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Sammanfattning

Fasmätande GPS kan användas för att beräkna riktningen på den baslinje som
kan dras mellan två GPS-antenner. Metoden kallas GPS Attitude Determination
(GPSAD) och går ut på att lösa det heltalsproblem som uppstår när antalet våg-
längder mellan satellit och antenn ska bestämmas. Denna lösning är billigare
än traditionella sätt att beräkna riktning på, men den är beroende av ostörd
GPS-mottagning. Detta arbete undersöker om och hur en IMU (Inertial Measu-
rement Unit), innehållandes accelerometrar och gyroskop, kan stötta GPSAD-
systemet. Frågan har delats upp i fyra delproblem: riktningsbestämning vid otill-
räcklig GPS-mottagning, reduktion av heltalssökrymden, upptäckande och kor-
rigering av cycle slips, reduktion av effekter från flervågsutbredning. En relativt
billig IMU användes och ett Extended Kalman Filter (EKF) implementerades för
att ge riktningsskattningar som driver mindre än 1◦/min i testfallen. När GPS-
mottagningen åter är tillförlitlig förser EKF:et GPSAD-systemet med ett intervall
på riktning för att minska sökrymden till heltalsproblemet. Det har undersökts
hur och huruvida en IMU kan hjälpa till att detektera cycle slips. Slutsatsen är att
hjälpsystemet skulle kunna göra detta, även om inget har implementerats. Fler-
vågsutbredning är fortfarande en källa till fel i estimatet hos GPSAD-systemet,
men förslag har getts på hur en IMU skulle kunna minska effekten. Sammanfatt-
ningsvis ökar prestandan avsevärt med hjälp av det implementerade systemet.
Ett antal förslag har getts på hur systemet kan förbättras, framför allt i samarbe-
tet mellan GPSAD-systemet och EKF:et.
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Abstract

GPS carrier-phase measurements from two GPS antennas can be used to calculate
the heading of the baseline that can be drawn between the two antennas. An in-
teger ambiguity problem has to be solved, and the system is called GPS attitude
determination (GPSAD). This way of calculating the heading is cheaper than the
traditional ways to do it, but it requires GPS reception. This thesis investigates
how and if an inertial measurement unit (IMU) can support the GPS-based sys-
tem, and divides the question into four problems: heading estimate during GPS
outages, reducing the ambiguity search space, cycle slip detection and multipath
mitigation. A relatively cheap IMU was used, and an extended Kalman filter
(EKF) was implemented to continue to supply heading estimates during GPS out-
ages with a drift less than 1◦/min in the studied case. When the GPS reception is
good enough after an outage, the EKF supplies the GPSAD with an interval of the
heading estimate to reduce the ambiguity search space. It has been investigated
how to detect and deal with cycle slips, and the conclusion is that an IMU can
help with detecting the slips, although nothing has been implemented. Multi-
path is still an issue, but some approaches to reduce the effect are suggested. The
overall performance of the system is greatly increased with the help of an IMU.
Performance increasing work can still be done, especially for the cooperation be-
tween the GPSAD and the EKF.
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1
Introduction

1.1 Background

Attitude determination, or the heading angle, is of high interest in a lot of ap-
plications. For example, one could imagine a boat navigating on the sea during
nighttime. Lighthouses and other beacons could help to provide a rough estima-
tion of the position and the current course, but sensors are needed to get higher
precision. Another application where the heading is interesting is long-range
weapons; to be able to hit a distant target a very precise measurement of the di-
rection of the weapon would be needed. In an attempt to find a low cost, good
precision solution, Saab Bofors Dynamics (SBD) has worked on an attitude deter-
mination system based on the Global Positioning System (GPS). A GPS solution
would have the ability to work well as long as the GPS reception is sufficient.
However, this is not always the case. Including budget gyros and accelerometers
to support the attitude determination during insufficient GPS reception could
provide the system with a lot better performance while still maintaining the low
cost, and could also help solving other GPS related problems.

1.2 Purpose

The purpose of this work is to examine how well a low cost IMU could support a
GPS-based attitude determination. The main goals are to investigate if the IMU
could help solving some of the problems connected to the GPS solution, namely:

1. Attitude determination during GPS outage

2. Reducing the ambiguity search space

1



2 1 Introduction

3. Detection of cycle slips

4. Reducing multipath effects

These topics are further discussed in Section 1.3.

1.3 Problem formulation

Using measurements from one GPS antenna, the position of that antenna can
be determined. If two GPS antennas are put up, their relative position, i.e. the
vector that can be drawn between them, can be determined. This vector gives
information about in what compass direction it is pointing. The Global Position-
ing System Attitude Determination (GPSAD) estimates the heading by finding
the best candidate for solving an integer ambiguity problem, further explained
in Section 2.1. The main problem is connected to temporary loss of GPS recep-
tion; on one hand a loss of reception that is unknown, but also a temporary loss
of reception that is known. The aim is to solve the problem by adding a low cost
Inertial Measurement Unit to support the GPS receivers. The IMU could aid in
different stages, as described in the upcoming sections.

In Bejeryd [2007], a GPS attitude determination solution has been implemented.
This implementation is the GPSAD used in this thesis. The most important con-
straint in the implemented solution is that the baseline between the GPS antennas
is known. Johan Bejeryd mentions the believed usefulness of supporting the GP-
SAD with an IMU. It is mentioned that the integer search space could be limited
around the gyro estimate of the heading, and the attitude output rate could be
increased. There are already a number of commercially available systems using
GPS attitude determination. The Hemisphere VS100 Series has a one-axis gyro-
scope to support when a loss of GPS reception has occurred, and tilt sensors to
support the start-up. According to the data sheet, the gyroscope provides reliable
<3◦heading for periods up to 3 minutes without GPS reception (GPS [2012]).

1. Attitude determination during GPS outage When too few satellite signals are
received, the IMU could help to continue to provide an attitude estimation that is
good enough during a limited amount of time. The IMU is a low cost IMU, with
drifts of up to 2000 ◦/h. During test runs, the GPS outage is up to 90 seconds.
The goal is not a specific precision, but rather to evaluate how good the estimation
can be.

Solution: A solution to this problem would be to have a Kalman filter to run a
model of the system during times of GPS reception, using GPS data, attitude
data and IMU data. The model can include position, velocities, rotation, rotation
rates and an error model of the IMU. During a GPS outage the Kalman filter can
continue to provide an attitude estimation using only inertial data.

2. Reducing the ambiguity search space The IMU could help reducing the am-
biguity search space, that is, the number of different possible solutions to the
integer problem, by providing the integer ambiguity solution algorithm with a



1.4 Simplifications 3

probable angle range.

Solution: The Kalman filter described in the previous section can provide an esti-
mate of the attitude, together with a range of confidence, to the inter ambiguity
solution algorithm. The algorithm can then, as a pre-filter, reject the candidate
integers which give an attitude outside of this range.

3. Detection of cycle slips The IMU could also help in detecting so called cycle
slips, which occur during a temporary loss of reception or poor signal-to-noise
ratio and causes the measurement of the phase to miss one or more whole wave-
lengths, resulting in a phase measurement that is wrong by one or more wave-
lengths.

Solution: Detection can be made by running a model of the phase measurements
based on IMU data, provided by the Kalman filter. The Kalman filter can predict
the attitude, and an outlier detection method can be used to detect cycle slips.

4. Reducing multipath effects Multipath, or influence of reflected signals, can
contribute to an carrier phase measurement error of up to a quarter of a wave-
length (Elliot D. Kaplan [1996]). This is an error that could be slowly varying, and
that is when it is the most difficult to handle. How could an IMU help? Maybe
a fusion with the phase measurements could dampen the effect of the reflected
signals.

Solution: Modeling the error of multipath is difficult, since the effect depends on
the position of the reflective surface and the satellite. Perhaps the IMU could
assist an EKF in trying to observe the multipath effect.

1.4 Simplifications

This supporting method using an IMU is only intended to work with the present
solution at SBD. No measures have been taken to enable it for the use with other
GPS attitude determination methods. Although the result is intended for real-
time applications, the focus has been on the principles and evaluation of includ-
ing IMU data; therefore, the implemented solution is only intended for offline
evaluation. As for the simplifications of the GPS solution, please refer to Bejeryd
[2007].

1.5 Outline

The subsequent part of the report consists of the following chapters:

Chapter 2 explains the necessary theory for the implementations of the solutions.

Chapter 3 describes how the different problems have been approached, the ideas
behind the solution and the implemented solutions.
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Chapter 4 describes the achieved results to the formulated problems.

Chapter 5 gives concluding remarks about the work and suggested continua-
tions.



2
Fusing and modeling of GPS and IMU

data

The work in the thesis has a wide theoretical foundation, which will be discussed
in the following sections of this chapter. First of all, the sensors used will be de-
scribed: GPS will be discussed, and how it is used to determine the heading; the
IMU will be described and how it can be used. Some will be said about reference
frames, which is an essential part of fusing data from different sensors, which are
mounted in different ways and give data of different types. After this, the foun-
dation will be laid for the use of the Kalman filter, as a way of using knowledge
about the physical properties of the system, to estimate what is ultimately being
searched: the attitude.

2.1 Carrier-phase GPS-based attitude determination

This section describes in more detail how the GPS attitude determination works,
and what can be expected from it. A more detailed description can be found in
Bejeryd [2007].

2.1.1 Introduction to GPS

The Global Positioning System (GPS) is a satellite based positioning system oper-
ated by the U.S. Air Force. The orbits are designed in such a way that, theoreti-
cally, at least four satellites will be visible over the horizon at all times where the
system is intended to work. The GPS satellites, or Space Vehicles (SV), are orbit-
ing the Earth at around 20200 km above the Earth’s surface. At the time of writ-
ing, 32 space vehicles are orbiting the Earth (Observatory [2012]), and the system
is designed to use at least 24 GPS satellites. The satellites have a circulation time
of 12 h sidereal time, which is a timescale based on Earth’s rotation relative to
fixed stars. This corresponds to an orbit time of 11 hours and 58 minutes Earth

5



6 2 Fusing and modeling of GPS and IMU data

time, thus the satellite constellation is repeated four minutes earlier every day.
The system utilizes Time-Of-Arrival ranging (TOA). Every space vehicle broad-
casts ranging codes and navigation data on at least two frequencies, called L1
(1575.42 MHz) and L2 (1227.6 MHz). From the navigation data the space vehicle
position at the time of transmission can be calculated, whereas the ranging code
determines the propagation time which is used to estimate the satellite-to-user
range. This range is called pseudo-range as it is an approximation indirectly de-
rived from time measurements. Four unknowns are to be determined: latitude,
longitude, altitude and receiver clock error. Four unknowns mean that at least
four satellites need to be used to solve the equation system. Every satellite con-
tinuously broadcasts information about its own time at the broadcast and its po-
sition and orbit at a given time. The orbit data is held by the so called ephemeris,
and is updated every 2 hours. From the ephemeris data, the satellites position at
the broadcast time can be calculated with a precision that is generally sufficient
if the ephemeris is not older than 4 hours (Elliot D. Kaplan [1996]).

A GPS receiver can also measure the carrier phase, and does it with much higher
precision than the pseudo-range; the precision can be down to tenths of a mil-
limeter. As the distance between the satellite and the receiver changes, the re-
ceived frequency (L1 and L2 above) will change due to the Doppler effect. This
frequency change is proportional to the change of the phase of the received sig-
nal. Using this information, the receivers accumulate the phase since the start
of tracking; what remains unknown is how many full wavelengths there were
between the satellite and the receiver at the start. This is called the integer am-
biguity problem (IAP), and it has no analytical solution. Using the carrier phase
measurements for real-time navigation is called Real-Time Kinematic navigation
(RTK); the general concept of using the carrier phase for positioning is called
Carrier Phase Positioning (CPP).

2.1.2 Determining the attitude from the carrier-phase

Originally, GPS has been used as a positioning system, using pseudo-range infor-
mation and derived positions from at least four satellites to calculate the position
of the GPS antenna. With the increased precision of carrier phase measurements,
the baseline between two antennas can be calculated with good precision. As
mentioned in the previous section, the receiver only knows the number of wave-
lengths since the beginning of the tracking, not the entire number of wavelengths.
The integer ambiguity problem must be solved. Using the phase difference be-
tween two antennas from one SV, the difference between the antennas in the di-
rection of the SV can be determined. The given vector between the two antennas
contains heading and pitch or roll, depending on the mounting of the antennas;
heading is what needs to be determined. When the integers solving the ambigu-
ity problem are found, they can be "locked" and held fix to determine the attitude
until the carrier phase wavelengths counter is not valid anymore, due to lack of
reception or cycle slips (see Section 2.1.4).
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2.1.3 The integer ambiguity problem

An algorithm has been implemented which calculates the attitude of the vector
formed by two GPS receivers. This is called the GPS Attitude Determination, or
GPSAD. The measurement model of the receiver is

ΦiA = r iA + βA − λN i
A + εi + εiA, (2.1)

where

ΦiA is the integrated Doppler for receiver A relative satellite i (meters),
r iA is the distance from observer A to satellite i (meters),
βA is the clock bias for observer A (meters),
λ is the carrier wavelength (meters),
N i
A is the integer ambiguity (cycles),

εi is the measurement error specific for satellite i (meters),
εiA is the measurement error specific for satellite i and observer A (meters).

Instead of using the phase measurements directly, the difference between the two
antennas from one satellite is formed, called the single difference

∆ΦiAB = ΦiA − Φ
i
B

= r iA + βA − λN i
A + εi + εiA − (r iB + βB − λN i

B + εi + εiB)

= r iA − r
i
B − λ∆N

i
AB + ∆βiAB + ∆εAB, (2.2)

where

∆N i
AB = N i

A − N
i
B (2.3a)

∆βAB = βA − βB (2.3b)

∆εiAB = εiA − ε
i
B. (2.3c)

This eliminates the error sources connected to the atmospheric disturbances, since
they can be considered to be equal for two closely positioned receivers. Forming
the double differences, that is, the difference between two single differences, gives

∇∆ΦijAB = ∆ΦiAB − ∆Φ
j
AB

= r iA − r
i
B − r

j
A + r jB − λ∇∆N

ij
AB + ∇∆εijAB, (2.4)
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where

∇∆N ij
AB = ∆N i

AB − ∆N
j
AB (2.5a)

∇∆εijAB = ∆εiAB − ∆ε
j
AB, (2.5b)

which eliminates the clock error. When the measurements are received, the in-
teger ambiguity ∇∆N ij

AB must be found. The integer locking is described in Al-
gorithm 1 (Bejeryd [2007]). For the methods of creating the candidates, refer to
Bejeryd’s work.

Algorithm 1 Integer locking
1. Create the candidates that could solve the problem. A candidate is a com-

bination of one set of integers, that is, ∇∆N ij
AB for each satellites i and j,

which could be the solution to the IAP.
2. Discard the candidates that do not pass the distinguishing tests (Bejeryd

[2007]. If there are no candidates remaining, wait until the next epoch is
received and repeat from step 1. If there are candidates remaining, and
no candidate can be distinguished to be belong to the correct integer set,
wait until the next epoch is received and repeat this step. If only one candi-
date remains, or one candidate can be determined to belong to the correct
solution, continue to the next step.

3. Output the chosen candidate’s attitude. Wait until the next epoch and re-
peat from step 2 using only this candidate.

2.1.4 Problems of carrier-phase GPS

There are a number of error sources connected to carrier-phase GPS attitude de-
termination which are of interest in this thesis.

1. GPS outage When the number of satellites is too low, it will not be possible to
calculate an attitude. During the test-runs examined in this work, the outages are
typically up to a minute at a time, but this heavily depends on the surroundings.
A loss of reception also means that the integer ambiguity problem has to been
solved again, once the reception is back, since the tracking of the number of
received wavelengths is lost.

2. Finding the correct integers It is not obvious which integers that solve the
ambiguity problem; a number of assumptions and thresholds have to be made
and set, which cannot guarantee that the right integers have been found. Some-
times, the wrong integers are locked onto, resulting in an incorrectly calculated
heading. This error is usually significant and results in a bias and drift of the
estimate which can be arbitrary large.

3. Cycle slips Cycle slip means that the carrier phase tracker for some reason
misses a wavelength. The reason is often noise. That is, the counter showing the
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number of whole wavelengths since the beginning of the tracking is wrong. This
can corrupt the attitude solution and has to be fixed when detected. Cycle slips
can both go noticed and unnoticed in the receiver, the unnoticed ones of course
being the most harmful.

4. Multipath Multipath is the effect of reflections from the surroundings being
added to the main signal, corrupting the phase data. The induced error can be
up to a quarter of a wavelength, which in this case means 5 cm. Reflections
from smooth surfaces generate coherent waves whose effect can be mistaken for
attitude motion.

Among the concluding remarks in Bejeryd [2007] is the idea to incorporate iner-
tial sensors to help during signal blockage and to reinitiate the integer solution.

In this thesis, the antennas are placed fixed approximately one meter apart. Closely
spaced antennas will have fewer candidates that could solve the integer ambigu-
ity problem, but error sources will have a larger impact on the estimate.

2.2 Reference frames

When the movement of a body has to be specified, how it is aligned and where
it is positioned, it always has to be done relative to something else. The position
of the computer mouse might be to the right of the computer, the navigator in
the car tells the driver to turn to the left at the next junction and the airplane
is flying 8000 m above the Earth’s surface. For example, turn left when driving
a car is always relative to the car; in this case, the car is the reference frame. In
everyday situations, the reference frames might be loosely defined, but in applied
navigation the reference frames are strictly defined. In this thesis four reference
frames are used, as described in Titterton and Weston [1997]. All are Cartesian,
orthogonal and right-handed axis sets.
2.1 Definition. The body is the vehicle to which the navigation system is at-
tached and fixed. The navigation system completely moves with the body.

The inertial frame (i-frame) is a non-rotating and non-accelerating (uniform mo-
tion) frame. By non-rotating, it is meant that the directions of the axes are fixed
to some distant stars. The inertial frame is also referred to as inertial space.

The Earth frame (e-frame) has a set of axis which rotates with the Earth. That
is, the e-frame is fixed to the Earth. For positioning in the Earth frame, two
different coordinate systems are used: the Earth Centered Earth Fixed (ECEF)
and the World Geodetic System 1984 (WGS-84). The ECEF system is a Cartesian
coordinate system which measures everything in meters with its origin at the
centre of the Earth, whereas WGS-84 positions relative to a theoretical ellipsoid
fit around the Earth’s surface.

The navigation frame (n-frame) has its axes are aligned with the local north, east
and down (towards the centre of the Earth). This alignment is called North-East-
Down (NED). The rotation of the navigation frame depends on the motion of the
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body with respect to the Earth. This motion is referred to as the transport rate
or ground speed. The origin of navigation frame coordinate systems is usually in
the body.

The body frame (b-frame) is attached to the body; the axes are aligned with the
vehicle’s forward, right and down. The origin of body frame coordinate systems
is in the body.

2.2.1 Notation

Positions, velocities, accelerations, rotations, rotation rates and so on need to be
specified in a reference frame and in relation to something. The subscript denotes
what the magnitude relates to, and the superscript denotes in what reference
frame. For example, vne is the velocity of the body (it is taken for granted that it is
the velocity of the body), with respect to the Earth frame (e-frame, the subscript),
in navigation frame coordinates (n-frame, the superscript). In the same manner,
ωbie is the rotation rate of the e-frame with respect to the i-frame (the rotation rate
of the Earth relative to inertial space), given a body frame coordinate system.

2.2.2 Vector transformation between coordinate systems

It is elementary to be able to describe how the different reference frames and their
coordinate systems are aligned and how they move with respect to each other. In
the following description, a body frame coordnate system and a navigation frame
coordinate system are used for purposes of understanding. However, the princi-
ple can be used on any two reference frame coordinate systems. The rotation
between two coordinate frames not including the body frame coordinate system
can be described directly. Knowing the position of the body defines the rotation
between the navigation frame and the Earth frame, since it is only position de-
pendent. In this context, the rotation between the Earth frame and the inertial
frame is not interesting, only the rotation rate is, and this is taken to be constant,
ωie.

One way to represent the rotation of the body frame with respect to the navi-
gation frame, as described in Titterton and Weston [1997], is to start with the
navigation frame coordinate system, and rotate the navigation frame coordinate
system according to the following steps to reach the body frame’s rotation:

1. Rotate through angle ψ about navigation frame reference z-axis.

2. Rotate through angle θ about new y-axis.

3. Rotate through angle φ about new x-axis.

ψ, θ and φ are referred to as the Euler angles, and looking at the navigation to
body coordinates transformation, they are called the yaw (ψ), pitch (θ) and roll
(φ) of the vehicle. See Figure 2.1. The Euler angles suffer from being ambiguous
for θ = ±π/2, that is, when looking straight up or straight down. This means that
when this spot is reached, the angles do not have a unique definition, and the
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Figure 2.1: Defenition of yaw, pitch and roll.

tracking of the rotation is lost. A way of solving this is to represent the angles us-
ing quaternions (or orthogonal matrices) (Titterton and Weston [1997], Törnqvist
[2008]), which are perfectly defined for every rotation, although every rotation is
not uniquely defined. They are, however, a lot less intuitive. Euler angles are cho-
sen as the method of rotation representation in this thesis. There are two reasons
for this:

• Determining the yaw angle is the goal of the system. The problem of rep-
resenting the rotation for θ = ±π/2 using Euler angles is not important in
this application, since we do not expect the pitch angles to ever be anywhere
near these values.

• The yaw angle is measured by the GPSAD, and can therefore be taken di-
rectly into the Kalman filter when using Euler angles.

The vector transformation between different coordinate systems is given by

ab = Cbna
n,

where a∗ are vectors, and Cbn is a 3×3 matrix giving the rotation from the n-frame
to the b-frame. Cbn is derived from the three rotations above,

Cbn = C3C2C1, (2.6)

where Ci is the rotation matrix in step i above. The first rotation is to the right,
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since this will be applied first to the vector. This means that

C1 =

 cosψ sinψ 0
− sinψ cosψ 0

0 0 1

 , (2.7)

C2 =

 cos θ 0 − sin θ
0 1 0

sin θ 0 cos θ

 , (2.8)

C3 =

 1 0 0
0 cosφ sinφ
0 − sinφ cosφ

 . (2.9)

Using (2.7)-(2.9) in (2.6) gives

Cbn = (2.10) cos θ cosψ cos θ sinψ − sin θ
− cosφ sinψ + sinφ sin θ cosψ cosφ cosψ + sinφ sin θ sinψ sinφ cos θ
sinφ sinψ + cosφ sin θ cosψ − sinφ cosψ + cosφ sin θ sinψ cosφ cos θ

 .
The properties of a rotation matrix, namely detCbn = 1 and CT = C−1, gives

Cbn = CnTb . (2.11)

Once one of these matrices has been calculated, it is easy to go both ways. Adding
rotations just means to add another matrix multiplication, which gives

Cbe = CbnC
n
e . (2.12)

2.3 Modeling and using the Inertial Measurement Unit

An Inertial Measurement Unit, or short IMU, provides data of the specific forces
that act on the IMU. In general, an IMU consists of three accelerometers and three
gyroscopes, all of which are aligned in a right-handed orthogonal coordinate sys-
tem. The IMU used throughout this work is a so called micro-electromechanical
system IMU (MEMS-IMU), meaning that it has its own central processing unit
together with other components to interact with the sensors and to output data.

2.3.1 Acting forces

The IMU outputs accelerations and rotation rates relative to inertial space. How-
ever, the IMU does not measure only accelerations and rotation rates; what it
really measures is specific force, which can be seen as what forces one needs to
apply to a test mass to make it stay within the IMU, perfectly aligned. For exam-
ple, since the reference frame is Earth, which moves, an error-free IMU that lies
completely still on a table does not output zero in all axes, due to gravity and
the rotation of the Earth. Apart from the actual accelerations and rotation rates
of the IMU, the most obvious specific force is gravity. Independent of motion
relative to Earth, there is also a force arising from the inertia of IMU, called cen-
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tripetal acceleration. Earth tries to "throw off" the IMU when rotating, resulting
in a force orthogonal to the earth rotation vector that lies in the plane made up
by the earth rotation vector and the vector from the centre of the earth to the
IMU. The sum of gravity and this centripetal acceleration is called local gravity.
In Titterton and Weston [1997] the different specific forces are described. Local
gravity is computed as

gl = g − ωie × [ωie × r], (2.13)

where r is the vector from the centre of the earth to the body, −ωie × [ωie × r] is the
centripetal force and g is gravity. When measuring in the Earth frame, the IMU
will also output the so called Coriolis acceleration. For example, when moving
south along a local meridian, one is not only moving along one axis in inertial
space, but also following the rotation of the Earth. This effect is measured as a
force by the IMU, and more specifically by

f bC = (2ωbie + ωben) × vbe , (2.14)

where ωbie is the rotation of the Earth with respect to inertial space in body frame
coordinates, ωben is the rotation of the navigation frame with respect to the Earth
frame, and vbe is the body velocity with respect to the Earth frame in body frame
coordinates. Turning while moving will also be measured as accelerations, the
centripetal force

f bc = ωbeb × v
b
e , (2.15)

which is the force that is needed to keep the test mass along a circular track.
The gyroscope measures the rotation rate of the body with respect to the iner-
tial frame, in body coordinates. Interesting for navigation on the Earth’s surface,
however, is the rotation rate with respect to the Earth frame. The relation is

ωbib = ωbnb + Cbn[ωnie + ωnen] (2.16)

where the last term is the rotation rate of the navigation frame with respect to the
inertial frame.

There are more specific forces measured by an IMU than the ones described here,
but for the work in this thesis to attain the wanted precision, these are the only
necessary ones.

2.3.2 Modeling and error models

The basics of modeling an IMU are to compensate for the forces that we are not
interested in—gravity, Coriolis acceleration, centripetal force etc.—and to inte-
grate what is left of the accelerations to obtain velocities and to integrate twice to
obtain the position; the rotation rates are integrated once to obtain the rotation
(the alignment).

As with all sensors, the IMU is not measuring the forces perfectly. Except for mea-
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surement noise, which is modeled as white Gaussian noise, the two most impor-
tant errors are bias and scaling error. Basically, the output of the accelerometer,
looking along one axis, can be modeled as

yIMU = Sfs + B + e, (2.17)

where fs is the specific force, B is the bias, S is the scaling factor and e is the
measurement noise. The same model is valid for the gyroscope, with the force
being a moment of force.

Measurement noise is modeled as white Gaussian noise. When integrating to
obtain the attitude and velocity, also the measurement noise is integrated which
results in a random walk process in the attitude and velocity estimates, i.e., the
IMU drifts. Drift is defined as the offset between the true position, true velocity
and true rotation; and position, velocity and rotation derived from integrating
the outputs of the IMU.

Bias is the biggest contribution to the drift of the IMU. For example, consider an
IMU which moves one meter along the x-axis and then moves back the same way
to the original position. When integrating the acceleration twice along the x-axis
to obtain the position, the calculated ending position would not be the same as
the starting position. Typically, the bias is modeled as the sum of two errors, one
slow moving with larger variance and one faster moving with smaller variance.
The slow moving process is because the IMU has an initial bias when turning on
the unit which can be quite large, but not arbitrary large. Around this level there
are smaller fluctuations, which can be described by the faster moving process.

Scaling error is the effect of the IMU scaling all the outputs.

The errors are different in all axes and typically vary with time and temperature.
This is the reason that the factory calibration that is made to all units (Microstrain
[2012]) is not enough to remove all errors. Having variations means that bias and
scale factors have to be modeled as dynamic states.

Gauss-Markov processes

In Brown and Hwang [1992], the properties and use of Gauss-Markov processes
in applied Kalman filtering are described. A Gauss-Markov process X(t) is a
stationary Gaussian process with the autocorrelation function

RX(τ) = σ2e−β|τ |. (2.18)

The mean-square value is given by σ2 and the time constant is given by 1/β.
The correlation between two samples of the process decreases as e−β|τ |. A Gauss-
Markov process is obtained by driving a filter with white Gaussian noise accord-
ing to

ẋ = −βx +
√

2σ2βu, (2.19)

where u is white and u ∼ N (0, 1). The Gauss-Markov process is shown to resem-
ble real world processes in a reasonably accurate way and is also quite simple
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mathematically (Brown and Hwang [1992]). The bias previously discussed can
be modeled as the sum of two Gauss-Markov processes.

2.3.3 Measurement equations

Using the knowledge above, the measurement equations of the IMU can be set
up. A basic description of the accelerations is

yba,i = abe + ωbeb × v
b
e + Cbng

n + e1, (2.20)

where abe is the acceleration of the body with respect to the Earth frame and e1 is
the measurement noise. Equation (2.20) does not take into consideration that the
measurement yba,i and the body’s acceleration abe are relative to different reference
frames. This is done by adding the Coriolis effect and using local gravity, which
gives

yba,i = abe + ωbeb × v
b
e + Cbng

n
l + (2ωbie + ωben) × vbe + e2. (2.21)

Note that the noise has changed, which ensures equality between (2.20) and
(2.21). The most simple gyroscope measurements model looks like

ybω,ib = ωbnb + e3. (2.22)

The measurements and the states are not relative to the same frame. Compensat-
ing for the Earth’s rotation and the rotation of the navigational frame gives

ybω,ib = ωbnb + CbnC
n
e ω

e
ie + Cbnω

n
en + e4. (2.23)

Adding the Gauss-Markov models to compensate for the drift gives

ybω,ib = ωbnb + Cbn[ωnie + ωnen] + bω,t + bω,i + e5, (2.24a)

yba,i = abe + Cbng
n
l + (2ωbie + ωben) × vbe + ba,t + ba,i + e6, (2.24b)

where bt and bi are the slow moving and faster moving Gauss-Markov processes,
respectively. Note that each component of the Gauss-Markov vector is a separate
Gauss-Markov process. Finally, adding scaling factors gives

ybω,ib = Sωbnb + Cbn[ωnie + ωnen] + bω,t + bω,i + e7, (2.25a)

yba,i = abe + Cbng
n
l + (2ωbie + ωben) × vbe + ba,t + ba,i + e8. (2.25b)

2.4 The extended Kalman filter

This chapter gives a brief introduction to Kalman filtering (Kalman [1960]), and
then moves on to describe in more detail the extended Kalman filter. The Kalman
filter has been described extensively in a wide range of books, and thus the de-
scription here will mainly focus on the idea and the interpretation. See, for exam-
ple, Gustafsson [2010] and Brown and Hwang [1992] for more detailed informa-
tion on how to derive the different equations.
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2.4.1 Introduction

The idea behind the Kalman filter is to include knowledge about the physics of
the system to improve the estimates from sensors of certain parameters that are
of interest. Estimating the current state of the system helps estimating what the
state should look like in a period of time, with uncertainties.

2.2 Example
In navigation we could want to estimate the position of a moving body by using
GPS measurements. Instead of just using the GPS measurements as the estimates
of the position, a model of the system can be built. In this example, this model
defines the velocity as the derivate of the position, and the velocity is likely to
change as a Gaussian process with a certain variance

ṙ = v, (2.26a)

v̇ = 0 + w, (2.26b)

where r is the position, v the velocity and w the process noise. Describing a sys-
tem in this way is called a state-space model. As will be shown later, this descrip-
tion is a very simple description of a navigation problem. However, including
this information in our estimate will limit the position estimate of changing too
much, or too little, depending on the estimated velocity and its variance.

The knowledge about the physics of the system is included to improve our esti-
mate using a state-space model. A state-space model is a model which describes
the physics behind our system, and in such a way that the current state of our
system holds all the info about the system. That means that there is no need to
know what has happened before the current time; two equal systems with the
same state, that have reached this state in different ways, will behave in the same
way from the time where the states are the same. A time-discrete state-space
model looks like

xk+1 = Fkxk + Gu,kuk + Gw,kwk , Cov(wk) = Qk , (2.27a)

yk = Hkxk + Dkuk + vk , Cov(vk) = Rk , (2.27b)

where the subscripts k and k + 1 are the time index, x are the states, u is the input,
w is the process noise, y is the measurements, v is the measurement noise and
Fk , Gu,k , Gv,k , Hk and Dk are matrices that describe the system. Cov is short for
covariance. The Kalman filter is made up of two parts: the prediction and the
update.

The prediction: Considering the state of our system at time tk , what will the
state of our system be at time tk+1? This is a prediction of a future state, without
using any measurements at that time. The variances of the states will also be
propagated up to time tk+1.
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2.3 Example
Using the example from above, let us say that we have estimated that we are
travelling at 10 m/s, heading north. If tk+1 is one second away from tk , that
means that the best estimate of the position at tk+1 that we can give, is that our
position will be 10 m to the north of our position at tk . However, our estimate of
our velocity might not be perfect, and we could have accelerated or decelerated
since tk , which adds uncertainty to our estimate. This uncertainty is calculated
from the uncertainty of the velocity estimate, and from what we have said about
the variance of the change in velocity, w.

The update: The measurements used at time tk+1 can be described as a combina-
tion of the states that describe the physical model. This means that the measure-
ments at time tk+1 say something about our states at this time. At this point, there
are two separate sources of information about our states: one based on physics
and one based on measurements. These two sources are fused and the impor-
tance of the sources depends on the variance that they have. After the fusion, or
the update, the estimated states at time tk+1 are obtained, together with variances.

2.4 Example
Using the example, the GPS might say at tk+1 that we are 11 m north of the
position at tk . The model said 10 m north, and fusing these we obtain, depending
on the variances, a position estimate somewhere between 10 and 11 m north of
our last position. That our estimated position is further away from our predicted
position also implies that we have been travelling faster than estimated, which
will lead to an increased velocity estimate.

The Kalman filter goes through these two steps, prediction and update, and then
starts over for the next measurements. What makes the Kalman filter special
in this case is that the estimations from the Kalman filter are unbiased, and have
minimal covariance, when dealing with a linear problem with unbiased Gaussian
noise (Gustafsson [2010]). Using a linear discrete model from equation (2.27), the
Kalman filter can be described by Algorithm 2.

In Algorithm 2, the double time index k|m means at time k given measurements
up to time m, P∗ is the covariance matrix of the states (Gustafsson [2010]) and
Kk is called the Kalman gain. P∗ is a symmetrical matrix, but due to numerical
issues, it might lose its symmetry. Therefore it should be made symmetrical every
iteration,

Pk+1|k :=
1
2
Pk+1|k +

1
2
P Tk+1|k . (2.31)

2.4.2 The non-linear and discrete filtering case

The Kalman filter, as described in Section 2.4.1, only handles linear cases; the
derivate (in the time-continuous case) or difference (in the time-discrete case) is
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Algorithm 2 The Kalman filter
1. Initialize

x̂1|0 = E(x0), (2.28a)

P1|0 = Cov(x0). (2.28b)
2. Predict

x̂k+1|k = Fk x̂k|k + Gu,kuk , (2.29a)

Pk+1|k = FkPk|kF
T
k + Gv,kQkG

T
v,k . (2.29b)

3. Update
Kk = Pk+1|kH

T
k+1(Hk+1Pk+1|kH

T
k+1 + Rk+1)−1, (2.30a)

x̂k+1|k+1 = x̂k+1|k + Kk(yk+1 − Hk+1x̂k+1|k − Dk+1uk+1), (2.30b)

Pk+1|k+1 = Pk+1|k − KkHk+1Pk+1|k . (2.30c)
4. k := k + 1, repeat from step 2.

described by a matrix multiplication. However, the models used are non-linear.
Some methods for solving this is presented in Gustafsson [2010]. One method is
to linearize the model around the current estimate every sample, using a Taylor
expansion

f (x) = f (x̂) + f ′(x̂)(x − x̂) +
1
2

(x − x̂)T f ′′(ξ)(x − x̂), (2.32)

where f ′ is the Jacobian, f ′′ the Hessian and ξ is value in the vicinity of x̂. The
method of using only the two first terms in the Taylor expansion (2.32) is called
the extended Kalman filter (EKF). Using also the quadratic term gives the un-
scented Kalman filter (UKF), whereas keeping the non-linear model and approx-
imating the probability distributions in discrete steps gives the point mass filter
(PMF) (Gustafsson [2010]). In navigation applications, the EKF has been a stan-
dard choice that often gives sufficient accuracy (Crassidis et al. [2007]); the UKF
is computationally heavier and the PMF is a lot more demanding (Gustafsson
[2010]). Therefore, the EKF has been chosen for the task of estimating the states
using the models described above. However, there is no longer any guarantee
that the Kalman filter applied on the linearized problem will give a minimum-
variance and unbiased estimate for the original nonlinear problem (Gustafsson
[2010]).

There is one more bump to overcome, namely the fact that although the system
is time-continuous, the measurements are discrete, giving the need to use a time-
discrete model. The choices are to first linearize and then discretize (discretized
linearization), or to first discretize and then linearize (linearized discretization).
The method applied here is the discretized linearization, as done in Karlsson
[2002]. Since model is linear now (the non-linear model linearized around the
current estimate), omitting noise,

ẋ(t) = Ax(t) + Bu(t), (2.33a)

y(t) = Cx(t) + Du(t), (2.33b)
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a discrete state-space model can be obtained

xk+1 = Fxk + Guk , (2.34a)

yk = Hxk + Juk , (2.34b)

where F, G, H and J are computed as

F = eAT , (2.35a)

G =

T∫
0

eAT dτB, (2.35b)

H = C, (2.35c)

J = D, (2.35d)

where T is the sampling time, or the time between two EKF updates, and the
matrix exponential is defined by the Taylor expansion

eAT = I + AT + A2 T
2

2!
+ A3 T

3

3!
+ . . . , (2.36)

which consequently gives

F = I + AT + A2 T
2

2!
+ A3 T

3

3!
+ . . . , (2.37a)

G =
(
IT + A

T 2

2!
+ A2 T

3

3!
+ . . .

)
B. (2.37b)

This solution utilizes a zero-order hold (ZOH) assumption, meaning that u and
y are assumed to be constant between the sample times (Gustafsson [2010]). In
an application, the number of terms in equation (2.37) can be limited to gain
computational speed.

There are a few ways to discretize the state noise (Gustafsson [2010]), and the
method used here is

Qd,k = T Qk , (2.38)

where Qd,k is the discrete state noise. This method assumes that the process noise
is white.

Initial state and variance

It is important to initiate the EKF with decent estimates of the state. If the esti-
mated initial states are not close to the real states, the nonlinearity of the model
may cause the EKF to diverge.
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2.4.3 Applied state-space models

When using a Kalman filter for navigation, a number of different state-space mod-
els can be used. Non-linear systems are described in continuous time by

ẋ = f (x, u) + w, (2.39a)

y = h(x, u) + v, (2.39b)

where x is the states, y is the measurements, u is the input, w is the process noise,
v is the measurement noise and f and h are functions that state the relations in
the system. The most simple state-space model used for navigation purposes con-
tains 9 states. It uses IMU data as input to the filter, and is called the reduced
model, as opposed to the full model which has states for accelerations and rota-
tion rates in all three axes and therefore has 15 states. The full model uses IMU
data as measurements. In the following equations, subscripts x, y and z indicate
body frame; N , E and D indicate navigation frame. The superscript indicating
reference frame is thereby dropped. The reduced model is described by

ẋ =
d
dt



L
λ
z
φ
θ
ψ
vx
vy
vz


=



vN /(R0 + z)
vE/(cos L · (R0 + z))

−vD
(yωy sinφ + yωz cosφ)tanθ + yωx

yωy cosφ − yωz sinφ
(yωy sinφ + yωz cosφ)/ cos θ

Cbn

 0
0
g

 −
 ωx
ωy
ωz

 ×
 vx
vy
vz

 +


yax
yay
yaz




+



0
0
0
w1
w2
w3
w4
w5
w6


. (2.40)

where L is the latitude, λ is the longitude, z is height above the theoretical el-
lipsoid of the earth’s surface, R0 is the earth’s radius and vN , vE and vD are the
body’s velocity north, east and down, respectively. Note that the derivative of the
three last expressions contain measurements from the IMU directly, i.e., the IMU
output is modeled as input to the system. The full model is
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ẋ =
d
dt



L
λ
z
φ
θ
ψ
vx
vy
vz
ωx
ωy
ωz
ax
ay
az



=



vN /(R0 + z)
vE/(cos L · (R0 + z))

−vD
(ωy sinφ + ωz cosφ)tanθ + ωx

ωy cosφ − ωz sinφ
(ωy sinφ + ωz cosφ)/ cos θ

ax
ay
az
0
0
0
0
0
0



+



0
0
0
0
0
0
0
0
0
w1
w2
w3
w4
w5
w6



. (2.41)

In this model, accelerations and rotation rates have been added, and they are
used instead of IMU measurements in the reduced model. The full model will
be computationally heavier, since the Kalman filter has to estimate 15 instead
of 9 states, but on the other hand it has the advantage of tweaking by adjusting
the noise of the added 6 states. Decreasing the noise of these states has a low-
pass filtering effect (Callmer [2011]); the lower the process noise, the higher the
low-pass effect. One way of looking at it is that a lower process noise will tell
the Kalman filter to trust the process more than the measurements, and that will
keep the derivatives of these states closer to zero, which has a low-pass effect.
With the reduced model, this tweaking cannot be done; the measurements will go
unfiltered into the process. The full model has an added measurements equation

yIMU =



yωx
yωy
yωz
yax
yay
yaz


=



ωx
ωy
ωz

Cbn

 0
0
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 +

 ωx
ωy
ωz

 ×
 vx
vy
vz

 +

 ax
ay
az




+ e. (2.42)
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The model used in this thesis which most accurately describes the system is

ẋ =
d
dt
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, (2.43)

yGP S =

 yL
yλ
yz

 =

 L
λ
z

 + Cxyz→LλzC
n
b rGP S + e, (2.44)

yGP SAD = yψ = ψ + e, (2.45)
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yIMU =
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(2.46)

where β∗ is the inverse of the time constant for the Gauss-Markov process, si is
the scale factors and bi the bias. β∗,t is the turn-on bias and β∗,i is the in-run bias.
Typical values are β∗,t = 900 and β∗,i = 200. The measurement equation of the GP-
SAD is yGP SAD . The measurement noise e is a vector with different measurement
noise for every state. In the measurement equation of the GPS position, yGP S , the
distance in body frame coordinates between the GPS and the IMU (which acts as
the centre of the body) is considered, rGP S . The transformation from Cartesian
coordinates to WGS-84 coordinates is done by the matrix Cxyz . Furthermore, vNvE

vD

 = Cnb (φ, θ, ψ)

 vx
vy
vz

 . (2.47)

2.4.4 Observability of the states

The observability of the yaw angle is an issue of importance, since the yaw angle
is what is ultimately trying to be estimated. When the system is completely still,
the yaw angle is intuitively impossible to estimate from GPS and IMU data. Some
states become observable first when the system moves. For example, yaw is ob-
servable when the system is accelerating in the xy-plane of the navigation frame;
the direction of the acceleration is observable when receiving GPS and IMU, since
the Kalman filter can derive what Earth direction the system is accelerating in
from the GPS positions, and what body direction the system is accelerating in
from the IMU. Hence, the yaw is observable. For example, let us say that we have
no roll and pitch, and the body is accelerating forward (along the body’s x-axis).
From the GPS positions it can be determined that the body has an increasing ve-
locity to the east, which would give the conclusion that the body is heading east,
meaning that we have a yaw that is -90◦. Similar discussions can be made for
many of the states. In general, movement increases the observability.

The observability of biases and scale factors is also of interest. Omitting the noise
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in Equation (2.17) gives

yIMU = Sfs + B, (2.48)

which in turn gives

fs = 0⇒ yIMU = B, (2.49)

meaning that when the specific force is zero, the bias can be found. The other
sensors are needed to find the specific force, which in that case leaves the bias
and the scale factor as the unknowns. Finding the bias and scale factor in Equa-
tion (2.48) can be seen as finding the constants in a linear equation

y = kx + m, (2.50)

with y representing yIMU and x representing fs. Two unknown constants mean
that we need at least two different samples of the variables,y1 = kx1 + m,

y2 = kx2 + m,
(2.51)

which indicates that fs has to change to give observability to S and B. Having
noise in the equation, as in Equation (2.17), means that the more samples we get,
the better the bias and scale factors can be found. On the other hand, if no other
sensors are available to estimate fs, S and B are not observable. The observability
of the bias and scale factor of the gyroscope’s z-axis is increased by the fact that
we have direct yaw measurements.



3
Practical approach to increase

attitude determination performance

The performance increase to the attitude determination by using an IMU has
been divided into four problems. The four different problems have been ap-
proached one by one. This chapter describes how this has been done.

3.1 Attitude determination during GPS outages

When too few satellite signals are received, the IMU could help to continue to
provide an attitude estimation that is good enough during a limited amount of
time.

3.1.1 Adding the EKF

The general idea is presented in Figure 3.1 and Figure 3.2. When GPS data is
valid, the position from GPS data and attitude from GPSAD help the EKF to es-
timate the errors of the IMU. When GPS data is not valid, the EKF continues to
provide state estimates with only IMU data as input, or IMU data and GPS posi-
tion data. GPS position data is valid when the receiver gives position estimates.
GPSAD is valid when the GPSAD gives valid heading measurements. GPS po-
sition data from pseudo-ranges is valid more often than GPSAD data, since the
attitude determination is more vulnerable to disturbances.

There is not only one way to implement the Kalman filter. Instead of estimat-
ing the states directly, the error in the states can be estimated, with respect to
some reference trajectory (Brown and Hwang [1992]). However, it can be shown
that this representation can be made mathematically equal to the previously de-
scribed EKF (Gustafsson [2010]). Another choice, when it comes to the integra-
tion of the GPS and IMU data, is the so called coupling between the two. Loose
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GPS

Sensor data

EKF

IMU

GPSAD

ψ

Figure 3.1: Flow chart of the system during GPS reception. GPS and GPSAD
support the EKF.

coupling means letting the GPS calculate its position from pseudo-ranges, and
then using the position estimate in the Kalman filter. Tight coupling means using
raw data from the GPS in the Kalman filter, e.g. pseudo-ranges and pseudorange-
rates, to provide position estimates. See for example Li et al. [2006] and Sennott
and Senffner [2007]. For the work in this thesis, the loose coupling has been used
for simplicity.

3.1.2 Implementing the EKF

An extended Kalman filter using discretized linearization was implemented (see
Section 2.4.2 for a description). At first, the model contained no error states, only
the fifteen first states needed for navigation according to the full model (2.41). A
simulation environment in Simulink was built, which represented the real system
as closely as possible. Data was simulated and sent to the Kalman filter. To make
sure that this was implemented correctly, a few cases were constructed, which
increasingly should resemble a real-world scenario. GPS and attitude measure-
ments were disabled during 20 seconds to see performance during GPS outage.
Gradually, the state-space model was developed until the model (2.43) was used.
When this worked fine, real data was used from a session recorded from a boat.
The EKF is started first when the GPSAD has given four consecutive valid esti-
mates. The initial values are taken from the GPS and the GPSAD, where position,
yaw and roll estimates are found. The other states are set to zero. The variances
for the GPS and GPSAD are set to the same as the variance of the measurements;
the variance of the states set to zero are high. The results are presented in Sec-
tion 4.1.



3.2 Reducing the ambiguity search space 27

GPS

Sensor data

EKF

IMU

GPSAD

ψ

Figure 3.2: Flow chart of the system during GPS outage. No GPS measure-
ments are received. The IMU and EKF supply the heading alone.

3.2 Reducing the ambiguity search space

The IMU could help reducing the ambiguity search space, that is, discarding
candidates to the integer ambiguity problem. The problem is presented in Fig-
ure 3.3. The arrows intentionally have different lengths; the candidates represent
baselines of different lengths. There may be several thousand candidates. The as-
sumed baseline length may also be used to limit the search space. In this example,
only candidate c3 would meet the yaw demand.

3.2.1 Using the EKF yaw estimate

The extended Kalman filter from the GPS outage problem supplies estimates of
the attitude at all times, also during GPS outages. Using the variance of the
attitude in the filter, a confidence interval for the attitude can be suggested based
on a confidence level

ψ ∼ N (ψ̂, σψ), (3.1a)

P (ψ̂ − kσψ︸   ︷︷   ︸
ψmin

≤ ψ ≤ ψ̂ + kσψ︸   ︷︷   ︸
ψmax

) = 1 − α, (3.1b)

where ψ̂ is the EKF estimate of ψ and σψ its standard deviation. k decides the
value α. If all the noise in the system were Gaussian, k = 1 would give the con-
fidence level 1 − α ≈ 0.68, k = 2 would give 1 − α ≈ 0.95 and k = 3 would give
1 − α ≈ 0.997. The confidence interval is then sent to the GPSAD algorithm,
which can discard all the integer candidates that correspond to an attitude out-
side of this interval.

There are two ways to include the EKF’s yaw estimate in Algorithm 1. The dif-
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dbl
ψEKF

c1

c2

c3

Figure 3.3: An example of candidates to the integer ambiguity problem to-
gether with the EKF’s yaw estimate. The arrows c1 to c3 represent the base-
line candidates to the integer ambiguity problem. The assumed baseline
length is dbl . ψEKF is provided by the EKF as an interval.

ferent approaches are described in Algorithm 3, which is Algorithm 1 with the
different alternatives to alter it.

Algorithm 3 Reduce search space
1. Create the candidates that could solve the problem. A candidate is a com-

bination of one set of integers, that is, ∇∆N ij
AB for each satellites i and j,

which could be the solution to the IAP.
← Alternative 1: Discard all candidates that do not fulfill ψmin ≤ ψcandidate ≤
ψmax

2. Discard the candidates that do not pass the distinguishing tests (Bejeryd
[2007]. If there are no candidates remaining, wait until the next epoch is
received and repeat from step 1. If there are candidates remaining, and no
candidate can be distinguished to be belong to the correct integer set, wait
until the next epoch is received and repeat this step. If only one candidate
remains, or one candidate can be determined to belong to the correct solu-
tion, continue to the next step.
← Alternative 2: When one candidate has been chosen as the correct one, check
if it fulfills ψmin ≤ ψcandidate ≤ ψmax. If it does, continue to the next step,
otherwise wait until the next epoch and repeat from step 1.

3. Output the chosen candidate’s attitude. Wait until the next epoch and re-
peat from step 2 using only this candidate.
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3.2.2 System structure during the search phase

The structure of the system when the GPSAD is searching for a valid candidate is
shown in Figure 3.4. ψ going from the EKF to the GPSAD is given as an interval,
according to Alternative 1 above. Alternative 1 has been chosen since it has the
largest effect on the result as it will help the GPSAD to re-lock faster. When the
GPSAD re-locks the integers, the system works as in Figure 3.1 again, with the
GPSAD providing the EKF with attitude estimates.

GPS

Sensor data

EKF

IMU

GPSADψ

Figure 3.4: Flow chart of the system in the search phase. When GPSAD is
trying to lock the integers, it does not output anything.

3.3 Detection of cycle slips

The IMU could also help in detecting so called cycle slips, which occur during a
temporary loss of reception and causes the measurement of the phase to miss one
or more whole wavelengths, resulting in a phase measurement that is wrong by
one or more wavelengths. This problem consists of two parts: one is the actual
detection, and one is what should be done when a cycle slip is detected. When
one cycle slip has occured, the receiver wavelength counter will indicate a phase
difference which is one wavelength wrong, i.e. 19.5 cm. Cycle slips can be de-
tected by the receivers. The receivers set a flag when they detect cycle slips, and
currently this is taken care of in the algorithm by discarding the satellite. Not all
of the cycle slips are detected though, and the cycle slips that go undetected are
the big problem for accuracy.

In Bejeryd [2007], a simple algorithm was implemented to predict the phase mea-
surements, using the formula
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Φ̂(kT+T ) = Φ(kT ) + T
Φ̇(kT+T ) + Φ̇(kT )

2
, (3.2)

and the test

||Φ − Φ̂||
T

< τ (3.3)

where T is the sample time and τ is a value that must be chosen. The derivative
of the phase can be directly derived from the measured Doppler frequency. In
Bejeryd [2007], the integer for that satellite is reset, and searched for. In this algo-
rithm, it is not known what happens inbetween the two samples, and therefore
the average of the phase derivative is calculated as an estimate of the derivati-
vate between the samples. With an IMU, it can be better estimated what happens
between the times the phase is measured.

3.3.1 Using a Kalman filter for detection

Detection could be made by running a Kalman filter with a model of the phase
measurements based on sensor data; both IMU and GPS data. GPS position
data can be calculated from pseudo-ranges, which is separate from phase mea-
surements. The Kalman filter can predict the phase measurements, with vari-
ance, and outliers can therefore be detected by running an outlier detection test.
The movements of the GPS antennas have to be predicted, which is done by the
Kalman filter, and every satellite’s movement have to be calculated, which is de-
rived from ephemeris data. By estimating the relative velocity between each an-
tenna and each satellite, the phase difference and its integrated value can be esti-
mated. When phase measurements arrive, the EKF is updated with the pseudo-
range position to use the EKF’s position estimate after the pseudo-range position
has been fused with the prediction. A similar setup is used in Takasu and Yasuda
[2008].

For the Kalman filter to be able to detect if a cycle slip has occurred, the position
estimate may not drift more than half a wavelength with a certain confidence in-
terval, i.e., about 10 cm, for an outlier detection test to have a reasonable chance
to detect the slip. The GPS updates come every second, which means that the
EKF’s position estimate may not drift more than 0.1 m/s. It is the drift in one
dimension, towards and away from the satellite that is important. This means
that the confidence interval gives an even higher level of confidence, since it is
only when the drift is exactly in the direction of the satellite that is has its largest
effect. Figure 3.5 shows a simplified example of different situations. In case of
a cycle slip, the receiver will measure a position that is one wavelength closer to
the satellite than its true position. If the EKF’s position estimate drifts towards
the satellite, a cycle slip may go undetected. If the position estimate drifts away
from the satellite, a false cycle slip may be detected. The figure shows a hypothet-
ical case with three similar imagined filters where the different filters’ position
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estimates happen to drift in different ways. EKF1 does not drift and therefore de-
tects the cycle slip. EKF2 drifts one wavelength towards the satellite and does not
detect the cycle slip. EKF3 drifts one wavelength away from the satellite and de-
tects a two-cycle slip and would also detect a cycle slip even if the receiver would
have given a true reading. The last case is that the receiver gives a true reading,
and the EKF’s position estimate drifts as EKF2, that is, closer to the satellite. This
means that it can be said for sure that the EKF’s position estimate has drifted,
since a cycle slip never leads to an increase in the distance to the satellite, and no
other error source is big enough to create this error in the receiver. That could
therefore be used to estimate the IMU drift. In general, phase measurements
should be used to estimate the IMU drift. One way to relieve the requirement on
the EKF is to increase the GPS update frequency. The receivers used in this thesis
could supply data at 20 Hz, which would give the required linear drift of 2 m/s
with the chosen confidence.

N

True

Cycle slip

EKF1

EKF2

EKF3

t0 t1

Figure 3.5: A simplified example of a cycle slip and three different Kalman
filters. It is a one-dimensional case, and only the horizontal position is con-
sidered. N is the number of whole wavelengths between the SV and the
receiver at time t0, and solves that ambiguity problem. At time t1, the dis-
tance between the SV and the receiver has changed, and the three estimates
now differ.

When a cycle slip is detected, the estimated phase measurements can be used to
bridge the gap in the receiver’s internal cycle counter. However, there are a few
ways to go at this point:
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1. The Kalman filter’s phase is used to find the lost integer.

2. The integer for that specific satellite is searched for again in the GPSAD.

3. The satellite with the cycle slip is excluded from the solution, and ulti-
mately the entire solution is reset, and the integer solution must be found
again.

If the Kalman filter runs its own phase measurements model, the filter would
supply the GPSAD with the unknown integer that solves the ambiguity problem.
The number of lost cycles since the last update would be added to the previous
integer to obtain the new integer. The first and second alternative would be the
best, since the number of satellites solving the ambiguity problem can be kept
at its maximum, making the estimate as accurate as possible. If the solution
is reset, the Kalman filter used for the two previous problems can continue to
provide attitude estimates and help the GPSAD to re-lock the integers. This is
the cheapest solution to implement, since when the cycle slip is detected the rest
of the functionality is already implemented and just have to be activated.

3.4 Reducing multipath effects

Multipath, or influence of reflected signals, can contribute to an error up to a
quarter of a wavelength. This is an error that could be slow moving and biased,
and that is when it is the most difficult to handle. How could an IMU help?

The biases of the IMU can be described with good performance by stationary
Gauss-Markov processes, since they are not connected to the physical appear-
ance of the surroundings. Multipath effects, however, depend highly on what the
surroundings look like, meaning that the stochastic processes are not stationary.
The momentary effect of multipath from one satellite depends on the satellite’s
and the reflecting object’s position relative to the GPS antenna, which decides
how much delay the reflected signal will have compared to the direct signal. The
relative positions of these three points in space (the satellite, the reflecting ob-
ject and the antenna) are deciding. Therefore, the only thing that is sure is that
the effect always changes, since the satellite is always moving relative to the an-
tenna and the reflecting object (in the general case). It can also be concluded
from the multipath studies in Bejeryd [2007], that the multipath effect on two
receivers with a baseline of approximately 1 m is not the same, since the yaw
angle is affected. If the effect would have been the same, there would not have
been a problem; it would just mean moving the entire baseline a few centime-
ters without changing its attitude, which practically has no impact on the yaw
angle. As noted in Bejeryd [2007], the impact of multipath in a non-moving en-
vironment can be observed and compensated for, as only the satellites change
the geometry. This, however, requires a full cycle (approximately 12 hours) of
observations, but stationary environments can be detected by a Kalman filter us-
ing GPS and IMU measurements. Stationary environments mean that only the
satellites movements affect the geometry, and these are known with the accuracy
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of the ephemeris data.

Multipath is also a problem for pseudo-range measurements, and can, in severe
cases, cause measurement errors of up to 100 meters Elliot D. Kaplan [1996].
There are a number of techniques to mitigate multipath, for example Bhuiyan
and Lohan [2010] lists and compares some of them, and Novatel uses multipath
mitigation technology in their receivers (Nov [2012]). These techniques do not
incorporate the use of an IMU, however. The main interest in this thesis is how
an IMU could aid in mitigating multipath.

3.4.1 Aiding multipath mitigation with an IMU

A direct fusion between IMU data and phase measurements would not be suffi-
cient, since the multipath effect is nowhere near white noise. One way to account
for multipath is to identify the stochastic process that makes up the multipath
effect, which would then allow the true phase to be observed. Gauss-Markov
processes could be used in a Kalman filter, where the parameters of the Gauss-
Markov processes are states themselves (variance and time constant), to model
the fact that the process is not stationary. Instead of identifying parameters of
a Gauss-Markov process, the parameters of the geometry can be identified as in
Kim and Langley [2001], such as reflection coefficient, reflected signal’s elevation
angle, antenna orientation etc. The multipath effect is different for every satel-
lite, because of the difference in geometry, which means that this identification
in the Kalman filter has to be made for every visible satellite. This in turn leads
to an increase in the number of states in the filter, which leads to longer tran-
sients and heavier computational load. The number of visible satellites usually
varies between 4 and 12, that is, between 8 and 24 states have to be added to the
Kalman filter when using the Gauss-Markov process approach, and even more
when using the parameters suggested in Kim and Langley [2001].

A more simple approach would be to identify the multipath effects on the yaw
estimate, instead of on the effect on each satellite-receiver couple. This would re-
quire a smaller number of parameters to be found, but it would be more difficult
to make a physics-based model.

What about the observability of the multipath process? Under multipath influce,
there is a time-variant bias with an expectation value that is non-zero, which
means that the bias cannot be averaged out by filtering. If the model states that
multipath is always present, the true carrier phase or yaw angle cannot be ob-
served, since the measurement would always be a sum of the true phase and the
multipath effect. Since it is not known how big the influence of the multipath is,
except that it is maximum a quarter of a wavelength, the true phase’s part of the
measurement can be arbitrary within these limits. Therefore, the EKF must some-
how know when the phase or yaw is not influenced by multipath. Moreover, the
IMU is the sensor which should help the EKF to identify the multipath process,
but the EKF relies on GPS data to identify the IMU’s error states. Identifying the
multipath process and the IMU’s bias and scale errors would probably prove to
be very difficult, since they could behave in the same way. Either, it can be said
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that the multipath process contains different frequencies than the IMU errors, or
the IMU errors can be locked in the EKF when trying to identify the multipath
process. A problem, however, is that the multipath process is always changing,
which means that even though it is identified at one point, as soon as the EKF
stops tracking it, the variance of the identified parameters will increase quickly.
This would advocate the method of identifying the multipath process and the
IMU error processes at the same time, and using the knowledge of a maximum
influence of a quarter of a wavelength.

An important part of the approach would be to set up an environment where the
effect of the multipath can easily be calculated, as suggested by Kim and Langley
[2001].



4
Experimental results

This chapter contains all the results from the work, divided into sections as the
problems have previously been described. The implemented solutions have been
tested on both simulated data and measured data. Measurements were made
on a boat with a GPS antenna baseline of 1.05 meters, with an IMU placed in
between the antennas. The receivers were Ublox receivers, and a Microstrain
IMU was used. A high performance inertial navigation system (INS) called H423
was used as reference. The EKF provides yaw estimates during the GPS outages.
The reduction of the ambiguity search space has been implemented, with the EKF
providing an interval of the yaw angle to the GPSAD.

4.1 Attitude determination during GPS outages

The goal was to keep the attitude estimation during periods of no GPS reception
as good as possible.

4.1.1 Results from simulation

First the EKF was tested with simulated data, using different cases as shown in
Table 4.1. Adding the error model meant using (2.43). Figure 4.1 shows case 7,
that is, the IMU almost behaves as the real one, GPS and attitude measurements
come at 1 Hz and the motion is relatively complex. There is a GPS outage from
25 seconds to 45 seconds.

35
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Case Description Error
model

IMU GPS Attitude Earth
rotation

1 Stationary 75 Hz 10 Hz
2 Stationary 75 Hz 10 Hz X
3 Simple pitch change 75 Hz 10 Hz X
4 Simple motion X 75 Hz 10 Hz X
5 Simple motion X 75 Hz 10 Hz 10 Hz X
6 Highly dynamic mo-

tion
X 75 Hz 10 Hz 10 Hz X

7 Highly dynamic
motion, really noisy
IMU

X 75 Hz 1 Hz 1 Hz X

8 Highly dynamic mo-
tion, longer, really
noisy IMU

X 75 Hz 1 Hz 1 Hz X

Table 4.1: The different simulation cases. Error model: A state-space model
using states for bias and scale factors was used in the EKF. IMU: IMU data
was sent to the EKF. GPS: Position estimates from the GPS were sent to the
EKF. Attitude: Attitude estimates were sent from to the EKF. Earth rotation:
Simulated IMU data contained effects from the Earth rotation.
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Figure 4.1: True and estimated yaw angle from simulation case 7, and the
residual. GPS outage between 25 s and 45 s. Where the red dotted line
cannot be seen it is covered by the solid blue line.

At this point, the full error model (2.43), which means that bias and scale factors
are states that to be found. Figure 4.2 shows the scale factor of the gyroscope’s
z-axis from case 7 without any GPS outage.

Without any movement, the scale factors cannot be found, as the measurements
only contain the bias. The movement starts at 20 s. As can be seen in Figure 4.2,
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Figure 4.2: Estimated scale factor of the gyroscope z-axis for case 7. No GPS
outage. The movements start at 20 s, which is when the EKF can narrow
down the scale factor.

this is when the EKF starts finding the scale factor. In Figure 4.1, the GPS outage
starts at 25 s. That is too little time to find the scale factors which results in a sub-
stantial drift. During the first second of movement, the yaw gets underestimated,
due to the too large estimated scale factor. When the next GPS measurements
come, the scale factor estimate plunges when the EKF realizes that it has been
too large, resulting in a positive drift instead. Compare to Figure 4.2. A close-up
on the outage is seen in Figure 4.3. In Figure 4.4, the GPS outage is between 45
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Figure 4.3: A close-up on the yaw error with standard deviation for case 7.
GPS outage between 25 s and 45 s.

and 65 s, which gives the EKF time to narrow the scale factors down. A close-up
on the yaw error is seen in Figure 4.5. That the drift and variance are smaller can
be seen in Figure 4.5.

Letting the EKF run even longer without any GPS outages will make the estimates
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Figure 4.4: True and estimated yaw angle from simulation case 7, and the
residual. GPS outage between 45 s and 65 s.
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Figure 4.5: A close-up on the yaw error with standard deviation for case 7.
GPS outage between 45 s and 65 s.

of bias and scale factors even more confident. To see how the EKF estimates a
moving bias, a simulation was set up where the body is stationary and the bias
consists of two Gauss-Markov processes. Figure 4.6 shows the result. First, the
estimate is moving a lot more, but as the standard deviation decreases, so does
the movement of the bias. The sensitivity of the estimate depends on the values
of β and σ in the model (2.43). The larger the values, the larger the sensitivity.
However, larger values increase the variance. As discussed in Section 2.4.4, scale
factors can only be found when the body changes its rotation rate and accelera-
tion, and together with other sensors, in this case GPS. Additional plots of bias,
variance of the bias and scale factors can be found in Appendix A. The perfor-
mance using simulated data is enough to move on to real data.
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Figure 4.6: The EKF estimate of a moving bias of the gyroscope’s z-axis.

4.1.2 Results from the boat

In this test-run, the boat in Figure 4.7, about ten meters long, was driven for
approximately 30 minutes. Figure 4.8 shows the driven route, where green dots
indicate that an attitude estimation has been received. Stretches without green
dots are periods of GPS outage. The extended Kalman filter was started when
four consecutive attitude measurements from the GPSAD had been received. A
picture of the system setup is seen in Figure 4.10.

Figure 4.7: The boat used for collecting data.

Although the GPS continues to deliver position data during GPSAD outages, satel-
lite data during these times seems to be unreliable. It is known that the reception
is bad when the GPSAD cannot calculate an attitude. Therefore, during attitude
outages, position measurements are omitted.
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Figure 4.8: The driven route for the boat test run. The red cross marks the
start and green dots indicate GPSAD measurements, which suggest sufficient
GPS recepetion.
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Figure 4.9: EKF attitude estimation during the boat test run using the basic
full state-space model. The solid light grey color in the top graph indicates
GPSAD measurements. The difference between the true and estimated yaw
is seen in the bottom graph.

First, the run was done using the basic full state-space model (2.41), i.e., no states
for biases and scale factors were used. The result on the estimated yaw angle can
be seen in Figure 4.9. Most noticeable are the peaks in estimate error. The peaks
occur during periods of GPS outage, where the GPSAD sometimes deliver a sin-
gle false value. Since the standard deviation of the yaw measurements is set to
0.5◦, a false measurement has a large impact on the filter. Between about 1430
s and 1500 s, the attitude determination is locked on the wrong integers, result-
ing in a large bias on the attitude measurements. However, letting the Kalman
filter support the integer search algorithm to limit the integer search space as in
problem 2 (Section 3.2) will get rid of a lot of these outliers and incorrect inte-
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Figure 4.10: A picture of the boat and its setup. The two antennas are on top
of the poles; the IMU and the reference system is contained within the white
box.

ger locks. As can be seen, the yaw angle constantly drifts towards larger positive
values during the outages. At the end, it starts drifting the other way, but this is
due to the rotation of the entire system being very incorrect. There is a need for
finding the biases and scale factors of the IMU.

Adding states for biases and scale factors using the fully extended state-space
model (2.43) gives the result shown in Figure 4.11. This heavily reduces the drift
of the yaw estimate.

Figure 4.12 shows a close-up of one of the GPS outages. It is approximately 80
seconds between the two consecutive GPSAD values. During this time the esti-
mate of the angle drifts about 4◦, which corresponds to 180◦/h. The standard
deviation of the bias for the z-axis gyroscope is about 90◦/h at the time of the
start of the outage. This suggests that the Kalman filter does not know every-
thing about the system. A closer look at the estimated biases and scale factors
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Figure 4.11: EKF attitude estimation during the boat test-run using the fully
extended state-space model. The solid light grey color in the top graph indi-
cates GPSAD measurements.

showed that the biases and scale factors move around in an unnatural way dur-
ing the outages. The EKF should not be able to update these states when it does
not receive GPS or GPSAD data, since the filter does not have anything to refer
the IMU data to. Making sure that the Kalman filter is not allowed to update the
bias and scale factor states when it only receives IMU data gives the close-up as
shown in Figure 4.13. The drift is now about half of the drift in the previous run.
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Figure 4.12: EKF attitude estimation during a GPS outage. The blue vertical
bars in the top graph indicate GPSAD measurements.

It is of interest to know how well the EKF performs using only IMU data for a
longer period of time. Therefore, during one run, all GPS and GPSAD data were
shut off at the end of the run, letting the EKF run on only IMU data for 400
seconds, or almost 7 minutes. The result if shown in Figure 4.14. After 1450
seconds, the drift increases; this is most probably an effect of some bias or scale
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factor in the IMU changing. It is not necessary a change in the bias and scale
factor of the gyroscope’s z-axis; also a change in the x- and y-axis would lead to
a change in yaw. If the rotation is faulty, so is the transition from the body frame
to the navigation frame, where the yaw angle is taken. During the entire outage,
the yaw estimate drifts about 0.6◦/min; this would extrapolate to 36◦/h.
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Figure 4.13: EKF attitude estimation during a GPS outage, not allowing the
EKF to update bias and scale factor states during IMU updates. The blue
vertical bars in the top graph indicate GPSAD measurements.
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Figure 4.14: EKF attitude estimation during the boat test run using the fully
extended state-space model. The solid blue color in the top graph indicates
GPS reception.

The effect of false integer solutions from the GPSAD on the bias is seen in Fig-
ure 4.15. Comparing the dips and peaks of Figure 4.15 to the error in Figure 4.11
reveals that the dips correspond to a large positive bias in the GPSAD estimates,
and that the peak correspond to a large negative bias in the GPSAD estimates.
Since the specified variance of the GPSAD measurements is small and the mea-
surement error is unbiased to the EKF, the filter assumes that the error must be
in the bias of the gyroscope and not in the GPSAD measurements. Imagine the
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system being horizontally aligned, so that the heading and the z-axis of the gy-
roscope are perfectly aligned. Let the system point perfectly to the north. The
GPSAD is estimating ψ = 0 and let us say that the IMU also outputs ψ̇ = 0, i.e.,
it is unbiased. Suddenly, the GPSAD outputs ψ = π/2, but the IMU still outputs
ψ̇ = 0. Since the filter trusts the GPSAD more than the IMU, to the EKF this
means that the system has turned and that the gyroscope should have given a
large positive value. This, in turn, means that the gyroscope’s z-axis output must
have a large negative bias due to the fast change in yaw. If the GPSAD contin-
ues to provide ψ = π/2 the bias will slowly return to its former value, but not
nearly as fast as it got there. An incorrect bias will affect the performance during
outages.
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Figure 4.15: Bias for the z-axis of the gyroscope. The sharp peaks and dips
are due to false integer solutions from the GPSAD.

4.2 Reducing the ambiguity search space

The results from reducing the ambiguity search space with the EKF estimate are
mainly positive, although it has some negative consequences, which will be dis-
cussed. Figure 4.16 shows the yaw estimate during the full boat run. Typically,
the error is within 0.5 degrees, and it is never larger than 7 degrees. An error
always less than 7 degrees is a large improvement compared to when the GPSAD
was not helped by the Kalman filter, where the error reached almost 100 degrees
at some points due to the GPSAD locking the wrong integers.

4.2.1 GPSAD output

Figure 4.17 shows the full boat run with and without the help of the EKF’s yaw
estimate to limit the search space. The method using the EKF estimate is called
IAD (IMU aided attitude determination); the method not using the EKF estimate
is called GLS (Gun-Laying System). The two main differences are that IAD usu-
ally locks on to the integers earlier than GLS, and that the IAD never gives heavily
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Figure 4.16: Yaw estimates from boat run with EKF estimates of the yaw
helping the GPSAD to reduce the search space. Solid grey color means that
the GPSAD has locked the integers and provides estimates.
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Figure 4.17: Output from GPSAD with and without using the EKF estimate
to limit the search space. The blue one, or the mainly positive one, does
not use the EKF estimate, and is called GLS; the other one does use the EKF
estimate, and is called IAD. The GLS estimate is mirrored in the x-axis to
make it easier to see when the two output estimates and not.
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biased estimates.
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Figure 4.18: Close-up 1 on the GPSAD estimate with and without the lim-
ited search space. The GLS estimates are mirrored in the x-axis, and show
negative values.

Figure 4.18 shows an example of the earlier locking of the integers. At the point
of IAD locking, GLS could not decide which candidate to choose. The IAD how-
ever, sorted out the candidates outside of the EKF’s estimate, which resulted in
only one candidate remaining. The next interesting phenomenon in this graph is
the fact that IAD loses its lock, while the GLS keeps it. The IAD has an outage
of approximately 20 seconds where the GLS continuously provides estimates. Be-
fore this outage, the IAD also has a biased estimate, giving estimates that are a
bit too small. The reason could be cycle slips during the period of what should be
bad GPS reception, or that a false solution was found. The IAD constantly checks
the solution to make sure that it is correct, and after the body has turned a certain
amount of degrees, which changes the geometry and the baselines projection on
the satellites, the solution fails to pass the checks, making the IAD drop its lock.
The EKF never knows that the values from the GPSAD it has been using to esti-
mate the yaw were bad, resulting in a biased yaw estimate. This biased estimate
is then passed on to IAD to re-lock the integers, but instead of helping the IAD,
the estimates incorrectly limit the search space. As the EKF runs without getting
any yaw estimates from the GPSAD, the variance of the EKF’s yaw estimate in-
creases, which eventually has grown big enough to include the correct integer
solution. This happens approximately at time 1213, and the correct integers are
locked onto. To solve this problem, the EKF could be re-initialized when the IAD
loses its lock because of a bad integer solution. Since biases and scale factors of
the IMU could be kept with an increased variance, since it takes a considerable
amount of time for the EKF to find them, and even though biased yaw estimates
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from GPSAD have impact on the error estimates, the old estimates with increased
variances will still be a better estimate than setting the estimates to zero with a
very large variance.
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Figure 4.19: Close-up 2 on the GPSAD estimate with and without the lim-
ited search space. The GLS estimates are mirrored in the x-axis, and show
negative values.

Figure 4.19 shows a section where the IAD excels. The correct yaw angle is about
1.3 radians during this entire window of the run. To the left, the GLS gives an
outlier of 0.3 rad. This outlier never occurs for the IAD, because it is outside the
given yaw interval from the EKF. The next GLS lock is also incorrect, but this time
the GLS continues to provide heavily biased estimates. Once again, this does not
occur for the IAD, which instead locks onto the correct integers a little bit later
and gives unbiased estimates for the rest of the run. The GLS manages to hold
the lock for a while, but then loses it and cannot re-lock. This means that the
IAD most probably also loses its lock, but can re-lock directly thanks to the yaw
estimate from the EKF.

4.2.2 False solutions

During periods of bad GPS reception, IAD sometimes finds a valid candidate,
which appears to be false during the next epoch. Normally, the GPSAD compares
all the candidates to find one which is significantly better than all the other ones,
in terms of residuals. In these cases, only one candidate remains, because of the
reduced search space, which means that the GPSAD cannot compare it to any
other candidates and therefore takes it to be a valid candidate. These false IAD
yaw estimates have an impact on the yaw estimate of the EKF, although not as big
as the GLS outliers since they are all within a certain range of the EKF’s estimate.
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They always appear one at a time, and can therefore be filtered by saying that
the GPSAD has to provide a certain number of valid estimates in a row before
the EKF starts to use them. The false solutions are what make the yaw estimate
error large. Figure 4.20 shows a close-up of the section where the error is at its
largest during the entire boat run. As can be seen, the error goes from about 0.5
degrees to 6 degrees from one sample to another, the reason being a false solution
at time 1408 by the GPSAD, which is sent to the EKF. During the outage, the yaw
estimate is then biased until the GPDSAD re-locks to the correct integers at time
1432.
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Figure 4.20: Effect of a false integer solution.

4.3 Detecting cycle slips

Although an algorithm has not been implemented, some results are obtained
based on the assumptions made in Section 3.3. During the boat test run, the
position estimate has a maximum drift of about 7 cm/s after the GPS update in
general, which means that the EKF could be used to detect cycle slips.
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Conclusions

Generally, a low cost IMU can help the GPSAD system in important ways. Dur-
ing the GPS outage, the system now typically drifts about 0.6◦/min, which is
sufficient for the studied case out to sea where the outages were normally no
longer than one or two minutes. This could be compared to the commercially
available Hemisphere Crescent VS100 which according to the data sheet drifts
1◦/min (GPS [2012]). The increased update frequency due to the IMU is also
good to provide in an application, especially when the system changes direction
quickly. This is a good result of the stipulated problem of supplying yaw esti-
mates during GPS outages. The performance in more difficult areas with more
obstacles blocking the GPS satellites, for example urban environments, will in-
crease a lot. As long as the system gets at least a couple of seconds of GPSAD
estimates every other minute, the performance will be sufficient.

When using the EKF to help the GPSAD to solve the ambiguity problem, perfor-
mance is especially increased in the cases where there is just a temporary loss of
reception due to a single obstacle blocking the satellites. The GPSAD can lock
onto the integers a little bit faster, but the big advantage is that it does not lock
onto the wrong integers with a higher probability. The implemented solution
works, that is, the problem of reducing the search space has been solved. Still,
some tweaking would have to be done for the system to work at its best, see dis-
cussion of future work in Section 5.1.

The current setup could be used to detect cycle slips. To get a better level of
confidence, the frequency of the GPS measurements could be increased. The in-
creased computational load would not be a problem, since the GPSAD currently
runs more than 100 times faster than real-time, and the entire system runs ap-
proximately 20 times faster than real-time.

49
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Multipath is still an issue with no simple out-of-the-box solution. It might be
difficult to identify the multipath process with an IMU for which bias and scale
factors constantly have to be identified. Theoretically, the IMU error processes
and the multipath processes can have the same time constant which makes the
observability bad. Also the fact that multipath errors cannot be averaged out due
to its non-zero expectation-value decreases observability.

5.1 Future work

Performance would naturally be improved by a better IMU. However, it is of
higher interest, and to some extent more fruitful, to improve the algorithms and
tweak the system. The performance of the EKF during GPS outages rely heavily
on the biases and scale factors of the IMU to be estimated during sufficient GPS re-
ception. Just before the reception is lost, the estimation from the GPSAD is gener-
ally worse and biased, meaning that when it is the most important to have a good
estimation of IMU bias and scale factors, these states are biased. Furthermore,
the yaw in the Kalman filter is also biased at the start of the outage, since the
Kalman filter’s yaw state highly depends on especially the last GPSAD estimate
before the outage. This leads to worse performance during lacking reception. Fig-
ure 5.1 shows the yaw estimate around the beginning of an outage, where it can
be seen that the last estimates before the loss of reception are biased. Because of
this, the error during the GPS outage reaches about 1.7◦. In Figure 5.2, the same
run has been made, but the nine last yaw measurements are removed and do not
reach the EKF. The first thing to notice is that the yaw estimate is better during
the time that the GPSAD actually did provide estimates. This implies that the
yaw estimate would be better during the actual outage, which is also seen in the
graphs. During the outage, the error in Figure 5.1 moves less than in Figure 5.2,
suggesting that the biases and scale factors are better estimated in the first case.
However, this is purely incidental. What is interesting though is how much the
drift is affected. The difference in error movement between the two is how much
the biased GPSAD estimates affect the error estimation. The effect is visible, but
the effect of a biased yaw state in the Kalman filter due to the biased yaw mea-
surements is in this case even greater. The GPSAD could discard its solution at an
earlier stage, by changing the thresholds for a valid solution to be tougher. Even
though the attitude determination algorithm would supply a valid attitude more
seldom, the support of the filter between attitude estimates would lead to better
overall performance, since the filter estimate would be better without yaw esti-
mates than with biased ones. During the times where a tougher threshold would
discard all candidates to the IAP, the EKF would still supply yaw estimates of
sufficient accuracy. Another option would be to let the GPSAD supply some kind
of value of the reliability of the measurement, for example Signal-To-Noise ratio
or residual, which the EKF can use to weight the measurements.

Another way of detecting biased GPSAD estimates is to use the Kalman filter to
predict the next estimate. If the yaw estimate from the attitude determination
algorithm is outside of an interval based on the predicted measurement and its
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Figure 5.1: A close-up on the yaw estimate just before and during a GPS
outage with biased GPSAD estimates at the end.
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Figure 5.2: A close-up on the yaw estimate just before and during a GPS
outage with the biased GPSAD estimates at the end removed.

variance, the estimate is discarded. For example, based on the EKF prediction,
the algorithm can be restarted after one or more outliers. It is important though
to realize what is really wrong. Maybe the GPSAD’s estimates before the discov-
ered outliers themselves where biased, and it has started delivering unbiased val-
ues. It is of interest for the EKF to know what the GPSAD is doing. The latter can
discover that the current estimate is not valid, which means that the Kalman filter
should know this and measures should be taken accordingly. In general, the sys-
tem would benefit from adapting the GPSAD solution to the entire system, that
is, to think about the interaction between filter and the attitude determination,
and that they use each other’s data. As of now, the GPS attitude determination is
intended to work on its own as long as possible, which sometimes has negative
consequences on the filter. Until this tweaking is done, the benefit of a better
IMU would be limited, as shown in the example.
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Depending on the required performance and the difficulty of the environments
of the application, a better IMU could be of interest. The big difference between
a budget IMU and a high-performance IMU is the very little effect from bias
and scaling in the high-performance IMU. Even though bias and scaling exist,
a good IMU’s rotation rates might drift as little as 0.1◦/h. This would increase
performance during GPS outages, but it would also mean that bias and scaling
states in the EKF might be superfluous. A decreased number of states does not
only mean a lighter computational load, but it also means that the remaining
states are found faster. With the budget IMU, bias and scale factors are found
after about one minute. The better IMU would also be better when trying to find
the previously mentioned degrading GPSAD estimates. The downside of a high-
performance IMU is, as can be imagined, a great increase of the material costs of
the system. This leads to the idea of including only a one axis gyroscope, namely
the z-axis which corresponds to yaw, instead of all six sensors. The problem is
again reference frames. As long as the system’s z-axis points towards the centre of
the earth, the gyroscope’s measurements map directly to the heading of the body.
As soon as the gyroscope’s reference axis points somewhere else, this mapping is
lost. Either, the alignment of the system has to be found somehow, or it has to
be made sure that the gyroscope’s reference axis is always pointing towards the
centre of the earth.

As described in Sennott and Senffner [2007], using pseudo-ranges in the Kalman
filter instead of the GPS’ position estimate could improve performance. Further-
more, carrier-phase measurements could also be used directly in the Kalman fil-
ter, which should theoretically increase performance due to the increased preci-
sion in the measurements.

5.2 Discussion

A problem with using yaw measurements as input to a Kalman filter is that it
is difficult, in general. In the work of this thesis, the GPSAD system and the
IMU have been aligned and mounted on the same flat surface. This means that
a yaw measurement can be converted directly to an input to the Kalman filter.
But what if the antenna baseline and the IMU are not aligned? Consider the
example of two GPS antennas mounted on an aircraft, pointing along the nose
of the aircraft. The IMU however, is mounted in the cockpit, on some surface
that is not parallel to the baseline. Either, the GPSAD yaw measurement should
be converted to the IMU’s reference frame. That however, is not possible. To
convert from one reference frame to another, all angles are needed; roll, pitch
and yaw, if Euler angles are used. So in that case, a combination of the IMU’s roll
pitch and yaw is measured, but which combination is unknown. The other way is
to use the GPS baseline as the reference frame, and convert the IMU data to that
reference frame. This is possible, since all three components are available, but
the problem is to identify the errors. When comparing the IMU measurements
to the GPSAD yaw estimates, assuming that the error is purely in the IMU, is the
difference between them due to an error in roll, pitch or yaw? It is impossible to
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say, since more than one combination of roll, pitch and yaw in the IMU reference
frame can correspond to a specific yaw angle in the GPS antenna reference frame.
It is therefore important that it can be estimated that the IMU and GPS antennas
have the same reference frame, or that the angles in the GPS reference frame can
be directly converted to the angles in the IMU reference frame (and vice versa).

As previously mentioned, tweaking the GPSAD and EKF to work better together
would suggest that using a particle filter for the entire system could be beneficial,
as this would mean that one filter has control of the whole system. The particle
filter has the advantage of being able to handle the integer problem, as it works on
discrete states, particles. Particularly the Rao-Blackwellized particle filter could
be interesting, since it divides the system into one linear part and one nonlinear
part, decreasing the computational load (Törnqvist [2008]). This, however, has
been outside of the scope of the thesis, as the general view has been that the
GPSAD does function as intended, and a shell has to be built around it as support.

As described in Section 3.2.1, the inclusion of the EKF’s yaw estimate can be done
at different stages in the integer locking algorithm. Alternative 1 discards the can-
didates with an incorrect heading at the beginning, which makes the rest of the
testing faster and might leave only one candidate remaining at an earlier stage
than it would have without the yaw interval (i.e., earlier locking). Alternative 2
uses the yaw interval only to check the candidate that the original algorithm has
chosen as the correct one. The principles are quite different. Alternative 1 will
make the GPSAD lock earlier, but it might also lead to false locks, while Alterna-
tive 2 will always lock later, but very seldom lock incorrectly. More testing would
show which method works better, as results heavily depend on the surrounding
environment.
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Plots from simulation

Figures A.1-A.12 show bias, variance of the bias and scale factors from case 8
with simulated data. The bias of the gyroscope y-axis had been set to -250◦/h
and the gyroscope z-axis had been set to -500◦/h. The other biases were set to 0
and the scale factors were set to 1.
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Figure A.1: Bias of the gyroscope x-axis for case 8.
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Figure A.2: Bias of the gyroscope y-axis for case 8.
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Figure A.3: Bias of the gyroscope z-axis for case 8.
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Figure A.4: Scale factor of the gyroscope x-axis for case 8.
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Figure A.5: Scale factor of the gyroscope y-axis for case 8.
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Figure A.6: Scale factor of the gyroscope z-axis for case 8.
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Figure A.7: Bias standard deviation of the gyroscope x-axis for case 8.
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Figure A.8: Bias standard deviation of the gyroscope y-axis for case 8.
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Figure A.9: Bias standard deviation of the gyroscope z-axis for case 8.
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Figure A.10: Scale factor standard deviation of the gyroscope x-axis for case
8.
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Figure A.11: Scale factor standard deviation of the gyroscope y-axis for case
8.
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Figure A.12: Scale factor standard deviation of the gyroscope z-axis for case
8.
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