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Purpose: The Mean Intercept Length tensor is the most used technique to estimate
microstructure orientation and anisotropy of trabecular bone. This paper proposes an
eﬃcient extension of this technique to gray-scale images based on a closed formulation
of the Mean Intercept Length tensor and a generalization using diﬀerent angular
convolution kernels.
Method: First, the Extended Gaussian Image is computed for the binary or grayscale image. Second, the intercepts are computed for all possible orientations through
an angular convolution with the half-cosine function. Finally, the tensor is computed
by means of the covariance matrix. The complexity of the method is O(n + m) in
contrast with O(nm) of traditional implementations, where n is the number of voxels
in the image and m is the number of orientations used in the computations. The
method is generalized by applying other angular convolution kernels instead of the
half-cosine function. As a result, the anisotropy of the tensor can be controlled while
keeping the eigenvectors intact.
Results: The proposed extension to gray-scale yields accurate results for reliable
computations of the Extended Gaussian Image and, unlike the traditional methodology, is not aﬀected by artifacts generated by discretizations during the sampling of
diﬀerent orientations.
Conclusions: Experiments show that the computations on both binary and grayscale images are correlated, and that computations in gray-scale are more robust,
enabling the use of the Mean Intercept Length tensor to clinical examinations of
trabecular bone. The use of kernels based on the von Mises-Fisher distribution is
promising as the anisotropy can be adjusted with a parameter in order to improve
its power to predict mechanical properties of trabecular bone.
Keywords: Fabric tensors, Mean Intercept Length tensor, Extended Gaussian Image,
Trabecular Bone, Shape Analysis
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I.

INTRODUCTION
Estimating fabric tensors is one of the most widely used techniques to characterize the

microstructural architecture of materials, in particular, trabecular bone. Fabric tensors are
able to estimate both anisotropy and orientation of a material (usually referred to as phase
in mechanics of materials) with respect to another one. They have been applied to a variety
of ﬁelds including biomechanics1 , mechanics of materials2 , and geology3 . The most common
fabric tensors are second-order tensors, which can be represented by means of symmetric
positive-deﬁnite matrices. These tensors can be graphically represented by means of ellipses
in 2D or ellipsoids in 3D whose orientation and shape are determined by their eigenvectors
and eigenvalues respectively. Although formulations to compute higher-order fabric tensors
have also been proposed (e.g.,4 ), microstructural architecture of most materials, including
trabecular bone, can be accurately modeled by means of second-order tensors5,6 .
The importance of fabric tensors in trabecular bone research comes from evidence supporting that changes in the anisotropy and orientation of trabecular bone are associated
with osteoporosis7–9 . It is important to remark that estimating mechanical anisotropy and
orientation is not possible in vivo and ﬁnite element method (FEM) simulation, apart from
being computationally expensive, is not yet a mature technique for trabecular bone, as the
results have a strong dependency on boundary conditions, homogenization schemes and the
general design of the simulations10–12 . In this context, fabric tensors aim at being surrogates
of mechanical properties of trabecular bone.
Many methods have been proposed to compute fabric tensors. These methods can roughly
be classiﬁed into three categories. First, boundary-based methods use the interface between
phases to estimate fabric tensors. The Mean Intercept Length (MIL) tensor5,13 and the global
gradient structure tensor (GST)14,15 belong to this category. In trabecular bone research,
the MIL tensor is considered as the gold standard thanks to the large amount of evidence
supporting its appropriateness to predict mechanical properties of trabecular bone1,16–18 .
Second, volume-based methods compute anisotropy from measures taken inside one of the
phases, e.g.,19–24 . Some of these methods are based on stereological processes whose accuracy
is directly related to the computational complexity of the algorithm. Although the MIL
tensor was also proposed as a stereological process, one of the main contributions of this
paper is to show that it can be reformulated in such a way that this process can completely
3

FIG. 1. Computation of the intercepts between a set of parallel lines and the interface between
phases. In this example, the number of intercepts is 13.

be avoided. Finally, alternative methods have been proposed. For instance, fractal-based
methods use directional measurements of fractal dimension to compute fabric tensors, e.g.25 .
A drawback of this approach is that it is not clear whether or not trabecular bone follows a
fractal pattern26 .
The MIL with respect to a particular orientation is deﬁned as the mean distance between
a change from one phase to the other in such an orientation. This value is inversely proportional to the number of intercepts between a set of parallel lines and the interface between
phases (see Figure 1). In 2D, the MIL tensor is obtained by applying ellipse ﬁtting algorithms to polar plots of the MIL, also known as rose diagrams. A more detailed description
of the process for computing the MIL tensor is given in the next section.
Despite its usefulness, the MIL tensor has some serious limitations when it is applied to
digital images of trabecular bone. First, the MIL tensor has only been deﬁned for binary
images where the interface between phases is clearly deﬁned. Thus, a previous step of
binarization is required, since raw data are usually in gray-scale. For low quality images,
this step can lead to loss of relevant information. Unfortunately, this is usually the case in
clinical examinations of trabecular bone. Second, accurate estimations of the MIL tensor
usually involve high computational costs when traditional implementations are applied. This
makes it diﬃcult to apply this technique to large scans. Third, the MIL tensor is sensitive
to noise. Finally, although it is not the case of trabecular bone, the MIL tensor is not
appropriate for all types of materials19,27 .
Many researchers have proposed alternatives to the MIL tensor in order to tackle some
of these limitations (see19 for a review of some of these alternative techniques). In principle,
two methodologies may be followed for proposing such alternatives. The ﬁrst one is based
4

on ﬁnding correlations between fabric tensors computed through a diﬀerent technique with
either the MIL tensor or mechanical properties of the bone. The second one is based on
proposing extensions of the MIL tensor. This paper follows the second approach. To the
best of our knowledge, only3 and28 have followed the second methodology so far. However,
the method in3 is exposed to artifacts generated by discretizations during the sampling of
diﬀerent orientations, making it inconvenient for images with limited resolution. In turn,
the method in28 is a special case of the proposed method. In fact, the proposed formulation
is more convenient since it leads to eﬃcient implementations in the frequency domain and
to generalizations of the MIL tensor by applying diﬀerent edge detectors and kernels.
Thus, this paper proposes an eﬃcient extension of the MIL tensor to gray-scale images
of trabecular bone, i.e., the method is focused on the ﬁrst two of the aforementioned limitations. Instead of using the traditional orientation sampling methodology used by previous
approaches, the proposed method uses a closed general formulation of the MIL tensor, which
involves the computation of the Extended Gaussian Image (EGI), an angular convolution
and the computation of a covariance matrix. In addition, since issues related to noise and
resolution are isolated to a single step of the formulation, namely the EGI, they can also
be tackled by combining the new proposed technique with robust estimators of the EGI.
Furthermore, a straightforward generalization of the MIL tensor can be obtained from the
proposed formulation with potential advantages for predicting mechanical properties of trabecular bone.
The paper is organized as follows. Section II presents a mathematical derivation of the
MIL tensor in 2D and 3D. Section III describes some implementation issues of the MIL
tensor. Section IV presents the extension of the MIL tensor to gray-scale images. Section V
introduces the proposed generalization using diﬀerent convolution kernels. Section VI shows
some experiments in 2D and 3D. Finally, Section VII discusses the results and makes some
ﬁnal remarks.

II.

THE MIL TENSOR FOR BINARY IMAGES
Before proposing a technique for computing the MIL tensor for gray-scale images, it is

advantageous to reformulate the traditional method in a more convenient way. The following
subsections describe both the traditional and the proposed closed formulation of the MIL
5

tensor for binary images.

A.

Traditional Formulation of the MIL Tensor
The traditional methodology for computing the MIL can be summarized as follows5 .

First, a family of parallel lines to a speciﬁed direction v are traced, with v being a unitary
vector. Second, the number of intersections, C(v), between these lines and the interface
between both phases is counted (cf. Figure 1). Finally, the MIL with respect to v, MIL(v),
can be computed as:
MIL(v) =

h
,
C(v)

(1)

where h is the summation of the length of all traced lines.
In order to obtain the MIL tensor in 2D, the MIL for diﬀerent directions v is plotted in
a rose diagram. Researchers have found experimentally that the rose diagram of the MIL
is usually close to an ellipse for many types of materials, in particular for trabecular bone5 .
This fact makes it possible to estimate with a small error the parameters of such an ellipse
by any ﬁtting algorithm, for instance, by least-squares ﬁtting29 . Thus, thanks to duality in
2D between ellipses centered at the origin and positive semideﬁnite second order tensors, the
MIL tensor, M, can be computed as the 2 × 2 matrix that represents the estimated ellipse.
In 3D, the process for computing the MIL tensor is similar. The diﬀerence in this case
is that the MIL for diﬀerent orientations should be ﬁtted to an ellipsoid, e.g. by following
the methodology described in30 . The parameters of the resulting ellipsoid can be used to
compute the MIL tensor, which is the 3 × 3 matrix that represents such an ellipsoid.
The accuracy of the method can be controlled by increasing the number of traced lines
and by using more directions v. A usual setting is to trace as many lines as needed to
completely cover the image, that is h = n, where n is the number of pixels (voxels in 3D).
In this case, the total complexity of computing the MIL tensor through the methodology
described above is O(nm), where m is the number of diﬀerent directions of v, since the
complexity of computing C(v) is O(n), which is mainly determined by the complexity of
the utilized line-drawing method (e.g., the Bresenham’s algorithm or the digital diﬀerential
analyzer31 ).
6
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FIG. 2. Computation of the MIL(v) for a linear interface between phases of length l and normal
u. Parameter ϵ denotes the separation between the testing lines parallel to v.

B.

Closed Formulation of the MIL Tensor
This subsection introduces a new general closed formulation of the MIL tensor, which

is equivalent to the traditional methodology described in the previous subsection. The
technique can be reformulated as follows. First, consider the case of Figure 2. It shows a
square region of interest where the interface between both phases is a straight line of length l
with a unitary normal u. The same ﬁgure also shows the traced lines for a speciﬁc direction
v, which are separated from one another by a distance ϵ. As described in28 , it is not diﬃcult
to show that:
C(v) =
with:

l
t(v, −u),
ϵ


 ⟨a, b⟩ if ⟨a, b⟩ > 0
t(a, b) =
 0
otherwise,

(2)

(3)

where ⟨·, ·⟩ is the inner product of vectors. In the literature, t is usually referred to as the
half-cosine function32–34 .
It is important to remark that in general C(v) ̸= C(−v). For example, in Figure 2,
C(v) = 4, but C(−v) = 0, since only bright to dark interfaces are taken into account. If a
small enough value of ϵ is used, this result can be generalized to any shape of the interface
between phases in 2D as:
1
C(v) =
ϵ

∫
t(v, −ŝ) dL

(4)

L

where L is the interface between phases and ŝ is the normal at every point of the interface.
Note that L can consist of a set of diﬀerent contours. In addition, ϵ can be thought of as a
parameter that should be adjusted in order to appropriately sample L. This equation can
7

be rewritten as:

∫ ∫ 2π
1
C(v) =
t(v, −uθ ) δ(−uθ − ŝ) dθ dL,
(5)
ϵ L 0
where δ is the unit impulse function, and uθ = (cos(θ) sin(θ))T . This integral can be simpliﬁed with the help of EGI35 . The EGI at a speciﬁc direction uθ , G(uθ ), is given by:
∫
G(uθ ) =
δ(uθ − ŝ) dL.

(6)

L

Thus, by changing the order of integration in (5), it is obtained that:
∫
1 2π
t(v, −uθ ) G(−uθ ) dθ.
C(v) =
ϵ 0

(7)

This equation shows that C is equivalent to the angular convolution36 between the mirrored
EGI and the smoothing half-cosine kernel t. This equation can be used to estimate the MIL
tensor, M. As already mentioned, M, is usually computed by means of ellipse ﬁtting of the
MIL(v) for diﬀerent values of v. Alternatively, since M is proportional to the covariance
matrix, it can be computed as:

∫

2π

M=w
0

vθ vTθ
dθ
C(vθ )2

(8)

where vθ = (cos(θ) sin(θ))T and w is a constant. Notice that C(vθ )2 appears in the denominator because the MIL is inversely proportional to C(vθ ), as shown in (1).
It is important to remark two aspects from (8). First, the size of M is usually discarded,
since it directly depends on the selection of ϵ, which is a parameter of the method that
is unrelated to the microstructural architecture of the studied material. Thus, analyses
for estimating orientation and anisotropy from the MIL tensor are usually conducted on
normalized versions of M16,17 . That means that, in practice, w and ϵ can be safely omitted
from the formulation, since they are removed in the normalization process of the MIL tensor.
The second aspect to remark is that M can only be computed if C(vθ ) > 0 for all vθ . This
condition can be assured by considering L as a set of closed contours.
The extension of this formulation of the MIL tensor to 3D is straightforward. In this
case:
∫
1
C(v) = 2
t(v, −ŝ) dΩ
ϵ Ω
where Ω is the interface surface between phases. The EGI in 3D is given by:
∫
G(uθ,ϕ ) =
δ(uθ,ϕ − ŝ) dΩ.
Ω

8

(9)

(10)

where uθ,ϕ is a vector in the unitary sphere given in spherical coordinates. Consequently:
1
C(v) = 2
ϵ

∫

π

∫

2π

t(v, −uθ,ϕ ) G(−uθ,ϕ ) sin(ϕ) dθ dϕ,
0

(11)

0

where sin(ϕ) dθ dϕ corresponds to the surface element of the unitary sphere in spherical
coordinates. Similarly to the 2D case, (11) is equivalent to the angular convolution in
spherical coordinates between the mirrored EGI and the smoothing half-cosine kernel t in
3D. Finally:

∫

π

∫

M=w
0

0

2π

vθ,ϕ vTθ,ϕ
sin(ϕ) dθ dϕ,
C(vθ,ϕ )2

(12)

with vθ,ϕ being a vector in the unitary sphere given in spherical coordinates, and sin(ϕ) dθ dϕ
being the surface element of the unitary sphere in spherical coordinates. Following a similar
reasoning, w and ϵ can be safely omitted from the formulation.

III.

IMPLEMENTATION ISSUES IN BINARY IMAGES

This section discusses some aspects that must be taken into account in implementations
of the method presented in the previous section, in particular aspects related to eﬃciency
and accuracy.

A.

Eﬃciency
The closed formulation introduced in the previous section leads to a more eﬃcient im-

plementation of the MIL tensor than that obtained with traditional methodology. The
computation of the MIL tensor can be achieved by dividing the process into three steps.
In the ﬁrst step, the EGI is computed for all possible directions. This can be done by
computing the angular histogram of normals at the interface between phases, as shown in
Figure 3. The EGI can be considered proportional to the angular histogram of normals when
the voxel size is negligible compared to the total surface area of the object of interest37 , which
is usually true for images of trabecular bone. This step has a complexity of O(n) where n
is the number of pixels (voxels) in the image.
The second step corresponds to the angular convolution computed through (7) in 2D,
or (11) in 3D. Since the half-cosine is a smooth function, except at π/2, and has a large
extent in the angular domain, it is more convenient to apply the angular convolution in
9

FIG. 3. Computation of the EGI. Normals at the interface between phases are mapped into a
unitary sphere.

the frequency domain. In 2D, this is done in the Fourier domain, at a maximum cost of
O(m log(m)), where m is the number of sampling orientations used in the computations.
However, since the bandwidth of the Fourier transform of the half-cosine function is very
narrow, the convolution can be approximated by considering just a few coeﬃcients in the
Fourier domain. For example, the energy retained by truncating frequencies beyond π/16,
π/32 and π/64 in the Fourier domain of the half-cosine kernel is 99.53%, 99.96% and 99.53%
respectively. Thus, the complexity of the convolution is reduced to O(m) by using this
approximation.
In 3D, the angular convolution is performed by using spherical harmonics36,38 . In this
case, the angular convolution has a complexity of O(m log2 (m))39 . Similarly to the 2D case,
this complexity can be largely reduced, thanks to the properties of the half-cosine function.
For example, the introduced error in convolutions with the half-cosine function by using
at most 10-th order spherical harmonics is negligible32 . Thus, the complexity is reduced
to O(m) by using this approximation, where m is the number of orientations used in the
computations.
In a third step, M is computed through (8) in 2D, or (12) in 3D, by using the precomputed
values of the EGI. This step has also a complexity of O(m). Thus, the total complexity of
the new formulation is O(n + m) compared to O(nm) of the traditional method.

B.

Accuracy
The formulation presented in Subsection II B can also be used to analyze factors that can

impact the accuracy of the MIL tensor. For a large enough m, the accuracy in the estimation
10
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FIG. 4. Estimation of anisotropy of the MIL tensor for a bar of 100 × 5 by using a basic implementation of the EGI. (a-b) Anisotropy and angular error for diﬀerent rotations of the same
bar respectively. (c-d) Anisotropy and angular error for diﬀerent levels of salt and pepper noise
respectively. Ideally, a1 should be a constant and e1 = 0 for both cases.

of the MIL tensor computed through the proposed formulation is mainly determined by the
accuracy of estimating the EGI.
In practice, using accurate implementations of the EGI is mandatory, since basic implementations can be very sensitive to discretization errors and noise. This can be seen through
an example in 2D, which can be easily extended to 3D. Assume that ŝ in (6) is computed
as ∇Is /||∇Is || for s belonging to the interface between phases in the image I, and that the
gradient is computed through central ﬁnite diﬀerences40 . Thus, the angle of every estimated
normal is a multiple of π/4, provided that the image is binary. For this implementation,
consider the case of a 2D horizontal binary bar of 100 × 5 pixels. The normalized diﬀerence
of eigenvalues a1 , which is given by a1 = 1 − λ2 /λ1 , with λi being the i-th largest eigenvalue of the tensor, can be used to estimate anisotropy of 2D tensors41,42 . The measurement
a1 ranges from zero, for isotropic tensors, to one for completely anisotropic tensors. For
the horizontal bar, the resulting MIL tensor is highly anisotropic since a1 = 0.98, and its
principal eigenvector is oriented in the x axis.
Rotational invariance, which is a desired feature of the MIL tensor, can be assessed by
11

comparing a1 and the orientation of its principal eigenvector both for the original and a
rotated version of the bar. Rotational invariance is attained if M has the same value of a1
and the orientation of its principal eigenvector coincides with the rotation angle, no matter
the rotation angle.
Regarding a1 , Figure 4a shows that M “swells” for angles diﬀerent from multiples of π/4
for this implementation of the EGI. This is because the anisotropy is reduced as a broader
range of angles are mistakenly taken into account in the computation of M. This eﬀect is
relatively high, since a1 is reduced from 0.98 in the peaks to 0.59 in the valleys as shown
in Figure 4a, while it should have remained constant. In addition, Figure 4b shows that
the angular error of the principal eigenvector, e1 , also increases for angles diﬀerent from
multiples of π/4, attaining a maximum of 5 degrees in the hills and a minimum of -5 in the
valleys.
In order to tackle this issue, Kanatani43 and Launeau and Robin6 modeled the problem
as a reconstruction of the real EGI from a sampled EGI. Thus, they propose to approximate
the real EGI by means of Fourier series from a sampled EGI, which is directly estimated
from the image. However, in practice, this strategy requires a dense angular sampling,
which is not the case for the mentioned implementation of the EGI, since it is π/4. On
the other hand, if a dense enough angular sampling is available, the approximation with
Fourier series of the EGI is no longer necessary to compute the MIL tensor. Another
standard strategy to minimize the problem described above is to apply a Gaussian ﬁlter
with a small standard deviation, usually 0.5, before computing the gradient through central
ﬁnite diﬀerences (e.g.,40 ). However, as it will be shown in Section VI, using more accurate
estimators of the normals is a better alternative to assure rotational invariance.
As well as rotational invariance, robustness is a desired feature of the MIL tensor. However, robustness cannot be attained either by using a non-robust implementation of the EGI.
For example, in the case of non-correlated noise, noisy pixels can be mistakenly identiﬁed
as small isotropic objects. Since the EGI of a set of objects is the sum of the EGI of every
object35 , the EGI of the noisy image, Gn , can be written as:
Gn (uθ ) = G0 (uθ ) + K,

(13)

where G0 is the EGI of the noiseless image and K is a constant which is proportional to the
number of noisy pixels. In highly noisy scenarios, Gn (uθ ) ≈ K, that is, Gn , and consequently
12

M, become isotropic. Similarly, anisotropic noise can lead to bias in the estimation of the
EGI and therefore of the MIL tensor.
Unfortunately, low levels of noise can also inﬂuence the accuracy of the MIL tensor. Due
to the narrow bandwidth of the half-cosine function, the angular convolution can spread
noisy estimations of the EGI over half of the unitary circumference in 2D and half of the
unitary sphere in 3D. This can give place to an undesirable “swelling” eﬀect in the estimation
of the MIL tensor. This problem can be minimized through the generalization of the MIL
tensor proposed in Section V.
Figures 4c and 4d show the inﬂuence of salt and pepper noise in the estimation of M
for the horizontal binary bar used in the previous experiment using the basic methodology
described above. It can be seen that the estimation of anisotropy is strongly aﬀected, even
with low amounts of noise, while the angular error is only aﬀected by relatively high amounts
of noise. For instance, a1 = 0.59, which is the minimum value of a1 in Figure 4a, is attained
at 10% of noisy pixels, while 5 degrees of angular error is attained with 30% of noisy pixels.
Hence, amount of noise must be carefully taken in consideration for implementing the EGI.
It is important to remark that, as pointed out in6 , methods based on the traditional
methodology of Subsection II A are exposed to discretization artifacts generated by linedrawing algorithms. On the contrary, the proposed method in Subsection II B is not aﬀected
by these artifacts, since it is not based on line tracing.

IV.

EXTENSION OF THE MIL TENSOR TO GRAY-SCALE IMAGES

An important point to remark from the closed formulation of the MIL tensor given in
Subsection II B is that the inﬂuence of the geometry of the material in the computations of
the MIL tensor is isolated to the computation of the EGI. Thus, extensions of the MIL to
gray-scale images can be directly obtained from extensions of the EGI to this type of images.
Consequently, the MIL tensor for gray-scale images can then be computed by replacing (6)
in 2D or (10) in 3D with a gray-scale version of the EGI.
An ideal extension of the EGI to gray-scale images mainly involves two processes: the
estimation of normals and the identiﬁcation of the interface between phases. The diﬃculty
of carrying out both processes depends on the quality of the image. Thus, by using the
13

(a)

(b)

FIG. 5. Level sets of the norm of the gradient for two ﬁgures. (a) All level set curves have a similar
shape. (b) All level set curves have a diﬀerent shape.

methodology proposed in37 , the EGI for high quality, gray-scale images can be estimated as:
)
∫ (
∇Ip
Gg (uθ,ϕ ) = δ uθ,ϕ −
||∇Ip || dI,
(14)
||∇Ip ||
I
where Gg is the EGI for gray-scale images I is the image and p represents every voxel of
the image. However, this formulation can only be used if the image complies with all of
the following three conditions: a) illumination-invariant conditions, b) noiseless conditions,
and c) ||∇Ip || ≫ ||∇Iq || for p and q belonging and not belonging to the interface between
phases respectively. An analysis of the eﬀect of eliminating each of these three conditions
can be used to propose a more general formulation of Gg (uθ,ϕ ).
First, consider the case of images that comply with conditions a) and b) but not with
condition c). In order to observe the eﬀect of condition c), Figure 5 shows the level sets of
two ﬁgures where every curve corresponds to a diﬀerent value of the norm of the gradient.
As can be seen, there are two cases depending on whether or not the level set curves have
approximately the same shape. In the case of Figure 5a, Gg (uθ,ϕ ) ≈ α G(uθ,ϕ ), that is,
the EGI of the gray-scale image is proportional to the EGI of the corresponding binary
image. By using a similar reasoning to the one described in Subsection II B, scaling factors,
such as α, do not aﬀect the computation of the MIL tensor, since they are eliminated in
the normalization process. Thus, (14) can be used to estimate the MIL tensor in that
case. However, this simpliﬁcation cannot be generalized for any image. In particular, this
is true for the case in which the shape of the level set curves is diﬀerent. For instance,
for the image in Figure 5b, the object mainly has an horizontal orientation, which is in
accordance with the orientation of the most external level set curve. However, (14) is biased
by the wrong contributions given by the internal level set curves. The most extreme case
is given by the most internal curve, which is almost vertical. Consequently, (14) will be
appropriate only if all level set curves have the same shape. Although this is usually a
14

diﬃcult condition to comply with, this approximation could still be used for estimating
anisotropy and orientation of trabecular bone, since it mainly consists of rods and plates
components, which approximately have this property17 .
Now, consider the case of images that comply with conditions a) and c) but not with
condition b), that is, consider the case of noisy gray-scale images. Using a similar reasoning
as the one presented in the previous section, noise can largely aﬀect both the estimation
of anisotropy and orientation if the estimation of the gradient is not robust. Consequently,
(14) will only be appropriate if robust estimators of the gradient are applied.
Finally, consider the case of images that comply with conditions b) and c) but not with
condition a). In this case, the norm of the gradient will have diﬀerent values in the border of
the interface between phases. This can lead to mistakenly overweighting some orientations
in the EGI, aﬀecting in such a way the computation of M. Thus, (14) should not be used
in this case.
This analysis leads us to propose the following general formulation of the EGI for grayscale images. Let O(p) : ℜ3 7→ S 2 (the surface of a 2-sphere) be a measurement of orientation
at p, and E(p) : ℜ3 7→ ℜ be a measurement of edginess, that is, a measurement of how
likely p belongs to the interface between phases. Orientations computed through O must be
normalized. However, normalization is not required for E, since the MIL tensor is insensitive
to scaling factors of the EGI (cf. Section II). The EGI for gray-scale images can be computed
as:

∫
δ (uθ,ϕ − O(p)) E(p) dI.

Gg (uθ,ϕ ) =

(15)

I

Notice that (15) is a generalization of (14). Thus, (15) is appropiate in all cases, regardless
of whether the image complies with all of the three aforementioned conditions or not. The
selection of O and E must be in accordance with the quality of the image. Thus, Gg must be
computed with robust estimators of orientation and edginess for images in which some of the
aforementioned conditions a), b) and c) are not fulﬁlled. By using the same arguments as in
Section III, estimations of O and E must be robust in order to obtain accurate estimations
of the EGI. For example, formulations of O and E based on the Canny’s edge detector44 are
appropriate for illumination-invariant conditions. As will be shown in Section VI, this is the
case for images of trabecular bone acquired through Micro Computed Tomography (µCT)
and Cone Beam Computed Tomography (CBCT).
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V.

GENERALIZATION OF THE MIL TENSOR BY APPLYING

DIFFERENT CONVOLUTION KERNELS
As already mentioned, the half-cosine function acts as low-pass ﬁlter of the EGI in the
computation of the MIL tensor. However, one disadvantage of the half-cosine function is
that it is too broad leading to a “swelling” eﬀect in the MIL tensor, i.e., the MIL tensor
becomes more isotropic. In addition, this eﬀect cannot be controlled since the half-cosine
function does not have tunable parameters. Moreover, derivative of the half-cosine has a
discontinuity at ϕ = π/2. These drawbacks can be tackled by a generalization of the MIL
tensor in which diﬀerent convolution kernels are used instead of the half-cosine function.
Kernels used to compute the generalized MIL tensor must comply with two restrictions.
First, they have to be positive, as they can be thought of as weighting factors that are
applied to the mirrored EGI. Second, they must be rotationally symmetric around a speciﬁc
direction. In practice, the second restriction means that if the kernel is aligned with the north
pole (ϕ = 0), the kernel will only be a function of ϕ and not of θ in spherical coordinates.
Thanks to the Funk-Hecke theorem45 , the convolution of a function, G, with a kernel K
that complies with the aforementioned restrictions can be written as:
( j=i
)
∞
∑
∑
G∗K =
αi
gij Yij ,
i=0

√

with:
αi =

(16)

j=−i

4π
ki ,
2i + 1

(17)

where ki are the zonal harmonics coeﬃcients of K, gij are the harmonics coeﬃcients of G
and Yij are the surface spherical harmonics. This means that the convolution of G with a
rotationally symetric kernel K performs a pure scaling, with no rotations, on the harmonics
expansion of G, since, for every speciﬁc order i, all coeﬃcients gij are scaled by the same
coeﬃcient αi . Thus, the net eﬀect of changing the half-cosine kernel by any other rotationally
symmetric kernel K in the formulation of Section II is a change in the anisotropy of the
resulting tensor, while the eigenvectors are preserved.
As an example, kernels obtained from the von Mises-Fisher distribution (vMFd)46 can
be used in the generalized MIL tensor. The vMFd is given by:
K(ϕ) =

κ
eκ cos(ϕ) ,
4π sinh(κ)
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(18)

where κ ≥ 0 is a parameter. There are two extreme cases of κ for the vMFd. On the one
hand, κ = 0 leads to an uniform kernel that results in an isotropic MIL tensor. On the
other hand, κ = ∞ leads to the impulse kernel. Values in between can be used to adjust
the anisotropy of the generalized MIL tensor. Notice that other kernels can also be applied
instead, e.g., powers of the half-cosine function.
It is noteworthy to show that the global gradient structure tensor (GST)14,15 is related
to the use of the impulse kernel in the generalized MIL tensor. The GST is given by:
∫
(19)
GST = ∇Ip ∇Ip T dI.
I

It can be shown that, for binary images, (19) can be rewritten in 2D as:
∫

2π

C(vθ )2 vθ vTθ dθ,

GST =

(20)

0

and in 3D as:

∫

π

∫

2π

C(vθ,ϕ )2 vθ,ϕ vTθ,ϕ sin(ϕ) dθ dϕ,

GST =
0

(21)

0

where C is the angular convolution of the EGI computed through (14) with the impulse
kernel, and vθ and vθ,ϕ are vectors in the unitary circumference and sphere respectively.
As seen, (8) is similar to (20) and (12) is similar to (21). The main diﬀerences between
both approaches is that they use diﬀerent convolution kernels and the denominators in
equations (8) and (12) appear in the numerators of (20) and (21). Since the impulse kernel
is rotationally symmetric and the transformation C(v) 7→ 1/C(v) does not introduce any
rotation, the GST will share the eigenvectors with any generalized MIL tensor, although they
can have diﬀerent eigenvalues, as has experimentally been shown in the literature24,28,47 .

VI.

EXPERIMENTS

The next two subsections present the results of the experiments conducted to test the
methods proposed in previous sections in 2D and 3D respectively.

A.

Experiments in 2D
Figure 6a-e show the images used in the experiments in 2D. Figure 6a and 6b are synthetic

blurred images of a bar and a cross contaminated with noise, Figures 6c and 6d correspond
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FIG. 6. (a-b) Synthetic images with noise. (c-d) Slices of a µCT scan of a radius and a vertebra
respectively. (e-f) Slices of CBCT scans of a radius at a resolution of 80µm and 125µm respectively.
(g-l) Superimposed MIL tensors computed both on gray-scale (reddish) and on segmented versions
(bluish) of the images (a-f) respectively.

to regions of interest extracted from images acquired through µCT of specimens from the
radius and a vertebra respectively, whereas Figure 6e and 6f correspond to regions of interest
extracted from images of a radius specimen acquired through CBCT at isotropic resolutions
of 80µm and 125µm respectively. The synthetic images have been generated by adding
Gaussian noise with zero mean and a standard deviation of 10% of the maximum gray value
of every image. In turn, the tested images of the radius and vertebra correspond to slices
of the images used in the experiments in 3D (cf. Subsection VI B). In addition, noiseless
versions of the bar and the cross have also been used in the experiments.
The MIL tensor has been computed for both the original gray-scale images and their
thresholded counterpart. The gradient has been computed through central ﬁnite diﬀerences
18

TABLE I. Errors e1 (in degrees), â1 and d for binary vs. gray-scale MIL tensor for the images of
Figure 6 computed through CFD and Canny. Values of â1 and d have been scaled by 100.
CFD

Canny

Image

e1

â1

Bar

0.00

6.35

Noisy bar

0.49 43.59 20.85 0.02 1.16 1.20

Cross

0.00

Noisy cross

d

e1

â1

d

6.44 0.00 0.92 0.97

6.79

3.75 0.00 0.62 0.35

11.52 18.43

7.36 0.78 0.99 0.75

µCT radius

1.00 27.89 13.79 0.34 0.60 0.43

µCT vertebra

4.72

4.29

1.87 0.31 0.94 0.45

CBCT radius (80µm)

4.31 15.71

7.58 3.60 1.26 1.53

CBCT radius (125µm)

4.95 13.57

6.88 1.92 3.40 1.73

(CFD) and Canny’s edge detector without the non-maximum suppression and hysteresis
thresholding steps with a standard deviation of 50µm44 . A Gaussian ﬁlter with a standard
deviation of 0.5 pixels has been applied to the thresholded images before computing the
gradient in order to get more reliable estimations of the normals (cf. Subsection III B). The
following orientation and edginess functions have been applied for the ﬁltered gray-scale
images:
O(p) =

E(p) =

∇Ip
,
||∇Ip ||

 ||∇Ip || if ||∇Ip || > 0.1 max ||∇Iq ||


q∈I

0

(22)

,

(23)

otherwise.

where I is the input image. As expected, both CFD and Canny applied to the noiseless
segmented synthetic images yielded exactly the same result as the one obtained by the
traditional stereological procedure.
Table I shows a numerical comparison between the tensors computed in binary and grayscale values using CFD and Canny. In particular, three measurements have been computed:
the angular error between the principal eigenvectors, e1 , the absolute change in the normalized diﬀerence of eigenvalues:
â1 = |a1 (binary image) − a1 (gray-scale image)|
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(24)

TABLE II. Errors e1 (in degrees), â1 and d between the MIL tensor computed on noiseless and
noisy versions of the images of Figure 6a-b for binary (B) and gray-scale (G). The MIL tensor have
been computed by using CFD and Canny. Values of â1 and d have been scaled by 100.
CFD
Image Type

e1

â1

Canny
d

e1

â1

d

B

0.24 30.27 23.30 0.01 1.10 1.13

G

0.72 80.20 50.58 0.01 0.86 0.90

B

3.22 16.33

Bar
7.95 0.47 1.20 0.74

Cross
G

14.74 41.55 19.00 0.31 0.83 0.51

and the Frobenius distance between the tensors, which is given by48 :
d(A, B) =

√

trace ((A − B)(A − B)T ).

(25)

Results show that Canny is more appropriate for computing the MIL tensor than CFD,
since the diﬀerences between the tensor computed on binary and gray-scale images are very
small, even for the noisy images. This result was expected, since CFD is more inﬂuenced
by noise. Figures 6g-l show the ellipses that represent the MIL tensors computed by using
Canny for Figures 6a-f respectively, both for gray-scale and thresholded versions of these
images. As can be visually assessed, the diﬀerence between both tensors is negligible in all
tested cases.
Table II compares the MIL tensor computed on the synthetic noisy images with respect
to their noiseless counterparts. As can be seen, the MIL tensor computed through CFD is
very sensitive to noise, especially with respect to the estimation of anisotropy â1 . Unlike
CFD, Canny is able to compute the MIL tensor accurately in presence of noise with a small
error. This table also shows that the MIL tensor computed with Canny in gray-scale is more
robust than that computed in binary. This result is especially important, since it suggests
that errors derived from the application of segmentation algorithms in the computation of
the MIL tensor can be avoided by computing the tensor in gray-scale.
An additional experiment has been conducted in order to assess the rotational invariance
of the computations. The MIL tensor has been computed using Canny on rotated versions
of the images of Figure 6 for angles between 0 and 90 degrees with a step of 1 degree. Table
III shows the mean and standard deviation of e1 , â1 and d when rotated and non-rotated
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TABLE III. Mean ± standard deviation of errors e1 (in degrees), â1 and d between the MIL tensor
computed on non-rotated and rotated version of the images of Figure 6 for binary (B) and grayscale (G). The MIL tensor have been computed by using Canny. Values of â1 and d have been
scaled by 100.
Image

Type

e1

â1

d

B

0.09 ± 0.07 1.50 ± 0.22 1.48 ± 0.21

G

0.01 ± 0.01 0.38 ± 0.09 0.36 ± 0.09

B

0.11 ± 0.06 2.16 ± 0.14 2.08 ± 0.14

G

0.01 ± 0.01 0.08 ± 0.05 0.08 ± 0.05

B

0.13 ± 0.10 1.37 ± 0.21 0.75 ± 0.12

G

0.03 ± 0.02 0.46 ± 0.13 0.25 ± 0.07

B

0.40 ± 0.20 1.67 ± 0.23 0.93 ± 0.12

G

0.06 ± 0.05 0.10 ± 0.08 0.07 ± 0.04

B

0.37 ± 0.04 5.27 ± 0.06 2.97 ± 0.04

G

0.02 ± 0.01 0.02 ± 0.01 0.02 ± 0.01

B

0.44 ± 0.15 2.49 ± 0.11 1.09 ± 0.05

G

0.05 ± 0.03 0.04 ± 0.03 0.02 ± 0.01

B

3.25 ± 0.34 1.04 ± 0.21 1.23 ± 0.09

G

0.20 ± 0.12 0.15 ± 0.10 0.10 ± 0.05

B

3.28 ± 0.51 1.59 ± 0.35 1.24 ± 0.15

G

0.26 ± 0.21 0.19 ± 0.15 0.12 ± 0.07

Bar

Noisy bar

Cross

Noisy cross

µCT radius

µCT vertebra

CBCT radius (80µm)

CBCT radius (125µm)

versions of every image are compared. Both e1 and d have been computed with respect
to the rotated version of the reference tensor. The segmentation step for obtaining binary
images has been applied after rotating the original gray-scale image. This ensures that the
computation of the MIL tensor both in binary and gray-scale images are exposed to the
same bias introduced by the rotation algorithm.
Although errors in these experiments can be introduced by both the rotation algorithm
and the computation of the MIL, as seen on Table III, the combined errors are relatively
small in all tested cases. More interestingly, this table shows that estimations of the MIL
tensor are more rotation-invariant on gray-scale images. Thus, computing the MIL tensor in
21
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FIG. 7. Evolution of the λ2 /λ1 with respect to κ of the generalized MIL tensor in gray-scale using
the vMFd for the image of Fig. 6c. λ2 /λ1 of the MIL tensor in gray-scale depicted in Fig. 6i is
also plotted as a reference. Both curves intersect at κ = 2.3.

gray-scale is advantageous, since errors obtained in gray-scale are signiﬁcantly smaller than
those obtained in binary.
Figure 7 shows the evolution of λ2 /λ1 with respect to κ of the generalized MIL tensor in
gray-scale using the vMFd for the image of Fig. 6c. As seen on the ﬁgure, using the vMFd
is advantageous with respect to the half-cosine kernel, since κ can be used to adjust the
anisotropy of the tensor. As already mentioned, the MIL tensor and the generalized MIL
tensor share the eigenvectors.

B.

Experiments in 3D
Figure 8a-h show renderings of the images used in the experiments in 3D. These renderings

correspond to segmented versions of the original datasets, which are in gray-scale. Figure
8a-d are renderings of four synthetic blurred images with some cylinders, walls, a mixture
of cylinders and walls, and three intersecting walls respectively, Figure 8e and 8f correspond
to µCT images of radius and vertebra specimens respectively, whereas Figure 8g and 8h
corresponds to CBCT images of a radius specimen at isotropic resolutions of 80µm and
125µm respectively. Acquired µCT images have an isotropic resolution of 20µm and 82µm
for the radius and vertebra respectively. An isotropic resolution of 20µm has been used
for the synthetic images. In addition, noisy versions of the synthetic datasets have also
been used in the experiments. These noisy images have been generated by adding Gaussian
noise with zero mean and a standard deviation of 10% of the maximum gray value of the
image. The MIL tensor has been computed for both the original gray-scale images and their
thresholded counterpart by using the same methodology described for 2D images, that is,
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FIG. 8. (a-d) Synthetic images. (e-f) Rendering of µCT scans of the radius and a vertebra.
(g-h) Rendering of CBCT scans of a radius at a resolution of 80µm and 125µm respectively. (ip) Superimposed MIL tensors computed both on gray-scale (reddish) and on segmented versions
(bluish) of the images (a-h) respectively. The intersection of both tensors appears in green. Tensors
depicted in (i-l) correspond to the noisy versions of (a-d).

by using CFD and Canny in 3D. Moreover, as expected, both CFD and Canny applied to
the noiseless segmented synthetic images yielded exactly the same result as the one obtained
by the traditional stereological procedure.
Table IV shows a numerical comparison between the tensors computed in binary and
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TABLE IV. Diﬀerences in orientation (ei ), anisotropy (âi ) and the scaled Frobenius distance (d)
between the MIL tensor computed in binary and gray-scale for the images of Figure 8. The tensors
have been computed using CFD and Canny. Values of âi and d have been scaled by 100.
CFD

Canny

Image

e1

e2

e3

â1

â2

â3

d

e1

e2

e3

â1

â2

â3

d

Cylinders

0.00

0.00

0.00

0.00

0.00

0.00

0.00

0.00

0.00

0.00

0.00

0.00

0.00

0.00

Noisy cylinders

0.69

0.77

1.87

0.04

1.90

0.02

0.59

0.02

0.01

0.02

3.31

0.02

3.29

4.48

Walls

0.00

0.00

0.00

0.03

4.41

4.44

2.33

0.00

0.00

0.00

0.02

2.17

2.19

1.13

Noisy walls

10.21

10.13

0.05

0.20 20.11 20.31

7.15

0.00

0.00

0.01

0.02

3.70

3.50

1.76

Walls and cylinders

0.00

0.00

0.00

6.60 10.34

3.74

3.35

0.00

0.00

0.00

0.50

2.14

1.64

0.95

Noisy walls and cylinders

0.05

0.27

0.26

14.91

14.52 29.44

Intersecting walls

0.00

0.00

0.00

0.58

Noisy Intersecting walls

0.05

0.05

0.04

µCT radius

0.07

2.22

2.22

µCT vertebra

3.12 10.18

10.45

CBCT radius (80µm)

1.30 53.98

53.98

CBCT radius (125µm)

1.57

4.51

4.26

12.14

0.87

0.87

0.01

0.88

4.01

4.88

2.63

0.17

0.48

0.00

0.00

0.00

0.01

0.01

0.00

0.01

25.44

6.95 32.39

17.75

0.03

0.03

0.02

2.27

1.59

0.68

1.98

17.13

1.66 18.79

7.57

0.06

2.24

2.24

1.10

0.53

0.56

0.41

3.68

3.38

0.30

1.18

0.49

5.29

5.30

1.56

0.95

0.61

0.60

4.53

7.65 12.17

4.52

0.61

1.26

1.31

1.19

0.59

1.77

0.61

2.06

8.53

3.42

1.26

1.19

0.52

0.25

0.29

0.54

0.25

0.74

10.60

gray-scale values. In addition to the angular error between eigenvectors, e1 , e2 and e3 and
the Frobenius distance, d, the absolute change in the normalized diﬀerence of eigenvalues:
âi = |ai (binary image) − ai (gray-scale image)|,
has been used, where a1 = 1 −

λ2
,
λ1

a2 =

λ2 −λ3
,
λ1

and a3 =

λ3
,
λ1

(26)

with λi being the i-th largest

eigenvalue of the tensor41,42 .
Similarly to the 2D case, Canny yields smaller errors than CFD, except for the noisy
cylinders. However, the estimation yielded by CFD in this case is not accurate as it will
be discussed in the next paragraphs. Figures 8i-p show the ellipsoids that represent the
MIL tensor using Canny for Figures 8a-h respectively, both for gray-scale and thresholded
versions of these images. As in the case of 2D, the diﬀerence between both tensors is small in
all tested cases. In addition, the computed tensors for the synthetic images are in accordance
with the expected results, e.g., the MIL tensor is close to a rod aligned with the cylinders for
Figure 8a, and close to a plate parallel to the walls for Figure 8b. It is important to remark
that the MIL tensor does not depend on the number of cylinders or walls for these two
synthetic images, since the net eﬀect of increasing the number of structures in these images
is a scaling of the EGI which is eliminated when the tensor is normalized (cf. Subsection
II B).
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Table V compares the MIL tensor computed on the synthetic noisy images with respect
to their noiseless counterparts. The orientation of the cylinders and the walls, which is
given by e1 and e3 respectively, is estimated accurately both by CFD and Canny. Moreover,
both methods yield low orientation errors for the walls and cylinders and intersecting walls
datasets. Errors e2 and e3 for the cylinders, and e1 and e2 for the walls are not relevant in
these two speciﬁc cases since changes in orientation of the corresponding eigenvectors have
no impact on the estimated tensors due to partial isotropy of these datasets.
On the contrary, the estimation of anisotropy by using CFD is very sensitive to noise.
Since â2 is negligible for the cylinders, the large values of â1 and â3 suggest that CFD
makes the tensor “swell” in the noisy scenario. This “swelling” is particularly drastic in this
case, since the tensor turns from extremely anisotropic for the noiseless image to extremely
isotropic for the noisy image. Considering that the MIL tensor for the cylinders must be
extremely anisotropic, as shown in Figure 8i, this means that the estimates of the MIL tensor
yielded by CFD for the noisy cylinders both in binary and gray-scale are very inaccurate.
Thus, this observation makes worthless the small diﬀerences reported in Table IV between
them. Although Canny is also inﬂuenced by noise, this inﬂuence is relatively small.
In turn, since â1 is negligible for the walls, the large values of â2 and â3 yielded by CFD
for this image suggest a change of the tensor from a plate-shaped one in the noiseless case
to an isotropic tensor for the noisy image. Unlike CFD, Canny is able to compute the MIL
tensor accurately in presence of noise with a small error in all cases.
Similarly to the case in 2D, Table V also shows that the MIL tensor computed in grayscale with Canny is more robust than that computed in binary. Thus, two arguments can
be given to prefer computing the MIL tensor in gray-scale. On the one hand, segmentation
steps are not required for gray-scale images. This is especially important for images acquired
in vivo, where the segmentation process is not trivial. On the other hand, the estimations
of the MIL tensor in gray-scale are more robust than in segmented versions of the images.
Figure 9 shows the evolution of λ2 /λ1 and λ3 /λ1 with respect to κ of the generalized MIL
tensor in gray-scale using the vMFd for the image of Fig. 8e. Similarly to the 2D case, κ
can be used to adjust the anisotropy of the tensor.
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TABLE V. Errors e1 (in degrees), â1 and d between the MIL tensor computed on noiseless and
noisy versions of the images of Figure 8a-d for binary (B) and gray-scale (G). The MIL tensor have
been computed by using CFD and Canny. Values of â1 and d have been scaled by 100.
CFD
Image

Type

e1

e2

e3

Canny

â1

â2

â3

d

e1

e2

e3

â1

â2

â3

d

B

0.28 20.39 20.39 76.41

0.09 76.31 53.78

0.03 40.81 40.81 6.32 0.06 6.26 8.94

G

0.64 68.48 68.48 78.28

0.06 78.22 54.37

0.00 45.84 45.84 3.00 0.02 2.97 4.47

Cylinders
B

75.82 75.82

0.08

0.16 40.23 40.07 18.17 72.08 72.08

0.01 0.20 0.52 0.73 0.34

G

65.69 66.69

0.10

0.00 55.94 55.94 22.98 10.00 10.00

0.01 0.21 0.15 0.06 0.07

Walls
B

0.10

0.11

0.03 15.93 35.01 19.08 12.43

0.31

0.31

0.01 1.28 8.03 6.75 3.75

G

0.15

0.28

0.23

7.62 58.87 52.25 24.10

0.57

0.57

0.01 1.66 1.89 0.23 0.66

B

0.07

0.07

0.02 28.70 10.43 18.27 25.16

0.05

0.05

0.03 7.25 5.18 2.07 6.59

G

0.03

0.03

0.02 53.56

0.02

0.01

0.01 4.96 3.57 1.39 4.60

Walls and Cylinders

Intersecting Walls
2.74 50.82 42.04
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FIG. 9. Evolution of the λ2 /λ1 and λ3 /λ1 with respect to κ of the generalized MIL tensor in grayscale using the vMFd for the image of Fig. 8e. λ2 /λ1 and λ3 /λ1 of the MIL tensor in gray-scale
depicted in Fig. 8m are also plotted as a reference. Both curves intersect at κ = 3.0.

VII.

DISCUSSION

This paper has presented an eﬃcient extension of the MIL tensor technique to grayscale images and its generalization by applying diﬀerent angular convolution kernels. The
traditional procedure for computing the MIL tensor for binary images has been reformulated
into more general equations. The new formulation consists of three independent steps that
can be applied sequentially, namely the computation of the EGI, an angular convolution,
and the covariance matrix.
The new proposed formulation of the MIL tensor (cf. Subsection II B) has mainly two
advantages. On the one hand, it is less computationally expensive: O(n + m) in contrast
with O(nm) of the traditional procedure. On the other hand, only the ﬁrst step, that is
the computation of the EGI, is directly applied to the image. Thus, a gray-scale variant of
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the MIL tensor can be obtained by proposing a gray-scale variant of the EGI, as described
in Section IV. Moreover, the anisotropy of the tensor can be controlled while keeping the
eigenvectors intact by using diﬀerent angular convolution kernels as shown in Section V.
Implementations of the proposed method must take in consideration important issues.
First, the MIL tensor is sensitive to bad estimations of the EGI. Due to its diﬀerential nature,
basic implementations of the EGI are very sensitive to noise. In practice, this means that
the computation of the EGI requires the choice of appropriate gradient estimation in binary
images, and orientation and edginess functions in gray-scale images. This choice mainly
depends on the image quality. Second, the angular convolution with broad kernels such as
the half-cosine function can spread noisy estimations of the EGI, leading to a “swelling”
eﬀect in the tensor. Finally, singularities in (8) and (12) that occur when C(vθ ) vanishes,
must be taken into account in the implementation. Unlike approaches based on the traditional methodology for computing the MIL tensor, the proposed method is not exposed
to discretization artifacts caused by line-drawing algorithms, since it is not based on line
tracing.
Experiments have shown that the computations on both binary and gray-scale images
are correlated when appropriate orientation and edginess functions are applied. This result
is particularly important, since it implies that the MIL can be accurately computed without
segmenting the image. Thus, by selecting appropriate functions O and E, the MIL can be
used even if it is not possible to obtain reliable segmentations of the images, which is usually
the case for images acquired in vivo. In addition, results suggest that computing the MIL
tensor in gray-scale is advantageous, provided that the obtained MIL tensors in gray-scale
are more robust than those obtained from segmented images when appropriate orientation
and edginess functions are applied.
Finally, it is important to remark that the close relation between the EGI and the MIL
tensor limits its scope of use. Since the EGI is a boundary operator, the MIL tensor can
only be applied when the anisotropy and orientation of the studied material are determined
by the anisotropy and orientation of its boundary. For example, the MIL tensor is unable to characterize the microstructural architecture of the material shown in Figure 10,
since it is not determined by the boundaries of the holes but by the spatial distribution
of them. Although volume-based methods have been proposed (e.g.,19–24 ) the MIL tensor
is still considered as the gold standard in trabecular bone research due to its accuracy to
27

FIG. 10. Example of a material in which the MIL tensor is unable to estimate anisotropy and
orientation. The MIL tensor is isotropic for this case.

predict mechanical properties of the bone.
In the case of trabecular bone, this means that the MIL tensor can only be applied to
regions of interest where both the trabecular separation (Tb.Sp) and thickness (Tb.Th)49
are approximately uniform. The ﬁrst condition ensures that the microstructural architecture
of trabecular bone is not biased by the spatial distribution of its plates and rods. In turn,
since microstructural architecture of trabecular bone and marrow are closely related, the
second condition avoids bias caused by the spatial distribution of marrow. These conditions
can be assessed by following the methodology proposed in50 . Another implication is that
it is possible to ﬁnd relations between any boundary-based method, such as the GST, and
the generalized MIL tensor, provided that these methods usually have in common a direct
dependency on the EGI.
Ongoing research includes comparing diﬀerent kernels for estimating the MIL tensor,
in particular the vMFd and powers of the half-cosine function, and their ability to predict
mechanical properties of trabecular bone. In addition, diﬀerent values of parameters of more
general kernels, such as κ in the case of the vMFd, will be tested in order to improve the
accuracy for predicting these mechanical properties.
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Linköping University for providing the CBCT data of the radius. This research has been
supported by the Swedish Research Council (VR), grant no. 2006-5670. The authors declare
28

no conﬂict of interest.

REFERENCES
1 S.

C. Cowin and S. B. Doty, Tissue Mechanics (Springer, 2007).

2 G.

Z. Voyiadjis and P. I. Kattan, Advances in Damage Mechanics: Metals and Metal Matrix

Composites with an Introduction to Fabric Tensors (Elsevier, 2006).
3 P.

Launeau, C. J. Archanjo, D. Picard, L. Arbaret, and P.-Y. F. Robin, “Two- and three-

dimensional shape fabric analysis by the intercept method in grey levels,” Tectonophys. 492,
230–239 (2010).
4 K.-I.

Kanatani, “Distribution of directional data and fabric tensors,” Int. J. Eng. Sci. 22, 149–164

(1984).
5 W.

J. Whitehouse, “The quantitative morphology of anisotropic trabecular bone,” J. Microsc.

101, 153–168 (1974).
6 P.

Launeau and P. Y. F. Robin, “Fabric analysis using the intercept method,” Tectonophys. 267,

91–119 (1996).
7 T.

E. Ciarelli, D. P. Fyhrie, M. B. Schaﬄer, and S. A. Goldstein, “Variations in three-dimensional

cancellous bone architecture of the proximal femur in female hip fractures and in controls.” J.
Bone Miner. Res. 15, 32–40 (2000).
8 J.

Homminga, B. Van-Rietbergen, E. M. Lochmller, H. Weinans, F. Eckstein, and R. Huiskes,

“The osteoporotic vertebral structure is well adapted to the loads of daily life, but not to infrequent “error” loads.” Bone 34, 510–516 (2004).
9 J.

M. Kreider and S. A. Goldstein, “Trabecular bone mechanical properties in patients with

fragility fractures.” Clin. Orthop. Relat. Res. 467, 1955–1963 (2009).
10 D.

H. Pahr and P. K. Zysset, “Inﬂuence of boundary conditions on computed apparent elastic

properties of cancellous bone,” Biomech. Model. Mechanobiol. 7, 463–476 (2008).
11 S.

Ilic, K. Hackl, and R. Gilbert, “Application of the multiscale FEM to the modeling of can-

cellous bone,” Biomech. Model. Mechanobiol. 9, 87–102 (2010).
12 L.

Podshivalov, A. Fischer, and P. Z. Bar-Yoseph, “3D hierarchical geometric modeling and

multiscale FE analysis as a base for individualized medical diagnosis of bone structure,” Bone
48, 693–703 (2011).

29

13 S.

A. Saltykov, Stereometric metallography, 2nd ed. (Metallurgizdat, 1958).

14 J.

Bigün and G. H. Granlund, “Optimal orientation detection of linear symmetry,” in Proc. Int.

Conf. Comput. Vis. (ICCV) (1987) pp. 433–438.
15 Z.

Tabor and E. Rokita, “Quantifying anisotropy of trabecular bone from gray-level images.”

Bone 40, 966–972 (2007).
16 P.

K. Zysset, “A review of morphology-elasticity relationships in human trabecular bone: theories

and experiments.” J. Biomech. 36, 1469–1485 (2003).
17 A.

Odgaard, J. Kabel, B. van Rietbergen, M. Dalstra, and R. Huiskes, “Fabric and elastic

principal directions of cancellous bone are closely related.” J. Biomech. 30, 487–495 (1997).
18 K.

Mizuno, M. Matsukawa, T. Otani, M. Takada, I. Mano,

and T. Tsujimoto, “Eﬀects of

structural anisotropy of cancellous bone on speed of ultrasonic fast waves in the bovine femur,”
IEEE Trans. Ultrason., Ferroelectr., Freq. Control 55, 1480–1487 (2008).
19 A.

Odgaard, “Three-dimensional methods for quantiﬁcation of cancellous bone architecture.”

Bone 20, 315–328 (1997).
20 P.

K. Saha and F. W. Wehrli, “A robust method for measuring trabecular bone orientation

anisotropy at in vivo resolution using tensor scale,” Pattern Recognit. 37, 1935 – 1944 (2004).
21 M.
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