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LiU-Tryck, Linköping, Sweden, 2011
ISBN: 978-91-7393-205-9
ISSN: 0280-7971

Distributed by:
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Abstract

The mechanical behaviour of the three advanced high strength steel grades, Do-
col 600DP, Docol 1200M and HyTens 1000, has been experimentally investigated
under various types of deformation, and material models have been developed,
which account for the experimentally observed behaviour.

Two extensive experimental programmes have been conducted in this work. In
the first, the dual phase Docol 600DP steel and martensitic Docol 1200M steel were
subjected to deformations both under linear and non-linear strain paths. Regular
test specimens were made both from virgin materials, i.e. as received, and from
materials pre-strained in various directions. The plastic strain hardening, as well
as plastic anisotropy and its evolution during deformation of the two materials,
were evaluated and modelled with a phenomenological model.

In the second experimental program, the austenitic stainless HyTens 1000 steel
was subjected to deformations under various proportional strain paths and strain
rates. It was shown experimentally that the material is sensitive both to dynamic
and static strain ageing. A phenomenological model accounting for these effects
was developed, calibrated, implemented in a Finite Element software and, finally,
validated.

Both direct methods and inverse analyses were used in order to calibrate the
parameters in the material models. The agreement between the numerical and
experimental results are in general very good.

This thesis is divided into two main parts. The background, theoretical frame-
work and mechanical experiments are presented in the first part. In the second
part, two papers are appended.
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Part I

Theory and background





Introduction
1

Simulation Based Design, SBD, including Finite Element, FE, analyses, is one of
the most important methodologies in product development, and it has already
significantly reduced the need for prototypes and physical tests.

Many products, including automotive components, are made of sheet metal
components produced by forming operations. During such forming operations, the
material is subjected to complex deformation modes and in general also strain path
changes. Successful forming operations require correct tool geometry. Many prob-
lems associated with plastic forming operations, e.g. localisation and springback,
can to a large extent be predicted and avoided early in the tool design process by
using the SBD methodology, where the tool designer can evaluate the impact of
design changes on the outcome. However, there are still some discrepancies be-
tween the numerical predictions and the physically produced parts, which to some
extent depends on inaccurate material models. Therefore, the development of more
accurate material models is of a great importance in order to further facilitate the
SBD process and decrease the number of prototypes and try-out tools.

There are several important mechanical issues to consider in the development
of the forming process of high strength steel. Two major issues are springback and
material failure. High strength steels generally have lower ductility compared to
conventional steel. This fact increases the risk for strain localisation, and a subse-
quent rapid material fracture. The occurrence of strain localisation is associated
with plastic hardening, and even though the yield stress is higher in HSS, the sub-
sequent plastic hardening is comparatively lower and, thus, localisations may occur
at lower strains. Springback is often considered as an elastic phenomenon, which
depends on the strength-stiffness ratio and which generally increases with material
strength. This implies that higher effort must be made to control springback when
forming HSS.

The main objective of this work is to develop material models with the poten-
tial to accurately describe observed physical phenomena during deformation. The
material models should have an industrial applicability for detailed analyses, both
of the forming process of a product and of its intended use in function.

High strength steels are divided into conventional high strength steel, HSS,
and advanced high strength steels, AHSS. Advanced high strength steels are often
multiphase steels, where two or more phases are mixed, e.g. dual phase steel. Dual
phase steel consists of a ferritic matrix combined with hard martensitic regions.
Austenitic stainless steel mainly consists of austenite that transforms to martensite
during deformation, which significantly increases the plastic hardening. Three
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CHAPTER 1. INTRODUCTION

steel grades have been considered in this work. Two of them are the cold-rolled
micro alloyed high strength Docol 600DP and Docol 1200M. The former is a dual
phase steel with 75% ferrite and 25% martensite, whereas Docol 1200M is a fully
martensitic steel, see Olsson et al. (2006). The third material is a cold-rolled
austenitic stainless steel, HyTens 1000, which is within the EN 1.4310 standard.

Two extensive experimental programmes have been conducted to find the me-
chanical properties of these materials. In the first, Docol 600DP and Docol 1200M
were subjected to deformations both under linear and non-linear strain paths. The
experimental programme aimed at investigating the influence of pre-straining on
the plastic anisotropy and hardening. An existing material model, comprising a
high exponent yield surface with a non-linear mixed isotropic-kinematic hardening,
was calibrated to the obtained experimental data.

In the second experimental programme, the plastic anisotropy and the anisotropic
plastic hardening of HyTens 1000 were investigated. Furthermore, the sensitivities
to static and dynamic strain ageing were evaluated from two additional test series.
A phenomenological material model, including an isotropic-distortional hardening
model in combination with models for strain ageing and martensitic transforma-
tion, was developed, calibrated and implemented in a Finite Element, FE, software.

Both direct methods and inverse analyses were used in order to calibrate the
parameters of the material models. The agreement between the numerical and
experimental results is in general very good.
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Material models
2

Plastic strain hardening and anisotropy are typical phenomena considered in ma-
terial models for sheet metals. However, descriptions of several other phenomena,
e.g. deformation induced anisotropy, phase transformations and dependency on
strain rate and temperature, may also be incorporated in the material model. This
chapter describes the addressed phenomena and their respective incorporation into
a material model. First, the continuum framework is presented, in which many
elasto-plastic material models are defined. The specific material models that have
been used and developed in this thesis are briefly described along with the basic
calibration technique. Details of the numerical implementation of the constitutive
equations are given in Appendix A.

2.1 Modelling framework

Sheet metal forming operations result in large deformations and rotations of the
material, therefore the material models must be defined in this context. By using
a co-rotational material frame, the anisotropy can easily be accounted for, see e.g.
Hallquist (2009) and Belytschko et al. (2000).

An additive decomposition of the rate of deformation tensor is assumed, i.e.

D̂ = D̂
e

+ D̂
p

(1)

where ( ·̂ ) denotes a corotated quantity ( · ). D̂ denotes the corotated rate of
deformation tensor, and the superscripts e and p denote the elastic and plastic
parts, respectively. In the case of small elastic deformations, a hypo-elastic stress
update is often assumed, i.e.

σ̂ = Ĉ : (D̂ − D̂p
) (2)

where σ̂ and Ĉ are the corotated Cauchy stress tensor and the fourth order elas-
tic stiffness tensor, respectively. A major part of a material model is the yield
function, f , and the yield criterion

f = σ̄ − σy
{
≤ 0 elastic
= σv plastic flow

(3)

where σ̄, σy and σv denote the effective stress, the current yield stress and a viscous
stress, respectively. The yield function determines the elastic region in the stress

5



CHAPTER 2. MATERIAL MODELS

space, where the elastic limit is given by f = 0, the so called yield surface. If the
material obeys an associative flow rule, the direction of plastic flow is proportional
to the gradient of the yield function, i.e.

D̂
p

= λ̇
∂f

∂σ̂
(4)

where λ̇ denotes a plastic multiplier.

2.2 Plastic strain hardening

The yield stress, σy, is typically considered as a function of equivalent plastic strain,
ε̄p,

ε̄p =

t∫

0

λ̇dt (5)

where t denotes time. Plastic hardening may also depend on other quantities, e.g.
equivalent plastic strain rate, martensitic fraction and temperature.

Experimental data can often be used directly, but in some cases, e.g. in the case
of a serrated stress-strain relation, an analytical function can be used to filter the
data. Numerous analytical functions have been proposed over the years. The pow-
erlaw hardening function was introduced by Hollomon (1945), but it often offers an
unsatisfactory fit to the experimental data. Voce (1948) proposed an exponential
hardening, which was extended by Hockett and Sherby (1975) by adding an expo-
nent to the plastic strain. Both the Voce and Hockett-Sherby hardening functions
may be extended to several components in order to fit well to experimental data.
An extended Voce hardening function with m components yields, see Lemaitre and
Chaboche (2000),

σy(ε̄
p) = σ0 +

m∑

i=1

Qi(1− exp(−Ciε̄p)) (6)

where σ0, Qi and Ci are material constants.
Normally, plastic hardening is evaluated from uniaxial tensile tests, i.e. σ(εL),

where σ is the true stress, and εL = ln(L/L0) is the longitudinal logarithmic strain.
L and L0 denote actual and initial lengths, respectively, of the extensometer. How-
ever, this is only true for strains before diffuse necking. After diffuse necking the
stress-strain relation must be extrapolated or realised from other mechanical tests
at extended strain levels. Analytical functions can be used for this extrapolation.
However, hardening functions calibrated by least square fits can be significantly
incorrect in the extrapolated area. Both the Voce and the Hockett-Sherby func-
tions often afford a good fit to experimental data for strains before diffuse necking,
but the obtained extrapolated function is often an underestimation compared to
experimental findings, cf. Lademo et al. (2009). One approach, which has been
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2.3. PLASTIC ANISOTROPY

utilised throughout this work, is joining other analytical functions to an extended
Voce function, e.g. a powerlaw function, i.e.

σy(ε̄
p) = σ0 +





m∑

i=1

Qi(1− e−Ciε̄
p

) ε̄p ≤ εt1

A1 +B1(ε̄p)n1 εt1 ≤ ε̄p ≤ εt2
A2 +B2(ε̄p)n2 εt2 ≤ ε̄p

(7)

where σ0, A1, B1, n1, A2, B2 and n2 are material constants The transition strains,
εt1 and εt2, may be chosen arbitrarily in order to get a good fit to experimental
data. The joining functions are typically constrained by continuity requirements
and by one additional parameter, e.g. the stress level at ε̄p = 100%, denoted
σ100 = A2 +B2.

2.3 Plastic anisotropy

Rolling manufacturing processes of sheet metals may lead to plastic anisotropy,
where the axes of orthotropy coincide with the rolling direction, RD, the transversal
direction, TD, and the normal direction, ND.

A distinction is made between anisotropic yield stresses and anisotropic plastic
flow. The latter is traditionally described with the Lankford parameter, R, or the
related plastic strain ratio, k, defined as

R =
dεpT
dεpN

=
dεpT

−dεpL − dεpT
; k =

dεpT
dεpL

=
−R
R + 1

(8)

where the transversal logarithmic strain, εT , and normal logarithmic strain, εN ,
have been introduced. High values of R indicates a higher resistance to thinning,
and thus better formability, cf. Marziniak et al. (2002). Anisotropy in yield stresses,
on the other hand, can be described with the so called yield stress ratios,

rφ =
σy,φ
σy,ref

(9)

where σy,φ is the uniaxial yield stress in the direction φ with respect to the RD,
and σy,ref is the reference yield stress. Similar quantities can be defined for the
balanced biaxial stress state,

rb =
σy,b
σy,ref

; Rb = kb =
dεpTD
dεpRD

(10)

where the subscript b denotes the balanced biaxial stress state, i.e. σTD = σRD.
In case of an associated flow rule according to Eq. (4), both anisotropic yield

stresses and anisotropic plastic flow are described with an anisotropic effective
stress function, σ̄. A yield surface for plane stress is shown in Fig. 1(a). The
corresponding yield locus for τRD−TD = 0 is shown in Fig. 1(b), where some typical
stress states and normal directions for evaluation of plastic anisotropy are shown.
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CHAPTER 2. MATERIAL MODELS
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Figure 1: (a) Yield surface for plane stress state. (b) Corresponding yield locus for
τRD−TD = 0. Uniaxial, biaxial, shear and plane strain stress states are indicated
in the figures.

Several anisotropic effective stress functions, σ̄, have been proposed over the
years. A good review is given by Banabic (2000). Barlat and co-workers have
developed anisotropic yield criteria based on a linear transformation of the stress
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2.4. ANISOTROPIC HARDENING

state into an isotropic domain. In particular the three parameters high exponent
effective stress function by Barlat and Lian (1989), the so called YLD89, has been
widely used in industrial applications. Further development along this line has
lead to the eight parameters effective stress function by Barlat et al. (2003a),
generally referred to as YLD2000. Aretz (2004, 2005) and Banabic et al. (2005)
independently derived two eight parameters anisotropic effective stress expressions
based on the work by Barlat and Lian (1989), denoted YLD2003 and BBC2000,
respectively. Barlat et al. (2007) showed that they can both be made identical to
the YLD2000. These three eight parameters effective stress functions are designed
for a plane stress state, i.e. σ̄ = σ̄(σ11, σ22, σ12), where the 11 and 22 directions
correspond to the RD and the TD directions, respectively. σ33 = σ13 = σ23 = 0
in the case of a plane stress state, where σ33 denotes the normal direction. Most
other effective stress functions for plane stress found in the literature correspond
to special cases of these three eight parameters functions. One exception is the
function proposed by Cazacu et al. (2006), which is able to represent a tension-
compression asymmetry in yield stresses. For general stress states, one notes the
18 parameters effective stress function proposed by Barlat et al. (2005).

2.4 Anisotropic hardening

Plastic deformation may introduce further anisotropy, since the mechanical prop-
erties are affected also in other directions than the current loading direction, see
e.g. Barlat et al. (2003b). One well known deformation induced anisotropic effect
is the Bauschinger effect, which is the phenomenon of a lower yield stress in the
case of reversed loading.

Two basic modelling techniques for deformation induced plastic anisotropy are
kinematic and distortional hardening. Kinematic hardening means a translation of
the yield surface during deformation, and is achieved by introducing a backstress
tensor, α. The related overstress tensor is defined as Σ = σ−α, and replaces the
Cauchy stress tensor in the effective stress function, i.e.

σ̄ = σ̄(σ −α) = σ̄(Σ) (11)

If the yield surface simultaneously expands, the hardening is referred to as mixed
isotropic-kinematic. Several evolution rules for the backstress tensor have been
proposed, see the review by Chaboche (2008). Among such, one notes the well
known rule by Frederick and Armstrong (2007), which realises a hardening at
monotonic loading similar to the Voce model. It is able to describe the Bauschinger
effect. However, it is unable to describe permanent softening, a phenomenon where
the yield stress at reverse loading remains significantly lower than in monotonic
loading. Geng and Wagoner (2002) addressed this issue by using an additional
bounding yield surface. Moreover, Yoshida and Uemori (2002) considered the work
hardening stagnation effect at reverse loading, by using an additional hardening
surface defined in the stress space.

9
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A mixed isotropic-kinematic hardening has a great impact on the stress-strain
relation also in the case of a non-linear strain path. An example of such loading is
shown in Fig. 2. The figure shows the stress-strain relations and the corresponding
growth and translation of the yield locus during pre-straining in the RD, unloading
and subsequent reloading in the TD.
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Figure 2: The predicted stress-strain relation and the corresponding growth and
translation of the yield locus during pre-straining in the RD, unloading and sub-
sequent reloading in the TD

The importance of a mixed isotropic-kinematic hardening in the case of non-
linear strain paths has previously been pointed out in literature. Kim and Yin
(1997) performed a three-stage deformation test where sheets were first pre-strained
in the RD. A second pre-straining was performed at several angles to the RD, from
which tensile test specimens were cut out and tested in various directions. Hahm
and Kim (2008) extended this work and found that the Lankford parameters did
not change in accordance with the change in yield stresses. This difference was
partly explained by kinematic hardening. Tarigopula et al. (2008) investigated a
dual phase steel under non-linear strain paths. They found that the deformation
induced anisotropy required a mixed isotropic-kinematic hardening model.

Unlike what is the case with isotropic and kinematic hardening, the shape of
the yield surface is allowed to change during deformation in distortional hard-
ening. In the most general case, the shape may change arbitrarily. A simpler
distortional hardening can be obtained by allowing the parameters of the effective
stress function to change during deformation. The distortion is then limited to the
arbitrariness of the actual effective stress function. Furthermore, if the parameters
depend on a scalar variable only, e.g. the equivalent plastic strain, ε̄p, and neither
on the stress state nor on the strain history, the distortion of the yield surface will
not depend on the loading direction,

σ̄ = σ̄ (Σ, Ai(ε̄
p), a(ε̄p)) (12)

10



2.5. PHASE TRANSFORMATIONS

Such a hardening approach is referred to as an isotropic-distortional hardening,
Aretz (2008). However, despite its simplicity, such an approach allows for varying
plastic strain ratios and yield stress ratios, i.e. kφ = kφ(ε̄p), kb = kb(ε̄

p), rφ = rφ(ε̄p)
and rb = rb(ε̄

p). Better accuracy can be achieved in predictions of localisations
in various directions with isotropic-distortional hardening, cf. Aretz (2008). An
example of a distortion of the yield locus is shown in Fig. 3.
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Figure 3: Example of evolution of the YLD2003 yield locus in the case of an
isotropic-distortional hardening for HyTens 1000.

2.5 Phase transformations

The high strength and deformation hardening in austenitic stainless steels are
partly due to phase transformations during plastic deformation. Martensitic trans-
formation can be spontaneous, stress-assisted, or strain induced, see Seethara-
man (1984). The γ-austenite, FCC, transforms to ε-martensite, HCP, and to α′-
martensite, BCT, during deformation. Transformation to α′-martensite causes
a volume expansion, since the austenite is more close packed than the BCT-
martensite. The magnitude of the volume expansion depends on the carbon con-
tent, see Krauss (2008). Angel (1954) showed that the transformation depends
on temperature. Furthermore, the transformation also depends on strain rate, see
Hecker et al. (1982), and hydrostatic pressure, see Lebedev and Kosarchuk (2000).

Ramı́rez et al. (1992) suggested a model for martensitic transformation based
on an energy assumption, where the martensitic fraction was determined by the
temperature and plastic strain. They also presented a non-linear mixture rule based
on the strains of the two phases and their individual hardening. In later work, Tsuta
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and Cortes (1993) reformulated this model into an incremental formulation to be
used in multiaxial plasticity applications. Further development lead to the Hänsel
et al. (1998) model, where the rate of transformation depends on the martensitic
fraction, VM , itself, and on the temperature, T ,

∂VM
∂ε̄p

= V p
M

B

2A

(
1− VM
VM

)B+1
B

eQ/T [1− tanh(C +D · T )] (13)

where A,B,C,D,Q, and p are material constants. The transformation rate does
not explicitly depend on strain rate, but high strain rates will affect the temperature
due to adiabatic heating, and thus also affect the transformation rate.

2.6 Dynamic strain ageing

Dynamic strain ageing, DSA, denotes the interaction between mobile solute atoms
and temporarily arrested dislocations, cf. van den Beukel and Kocks (1982). So-
lute atoms diffuse to temporarily arrested dislocations and strengthen them, cf.
Fressengeas et al. (2005). In the special case of a constant plastic strain rate, the
average ageing time, ta, of the arrested dislocation is assumed to be constant and
inversely proportional to the plastic strain rate. Thus, a lower strain rate, i.e. a
longer ageing time, implies a stronger resistance to dislocation glide due to diffu-
sion of solute atoms to temporarily arrested dislocations, which contributes to a
negative strain rate sensitivity. This leads to a competition between the instanta-
neous strain rate sensitivity, SRS, which in general is positive, and the DSA, cf.
Mesarovic (1995). Depending on the strain rate, temperature and the sensitivity
to DSA, this competition leads to a total negative or positive steady state SRS,
which herein is denoted ∆σss.

An instantaneous increase in strain rate is in general accompanied by an in-
stantaneous stress increase, ∆σi, followed by a transient period, with a significantly
lower hardening rate compared to the reference hardening. The transient period
can be explained by the successive release of arrested dislocations. Since the higher
plastic strain rate implies a short ageing time, this results in a decreasing stress
contribution from the DSA during this transient period, which may result in a
negative steady state SRS, i.e. ∆σss < 0, see Fig. 4.

A negative SRS, leads to temporal strain localisations, since homogeneous de-
formation is unstable, cf. McCormick (1988). In the case of uniaxial tension, a
negative SRS leads to a force singularity, i.e. dF = 0, and that the strain is lo-
calised into a band, see e.g. Rodriguez (1984). However, unlike diffuse necking,
the strain band will propagate along the tensile specimen during deformation, see
Fig. 5. The repetitive birth and propagation of such bands result in a serrated
stress-strain relation, or so called ”jerky flow”, and a staircase like relation between
the total elongation of the specimen and the strain measured by the extensometer.
This effect is usually referred to as the Portevin-Le Châtelier, PLC, effect.

Dynamic strain ageing and the PLC effect have been the subject of many re-
search projects, and have been identified experimentally for a variety of materials,
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Figure 5: Sketch of the propagation of a strain band in a tensile test specimen
subjected to a crosshead velocity, v. The location of the mechanical extensometer,
with initial length L0 and current length L is indicated in the figure.

e.g. aluminium, see Clausen et al. (2004), TWIP steel, see Zavattieri et al. (2009)
and austenitic stainless steel, see Meng et al. (2009).

Several incorporations of the DSA effect in FE simulations have previously
been made. McCormick (1988) developed a model, henceforth denoted the MC
model, based on the concentration of solute atoms at pinned dislocations, which
is a function of the ageing time, ta, of such dislocations. The evolution of the
ageing time depends on the plastic strain rate, where the steady state value, ta,ss,
depends on strain rate and acts as a target value for ta. An instantaneous strain
rate change is followed by a transient period where ta evolutes towards its new
steady state value. The model was further developed by Mesarovic (1995), and
has gained some popularity. Zhang et al. (2001) used the MC model to investigate
the morphology of the PLC bands by Finite Element, FE, analyses. Hopperstad
et al. (2007) used the MC model in order to investigate the influence of the PLC
effect on plastic instability and strain localisation. It was shown that the PLC
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effect reduces strain to necking under both uniaxial and biaxial stress states. This
work was extended by Benallal et al. (2008), where Digital Image Correlation was
used in order to detect the PLC bands, follow their propagation and validate the
material model.

The lack of mesh convergence in FE analyses of propagating instabilities have
previously been shown by e.g. Benallal et al. (2006) and Mazière et al. (2010).
Maziere et al. used the MC model and found that the band width, and thus also
the maximum plastic strain rate within the band, is mesh dependent, whereas the
band propagation speed and the plastic strain carried by the band are not. They
suggested a non-local approach as regularisation in order to overcome the mesh
dependency.

2.7 Static strain ageing

Static strain ageing, SSA, is a phenomenon which refers to an increased yield
stress observed at re-loading of a specimen which has been unloaded during some
time after pre-straining, see Fig. 6. Static strain ageing is related to pinning of
dislocations by solute atoms and pinning of new dislocation sources at the grain
boundaries, cf. Leslie and Keh (1962), but it is distinguished from DSA by the
independency on plastic strain rate. Thus, the ageing time is prescribed in the
case of SSA, whereas it depends on the plastic strain rate in the case of DSA. The
increment in increased stress at yielding depends both on the level of pre-strain as
well as on the ageing time, cf. Kubin et al. (1992). Ballarin et al. (2009) used an
additional term, ∆σ, in the plastic hardening function in order to model the SSA,

∆σ = Ra +Qa[1− exp(−ba(ε̄p − ε̄p0))] (14)

where Ra, Qa and ba are material constants and ε̄p0 is the equivalent plastic strain
at unloading. In this work, a dependency on the ageing time, τ , was added, and
the contribution from the SSA, denoted σSSA, can thus be written,

σSSA = [σsat − (σsat − στ ) exp(−Cε(ε̄p − ε̄p0)](1− exp(−Cττ)) (15)

where the constants στ and σsat govern the amplitude of the static strain ageing at
incipient recurring plastic flow and the saturation level of the static strain ageing,
i.e. the permanent increase in yield stress, respectively. Furthermore, τ denotes
the ageing time from unloading to reloading. The two material constants Cτ and
Cε govern the ageing rate and how fast the effect vanishes with recurring plastic
strain, respectively.

2.8 Material models used in this work

Two specific material models have been used in the papers appended to this thesis.
A modified version of the effective stress function proposed by Aretz (2004, 2005),
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YLD2003, has been used in both of them, i.e.

2σ̄a(Σ) = |Σ′1|a + |Σ′2|a + |Σ′′1 − Σ′′2|a where

Σ′1
Σ′2

}
=
A8(ε̄p)Σ∗11 + A1(ε̄p)Σ∗22

2
±
√(

A2(ε̄p)Σ∗11 − A3(ε̄p)Σ∗22

2

)2

+ A4(ε̄p)2Σ12Σ21

Σ′′1
Σ′′2

}
=

Σ∗11 + Σ∗22

2
±
√(

A5(ε̄p)Σ∗11 − A6(ε̄p)Σ∗22

2

)2

+ A7(ε̄p)2Σ12Σ21

(16)

where Σ∗11 = Σ11−Σ33 and Σ∗22 = Σ22−Σ33. With this modification, a shell element
with normal stress and strain components can be used, which enables constraints on
the element thickness, e.g. continuous element thickness across element boundaries,
see LS-DYNA Keyword User’s Manual (2007). The effect of a such constraint on
an FE analysis is discussed in Chapter 4.

In the first paper, Docol 600DP and Docol 1200M were subjected both to linear
and non-linear strain paths. The effective stress function in Eq. (16) was combined
with a non-linear mixed isotropic-kinematic hardening model, in order to account
both for the initial and deformation induced plastic anisotropy. The evolution of
the backstress tensor followed a two components AF rule,

α̇ =
2∑

i

α̇i =
2∑

i

CXi

(
QXi

Σ

σ̄
−αi

)
˙̄εp (17)

Furthermore, the isotropic part of the plastic hardening, σy(ε̄
p), was described by

an extended Voce function followed by a powerlaw type of hardening, i.e.

σy(ε̄p) =





σ0 +
2∑

i

QRi(1− e−CRiε̄
p

) ε̄p ≤ εt

A+B(ε̄p)C ε̄p > εt
(18)
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CHAPTER 2. MATERIAL MODELS

where the transition strain, εt, was chosen to be close to the plastic strain at diffuse
necking.

In Paper 2, the austenitic stainless steel HyTens 1000 was studied under various
types of deformation. Since, in this case, only linear strain paths were considered,
no kinematic hardening was included, i.e. α = 0 and thus Σ = σ. Instead, several
other significant improvements were made to the material model. The anisotropic
hardening in the different directions was described by allowing the yield stress ratios
to depend on the equivalent plastic strain, i.e. an isotropic-distortional hardening,
see Eq. (12).

Both SSA and DSA were observed in the experimental results, and were ac-
counted for in the yield function,

f = σ̄ − σ0 −R− σSSA − σta =

{
≤ 0 for ˙̄εp = 0
= σv( ˙̄εp) for ˙̄εp > 0

(19)

where σ0 is the initial yield stress and R is the plastic hardening, according to

R(ε̄p) =





2∑

i=1

Qi(1− e−Ciε̄
p

) ε̄p ≤ εt1

A1 +B1(ε̄p)n1 εt1 ≤ ε̄p ≤ εt2
A2 +B2(ε̄p)n2 εt2 ≤ ε̄p

(20)

The possible contribution from static strain ageing, σSSA, was described accord-
ing to Eq. (15), and the DSA was modelled according to McCormick (1988) and
Mesarovic (1995),

σta = SH

[
1− exp

{
−
(
ta
td

)α}]
(21)

where S, H, td and α are material constants. The evolution of the average ageing
time, ta, follows

dta =

{
0 for ε̄p = 0

dt− ta
Ω

dε̄p for ε̄p > 0
(22)

where Ω is a material property, which in this work was assumed to be a constant.
The instantaneous SRS was governed by the viscous stress, cf. Hopperstad et al.
(2007),

σv( ˙̄εp) = S ln

(
1 +

˙̄εp

˙̄εp0

)
(23)

where ˙̄εp0 is a material constant.
Furthermore, the yield surface exponent was allowed to depend on the marten-

sitic fraction, according to the mixture rule

a(VM) = 8 · (1− VM) + 6 · VM (24)
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2.9. CALIBRATION PROCEDURES

where a = 8 and a = 6 have been used for austenite, FCC, and martensite, BCT,
respectively. The transformation rate from austenite to martensite was described
with the Hänsel model, see Eq. (13)

At a reference plastic strain rate, ˙̄εpref , the total yield stress can be written

σy(ε̄
p) =σ0 +R(ε̄p) + σta(ta,ss( ˙̄εpref )) + σv( ˙̄εpref ) + σSSA (25)

Since low strains rates were applied, the temperature, T , was assumed to be con-
stant and equal to room temperature, and the austenitic plastic hardening was
evaluated from

Rγ = R−∆RMVM −∆RTT (26)

where ∆RM and ∆RT are material constants and T = 293 K.

2.9 Calibration procedures

The calibration procedures have in general been formulated as optimisation prob-
lems, where the mean square difference between the numerical predictions, F̄ , and
the experimental results, F , was minimised. A typical structure of such a minisa-
tion problem is

find gi

minimise e =
m∑

j=1

(F̄j − Fj)2

subject to gi ∈ Gi for all i

(27)

where Gi denotes the feasible ranges for the sought variables gi, and m denotes the
number of quantities regarded in the problem.

Some parameters, e.g. the extended Voce model parameters, effective stress pa-
rameters and the dynamic strain ageing parameters, were evaluated directly from
experimental data, whereas other parameters, e.g. σ100, were identified from inverse
modelling. All direct identifications were conducted with the built-in MATLAB
(2007) function fmincon, whereas a meta model approach was used in the iden-
tification procedures in which case FE analyses are required, see Stander et al.
(2009).
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Mechanical testing
3

The testing procedures are briefly described in this chapter, and some important
results are presented. In general three tests of each kind have been conducted.
However, for the readers convenience, the result from just one specimen is presented
in some figures, which is visually and subjectively chosen to be representative at
this test condition.

In the first test series, the two steels, Docol 600DP and Docol 1200M, were
subjected both to linear and to non-linear strain paths. Tensile and shear test
specimens were made both from virgin, i.e. as received, and from pre-strained
material in various directions.

In the second test series, the HyTens 1000 steel was subjected to deformation
under various strain paths and strain rates. In addition to uniaxial tensile tests,
plane strain tests, shear tests and a balanced biaxial test were also conducted.
Furthermore, the sensitivity both to dynamic and static strain ageing, DSA and
SSA, under uniaxial tension was investigated.

3.1 Proportional tests

The in-plane anisotropy was evaluated by conducting tensile tests in several di-
rections, i.e. φ = 0, 45◦ and 90◦ with respect to the RD, and a balanced biaxial
test. Tensile tests provide information on the stress-strain relation and the relation
between the longitudinal and transversal plastic strain components, i.e. kφ. The
geometry of the tensile test specimen, which has been used in this work, is shown
in Fig. 7(a), and the stress-strain relations from testings on virgin materials are
shown in Fig. 8(a).

The relations between the longitudinal strain, εL, and the total elongation of
the tensile specimen, approximated with the crosshead displacement, δ, from the
tensile tests on HyTens 1000 were found to have a staircase type of behaviour,
see Fig.9, due to recurring strain band propagation across the gauge length of the
extensometer, see Fig. 5.

The plastic anisotropy can be further evaluated by shear tests, plane strain
tests an a so called bulge test, where a balanced biaxial stress state is obtained,
i.e. σTD = σRD, see Fig. 1. The biaxial stress-plastic normal strain relations from
the bulge tests are shown in Fig. 8(b).

Significantly higher plastic strain levels can be obtained in a shear test compared
to tensile, plane strain and biaxial tests. The geometry of the shear test specimen
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Figure 7: Geometry of the (a) tensile test, (b) plane strain test and (c) shear test
specimens. Dimensions in mm.

is shown in Fig. 7(c), and the experimental results from testings on virgin materials
are shown in Fig. 8(c).

Plane strain tests are of great importance since they trigger failure modes sim-
ilar to those occurring in sheet metal forming. The design of the plane strain test
specimen is of uttermost importance in order to realise a desired strain path. The
geometry of the test specimen used in this work is shown in Fig. 7(b), and has
previously been used by e.g. Lademo et al. (2009), and gives a close to plane strain
path. As in the shear test, the plane strain test requires inverse modelling in order
to evaluate the material properties. The experimental nominal stress-displacement
relations from plane strain tests on virgin materials are shown in Fig. 8(d).

3.2 Non-linear strain paths

Tensile, plane strain, shear and bulge tests, result in rather linear strain paths.
Non-linear strain paths can be obtained in several ways. One of the most efficient
is the general biaxial test, which however, requires a biaxial test machine. This test
can also be used for evaluations of anisotropy, since a great variety of deformations
can be applied, see Kuwabara et al. (1998). Alternatively, by straining a large sheet
under uniaxial tension, and then cutting out regular small test specimens from it,
a number of non-linear strain paths can be achieved. In this work, large specimens
were pre-strained under uniaxial tension both in the RD and in the TD. The
geometry of the pre-strained sheets used in this work is shown in Fig. 10(a). Tensile
and shear test specimens were made from the pre-strained sheets with orientations
as shown in Fig. 10(b). One drawback with pre-straining under uniaxial tension is
that diffuse necking limits the maximum level of the pre-strain, and only a slight
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Figure 8: Experimental results from (a) uniaxial tensile tests, (b) balanced biaxial
tests, (c) shear tests and (d) plane strain tests.

effect of pre-straining can be observed on the subsequent shear tests, especially
in the case of a high strength steel with limited ductility, e.g. Docol 1200M. The
effects of pre-straining on the uniaxial stress-strain relations and on the nominal
stress-displacement relations from shear tests on Docol 600DP are shown in Figs. 11
and 12, respectively.

3.3 Jump tests

A constant initial crosshead velocity was applied in regular tensile tests. This veloc-
ity was then suddenly increased to various significantly higher velocities in a series
of tensile tests. The jump in crosshead velocity results in a jump in strain rate.
Henceforth, these tests are denoted ”jump”tests. The jump tests were conducted in
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Figure 10: (a) Geometry of the pre-strain specimen. Dimensions are given in mm.
(b) Sketch including some cut out specimens.

the TD, and the effect of the strain rate jump on the stress-strain relation, i.e. the
strain rate sensitivity, was assumed to be isotropic. The experimental results are
presented in Fig. 13 together with a reference stress-strain relation. An instanta-
neous stress response to the change of strain rate was observed, with a subsequent
transient period, corresponding to the evolution of the ageing time, ta, towards
its new steady state value. It is noticed that the reference stress-strain relation is
serrated in Fig. 13(b), since the strain rate jump was applied close to the strain
level at which the strain bands start to occur and propagate at the nominal strain
rate. Thus, only the instantaneous SRS but no steady state SRS was evaluated
from the results presented in Fig. 13(b).
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Figure 11: Experimental and numerical results from tensile tests on virgin and
pre-strained Docol 600DP material (a) in the RD and (b) in the TD.
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Figure 12: Experimental and numerical results from shear tests on virgin and
pre-strained Docol 600DP material (a) in the RD and (b) in the TD.
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Figure 13: The stress-strain relations from the jump tests. (a) ε∗L ≈ 0.04 and (b)
ε∗L ≈ 0.084.
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3.4 Ageing tests

A series of tensile test specimens were loaded, unloaded and reloaded with a varying
lag in time, i.e. the ageing time, τ , between the loadings, in order to evaluate
the influence of time on the SSA. Contrary to the jump tests, these tests were
conducted in the RD. Test results are shown in Fig. 14. Three specimens were
tested for each ageing time, however, only one representative curve for each ageing
time is presented in order to more clearly illustrate the dependency of ageing time.
Obviously, the ageing time has a considerable effect on the yield stress at the second
loading.
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Figure 14: Influence of ageing time on static strain ageing.
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Finite Element modelling
4

This chapter presents the Finite Element, FE, models, and some selected numerical
results. In all FE analyses, a fully integrated element with included normal stress
and normal strain components have been used. With this approach, constraints
on the normal strain can be applied, e.g. continuous normal strain across element
boundaries, c.f LS-DYNA Keyword User’s Manual (2007), which corresponds to
regularisation of the normal strain.

The tensile tests were analysed using the FE mesh shown in Fig. 15. The
longitudinal strain, εL, was evaluated by measuring the distance between two nodes
located along the centre of the specimen, with an initial distance of L0 = 12.5 mm,
corresponding to the physical extensometer used in the experiments, see Fig. 15.
The numerical and experimental stress-strain relations from tensile tests on HyTens
1000 are shown in Fig. 16, and the longitudinal strain-crosshead displacement, i.e.
εL − δ, relation in the TD is shown in Fig. 9. Finite Element models of the tensile
specimen with three element lengths, i.e. Le = 1, 0.5, 0.25 mm, were used in order
to evaluate mesh dependency on the PLC effect. Only a weak mesh dependency
was identified.

6

b b

location of extensometer nodes

Material Characterization

Figure 15: Finite Element mesh of the tensile test specimen. Element length
Le = 1 mm.

The FE model used for the simulation of the plane strain test specimen is shown
in Fig. 17. The smallest element size was Le = 0.2 mm in the centre parts. Load-
ing was applied by a prescribed velocity at the edge nodes, corresponding to the
clamps, whereas the deformation was measured between two nodes, corresponding
to the extensometer in the physical experiments, see Fig. 17. The experimental
and numerical nominal stress-displacement relations from the plane strain tests in
the RD on Docol 600DP are shown in Fig. 18. The analysis was conducted both
with a plane stress assumption and with a continuous thickness across the element
edges. Experimental and numerical results from the plane strain tests on Hytens
1000 are presented in Fig. 19.
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Figure 16: Experimental and numerical stress-strain relations from tensile tests.

The FE model used in the analyses of the shear tests, cf. Fig. 7(c), is shown in
Fig. 20. The element length was Le = 0.06 mm in the centre of the shear zone, see
Fig. 20(b). Loading was applied as a prescribed velocity at a node in the centre
of each hole. Thus, rotation around the bolts was unconstrained, corresponding to
the experimental procedure. The elements were fully integrated in the FE model
of the shear test specimen in order to avoid either so called hourglassing or too
high artificial hourglass energy. Experimental and numerical results from the shear
tests in the TD and in the RD on Docol 600DP are shown in Fig. 12.

4.1 Non-linear strain paths

Due to homogeneous deformation in the pre-straining, just one single element rep-
resents the complete pre-strain specimen. This element was pre-strained in the nu-
merical analyses, corresponding to the experimental pre-straining. The equivalent
plastic strain and the backstress components were mapped from the pre-strained
element to the FE models of the tensile and shear tests, see Fig. 21. The axes of
orthotropy in the element were rotated around the ND in order to account for the
different directions in subsequent testing, so that the longitudinal direction in the
test always was parallel to the x-axis in the simulation. Stress-strain relations from
tensile tests on Docol 600DP, both from pre-strained and from virgin material, are
shown in Fig. 11. Nominal stress-displacement relations from the shear tests on
pre-strained Docol 600DP are shown in Fig. 12.
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5
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Figure 17: Finite element model of the plane strain tensile test specimen.

4.2 Static strain ageing

Similarly to the experimental procedure, the tensile test was pre-strained and un-
loaded. The SSA model was activated at reloading, with ageing times correspond-
ing to the experiments. One such FE analysis was performed for each ageing time,
and the results are presented in Fig. 22 together with the corresponding experi-
mental results.
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Figure 18: Experimental normal stress-displacement relations from plane strain
tests on Docol 600DP in the RD, together with numerical predictions using two
types of shell elements.
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Figure 19: Experimental and numerical results from the plane strain tests. The
experimental curves are based on the mean values of three experimental results in
each direction.
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(a) (b)

Figure 20: (a) Finite Element model of the shear test. (b) Details of the FE mesh
in the shear zone.
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Figure 21: (a) Angle definitions. (b) One pre-strained element. The backstress, α,
and the equivalent plastic strain, ε̄p, were mapped onto the subsequent model.
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Figure 22: Experimental and numerical results from the strain ageing tests.

32



Review of appended papers
5

Paper I

A study of high strength steels undergoing non-linear strain paths -
experiments and modelling

This paper concerns two advanced high strength steels, Docol 600DP and Docol
1200M. Plastic anisotropy and its evolution during deformation was experimentally
investigated. A material model, which accounts for the observed behaviours, was
subsequently developed.

In addition to tests on virgin materials, tensile and shear tests were performed
on pre-strained materials. The resulting deformation induced plastic anisotropy
was evaluated and modelled with a mixed isotropic-kinematic hardening function
combined with a high exponent yield surface. The anisotropy found from the shear
tests was very well predicted by the anisotropy evaluated from tensile tests and a
bulge test. It was concluded that an isotropic-kinematic hardening is necessary for
accurate hardening predictions at non-linear strain paths.

Paper II

On the modelling of strain ageing in a metastable austenitic stainless
steel

The mechanical behaviour of an austenitic stainless steel, HyTens 1000, within
the EN 1.4310 standard, was investigated. Three tensile tests, three plane strain
tests and a bulge test were used in order to evaluate the plastic anisotropy and
anisotropic plastic hardening. A significantly different plastic hardening in the
rolling direction compared to the transversal direction was found. A model with a
combination of a high exponent yield surface and an isotropic-distortional harden-
ing assumption was successfully used in order to represent the anisotropic plastic
hardening.

Additionally, two series of experiments were conducted in order to evaluate
sensitivity both to dynamic and to static strain ageing. Dynamic strain ageing was
evaluated by conducting so called jump tests, from which both the instantaneous
and the steady state strain rate sensitivities were evaluated. The dynamic strain
ageing was accounted for in the material model by introducing additional terms
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in the yield function. The prediction of mechanical behaviour in the tensile tests
agreed well with the experimental results.

Static strain ageing was evaluated by pre-straining a series of tensile tests, which
were aged at room temperature. The yield stress after pre-straining and ageing was
found to depend on the ageing time, whereas the overstress effect partly vanishes
during recurring deformation. A term was added to the plastic strain hardening
function in order to account for this phenomenon. This function made it possible
to predict the main characteristics of the static strain ageing phenomenon.
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It was found that the eight parameters effective stress function was able to accu-
rately describe the initial anisotropy in all three materials. A very close fit to the
plastic hardening in different material directions of the Docol steels was achieved
by a simultaneous least square fit both of the extended Voce parameters and of the
yield stress ratios. Furthermore, the anisotropy in simple shear, i.e. the difference
between shear in the φ = 0, 45◦ and φ = 90◦ directions, was very well predicted for
the Docol steels.

A satisfactory representation of the plastic hardening of HyTens 1000 in all
directions, i.e. φ = 0, 45◦ and 90◦, required an anisotropic hardening, where the
yield surface was allowed to distort during deformation. The effective stress pa-
rameters were evaluated from uniaxial tensile and bulge test results, and the model
was able to predict the anisotropy in the plane strain tests. However, it should be
noticed that data beyond a displacement δ > 2.3 mm were used for calibration of
the hardening relation for equivalent plastic strains above εt2, and cannot serve as
a validation of the model. However, agreement between the numerical and experi-
mental results is very good. The prediction of the force-displacement of the shear
tests on HyTens 1000 was reasonable good, despite a slight overprediction of the
forces. It is believed that the martensitic transformation is less favored in the case
of simple shear than in the tensile and plane strain tests due to a lower triaxial-
ity. No hydrostatic effect on the martensitic development is taken into account in
the Hänsel model, which has been calibrated to uniaxial tensile tests. Thus, the
martensitic transformation may be overpredicted in the shear tests, which affects
the shear stress level and so also the shear force.

It was noticed that a force instability, similar to diffuse necking in the uniaxial
tensile tests, also occurred in the plane strain tests before strain localisation. The
use of an element with the normal stress component included, together with con-
tinuous thickness across element boundaries, was shown to afford a more physical
nominal stress-displacement relation in the plane strain test than a plane stress
assumption without any regularisation. The regular plane stress element predicted
a load drop too early, caused by strain localisation in one single row of elements
in the centre of the specimen. On the contrary, the nominal stress prediction ob-
tained by using the element with a normal stress component agrees well with the
experimental result.

The kinematic part of the mixed isotropic-kinematic model was fitted to the
experimental results from the tensile tests on pre-strained material. The nominal
stress-displacement relation from shear tests of pre-strained materials was predicted
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with good agreement to experimental findings on Docol 600DP. It should be noted
that, these tests were not included in the model calibration, and can thus serve as
a model validation. The corresponding results from Docol 1200M were in general
also good. However, only a small influence of pre-straining on the shear tests was
found, and the effect of the kinematic part of the hardening is most obvious on the
tensile tests on pre-strained material.

The serrated plastic flow and the strain-displacement relations agree fairly well
with the experimental findings. Moreover, the start of the serration was well pre-
dicted in the RD, despite no such test being included in the calibration procedure
of the strain rate sensitivity parameters.

The model for static strain ageing, SSA, was able to predict the main observed
phenomena, i.e. increased yield stress with ageing time, and that this effect de-
creases during deformation after reloading.

The overall agreement between the numerical predictions and experimental re-
sults are very good. A good agreement indicates that high accuracy can be expected
in subsequent validations, and thus also in real applications.
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Stress update algorithm
A

Rotations of tensors from the global to the corotated element coordinate system,
and back, are performed before and after the stress update, respectively, see Hal-
lquist (2009). Henceforth, the corotational superscript (̂ ) will be excluded and
all subsequent constitutive relations will be related to this configuration. A strain
increment, dε, a time step, ∆t, the current stress, σn, and the history variables,
(·)n, including the equivalent plastic strain, ε̄pn, at the beginning of the time step
n, are entered into the stress update algorithm.

First, a trial stress tensor is calculated by assuming an elastic strain increment

σtrialn+1 = σn + C : dε

ttriala,n+1 = ta,n +

{
0 for ε̄pn = 0
∆t for ε̄pn > 0

(28)

Similarly, the trial ageing time is updated according to ttriala,n+1 = ta,n + ∆t. Other
history variables are not updated since they remain unchanged if no plastic defor-
mation occurs. The yield criterion is then checked according to

f = σ̄(σtrialn+1 )− σta(ttriala,n+1)− σy(ε̄pn, VM,n)

{
≤ 0 elastic
> 0 plastic deformation

(29)

If the elastic condition is fulfilled, the stress update is finished and thus σn+1 = σtrialn+1 ,
ta,n+1 = ttriala,n+1 and (·)n+1 = (·)n where (·) denotes the other history variables. Oth-
erwise, plastic flow occurs and the plastic strain increment has to be found.

In this case, a new flow function f̄ is defined in order to include the viscous
stress, σv,

f̄ = f − σv = 0 (30)

which is solved by using an iterative method. By assuming

r
(k+1)
n+1 ≈ r(k)

n+1, r(k)
n =

∂σ̄

∂σ

∣∣∣∣
σ(k)

n ,ε̄
p(k)
n

(31)

where an iteration index, k, has been introduced and where a quantity (·)(1)
n+1 =

(·)n, the evaluation of second order derivatives of the equivalent stress function,
σ̄, with respect to the stress components, σ, can be avoided. Furthermore, no
equation system has to be solved in each iteration, only one single scalar equation.
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The method is generally referred to as the cutting-plane algorithm, c.f. Simo and
Hughes (1998). Equation (30) is linearised according to

f̄
(k+1)
n+1 = f̄

(k)
n+1 +

∂f̄

∂ε̄p

∣∣∣∣
ε̄
p(k)
n+1

dε̄
p(k)
n+1 = 0 (32)

where the current plastic strain, ε̄
p(k)
n+1, is evaluated according to

ε̄
p(k)
n+1 = ε̄pn +

k∑

i=1

dε̄
p(i)
n+1 = ε̄pn + ∆ε̄

p(k)
n+1 (33)

The derivative of the flow function, f̄ , with respect to the equivalent plastic strain,
ε̄p, is evaluated from

∂f̄

∂ε̄p

∣∣∣∣
ε̄
p(k)
n+1

=− ∂σ̄

∂σ

∣∣∣∣
σ(k)

n+1

: C :
∂σ̄

∂σ

∣∣∣∣
σ(k)

n+1

+
8∑

i=1

∂σ̄

∂Ai

∣∣∣∣
σ(k)

n+1

∂Ai
∂ε̄p

∣∣∣∣
ε̄
p(k)
n+1

+
∂σ̄

∂a

∣∣∣∣
σ(k)

n+1

∂a

∂ε̄p

∣∣∣∣
ε̄
p(k)
n+1

− ∂σv
∂ ˙̄ε

p

∣∣∣∣
˙̄ε
p(k)
n+1

∂ ˙̄ε
p

∂ε̄p

∣∣∣∣
ε̄
p(k)
n+1

− ∂σy
∂ε̄p

∣∣∣∣
ε̄
p(k)
n+1

(34)

where ˙̄εp = ∆ε̄
p(k)
n+1/∆t and the derivative of the dynamic strain ageing stress, σta ,

is excluded due to stability reasons.

The plastic strain increment, dε̄
p(k)
n+1, is evaluated from Eq. (32), and the equiv-

alent plastic strain and strain rate are updated according to

∆ε̄
p(k+1)
n+1 = ∆ε̄

p(k)
n+1 + dε̄

p(k)
n+1

ε̄
p(k+1)
n+1 = ε̄pn + ∆ε̄

p(k+1)
n+1

˙̄ε
p(k+1)
n+1 = ∆ε̄

p(k+1)
n+1 /∆t

(35)

The average waiting time is obtained from

t
(k)
a,n+1 = ttriala − t

(k)
a,n+1

Ω
∆ε̄

p(k)
n+1 ⇒ t

(k)
a,n+1 =

ttriala

1 +
∆ε̄

p(k)
n+1

Ω

(36)

The stress tensor, the martensitic fraction, the components of the yield stress and
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the effective stress parameters are updated according to

σ
(k+1)
n+1 = σ

(k)
n+1 −C :

∂σ̄

∂σ

∣∣∣∣
σ(k)

n+1

dε̄
p(k)
n+1

V
(k+1)
M,n+1 = V

(k)
M,n+1 + VM,ε|V (k)

M,n+1
dε̄

p(k)
n+1

σ
(k+1)
y,n+1 = σy

(
ε̄
p(k+1)
n+1 , V

(k+1)
M,n+1

)

σ
(k+1)
ta = σta

(
t
(k+1)
a,n+1

)

σ(k+1)
v = σv

(
∆ε̄

p(k+1)
n+1 /∆t

)

a
(k+1)
n+1 = a

(
V

(k+1)
M,n+1

)

A
(k+1)
i,n+1 = Ai

(
ε̄
p(k+1)
n+1

)
i = 1, . . . , 8

(37)

The consistency condition, Eq. (30), is then re-checked with the updated variables.

If the yield function is within the tolerance, i.e. |f̄ (k+1)
n+1 | ≤ ftol, the iteration

procedure has finished and (·)n+1 = (·)k+1
n+1. The tolerance ftol = 10−4 · σ̄ was

used. On the other hand, if |f (k+1)
n+1 | > ftol, the quantities in Eq. (35) are updated

according to (·)kn+1 = (·)k+1
n+1, and a new plastic strain increment is evaluated.

Normally, the iteration procedure converges within less than 7 iterations, but often
in less than 4.
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