has been developed as an analogue to the process of metal cool-
ing [William et al., 1994]. During the process of metal cooling, the atoms in the
metal change their energy state with respect to the temperature. If the cooling is
slow, the atoms that gets trapped in local energy minima states have the chance
to move away from the local energy minima and find the way to a global energy
minima. However, if the cooling is very rapid, the atoms get trapped in the local
minima energy states. In simulated annealing the user sets certain optimization
options. These include different temperature settings such as starting tempera-
ture and rate of temperature decrease. These settings set the constraints in which
the algorithm is supposed to find optimal parameters.

Global optimization has a drawback in terms om computational time. Relative to
local optimization, global optimization has a much longer computational time.
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Local optimization using lsqnonlin

lsqnonlin is a built-in function in the Optimization Toolbox in MATLAB. lsqnon-
lin is a local optimization algorithm that solves nonlinear least square data fitting
problem. The algorithm utilizes different methods depending on optimization
setting. These methods include interior Newton method [Coleman and Li, 1996],
Levenberg-Marquardt [Levenberg, 1944] and Gauss-Newton method [Levenberg,
1944].

Since lsqnonlin is a local optimization, the computational time is much shorter
than the global optimization method simulated annealing. The mathematical
model used in this thesis is linear and has only two states which makes it a rel-
atively simple problem. This motivates the usage of a local rather than a global
optimization.

2.1.4 Profile likelihood analysis

Profile likelihood (PLH) is a method that is being used in parameter identity
analysis in mathematical models. Mathematical models can be used to make pre-
dictions of different properties in a biological system. In order to draw reliable
conclusions of properties in a biological system, it is important to estimate the
uncertainties of the predictions from the model describing the system. Depend-
ing on both the data and the structure of the model, the uncertainties of these
predictions can vary greatly. In an identifiability analysis, the uncertainties of
the predictions are estimated by determining if the parameters in a model are
structurally and practically identifiable.

A structurally unindentifiable parameter is a result of the structure of the mathe-
matical model. In such cases, the structure of the model is defined in such a way
that the value of the structurally unindentifiable parameter can be [0,∞] with-
out affecting any of the outputs from the model. Structurally unindentifiable
parameters can be handled by defining the model in another way. A practically
unidentifiable parameter is the result from nonsufficient information in the ex-
perimental data under a given model structure. This can be handled by either
providing the model with more experimental data, or redefining the model. In a
PLH analysis, both structurally and practically unidentifiable parameters can be
found [Raue et al., 2009]. Also, if a parameter is fully identifiable, the confidence
interval of that parameter can be estimated.

In a PLH analysis, the investigated parameter is held semi-constant while all the
other parameters in the model are optimized. When the optimal parameters have
been found, the value of the semi-constant parameter is increased or decreased by
a given step length. If the investigated parameter is both structurally and prac-
tically identifiable, the cost (2.5) will eventually exceed a given cutoff level for
both a lower and upper value of the semi-constant parameter. These lower and
upper boundaries constitute the confidence interval for that parameter. If one of
the boundaries of the semi-constant parameter cannot be found, the parameter is
practically unidentifiable. The semi-constant parameter is structurally unidenti-
fiable if the cost (2.5) is a straight line for all values of that parameter, since it can
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take on any value without affecting the models ability to describe the data. The
cutoff is defined as

cutoff = MinimalCostχ2 + 3.84 (2.7)

where MinimalCostχ2 is the cost using the optimal parameters, 3.84 is the χ2-
factor with pointwise confidence interval for each individual parameter at a con-
fidence level of 0.05. This means that the true parameter is located within the
lower and upper bound with a 95 % probability [Raue et al., 2009].

PLH was used in this thesis as a tool for evaluating identifiability of the parame-
ters in the model given the experimental data.

2.2 NONMEM

2.2.1 Software

The software used with the NONMEM approach was NONMEM® 7.2.0. NON-
MEM® consists of three parts. The NONMEM® itself, PREDPP which is a pack-
age of subroutines of a library of models to choose from, and NM-TRAN which
is a process that translates the user-specified code in a way that NONMEM® can
process.

The model was written in programing language FORTRAN77. Because of this,
the fortran compiler GNU gfortran was used. All runs with NONMEM® were ex-
ecuted using the collection of Perl modules, Pearl-speaks-NONMEM(PsN) 3.5.3.

2.2.2 The model

In NONMEM, the PK/PD parameters for each cell are defined in some relation
to the PK/PD parameters for the typical cell in the population. The differences
between the different unique cells and the typical cell are assumed to have cer-
tain distribution in the population, which is defined in the statistical submodel.
What causes these differences cannot be explained and are referred to as random
effects.

The term mixed effect denotes the modeling of both fixed and random effects
in the system. Fixed effects refer to events that do not occur at random such
as sampling times, dose, patient factors and so on. These fixed effects are mod-
eled with fixed effect parameters which quantify the fixed effects, and the output
from the model using only the fixed effects describes the typical individual in the
population. Hence, the fixed effect parameters are also referred to as population
parameters [Wählby, 2002].

Random effects describe the variability in the population on several levels; in-
terindividual variability, intraindividual variability and residual variability. It is
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assumed that these random effects can be described with some distribution func-
tions over the population.

Structural submodel

The structural, also referred to as the mechanistic part of the model, is described
in Section 1.4.3 as the two-compartment model.

Statistical submodel

The statistical submodel involves the modelling of the distribution of the individ-
ual parameters in the model and also the residual error model.

The distribution of the individual parameters in the population was assumed to
be lognormal since this is mostly the case with mechanistic constants in nature.
A lognormal distribution LN (µ, σ2), which can been seen in Figure 2.1, is the
distribution of eX where X is normal distributed N (µ, σ2).

Figure 2.1: A lognormal distribution with mean µ = 0 and standard devia-
tion σ = 1.

The definition of the lognormal distribution of the individual parameters is given
as

φ1,i = θ1 ∗ eη1 (2.8)

φ2,i = θ2 ∗ eη2 (2.9)

which describes the interindividual variation where i = 1, 2, ..., 80 since the num-
ber of cells used in this thesis is 80. The value of ηj , where j = 1, 2, is the random
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effect and is different for different cells. It describes the deviation of the indi-
vidual cell’s mechanistic parameter φ from the mechanistic parameter θk in the
average cell, where k = 1, 2, Still, all values of the different ηj in all the cells in the
population belong to the same distribution, which is normally distributed with
variance ω2

j and expected value 0, also written as N (0, ω2
j ). In NONMEM, ηj is

not considered as a parameter and is therefore not estimated. Instead it is the
variance ω2

j that is estimated.

The residual error model was defined as the proportional error model given as

yij = IP RED ∗ (1 + θ3 ∗ εij ) (2.10)

where εij is normally distributed as N (0, 1), IPRED is the individual prediction
for each cell and θ3 is the magnitude of the standard error of the residual er-
ror. Using a proportional error model was motivated by a study of the data that
showed that the noise was proportional to the intensity of the fluorescent signal.

Covariate submodel

In this thesis, no covariate submodel was defined.

Optimizing initial conditions

The initial conditions with the NONMEM approach were optimized for the same
reasons as given in section 2.1.2. The actual modeling of the fluorescent intensity
drop, however, was modeled in a different way due to the framework of NON-
MEM. The intensity drop was modeled by resetting the system followed by the
administration of a drug. The drug corresponded to the intensity of the fluores-
cent signal after the bleaching process. The administrated dose that was given to
the system was modelled as

dose1f rap1 = st1f rap1 ∗ e(η3∗θ3) (2.11)

dose2f rap1 = st2f rap1 ∗ e(η3∗θ3) (2.12)

and these could be viewed as the intraindividual variability. By defining the
new optimized initial conditions as (2.11)-(2.12), here only the doses for the first
FRAP is given, gives new optimized doses with a variability scaled with the resid-
ual error. θ3 is the magnitude of the standard error of the residual error, η3 is
the random effect with the normally distribution N (0, 1), st1, 2 is the first obser-
vation in the experimental data after the process of bleaching of the nucleus and
dose1, 2 is the optimized dose which is administrated to the two compartments
in the model.
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2.2.3 Parameter estimation

NONMEM uses maximum likelihood in order to estimate optimal parameters.
This means that NONMEM tries to maximize P (X |p), the probability of data X
under the parameters p. The corresponding likelihood of this probability is writ-
ten as L(p|X), the likelihood of the parameters p given the data X.

Let yi denote all observation from cell i. The population parameters are elements
in the matrixes Θ, Ω, and Σ. The individual parameters are elements in γi , which
is a vector valued parameter that is specific to the individual cell i. The likelihood
li of γi given the data yi is then given as

li(γi ,Θ,Σ|yi) (2.13)

The observed cells are assumed to be chosen randomly from a population. This
would imply that the interindividual effect γi also is random. It is assumed that
γi belongs to a vector γ that is N (0,Ω) where Ω is the variance-covariance matrix
for the interindividual effects, which is explained further below.

The density of the distribution of γ is given by a density function

hγ (γi |Ω) (2.14)

This means that the marginal likelihood of ψ and Ω for the data yi can be written
as

Li(Θ,Ω,Σ, |yi) =
∫
li(γi ,Θ,Σ|γi) ∗ hγ (γi |Ω)dγ (2.15)

Consequently, the likelihood for all data is given as

L(Θ,Ω,Σ, |y) =
∏
i

Li(Θ,Ω,Σ, |yi) (2.16)

Both population parameters and individual parameters in the model are esti-
mated by maximizing (2.16) with respect to Θ, Ω, and Σ.

Unfortunately, this maximization involves an exact evaluation of (2.16) which is
impossible due to computational difficulties. These difficulties are a result from
the random effects that enter nonlinearly in the model [Fransson, 2012]. In order
to evaluate (2.16), the model is linearized to an approximate model. This approxi-
mated model is linear in all random effects. NONMEM has built in functions that
perform different types of linearization. Depending on what type of linearization
of the model is performed, different methods of parameter estimations are used.
In this thesis, a method called First Order Conditional Estimation With Inter-
action (FOCE INTER) has been used. FOCE INTER, together with the closely
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related method First Order Estimation and the objective function for population
parameters and individual parameters will be discussed below.

Estimation of population parameters

Estimation of the population parameters is centered around minimizing an objec-
tive function. The objective function used in NONMEM is called extended least
square (ELS) and is given as

OELS (θ̂, Y , ξ̂) =
n∑
i=1

{
1

g(θ̂, xi , ξ̂)
[Yi − f (θ̂, xi)]

2 + ln[g(θ̂, xi , ξ̂)]
}

(2.17)

where Y is all observations from all individuals, Yi is the observations from cell i,
f (θ̂, xi) is the output from the model where θ̂ is a vector with all estimated pop-
ulation parameters and xi is the design matrix of predictor variables. g(θ̂, xi , ξ̂)
is a model that describes the variance in the observations where ξ̂ is a parameter
unique to the variance model, and ln is the natural logarithm. It can be shown
that the minimization of (2.17) is approximately proportional to −2log(L(ψ,Ω)),
which in turn is the same as maximum likelihood.

The population parameters are those that are related to the fixed effects, the dis-
tribution of the random effects, and the distribution of the residual variability
respectively. These are denoted as Θ, Ω, Σ. Θ is a vector in which the elements
are parameters that describe the typical fixed effects. The elements in the matrix
Ω are population parameters that describe the variation of the different random
effects in the model. The diagonal elements are the variances and the off-diagonal
elements are the covariance between the random effects respectively. The ele-
ments in the matrix Σ are population parameters that describe the variation of
the residuals.

Estimation of individual parameters

The individual parameters are estimated by empirical Bayes estimation [Lindley,
1980]. This is done after the estimation of the population parameters. The in-
dividual parameters are estimated by minimizing the objective function given
as

Oindividual =
p∑
j=1

 P̂j − Pjωj

2

+
m∑
i=1

[
Ĉi − Ci
σi

]2

(2.18)

where P̂j is the individual parameter, Pj is the population parameter, ωj is the in-
terindividual variance of parameter j, Ĉi is the model output with the estimated
individual parameters, Ci is the observation and σi is the variability in the obser-
vations.

Linearization of the random effects

In this thesis a linearization method called first order conditional estimation with
interaction has been used. In order to discuss this method, two related methods
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will also be discussed; First order estimation and First order conditional estima-
tion.

First order estimation(FO) was the first linearization method that was developed
with NONMEM. The method includes a Taylor series expansion around the ex-
pected values of the random effects, which is 0. FO only gives estimates of the
population parameters. This means that the individual parameters have to be
estimated after the estimation of the population parameters. In other words, the
intraindividual covariance Ω is assumed to be the same for all individuals as for
the average individual in the population. Also, it is assumed that all individuals
share the same covariates. These assumptions are often not the case which moti-
vates the need for more advanced methods for parameter estimation. [Beal and
Sheiner, 1998]

First order conditional estimation(FOCE) is a much more sophisticated method
of parameter estimation than FO. With this method, the population parameters
and the random effects are estimated simultaneously. The simultaneous parame-
ter estimation is done by instead of linearizing around the expected value of the
random effects 0, linearizing around the conditional estimate of the random ef-
fects. This means that the approximation of (2.15) is dependent on the estimate
η̂i , which in turn is dependent of ψ and Ω. This dependency between the pop-
ulation parameters and the individual parameters leads to suboptimizations. In
other words, in every iteration of estimating ψ and Ω, individual parameters are
also estimated which makes FOCE much more computationally demanding than
FO. [Beal and Sheiner, 1998]

First order conditional estimation with interaction(FOCE INTER) is an exten-
sion of FOCE. In FOCE INTER, the interaction, if any, between the interindivid-
ual and the intraindividual random effects is also considered. In practice, this
means that the residual error is not evaluated from the typical individual but
instead from each conditional estimate. [Beal and Sheiner, 1998]



3
Results

In this chapter, the results from the modelling will be presented. First, the re-
sults from the modelling of the biological data with the two approaches will be
presented first. Then, the result from the modelling of the generated data with
the two approaches will be presented.

3.1 Biological data

The biological data used in this thesis is described in Section 1.4.2. The data
comes from 80 cells.

3.1.1 Standard two-stage

In this section, results with the STS approach on biological data will be presented.

Profile likelihood analysis

A PLH analysis was performed on some of the cells. This analysis was done in
order to obtain an estimation of how well-defined the parameters in the model
were under the given experimental data. Details about PLH as an approach is
presented in Section 2.1.4. Figure 3.1 shows the results from a PLH analysis
performed on one parameter under given experimental data. The obtained confi-
dence intervals from all runs are given in Table 3.1.
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Dataset Parameter Estimated optimum Boundries
15m k12 0.3850 0.3250 - 0.4446
15m k21 0.0795 0.0675 - 0.0910
13m k12 0.2241 0.1751 - 0.2807
13m k21 0.0455 0.0375 - 0.0550
11m k12 0.2521 0.1760 - 0.3140
11m k21 0.0476 0.0345 - 0.0593
10m k12 0.2998 0.2125 - 0.3936
10m k21 0.0590 0.0437 - 0.0761
8m k12 0.3080 0.2025 - 0.4799
8m k21 0.0623 0.0430 - 0.0940

Table 3.1: The table shows the boundaries of the confidence intervals for the
parameters in the model for the analyzed experimental data. The boundaries
come from PLH runs. All boundaries for all cells have been found, which
means that the parameters are well-defined under the 2-compartment model
and the experimental data.

Figure 3.1: The result from one of the PLH runs for the parameter k21 for
one of the experimental data sets. The parameter k21 is held semi-constant
while the other parameter is free. From the figure it is clear that the param-
eter k21 is well defined. The straight line is the cutoff value and the curve is
the cost for different parameter values. The right panel is an enlargement of
the valley in the left panel.

The parameters under the two-compartment model and all experimental data
are assumed to be well-defined. This is motivated by the following three reasons.
Firstly, the results from the PLH analysis show that all parameters under the an-
alyzed experimental data are well-defined. Secondly, the fluorescent recovery in
all 80 data sets were studied. This study showed that a clear fluorescent recovery
can be seen in all experimental data. In other words, the level of information in
the data seems sufficient to avoid practical unidentifiability. Thirdly, all experi-
ments were performed under identical conditions. Thus, the conclusion that all
parameters are well-defined is well motivated.
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Figure 3.2: The simulation shows a good fit to the experimental data and the
other simulations also show an equally good fit. In this figure, the optimal
parameter values have been estimated with the STS approach with the global
optimization algorithm simulated annealing.

Fitting of simulations to experimental data

The optimal parameters were obtained by two different optimization algorithms:
the global algorithm simulated annealing and the local algorithm lsqnonlin.

Simulated annealing, described in Section 2.1.3, was used to successfully esti-
mate parameters that resulted in a good fit to the data. Figure 3.2 shows the
output from the model with optimal parameter values together with the experi-
mental data from one of the cells.

Several different start guesses and boundaries of the parameters were tested.
These tests showed that simulated annealing is relatively robust. This robust-
ness increases substantially if the settings of the algorithm such as temperature
and iterations per temperature are increased.

The second optimization algorithm that was used was lsqnonlin and is described
in Section 2.1.3. The optimal parameter values derived using lsqnonlin gave an
equally good fit between the simulation of the model and the experimental data
as compared to the parameter derived from simulated annealing.
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The local optimzation algorithm lsqnonlin required several iterations of different
start guesses and boundaries, which where based upon the results from the global
optimization, in order to find parameter values that resulted in a good fit to the
experimental data. The reason for this, is because the estimated optimal parame-
ters from a local optimization algorithm is heavily dependent on the start guess
and the boundaries of the parameters. However, the total time of estimating op-
timal parameters with lsqnonlin was still much lower than the estimation time
of optimal parameters with simulated annealing. The values of the estimated
optimal parameters from simulated annealing and lsqnonlin were in essence the
same.

Parameter variation in the population

The cell-to-cell variation in the population of S. Cerevisiae was studied. The study
consisted of the variation of the transport rates of YFP between the nucleus and
the cytosol. The optimal parameters in the model corresponds to the transport
rates. Figure 3.3 shows the distribution of both k12 and k21. A comparison with
Figure 2.1 gives that both parameters seems to be lognormal.

Figure 3.3: Two histograms of the estimated optimal parameters of k12 and
k21 obtained from the STS approach with global optimization. Both param-
eters seems to have a lognormal distribution.

Figure 3.4 is a correlation plot where the different optimal parameter sets are
plotted against each other. From this figure it is clear that there is a correlation
between k12 and k21.
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Figure 3.4: A clear correlation between the transport rate in and out of the
cell can be seen. The values of the estimated optimal parameter are plotted
against each other.

Comparison between mother and daughter cells

In order to determine whether there is a significant difference of the transport
rates in mother and daughter cells, a two-sample t-test and a paired-sample t-
test was performed. Both of these test assume that the samples have a normal
distribution. Because of this, the natural logarithm of the optimal parameters
was first calculated in order to transform the lognormal distribution to normal
distribution. The result from the two tests are summarized in Table 3.2.

The null hyphothesis H0 in the two-sample t-test was that the mean value of the
transport rates in the mother cells is the same as the mean value of the transport
rates in the daughter cells. This was performed with a two-tailed test, with a
significance level of 0.05. The test did not assume equal variance of transport
rates in mother and daughter cells. The result concluded that the null hypothesis
cannot be rejected with a significant level of 0.05. This means that the result
from a two-sample t-test shows no significant difference between transport rates
in mother and daughter cells.

The null hypothesis H0 in the paired sample t-test was that the difference in trans-
port parameters between the cell pairs of mother and daughter cells had the mean
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Test Parameter H0 P
Two-sample t-test k12 Not rejected 0.5054
Two-sample t-test k21 Not rejected 0.5303

Paired-sample t-test k12 Not rejected 0.4975
Paired-sample t-test k21 Not rejected 0.5168

Table 3.2: The table summarizes the result from the comparison between
transport rates in mother and daughter cells. No significant difference can
be seen between mother and daughter cells in terms of transport rates. The
parameters have been estimated with the STS approach. P is the probabil-
ity under the null hypothesis H0 of observing a value as extreme or more
extreme than the test statistic of two-sample t-test and paired-sample re-
spectively.

Cell Parameter Mean
Mother cells k12 0.6389
Mother cells k21 0.1237

Daughter cells k12 0.5333
Daughter cells k21 0.1007

Table 3.3: The table shows the mean values of the parameters in mother and
daughter cells. Both mean values of the parameters in the mother cells are
higher than in the daughter cells. However, this difference is not significant.

0 and unknown variance. This was performed with a two-tailed test, with a sig-
nificance level of 0.05. The result concluded that the null hypothesis cannot be
rejected with a significance level of 0.05. This means that the result from a paired
sample t-test shows no significant difference between transport rates in mother
and daughter cells.

The mean values of the parameters from the mother and daughter cells can be
seen in Table 3.3.

3.1.2 Nonlinear Mixed Effect Model

In this section results with the NONMEM approach on biological data will be
presented.

Fitting of simulations to experimental data

The complete model that was used with NONMEM is described in Section 2.2. In
the statistical submodel, the distribution of all the cell parameters is a priori set
to be lognormal.

The estimated optimal parameters with NONMEM resulted in a good fit to all
biological data sets. This means that NONMEM can be used as a tool for studying
cell-to-cell variation even though it is developed for PK/PD analysis. In Figure
3.5, an example of one of the simulations fit to the data is shown.
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Figure 3.5: The figure shows the experimental data together with simulation.
The fit of the simulation to the data is good. The parameters used in the
simulation are estimated with the NONMEM approach.

Parameter variation in the population

Figure 3.6 shows the distribution of the optimal parameter values in the popula-
tion with the NONMEM approach. The distribution of the parameters appears
to be lognormal which is what to expect since this was a a priori constraint. In
Figure 3.7, the optimal parameters sets have been plotted against each other, and
this plot shows a correlation between the two parameters.

Figure 3.6: Two histograms of the estimated optimal parameters of k12 and
k21 obtained from the NONMEM approach. Both parameters seems to have
a lognormal distribution.



28 3 Results

Figure 3.7: There is a clear correlation between the parameters in the struc-
tural model. The parameters have been estimated with the NONMEM ap-
proach. The estimated optimal values of the two parameters in the structural
model are plotted against eachother.

Comparison between mother and daughter cells

The parameters estimated with NONMEM were compared the same way as was
done with the parameters estimated with STS. The details of the two statistical
tests used in the comparison between mother and daughter cells are given in Sec-
tion 3.1.1. The results from these test are summarized in Table 3.4. The mean
values of the transport rates in mother and daughter cells with the NONMEM ap-
proach are given in Table 3.5. No significant difference in transport rates of YFP
between mother and daughter cells could been shown with parameters estimated
with NONMEM.
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Test Parameter H0 P
Two-sample t-test k12 Not rejected 0.5672
Two-sample t-test k21 Not rejected 0.6436

Paired-sample t-test k12 Not rejected 0.5585
Paired-sample t-test k21 Not rejected 0.6381

Table 3.4: The table summarizes the result from the comparison between
transport rates in mother and daughter cells. No significant difference can
be seen between mother and daughter cells in terms of transport rates. The
parameters have been estimated with the NONMEM approach. P is the prob-
ability under the null hypothesis H0 of observing a value as extreme or more
extreme than the test statistic of two-sample t-test and paired-sample, re-
spectively.

Cell Parameter Mean
Mother cells k12 0.6017
Mother cells k21 0.1152

Daughter cells k12 0.5272
Daughter cells k21 0.1000

Table 3.5: The table shows the mean values of the parameters in mother and
daughter cells estimated with the NONMEM approach. Both mean values
of the parameters in the mother cells are higher than in the daughter cells.
However, this difference is not significant.

3.1.3 Comparison between the STS and NONMEM

The parameters estimated from STS and NONMEM both gave a good description
of the biological data. However, since the PLH analysis was only performed on
a few cells, it was still of interest to se whether the estimated parameters from
the two approaches differed from eachother even though they both could describe
the data. The estimated parameters from STS and NONMEM under the biological
data were compared with the same t-tests described in Section 3.1.1. In the two
t-tests, the parameters from STS and NONMEM were considered as two samples.
There were no significant difference between the parameters estimated from STS
and NONMEM. The results are summarized in Table 3.6.
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Test Parameter H0 P
Two-sample t-test k12 Not rejected 0.7887
Two-sample t-test k21 Not rejected 0.8767

Paired-sample t-test k12 Not rejected 0.1286
Paired-sample t-test k21 Not rejected 0.1696

Table 3.6: A summary of the result from the comparison between the pa-
rameter estimation with NONMEM and STS. No significant difference can
be seen between the parameter estimation. P is the probability under the
null hypothesis of observing a value as extreme or more extreme than the
test statistic of two-sample t-test and paired-sample respectively.

3.2 Generated data

In this section, both STS and NONMEM have been applied on a system with com-
pletely artificial data. The artificial data was generated with known parameters.
In order to compare NONMEM’s and STS’s ability to estimate the true parame-
ters in a system, the true parameters must be known. Since the true parameters
in a biological system are not known, a fully adequate comparison between STS
and NONMEM cannot be made. Therefore, the analysis presented in this section
provides a valuable addition to the analysis in the previous section.

Generation of the artificial data

The true system was the same as the two-compartment model used in the mod-
elling for the biological data. In other words, the modelling situation of the gener-
ated data was exactly the same as with the modelling of the biological data except
for the knowledge of the true parameters. The generated data consisted of 200
data sets, where each data set had a unique true parameter set.

The parameter set consisted of two parameters. These were taken from two dif-
ferent lognormal distributions, LN (0.1, 0.6) and LN (0.01, 0.5). Random noise was
added to the output from the true system. The noise was normally distributed
with N (0, 2).

The generated data was divided into two test cases: rich and sparse data. The
rich data consisted of 101 data points per data set. The sparse data consisted of 5
observations per FRAP, i.e. 20 data points per data set in total.

Finding optimal parameters

The models in STS and NONMEM were both defined in such a way that enabled
estimation of the true parameters, i.e. instead of a proportional error model in
NONMEM, the true additive error model was defined. The model definition can
be seen in Section 2.1.2 and 2.2.2. The start guess for the parameters was 500. The
boundaries for both parameters were [0, 1000]. The reason for this was to study
how the two approaches would handle very bad start guesses with unnecessary
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large boundries. For STS, simulated annealing was used as the optimization algo-
rithm. For NONMEM, FOCE INTER was used in the linearization of the random
effects.

Test case: Rich data

Both STS and NONMEM were used to estimate the true parameters p0 under the
generated rich data. In Figure 3.8, the deviation, p0 − p from each unique true
parameter p0 has been plotted. A successful estimation of all true parameters
will result in a straight line at zero. In this figure, both lines are fairly centered
around zero and no clear difference between STS and NONMEM in terms of de-
viation from the true parameter can be seen.

The differences of the deviation between the true parameter and the parameter
estimates with STS and NONMEM was studied with two different t-test. The null
hypothesis for the different t-tests are the same as stated in Section 3.1, namely
whether the mean of the parameters are the same, or if the pairwise difference is
centered around zero. The results from these tests are summarized in Table 3.7,
which shows that there is no significant difference between the deviation from the
true parameters when doing the parameter estimations with STS and NONMEM.

Figure 3.8: The differences between the estimated parameters and the true
parameters are given as y=(p0-p)/p0, where p0 is the true parameter and p
is the estimated parameter. Estimated parameters from both STS and NON-
MEM under rich data are shown. There is no a significant difference between
the estimated parameters from STS and NONMEM.

Test case: Sparse data

Both STS and NONMEM were used to estimate the true parameters under the
generated sparse data. In Figure 3.9 the deviation from the true parameters with
both STS and NONMEM can be seen. Two things can be said from this figure.
Firstly, the deviation between the estimated parameters and the true parameters
with both STS and NONMEM under the sparse data is greater than the deviation
with the estimated parameters from the true parameters under the rich data. Sec-
ondly, the deviation of the parameters estimated with STS under the generated
sparse data is clearly greater than parameters estimated with NONMEM. The dif-
ference between the estimated parameters is significant and the results from the
t-test are summarized in Table 3.8. This result shows that NONMEM can handle
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Test Data Parameter H0 P
Two-sample t-test Rich k12 Not rejected 0.5132
Two-sample t-test Rich k21 Not rejected 0.5119

Paired-sample t-test Rich k12 Not rejected 0.4459
Paired-sample t-test Rich k21 Not rejected 0.4473

Table 3.7: The table shows the results from the different t-test performed
on the estimated parameters from STS and NONMEM under rich generated
data. There is no significant difference between the estimated parameters
from STS and NONMEM. P is the probability under the null hypothesis H0
of observing a value as extreme or more extreme than the test statistic of
two-sample t-test and paired-sample respectively.

sparse data not only in population PK/PD studies, but also in studies of cell-to-
cell variation.

Figure 3.9: The differences between the estimated parameters and the true
parameters are given as y=(p0-p)/p0, where p0 is the true parameter and p
is the estimated parameter. Estimated parameters from both STS and NON-
MEM under sparse data are shown. There is a significant difference between
the estimated parameters from STS and NONMEM.

Test Data Parameter H0 P
Two-sample t-test Sparse k12 Rejected 0.0325e-11
Two-sample t-test Sparse k21 Rejected 0.7835e-11

Paired-sample t-test Sparse k12 Rejected 0.0434e-11
Paired-sample t-test Sparse k21 Rejected 0.5663e-11

Table 3.8: The table shows the results from the different t-test performed on
the estimated parameters from STS and NONMEM. There is a significant dif-
ference between the estimated parameter from STS and NONMEM. P is the
probability under the null hypothesis H0 of observing a value as extreme or
more extreme than the test statistic of two-sample t-test and paired-sample
respectively.
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Discussion

4.1 Discussion

During this thesis several important biological and methodological insights have
been gained. These will now be discussed as follows.

The two-compartment model has proven to be able to sufficiently describe the
flow of YFP between the cytosol and the nucleus in the single cell organism S.
Cerevisiae. The fact that such a simple model as a two-compartment model can
sufficiently describe the flow of YFP between the cytosol and nucleus, implies a
fairly simple molecular transport mechanism. Prior to this thesis, it was believed
that this mechanism was passive via nuclear pores. Because of the results from
the modelling in this thesis, this view is now further strengthened. However,
the successful description of the data with the two-compartment model should
not be considered as a proof of the transport being facilitated via nuclear pores.
Nonetheless, the two-compartment model has proven to adequately describe the
data and can therefore be used to describe the cell-to-cell variation amongst S.
Cerevisiae.

The cell-to-cell variation amongst S. Cerevisiae was in this thesis focused on the
variation of the transport rates of YFP between the cytosol and the nucleus. The
results from the modelling showed that the distribution of the transport rates
among the cells were lognormal. This lognormal distribution implies that the
stochastic nature of the underlying biochemical reactions has a profound effect
on the transport rates of YFP, since the cells used in this thesis all had identi-
cal genome. If the transport of YFP truly is passive, then the stochasticity has
an effect on the actual development of the cell, such as development of nuclear
pores. If the transport of YFP involves an active transport mechanism, stochas-
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ticity surely would also have an impact on the active transport mechanism itself.
Regardless whether the transport of YFP is passive or active, a clear cell-to-cell
variation amongst S. Cerevisiae with identical genome exists.

A somewhat unexpected correlation between the fluxes in and out of the cell was
found. The correlation was positive which strengthens even more the view of a
passive transport rather than an active transport. However, it is still possible that
the two mechanisms that would facilitate an active transport in and out of the
nucleus could be correlated via molecular signalling pathways.

Prior to this thesis, it was believed that there is a difference in the transport rates
of YFP between the cytosol and the nucleus between the mother and the daughter
cell shortly after the cell division. The results from both STS and NONMEM
showed that the average transport rate was higher in the mother cells than in
the daughter cells. However, this difference was not significant. Still, this only
means that there is no significant difference in transport rates of YFP between
mother and daughter cells. The transport rates of other proteins is most probably
different in mother and daughter cells. The fact that no significant difference in
transport rates was found between the mother and daughter cells almost directly
after the division, suggests that the development of the daughter cell is to a large
extent progressed before completion of the cell division.

The results from the PLH analysis showed that both parameters in the two- com-
partment model were identifiable and well-defined under the experimental data
used in this thesis. If the parameters in the model would not have been identi-
fiable and well-defined, a further study of the variation of the transport rates in
the population with the two-compartment model could not have been made.

It is showed that NONMEM, which has been developed for PK/PD analyzes, also
can be used in studies of cell-to-cell variation. The PLH analysis showed that the
parameters in the model are both identifiable and well-defined under the exper-
imental data. In order to conclude that NONMEM can be used in studies of cell-
to-cell variation, the parameters estimated with the NONMEM approach should
be similar to the parameters estimated with the STS approach, assuming that
those parameters describe the data in an adequate manner. From the modelling
of the transport of YFP between the cytosol and the nucleus in S. Cerevisiae, no
significant difference in terms of parameter estimation from STS and NONMEM
can be seen. The parameters estimated from STS and NONMEM both resulted
in an adequate description of the experimental data. From the results mentioned
above alone, it can be concluded that NONMEM as a modelling approach is at
least equally useful as the STS approach for studies of cell-to-cell variation.

The results from the modeling under the generated data showed that the NON-
MEM approach is more than just equally useful as the STS approach for studies
of cell-to-cell variation. It is shown that NONMEM, under sparse data from cells,
actually is the preferred modelling approach. This conclusion can be made since
NONMEM showed a superior parameter estimation relative STS under sparse
generated data in terms of deviation from the true parameters. The reason why
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no significant difference in parameter estimation could be seen between STS and
NONMEM under the biological data, was probably because the biological data
already contained sufficient information about the transport rates in each cell
alone. In other words, the pooling of the biological data, which is done in the
NONMEM approach, did not provide additional information about the transport
rates. However, the pooling in NONMEM of the generated sparse data did pro-
vide additional information about the artificial transport rates which in turn re-
sulted in much better estimation of the true parameters as compared to the STS
approach.

The local optimization algorithm and the global optimization algorithm in STS
both derived the same optimal parameters. This shows that if the model is fairly
simple, a local optimization algorithm should be considered in order to save com-
putional time.

One of the great advantage with NONMEM is also one of its greatest downside. It
concerns the distribution of the parameters in the different cells, which is defined
in the statistical model. If the defined statistical model is true, it will aid greatly
in the parameter estimation. However, if the statistical model is wrongly defined,
the estimated parameters will most likely not be the optimal ones. This will in
turn lead to faulty conclusions about the biological system.

Therefore, it is herein suggested that a combination of STS, NONMEM and an
identifiability analysis would be the optimal approach in studies of cell-to-cell
variation, rather than just using STS. In such a study with combined methods,
STS would, if the data has been shown from the identifiability analysis to con-
tain sufficient information, be used as a tool in a pre-study of the distribution
of the different parameters since no a priori constraints are defined. The results
from such a pre-study would aid greatly in formulating the statistical model in
NONMEM. Therefore, such a combination would lead to better parameter esti-
mation and consequently more reliable biological conclusions. Also, assuming
that a correct statistical model has been defined, true covariates can be found.

4.2 Possible continuations

The most natural step from this thesis would be to apply the two-compartment
model to other proteins being transported between the cytosol and the nucleus.
It would be especially interesting to apply the model to a protein transport that
is believed to have an active mechanism and investigate whether such a complex
transport still can be described by a simple two-compartment model.

A study with the combined approach suggested above on S. Cerevisiae in a pre-
cytokinesis phase, the phase where the two cells have not yet been fully seperated,
would also be interesting. This would give even more information about the
cellular division process.

The somewhat surprising result of no significant difference between the transport
rates in mother and daughter cells could be further investigated by adding data
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from more cells in the modelling process.

In conclusion, since it is shown that the combination of STS, NONMEM and PLH
is the most appropiate approach in studies of cell-to-cell variation there is no
limit to what type of cell the approach could be applied on.
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