
Importance Sampling Applied to Pincus
Maximization for Particle Filter MAP Estimation

Saikat Saha, Fredrik Gustafsson
Division of Automatic Control

Department of Electrical Engineering
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Abstract—Sequential Monte Carlo (SMC), or Particle Filters
(PF), approximate the posterior distribution in nonlinear filtering
arbitrarily well, but the problem how to compute a state estimate
is not always straightforward. For multimodal posteriors, the
maximum a posteriori (MAP) estimate is a logical choice, but
it is not readily available from the SMC output. In principle,
the MAP can be obtained by maximizing the posterior den-
sity obtained e.g. by the particle based approximation of the
Chapman-Kolmogorov equation. However, this posterior is a
mixture distribution with many local maxima, which makes the
optimization problem very hard. We suggest an algorithm for
estimating the MAP using the global optimization principle of
Pincus and subsequently outline the frameworks for estimating
the filter and marginal smoother MAP of a dynamical system
from the SMC output.
Keywords: particle filter, particle smoother, maximum a
posteriori, global optimization.

I. INTRODUCTION

The SMC is a class of Monte Carlo based algorithms for

estimating the state of a general state space model recursively

over time [1], [2]. The SMC provides with a weighted particle

representation of the posterior such that the weighted particle

cloud induces an empirical measure which converges to the

true posterior asymptotically with increasing number of parti-

cles. Although the SMC method is now a relatively matured

subject, the corresponding MAP estimation problem is less

well studied in literature. The main difficulty in this context

lies with obtaining the posterior density, which is not directly

available from the Monte Carlo based particle approximation.

In the literature, the particle with the maximum weight, is

often mistakenly considered as the the MAP [3], [4]. However,

this can actually be far off from the true MAP [5], [6], [7]. The

main reason behind this, is the fact that the weights (which

actually depend on the particular proposal selected) do not

represent the (posterior) density at the particle-value. Of course

one can use the classic kernel based method to approximate

the posterior density [8]. This method, however, requires a non

obvious choice of kernel bandwidth. Furthermore, the kernel

method is computationally demanding [9], thus limiting its use

in many practical applications. In [5], an alternative algorithm

is provided using particle based approximation of Chapman-

Kolmogorov equation. However, this requires solving an op-

timization problem, which is non trivial due to the possible

presence of local maxima. The authors further proposed an

approximate MAP estimate based on evaluating the posterior

along the particles, where it is assumed that the particles

constituting an adaptive random grid (ARG). Hence onwards,

we call this estimator as ARG MAP. However, it is intuitive

that the grid may not coincide with the MAP, which may

lead to a rough estimate, particularly for a high dimensional

problem.

In this article, we present an algorithm based on the work of

Pincus, which extracts the MAP estimate given the weighted

particle representation. We denote this MAP estimator as

PINCUS MAP. This MAP estimate if required, can further

be used as an initial estimate for any advanced (gradient)

optimization method for obtaining an improved MAP estimate.

The organization of the article is as follows. In section II,

we start with the global optimization method motivated by

the work of Pincus and briefly outline the role of importance

sampling method for finding such global optimum. In section

III, we present an algorithm for finding the MAP of a multi-

modal density function. We also demonstrate the method using

two (a one dimensional and a two dimensional) toy examples.

Subsequently, we outline the framework for extracting the filter

MAP from a running particle filter (PF) output in section IV

and the marginal smoother MAP in section V. Finally, we

conclude the article with a note on future work.

II. GLOBAL MAXIMUM USING IMPORTANCE SAMPLING

As is well-known, estimating the global maximum in the

presence of multiple local maxima is a challenging task.

Particularly, for any gradient based optimization method, with-

out a good initialization the problem is accentuated by the

local trapping. On the other hand, selecting a good initial is

not that obvious. For example, suppose the function to be

maximized can be decomposed into several functions with

unique individual maximum. However, selecting one among

those maxima as the initial point, does not guarantee the global

convergence. This can be best clarified through the following

example:

Suppose the function y(x) to be maximized, can be written
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as y(x) = y1(x) + y2(x), where

y1(x) = exp
[
4{2− 0.5 erfc(x)+

+ 0.1 exp(−(x− 6)2)}]
and

y2(x) = exp
[
4{2− 0.5 erfc(3− x)+

+ 0.1 exp(−(x+ 3)2)}]
with erfc(x) is the complimentary error function at x. The

plot of y1(x), y2(x) and y(x) are shown in Figure 1. From
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Figure 1. Plot showing functions y1, y2 and y1 + y2, with their (local)
modes respectively

Figure 1, we see that even though y1(x) and y2(x) have unique

individual maximum, selecting the initial for maximizing y(x)
to be any of them in the standard gradient based optimization

method, may not lead to the global maximum of y(x). This has

larger connotation, e.g., the mixture density model with uni-

modal components, where the component modes are known.

This is very popular in practice, e.g., Gaussian mixture model,

where the probability density is represented as a mixture

of Gaussian densities. However, the mode of the mixture

density cannot simply be obtained by starting at one of those

known component modes. To show this we consider here the

following example.

We first construct a base distribution from two Gaussian

components as follows:

p1(x) = a p11(x) + (1− a) p12(x),

where a = 0.015, p11 = N (0, 0.1) and p12 = N (0, 11). We

then construct another mixture component p2(x) = p1(x−5).
Now, the goal is to compute the MAP estimate of the two-

component mixture distribution p(x) = 0.5 p1(x)+0.5 p2(x).
We plot p1(x), p2(x) and p(x) in Figure 2. From Figure 2, it

is obvious that the global mode cannot be reached by simply

starting at any component mode due to the local trapping. To
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Figure 2. Plot showing Gaussian mixture densities p1(x), p2(x) and p(x).
The MAP estimate is in this case in between the local maxima of the unimodal
base distributions.

circumvent this difficult step, at least for certain problems,

we envisage here a method, motivated by the work of Pincus

[10], which can turn the optimization problem into finding an

expectation.

To proceed with, following [11], we first introduce the

global optimization theorem proposed by Pincus and subse-

quently show how importance sampling can be used to obtain

the global maximum of a function.

Theorem 1: Let f(x) = f(x1, x2, · · · , xn) be a continuous

function in Rn. Assuming that f attains an unique global

maximum at x̂ = [x̂1, x̂2, · · · , x̂n]. Then x̂ can be obtained

as

x̂i = limλ→∞

∫
xi exp[λf(x)]dx∫
exp[λf(x)]dx

(1)

for i = 1, 2, · · · , n
�.

Now defining g(x) as

g(x) =
exp[λf(x)]dx∫
exp[λf(x)]dx

, (2)

we see that g(x) behaves like a pdf. Hence we can write (1)

as

x̂i = limλ→∞
∫

xig(x)dx, i = 1, · · · , n. (3)

= limλ→∞Eg(x)[xi], (4)

where E(·) is the expectation operator. So the underlying idea

of the theorem is to turn the maximization problem into finding

a statistical expectation. To give an intuitive feeling about the

nature of g(x) with increasing λ, we consider the following

multimodal function

f(x) = exp

(
− 0.3x− x2

2

)
(1 + sin2(3x)) (5)
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Figure 3. Plots showing f(x) and exp[λf(x)] with λ = 1, 5 and 20
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Figure 4. Plots showing exp[λp(x)] with λ = 10, 50, 100 and 200, where
p(x) is given by a Gaussian mixture model

and plot f(x) and exp[λf(x)] for λ = 1, 5 and 20 in Figure

3. We see that with increasing λ the function exp[λf(x)]
concentrates around the highest mode. Moreover, the width of

the highest mode decreases with increasing λ, which can lead

to a progressive difficulty to sample from this function. Now

coming back to the Gaussian mixture example, we similarly

plot exp[λp(x)] for λ = 10, 50, 100 and 200. This is shown in

Figure 4. Although in theory, the global maximum is attained

when λ → ∞, it is reported that the performance is almost

independent of λ, as long it is sufficiently large and the

computations are numerically stable [12].

In general, the expectation in (4) cannot be obtained an-

alytically. But for practical purposes, we can resort to the

idea of Monte Carlo averaging, where we draw N samples

of x � (x1, x2, · · · , xn) from g(x) and the expectation is

now given by

x̂i = limλ→∞
1

N

N∑
j=1

x
(j)
i . (6)

However, drawing samples directly according to g(x) may not

be that straight-forward or even possible. In such situation, one

can use the importance sampling idea as described below.

A. Importance Sampling (IS)
Suppose we cannot generate samples directly from g(x) to

estimate x̂i using equation (6). One can introduce an arbitrary

distribution π(x), from which it is easy to sample and whose

support covers the support of g(x). This distribution is known

as importance distribution or proposal distribution and the

integration in equation (3) can be rewritten as

x̂i =

∫
xiw̄(x)π(x)dx, (7)

where w̄(x) is known as the importance weight, which is given

by

w̄(x) =
g(x)

π(x)
, (8)

and is assumed to be upper bounded. However, often the target

distribution g(x) is known only up to a normalizing factor,

particularly in Bayesian statistical inference problems [6].

Then the importance weight w̄ is known only up to a scaling

factor and consequently x̂i would require the knowledge of

the actual normalizing factor. However, this requirement can

be avoided as follows. Suppose g(x) ∝ p̄(x). Defining new

importance weight w as

w =
p̄(x)

π(x)
. (9)

Now, x̂i can now be written as

x̂i =

∫
xiwπ(x)dx∫
wπ(x)dx

. (10)

Accordingly, one generates N independent samples, x(j) ∼
π(x), for j = 1, . . . , N and the Monte Carlo approximation

of the integration in equation (10) can now be given by

x̂MC
i =

1
N

∑N
j=1 x

(j)
i w(x(j))

1
N

∑N
j=1 w(x

(j))

=
N∑
i=1

x
(j)
i w̃(j), (11)

where w̃(j) are the normalized importance weights, given by

w̃(j) =
w(x(j))∑N
l=1 w(x

(l))
. (12)

Under certain weak assumptions, x̂MC
i asymptotically con-

verges to x̂i almost surely by the strong law of large numbers.

Furthermore, a central limit theorem with a convergence rate

independent of the dimension of the integrand can also be

obtained under certain additional assumptions, see e.g., [13].
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III. MAP ESTIMATION OF A MULTI-MODAL DENSITY

FUNCTION

Suppose we have a (multi-modal) target density p(x) which

can be evaluated up to a normalizing constant (i.e. p(x) ∝ p̃(x)
and p̃(x) can be evaluated for a given x). Our interest lies

in finding the MAP of p̃(x) (hence p(x)). As noted earlier,

the direct maximization of p̃(x), leads to the required MAP.

However, this is a nontrivial task due to the possible mul-

timodal nature of p̃(x) leading to many local maxima. We

instead envisage a method using Theorem 1 from section II,

where we replace f(x) by p̃(x).
To estimate the MAP according to section II, we recall

that the samples are to be drawn from g(x) given by (2). In

practice, it is difficult to generate samples from this density.

So we resort to the importance sampling, such that the

samples are generated from a different density (to be called

Pincus importance proposal (PIP)), which is easy to evaluate.

Designing such proposal itself is an interesting problem.

In some cases, furthermore, the target distribution is avail-

able in the form of weighted random samples given by

p(x) ≈ ∑N
i=1 ω

(i)δ(x(i)), where ω(i) is the weight attached

to the sample x(i) and δ(·) is the Dirac delta function. This

happens, for example, in the sequential Monte Carlo methods.

Noting that the support of p(x) covers the support of g(x) and

the (already available) samples with high weights are more

likely to be around the different major modes, design of PIP

becomes relatively easier. For example, one can design the PIP,

qλ(x) in the form of a weighted Gaussian mixture, with the

component means initially selected to be the existing samples

as

qλ(x) =

N∑
j=1

α
(j)
λ N (x(j),Σ

(j)
λ ), (13)

where the mixture component j has the weight α
(j)
λ and

variance Σ
(j)
λ respectively. The guideline for selecting λ is that

it should be ’sufficiently high without causing any numerical

problems’. So we select a vector Λ ≡ [λ1 λ2 · · ·λK ]
containing K elements such that {λi}Ki=1 form an increasing

sequence. One way to achieve this is to set λi = exp(i −
1), i = 1, · · · ,K. The weight of each component, α

(j)
λ

is initially set to be as α
(j)
λ = ω(j). The variance of each

component (Σ
(j)
λ ) over different λ is given as

Σ
(j)
λ =

Px

N
, (14)

where Px is the variance of the target density obtained using

the weighted samples as

μx =
N∑
i=1

ω(i) · x(i) (15)

Px =

N∑
i=1

ω(i) · x(i)x(i),T − μxμ
T
x . (16)

Now starting with λ1, we draw the indicator variables

Cl, l = 1, · · · , Np according to {α(j)
λ }Nj=1 and subsequently,

we generate {x(l)}Np
l=1 from qλ1

(x). Note that Cl can take

values from 1, · · · , N . The Pincus importance weight (PIW)

for the generated samples are then obtained as

W (l) =
exp[λ1p̃(x

(l))]

qλ1
(x(l))

(17)

which are then normalized as

W̃ (l) =
W (l)∑Np
l=1 W

(l)
. (18)

We then estimate the required MAP as

x̂MAP
λ1

=

Np∑
l=1

W̃ (l)x(l). (19)

Now based on the pairing of indicator variables and the

PIW, i.e., [Cl, W̃ (l)], we can update the individual mixture

component weight α
(j)
λ quite easily by counting the number

of samples generated from the particular component and

summing up the corresponding PIW. Since the means of the

components are to be more likely around the different major

modes, the weight (PIW) of the individual mixture component

gives an indication about the active major modes. Moreover

for density with unequal modes, with increasing λ, only one

out of these active modes will ultimately survive. So for the

next iteration (with increasing λ), it makes sense to sample

more often from the components with high weights. This

can be achieved by a resampling step, where the most active

components are statistically selected and subsequently new

samples are generated from them. The above procedure is

repeated over different λk, k = 2, · · · ,K. The summary

of the whole procedure is presented in (Matlab like pseudo)

Algorithm 1.

A. A one dimensional toy example

Let the target density p(x) be given by

p(x) ∝ p̃(x) := exp

(
− 0.3x− x2

2

)
(1 + sin2(3x)), (20)

for which MAP is known to be at x = −0.5. We generate the

corresponding weighted samples representation of the target

distribution, by drawing N = 200 samples from the Gaussian

proposal density q(x) = N (0.5, 12), with the corresponding

weight given by

ω̃(i) =
p̃(xi)

q(xi)
, i = 1, · · · , N. (21)

The weights are subsequently normalized as

ω(i) =
ω̃(i)∑N
i=1 ω̃

(i)
, (22)

so that the new weights ω(i) sum up to one. We plot the

target density p̃(x), the proposal density q(x) and the sample

with the maximum weight in Figure 5. It is evident that the

sample with the maximum weight does not represent the MAP

here. For our problem, as suggested in [5], we first maximize
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Algorithm 1 MAP estimation using importance sampling

based method

Input: [x(i), ω(i)]Ni=1, Λ ≡ [λ1 · · · λK ], Np, ε
For k = 1 : K,

1. set λ = Λ(k)
2. select proposal (PIP) qλ(x) as Gaussian mixture given

by (13)

(a) If k = 1,

- set αj = ω(j), j = 1, · · · , N
End If

(b) set Σj from (14)

3. draw Np samples from qλ(x)
4. compute normalized PIW by (18)

5. compute x̂MAP (k) using (19)

(c) If (k > 1) & ‖x̂MAP (k) − x̂MAP (k−1)‖ ≤ ε,

- set x̂MAP = x̂MAP (k−1)

return

End If

(d) If (k > 1) & x̂MAP (k) =
′NaN ′ % i.e. isnan(x̂MAP (k))
- set x̂MAP = x̂MAP (k−1)

return

End If

6. using [Cl, W̃ (l)]Np
l=1, update the weight of individual

mixture component: αj

7. resample the mixture components and set

αj = 1/N, j = 1, · · · , N

End For
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Figure 5. Plot showing the target density p̃(x), the proposal density q(x)
and the sample with the maximum weight (purple)

(20) along the particles representing the target distribution (i.e

{x(i)}Ni=1). The corresponding (approximate) MAP i.e., ARG

MAP estimate is obtained as −0.4844. Next we implement

Algorithm 1. For this, we set ε = 0.01 and Λ ≡ [λ1 · · · λ7],
such that λk = exp(k − 1), k = 1, · · · , 7. The number of

samples drawn from PIP is Np = 1000. The corresponding

PINCUS MAP estimate is obtained as −0.5033. We repeat

the MAP estimation over 100 Monte Carlo runs. The mean

and the standard deviation of the two estimators are shown in

Table I. From Table I, we see that the mean estimate of the

mean Std
ARG MAP -0.5007 0.0131

PINCUS MAP -0.5009 0.0014

Table I
THE MEAN AND STANDARD DEVIATION OF THE MAP ESTIMATORS OVER

100 MONTE CARLO RUNS FOR THE ONE DIMENSIONAL TOY EXAMPLE

ARG MAP is slightly better here, but the standard deviation

is almost ten times larger to that of PINCUS MAP. We next

consider a two dimensional toy example.

B. A two dimensional toy example

Let the target density p(x, y) be given by a mixture of two

Gaussian densities as

p(x, y) = 0.5 N
([

4
3

]
,

[
2 0
0 0.5

])
+0.5 N

([
6
7

]
,

[
1 0
0 2

])
.

(23)

The plot of p(x, y) is shown in Figure 6, which shows the

distinct bimodality of the target density. The true mode of the

−5

0

5

10

15

−5

0

5

10

15

0

0.02

0.04

0.06

0.08

y

pdf(obj,[x,y])

x

Figure 6. Plot showing the bimodal target density for 2-D toy example

target density is known to be around (x∗, y∗) ≡ (4.0, 3.0).
We generate the corresponding weighted samples representa-

tion of the target distribution, by drawing N = 1000 samples

from the Gaussian proposal density

q(x, y) = N
([

5
5

]
,

[
10 0
0 10

])
, (24)

with the corresponding weights as in (21) –(22). Next we

implement Algorithm 1, with ε = 0.01 and Λ ≡ [λ1 · · · λ10],
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such that λk = exp(k − 1), k = 1, · · · , 10. The number

of samples drawn from PIP is Np = 1000. The corre-

sponding PINCUS MAP estimate is obtained as (x̄, ȳ) =
(4.0190, 3.0044). For the sake of completeness, we also

report here the sample with maximum weight (MW) and the

MAP obtained when optimizing along the samples j, j =
1, · · · , Np (ARG MAP). Their values are respectively given

by (3.5945, 2.8664) and (3.8435, 2.9777). We see that the

sample with maximum weight is far off from the true MAP.

While the ARG MAP performs reasonably well, PINCUS

MAP is far superior. Subsequently, we estimate the mean and

the standard deviation of the two estimators, namely the ARG

MAP and PINCUS MAP, over 100 Monte Carlo runs. The

results are given in Table II. From Table II, we see that mean

mean Std
ARG MAP (4.0046, 3.0171) (0.1585, 0.0737)

PINCUS MAP (4.0123, 2.9945) (0.0861, 0.0435)

Table II
THE MEAN AND STANDARD DEVIATION OF THE MAP ESTIMATORS OVER

100 MONTE CARLO RUNS FOR THE TWO DIMENSIONAL TOY EXAMPLE

of both the estimators are similar here, while the standard

deviation of ARG MAP is almost two times more to that of

PINCUS MAP.

IV. MAP ESTIMATION FROM PARTICLE FILTER OUTPUT

USING IMPORTANCE SAMPLING (IS)

Consider the following general state space model given by

xk = f(xk−1, wk) (25)

yk = h(xk, vk) (26)

where xk are the latent state with initial (prior) density p(x0)
and yk are the measurements. The process noises wk and the

measurement noises vk, k = 1, 2, · · · are assumed to be

white noise sequences. Furthermore, they are assumed to be

independent of each other. In this model, we assume that the

probability density functions for wk and vk are known. The

above model can also be characterized in terms of its proba-

bilistic description via the state transition density p(xk|xk−1)
and the observation density p(yk|xk). Note here, we assume

that xk is Markovian, i.e. the conditional density of xk given

the past state x0:k−1 ≡ (x0, x1, . . . , xk−1), depends only on

xk−1. Moreover, the conditional density of yk given the state

x0:k and the past observations y0:k−1, depends only on xk.

We would like to estimate the filter MAP or equivalently

xMAP
k = argmax

xk

p(xk|y1:k). (27)

Now for each time step k, the particle filtering approximates

the filtering distribution by a cloud of N weighted particles as

P̂ (dxk|y1:k) 

N∑
j=1

w
(j)
k δ

x
(j)
k

(dxk). (28)

The filter density cannot be obtained directly from the

weighted particle cloud. However, using the Bayes’ rule we

have

p(xk|y1:k) = p(yk|xk)p(xk|y1:k−1)

p(yk|y1:k−1)
. (29)

Furthermore, observing that the denominator is independent

of xk, one can write

p(xk|y1:k) ∝ p(yk|xk)p(xk|y1:k−1). (30)

Now from the Chapman-Kolmogorov equation, we have

p(xk|y1:k−1) =

∫
p(xk|xk−1)p(xk−1|y1:k−1)dxk−1 (31)

and the running particle filter given by (28), one can approx-

imate p(xk|y1:k−1) using the Monte Carlo integration as

p(xk|y1:k−1) ≈
∑
j

p(xk|x(j)
k−1)w

(j)
k−1. (32)

Substituting (32) into (30) we get the (approximate) filter

density evaluated up to a normalizing constant as

p(xk|y1:k) ∝ p(yk|xk)
∑
j

p(xk|x(j)
k−1)w

(j)
k−1. (33)

Now given (28) and (33), we can use Algorithm 1 as

outlined in section III, to find the filter MAP estimate for

each time step k, k = 1, · · · , t. Note here that the PIW in

(17) requires the evaluation of the target density given by (33).

This has computational complexity O(N2) for each time step.

However, the same target density is used in estimating ARG

MAP as well.

V. IS BASED SMOOTHED MARGINAL MAP USING

FORWARD BACKWARD PARTICLE SMOOTHER (FBPS)

In FBPS, the smoother uses the same support of (forward)

particle filter. The marginal smoothing distribution is obtained

in the form of weighted random particles as

P̂ (dxt|y1:T ) ∼
N∑
i=1

ω
(i)
t|T δx(i)

t
(dxt); t ≤ T. (34)

The smoothing weights are obtained through the following

backward recursion:

ω
(i)
t|T = ω

(i)
t

N∑
j=1

[
ω
(j)
t+1|T

p(x
(j)
t+1|x(i)

t )∑N
k=1 p(x

(j)
t+1|x(k)

t )ω
(k)
t

]
(35)

where x
(i)
t and ω

(i)
t are given by (28), with ω

(i)
T |T = ω

(i)
T . The

marginal smoothing density can be shown to be given by [7]

p(xt|y1:T ) ≈ p(xt|y1:t)
N∑
j=1

[
p(x

(j)
t+1|xt)

N∑
k=1

p(x
(j)
t+1|x(k)

t )ω
(k)
t

]
ω
(j)
t+1|T ,

(36)

for any support point xt. Now similar to Section IV, the

smoother MAP can be obtained using (34)–(36) in Algorithm

1
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VI. CONCLUSION

MAP estimate is widely used for many practical applications

involving multimodal posterior, such as in target tracking

and navigation [14], [15], [16]. Even though, for a general

state space model, the filter (or marginal smoother) MAP

cannot be obtained directly from the output of a particle

filter (or smoother), the filter (or marginal smoother) den-

sity can be constructed approximately, e.g., using particle

approximation of Chapman-Kolmogorov equation. However,

finding the maximum of the corresponding density is plagued

by the presence of many local maxima arising due to the

posterior multimodality. In this article, we propose a new

MAP estimator based on the global optimization principle

of Pincus using importance sampling method. We present

a simple algorithm and demonstrate our approach on two

toy examples. Subsequently, new frameworks are outlined for

estimating the filter and marginal smoother MAP of a dynamic

model using this new algorithm.

In future, we would like to explore the idea of generating

the samples directly from g(x) in (3) for a batch method using

e.g., slice sampling or rejection sampling. The computational

load is also a major concern and we plan to further look into

this aspect.
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