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Abstract

A constraint satisfaction problem (CSP) can be represented as two struc-
tures: the structure induced by the variables and the structure induced by
the constraint language. Both these parameters are amenable to restrictions
which a�ects the complexity of the resulting problems. In this thesis we
shall use both constraint language restrictions and structural restrictions in
order to create problems that can be solved as e�ciently as possible. The
language restrictions are based on creating a language that in terms of frozen
partial clone theory has the largest number of polymorphic functions. Such
a language can according to the Galois connection between functions and
relations be implemented by as many languages as possible and is therefore
the Boolean language with the lowest complexity. The structural restrictions
are mainly based on limiting the number of times a variable is allowed to
occur in an instance. We shall prove that the easiest language does not con-
tain a ∆-matroid relation and is NP-complete even with the very restricted
structure where no variable can occur in more than two constraints. We also
give a branch-and-reduce algorithm for this problem with time complexity
O(1.0493n). This problem is then related to the exponential-time hypothe-
sis, which postulates that k-SAT is not sub-exponential for k ≥ 3. We show
that the exponential-time hypothesis holds if and only if this restricted prob-
lem is not sub-exponential, if and only if all NP-complete Boolean languages
are not sub-exponential. In the process we also prove a stronger version of
Impagliazzo's [19] sparsi�cation lemma for k-SAT; namely that all �nite, NP-
complete Boolean languages can be sparsi�ed into each other. This should
be contrasted with Santhanam's negative result [28] which states that the
same does not hold for all in�nite Boolean languages.
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Chapter 1

Introduction

�Blorf gwongo? Fnordol gollywump? Gwoggo slobo�?�

Torkel Franzén

A constraint satisfaction problem (CSP) can be represented as two struc-
tures: the structure induced by the variables and the structure induced by
the constraint language. The problem of �nding a suitable assignment of the
variables can likewise be reduced to the problem of �nding a homomorphism
between the two structures. Since the tractability of a CSP is completely
determined by these parameters there are two ways of classifying the com-
plexity: structural restrictions and constraint language restrictions. Both
these structures can form dichotomies which separates polynomial from NP-
complete cases. In order to shed light on whether P = NP we are therefore
interested to push the boundaries in both directions and create simpler prob-
lems that are more reminiscent of polynomial problems with respect to the
worst-case complexity. If P = NP this method can lead to a polynomial
algorithm for an NP-complete problem. If P 6= NP the method can lead to
NP-intermediate problems that are more natural than the ones constructed
so far [23].

But even if we currently fall short from proving or disproving P = NP
there are still important open questions that can be resolved with the study of
easy but NP-complete problems. The exponential-time hypothesis was �rst
posed by Impagliazzo and Patur in On the complexity of k-SAT [18], and
postulates that there is an exponential lower bound to the time complexity
of k-SAT algorithms if P 6= NP. Problems that does not have any such com-
plexity limits are said to be sub-exponential. But as we shall see in Chapter
5, k-SAT is in a sense the hardest satis�ability problem since all languages
with bounded arity k can be reduced to k-SAT with a linear amount of new
clauses and variables. It therefore seems to be a step in the right direction to
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focus on languages that are even easier than k-SAT if we ever hope to �nd
a sub-exponential problem. In this thesis we will focus on the four following
related questions:

• Is there an NP-complete Boolean constraint satisfaction problem that
is easier than all other Boolean NP-complete problems? (Chapter 3).

• What are the structural properties of such a problem? (Chapter 4).

• What can we say about the exponential-time hypothesis with the in-
troduction of such problems? (Chapter 5).

• What can we say about the worst-case running times of such problems?
(Chapter 6).

It is not obvious what the word easier means in this context. We shall
say that a language is easier1 than another language if the �rst language is at
least as expressive as the second language with respect to implementations.
A more formal account shall be given in Chapter 2, but that a language is
able to implement a relation means that there exist some combination of
relations from the language that is satis�able if and only if the relation is
satis�able. This is expressed in terms of frozen partial clone theory which
uses a special kind of implementations with the property that they preserve
worst-case complexity. Hence, if Γ and ∆ are two constraint languages such
that Γ can implement every relation in ∆, an O(f(n)) algorithm for CSP(Γ)
can just as well be used to solve CSP(∆).

The �rst question was partially answered by Schnoor and Schnoor in
New Algebraic Tools for Constraint Satisfaction [30] with a novel technique
for obtaining relations that in a precise sense are extraordinarily easy to
implement with su�ciently expressive languages. They showed that each set
of Boolean relations in the Post lattice have a weak base which all other bases
in the same set can implement. We shall extend and clarify these results by
giving the two weak bases R 6=6=6=

1/3 and R 6=6=6=6=
2/4 for the sets BR and IN2 , and

also prove that CSP(R 6=6=6=
1/3 ) is easier than CSP(R 6=6=6=6=

2/4 ). As such it is also the
easiest NP-complete Boolean satis�ability problem.

The second question is answered by using structural restrictions in an
attempt to separate hard and easy instances from each other. The most
common restriction is to bound the number of times a variable is allowed to
occur in an instance by some constant. We shall give an exact lower bound
for R 6=6=6=

1/3 and also look at how neighboring variables can be restricted to

1By easier, we more precisely mean not harder, i.e. it could be the case that they are

equally easy.
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create even simpler structures. The raison d'être behind such restrictions
is that the resulting problems are easier than their full counterparts in the
sense discussed above, and that the analysis of the restricted cases will also
shed light on the complexity of the full problem.

In the third question we shall look at how the exponential-time hy-
pothesis is related to weak bases. The driving force will be the question
of whether R 6= 6=6=

1/3 is sub-exponential or not and what this would mean for
Boolean languages in general. Obviously, the existence of some NP-complete
and sub-exponential Boolean language would implicate that R 6=6=6=

1/3 is also
sub-exponential. The other direction is harder and leads to the proof that
R 6=6=6=

1/3 , even with signi�cant structural restrictions, is sub-exponential if and
only if all Boolean, NP-complete and �nite languages are sub-exponential.
In the proof we will need a stronger version of Impagliazzo's [19] sparsi�ca-
tion lemma; namely that all �nite, NP-complete Boolean languages can be
sparsi�ed into each other. This can be contrasted with Santhanam's negative
result [28] which states that the same does not hold for all in�nite Boolean
languages.

In Chapter 6 we shall �nally give algorithms for CSP(R 6=6= 6=
1/3 ) and provide

examples of worst-case running times for both general and restricted struc-
tures. The algorithms employ the same branch-and-reduce structure that
is used in many algorithms for 1/3SAT and uses reduction rules similar to
those in Byskov [1].

3



Chapter 2

Preliminaries

2.1 Introduction

The reader is assumed to have familiarity with discrete mathematics, logic,
set theory and complexity analysis. In this chapter we shall quickly brush
through the most important concepts that are needed later on in the thesis,
starting with constraint satisfaction problems and ending with clone theory.

2.2 Constraint satisfaction problems

Constraint satisfaction problems (CSPs) are a general framework for rep-
resenting problems. The objective is to assign values to a set of variables
so that all constraints are satis�ed. The language used determines the con-
straint problem and a�ects its complexity. Since no particular restrictions are
enforced on constraint languages it is not surprising that constraint satisfac-
tion problems are NP-complete in general. Boolean satis�ability and graph
colourability are among the more prominent examples of hard problems that
are easily encoded as CSPs [4]. Even though we are only interested in �nite
Boolean languages in this thesis we shall give a treatment that also pertains
to general languages.

De�nition 2.2.1. An instance of a constraint satisfaction problem consists
of a triple (V,D,C), where V is the set of variables, D the domain and C
a set of constraints. The purpose is to �nd an assignment of the variables
in V to D such that all constraints in C are satis�ed. The constraints are
of the form Rx1, . . . , xn, where R is a n-ary relation on D and x1, . . . , xn
are variables. A constraint Rx1, . . . , xn is satis�ed by an assignment f if
(f(x1), . . . , f(xn)) ∈ R. The constraint language is the set of all relations
that occur in C.
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Our �rst example will be an encoding of a 1/3-SAT-instance as a CSP.

Example 2.2.1. The 1/3-SAT-instance x∨ y ∨¬z is described by the CSP-
instance I = (V,D,C), where V = {x, y, z}, D = {0, 1}, C = {R1/3(x, y, z)}
and R1/3 the ternary relation {(0, 0, 0), (0, 1, 1), (1, 0, 1)}.

This example does not showcase the full expressive power of CSPs. The
point is that it is possible to treat a class of languages in a uniform manner
and prove properties that are valid for all instances. Two languages that on
the surface perhaps does not have much in common can suddenly become
congruent and comparable.

But even this general notation is in some instances to coarse. There is no
stark di�erence between the aspects that makes a problem hard or tractable.
Even if a constraint language in principle is hard it could happen that a
majority of the instances can be solved in polynomial time. What we want
is a complete separation between language and structure1.

We therefore give an alternative representation of CSPs which makes use
of structures. It is based on the idea that a CSP-instance has two independent
parts: a structure induced by the variables and a structure induced by the
constraint language.

De�nition 2.2.2. Let τ = {R1/n1, . . . , Rm/nm} be a set of relation symbols
with arities. A structure A of τ is a tuple (A,RA

1 , . . . , R
A
m), where A is a set

and RA
i an ni-ary relation on A for some Ri/ni ∈ τ . Hence, A can be seen as

an interpretation of τ since it assigns a meaning to its relation symbols. τ is
occasionally called the signature of A. Whenever convenient we shall assume
that it is possible to refer to a relation RA

i by its corresponding relation
symbol Ri/ni ∈ τ , even though this mapping is not formally encoded in the
tuple that describes the structure.

The satis�ability of the instance can be reduced to the problem of �nding
a homomorphism between the two structures, i.e. a function from the domain
of the �rst structure to the domain to the second structure such that all
relations are satis�ed.

De�nition 2.2.3. A homomorphism between two structures A and B with
the same signature τ , is a function h : A → B that preserves all relations.
That is, if (x1, . . . , xni

) ∈ RA
i for Ri/ni ∈ τ , then (h(x1), . . . , h(xni

)) ∈ RB
i .

Note that this notion depends on the fact that the two structures have the
same signature.

1The word structure is sometimes used to denote the model theoretical concept, and

sometimes more literally to denote the structure of an instance. Things get even more

confusing when one uses the terms interchangeably and talks of the structure of the struc-

ture.
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We can now factorize any CSP-instance into two structures with the prop-
erty that there exists a homomorphism between them if and only if the in-
stance is satis�able.

De�nition 2.2.4. Let I = (V,D,C) be a CSP-instance. Let τ(I) be the
signature that contains a relation symbol and a corresponding arity for all
constraints in C. It is then possible to represent I with two structures A(I)
and B(I) of τ(I), where:

• A(I) = (V,R
A(I)
1 , . . . , R

A(I)
m ).

• RA(I)
i = {(x1, . . . , xni

)|Rix1, . . . , xni
∈ C} for Ri/ni ∈ τ(I).

• B(I) = (D,R
B(I)
1 , . . . , R

B(I)
m ).

• RB(I)
i = R for Rx1, . . . , xni

∈ C, Ri/ni ∈ τ(I).

Theorem 2.2.1. A CSP-instance I is satis�able if and only if there exists
a homomorphism between A(I) and B(I).

Proof. Both directions follow easily since the satisfying assignments and the
homomorphic functions exactly coincide.

Example 2.2.2. The CSP-instance I from Example 2.2.1 is described by the
two relational structures A(I) = (A,RA(I)) and B(I) = (B,RB(I)), where:

• A = {x, y, z}.

• RA(I) = {(x, y, z)}.

• B = {0, 1}.

• RB(I) = {(0, 0, 0), (0, 1, 1), (1, 0, 1)}.

As can be veri�ed the instance is satis�able if and only if there exist a
homomorphism from A(I) to B(I).

Say that a 1/3SAT-instance is monotone if all literals are positive. The
structural representation is then obtained by iterating through the con-
straints in order to create a corresponding relation.

Example 2.2.3. Let φ be a monotone 1-in-3-SAT-instance with variables
x1, . . . , xn. It can then be represented by the two structures A(I) = (A,RA(I))
and B(I) = (B,RB(I)), where:
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• A = {x1, . . . , xn}

• RA(I) = {(x1, x2, x3)|R1/3(x1, x2, x3) is a constraint of φ}.

• B = {0, 1}.

• RB(I) = {(0, 0, 1), (0, 1, 0), (1, 0, 0)}

2.3 Clone theory

A set of relations can be seen as building blocks for larger structures. One
natural question to ask is whether a set is complete, or if it is possible to
build new relations by composing old relations and projecting variables. Such
compositions are known as primitive positive (p.p.) de�nitions. More for-
mally, an n-ary relation R has a p.p. de�nition in a set of relations Γ if
R(x1, . . . , xn) ≡ ∃X

∧
iRi(. . .), where Ri ∈ Γ∪{=}. A co-clone is a set that

is closed under p.p. de�nability, i.e. no new relations can be implemented as
a conjunction of constraints, projection of variables or equality constraints.
The least co-clone of a set of relations Γ is denoted by 〈Γ〉.

The same idea can be applied to functions. A set of functions Γ is a
clone if it contains all projection functions over the domain and is closed
under composition. The least clone of Γ is denoted by [Γ]. A parallel can
be made with Boolean circuitry [11]: the set of functions is a collection of
manufactured grids which can be connected in order to create larger and
more complex grids, and when no new grids can be created the grid forms a
clone.

To utilize this in the analysis of constraint satisfaction problems we need
a notion to relate the complexities of two relational languages with each
other, i.e. a way to compare the sizes of the co-clones. An n-ary function
f is a polymorphism to a relation R if the tuple obtained when f is applied
coordinate-wise to n tuples from R is again in R. We say that f preserves R.
The number of polymorphisms for a relation determines its complexity since
simple relations have many polymorphisms, and vice versa. Let Pol(Γ1) be
the set of polymorphisms for a set of relations Γ1, and Inv(Γ2) the set of
relations that are preserved by the set of functions Γ2. We then have the
following relationship between clones and co-clones:

Theorem 2.3.1. [16, 9, 10] Let Γ1 be a set of relations over some domain
D2 and Γ2 a set of functions. Then:

2In the general case not necessarily �nite.
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1. Inv(Pol(Γ1)) = 〈Γ1〉

2. Pol(Inv(Γ2)) = [Γ2]

The inverted relationship between the two structures is known as a Galois
connection. In e�ect, this gives us a tool for analyzing the complexity of
languages by comparing the set of related polymorphic functions.

Theorem 2.3.2. [21] Let S1 and S2 be �nite non-empty sets of Boolean
relations. If Pol(S2) ⊆ Pol(S1), then CSP(S1) is polynomial-time reducible
to CSP(S2).

This does however not protrude a great deal of information with regards
to worst-case complexity. It is easily veri�ed that SAT is polynomial-time
reducible to 1/3-SAT, but the latter seems to be a much easier problem than
the former and can be solved in time O(1.1003n) [1]. The reason behind
this discrepancy is that the reduction between the two languages is not size-
preserving and is free to introduce existentially quanti�ed variables.

A number of more �ne-grained tools have been proposed. If one consid-
ers partial polymorphisms the corresponding reductions are size-preserving
with respect to the number of variables. If one considers frozen partial poly-
morphisms then reductions are allowed to introduce existentially quanti�ed
variables if they are frozen to the same value. In the Boolean domain this
means that at most two new variables are needed.

2.4 Frozen Boolean partial co-clones

Partial co-clones can be de�ned as sets closed under p.p. de�nitions not
using existential quanti�ers. An immediate consequence of this de�nition
is that such an implementation cannot introduce additional variables, and
hence that the number of variables used in reductions remains constant.
The corresponding partial clone is de�ned to be the set of partial functions
that contains all projection functions and is closed under composition. The
elimination of quanti�ers is however a rather severe restriction that has un-
fortunate consequences for the complexity of the partial co-clone lattice. As
a compromise we shall allow existential quanti�ers if the variables in question
are frozen to the same value in each model.

Let Vars be the unary function which returns the set of variables that
occur in a formula, F the constant relation {0} and T the constant relation
{1}. We begin by formalizing the notion of a variable that is frozen to the
same value.
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De�nition 2.4.1. (frozen variable) Let φ be a formula and let x ∈
Vars(φ). Then x is said to be frozen in φ if φ |= T (x) or φ |= F (x). In
other words, x is frozen in φ if it is assigned the same value by all its models.

Frozen implementations are then de�ned as implementations where only
frozen variables are existentially quanti�ed.

De�nition 2.4.2. (frozen implementation) Let Γ be a set of relations
and R a n-ary relation. Then Γ freezingly implement R if there exists an
implementation of the form R(x1, . . . , xn) ≡ ∃Xφ such that φ is a conjunction
of atomic formulas over Γ ∪ {=}, Vars(φ) ⊆ X ∪ {x1, . . . , xn}, and every
variable in X is frozen in φ.

The de�nition of a frozen partial co-clone closely mimics the de�nition
of a co-clone, with the exception that all implementations are required to be
frozen.

De�nition 2.4.3. (frozen partial co-clone) Let Γ be a set of relations.
The frozen partial co-clone generated by Γ, written 〈Γ〉fr, is the set of all
relations that can be freezingly implemented by Γ.

One advantage of frozen Boolean partial co-clones over regular partial
co-clones is that frozen variables behave almost like constants. The following
theorem is therefore not particularly surprising.

Theorem 2.4.1. [26] Let Γ be a set of relations and d ∈ {0, 1}. Then
{d} ∈ 〈Γ〉 if and only if {d} ∈ 〈Γ〉fr.

The following theorem is the one that we shall make the most use of later
on since it relates the frozen co-clone of a language with its complexity.

Theorem 2.4.2. Let Γ be a Boolean constraint language, and let Γ′ be a
�nite constraint language such that Γ′ ⊆ 〈Γ〉fr. If CSP(Γ) is solvable in time
O(cn), where n is the number of variables, then so is CSP(Γ′).

Proof. Let I ′ be a CSP(Γ′) instance. By assumption, every constraint R′(X)
in I ′ is equivalent to a frozen implementation in 〈Γ〉fr:

R′(X) ≡ ∃(Y )R1(Y1) ∧ . . . ∧Ri(Yi)

where every variable in Y is frozen, Rj ∈ Γ ∪ {=}, and Yj ⊆ X ∪ Y . Two
variables frozen to the same value can be replaced by a single variable. Since
we are working in the Boolean domain, all variables in X can be replaced by
at most two variables. Furthermore, for all equality constraints of the form

9



x = y, we can identify x with y in the subsequent instance and remove the
constraint. If we repeat the procedure for every constraint in I ′ we hence end
up with a Γ-instance I that has at most two new variables. It then follows
that I ′ and I can be solved in O(cn+2) = O(cn).
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Chapter 3

Language restrictions

3.1 Introduction

A constraint language is the right-hand structure of a CSP. In the derivation
of easy but NP-complete languages we will mainly be concerned with lan-
guages that can be freezingly implemented by as many languages as possible.
Such languages can according to Theorem 2.4.2 then be solved at least as
e�ciently as the other languages under consideration. We shall �rst provide
a short recapitulation of the lattice of Boolean co-clones, isolate the co-clones
that gives rise to the most interesting problems, and then derive the relations
that in terms of frozen implementations can be said to reside at the bottom
of the co-clones.

3.2 Weak bases of Boolean constraint languages

In general we are interested whether a class of languages form a dichotomy
in which it is possible to separate tractable from hard cases. In the case of
Boolean satis�ability this was established by Schaefer in his seminal paper
from 1978 [29].

Theorem 3.2.1. [29]. Let S be a set of Boolean relations. If S is 0-valid,
1-valid, Horn, anti-Horn, a�ne, bijunctive or complementive, then CSP(S)
is polynomial-time decidable, in all other cases CSP(S) is NP-complete.

Combined with the Post lattice over Boolean co-clones in Figure 3.1 this
gives a complete separation of the NP-complete cases from the polynomial
cases. We shall frequently use an alternative formulation of Schaefer's di-
chotomy theorem and say that a Boolean language Γ is NP-complete if and
only if IN2 ⊆ 〈Γ〉. As can be veri�ed this is equivalent to the condition
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that 〈Γ〉 = IN2 or 〈Γ〉 = BR. In order to say something about the com-
plexity of the relations in each co-clone we must however turn our attention
towards frameworks with more precision. But the increased precision comes
with a price: the corresponding lattice of partial (frozen) co-clones contains
uncountably many elements and is not nearly as well-understood as the Post
lattice. Despite this it is still possible to obtain powerful complexity results
of constraint languages. In the remainder of the section we shall focus on
deriving the two relations that in a certain way can be considered to be the
two easiest NP-complete SAT problems. We say that a CSP(Γ1) is harder
that CSP(Γ2) if there exists an O(f(n))-time algorithm for CSP(Γ2), but
none for CSP(Γ1). The two relations in question will have the property that
the CSPs are not harder than any other CSP in their co-clone. We shall
sometimes abuse notation and say that these languages are also the easiest
languages even though this is not necessarily the case.

In Schnoor and Schnoor [30] these relations are known as weak bases. The
idea is to extend the base of a co-clone in such a way that all the other bases
in the co-clone can freezingly implement it, and hence that there does not
exist any language with strictly lower worst-time complexity. Following the
notation of Schnoor we now de�ne the extension of a Boolean relation. In
the sequel we make use of the standard matrix representation of a relation
where each row corresponds to a tuple in the relation.

De�nition 3.2.1. {0, 1}-COLSn is the Boolean relation with arity 2n that
contains all Boolean tuples from 0 to 2n − 1 as columns.

Now we want to a extend a given relation with all possible tuples of the
domain. For this we use a variation of the join operator. If R = {r1, . . . , rn}
and S = {s1, . . . , sn} are relations, then R◦S is the relation that for each ri =
(α1, . . . , αk) and si = (β1, . . . , βl) contains the tuple (α1, . . . , αk, β1, . . . , βl).
Assume that a set of Boolean functions F and a relation R ⊆ {0, 1}n are
given. The F -closure of R, denoted F(R), is the relation

⋂
R′∈Inv(F),R⊆R′ R′.

We can then de�ne the extension of a Boolean relation as follows.

De�nition 3.2.2. Let R be a Boolean relation with cardinality n. Then the
extension of R, R[ext ], is de�ned as F(R ◦ {0, 1}−COLSn).

In other words, this is minimal extension that is closed under the poly-
morphisms of R when every tuple from 0 to 2n − 1 is adjoined as a column
to the matrix representation of R.

Theorem 3.2.2. [30] Let R be a relation. Then R[ext ] can be implemented
from R without existential quanti�cation.
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Figure 3.1: The lattice of Boolean co-clones.
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Corollary 3.2.1. Let R be a relation. Then any language Γ such that 〈Γ〉 =
〈{R}〉 freezingly implements R[ext ].

The same also holds for the irreduntant core Rirr of R[ext ], i.e. the relation
obtained when identical columns are collapsed.

3.3 Weak bases in BR

Since BR is the set of all Boolean relations we can use 1/3-SAT as a starting
point to our extended relation.

De�nition 3.3.1. R1/3 = {(0, 0, 1), (0, 1, 0), (1, 0, 0)}
And to create a weak base for BR we extend R1/3 with three additional

inequalities so that the columns of R 6=6=6=
1/3 contains all the 3-tuples of the

domain except for (1, 1, 1) and (0, 0, 0).

De�nition 3.3.2. R 6=6=6=
1/3 = {(0, 0, 1, 1, 1, 0),(0, 1, 0, 1, 0, 1),(1, 0, 0, 0, 1, 1}

Theorem 3.3.1. Let Γ be a language such that 〈Γ〉 = BR. Then Γ freezingly
implements R 6=6=6=

1/3 .

Proof. We can form the extension of R1/3 by following the formula in De�ni-
tion 3.2.2. Since the arity of R1/3 is 3 we must augment the binary numbers
from 0 to 7 as columns to the matrix representation and close the resulting
relation under every polymorphism of BR. But since only the projection
functions are polymorphisms of BR the relation is left unchanged.

R
[ext ]
1/3 =

0 0 1 0 0 0 0 1 1 1 1
0 1 0 0 0 1 1 0 0 1 1
1 0 0 0 1 0 1 0 1 0 1


The irredundant core is then obtained by collapsing identical columns.

Rirr =

0 0 0 0 1 1 1 1
0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1


But this is nothing else than R 6=6= 6=

1/3 with two constant columns, which
according to Corollary 3.2.1 can be implemented with Γ with two existentially
quanti�ed frozen variables, since T and F are in 〈Γ〉fr by Theorem 2.4.1.

Combining Theorem 2.4.2 and 3.3.1 we immediately obtain the following
result:

Theorem 3.3.2. Let Γ be a language such that 〈Γ〉 = BR. Then CSP(R 6=6= 6=
1/3 )

is not harder than CSP(Γ).
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3.4 Weak bases in IN2

IN2 is the co-clone closed under complement that has not-all-equal-SAT as
base. We will therefore proceed in an analogous manner to the derivation of
R 6=6=6=

1/3 but with RNAE instead of R1/3, and de�ne a maximal extended relation
which is then pruned of super�uous columns.

De�nition 3.4.1. RNAE = {(0, 0, 1),(0, 1, 0),(1, 0, 0), (1, 1, 0),(1, 0, 1), (0, 1, 1)}

De�nition 3.4.2. R 6=6=6=6=
2/4 = {(0, 0, 1, 1, 1, 1, 0, 0),(0, 1, 0, 1, 1, 0, 1, 0),(1, 0, 0, 1, 0, 1, 1, 0),

(1, 1, 0, 0, 0, 0, 1, 1),(1, 0, 1, 0, 0, 1, 0, 1), (0, 1, 1, 0, 1, 0, 0, 1)}

Theorem 3.4.1. Let Γ be a language such that 〈Γ〉 = IN2 . Then Γ freezingly
implements R 6=6=6=6=

2/4 .

Proof. Recall that 〈RNAE〉 = IN2 . By Theorem 3.2.1 it is enough to show that
the irreduntant core Rirr of R[ext ]

NAE can freezingly implement R 6=6=6=6=
2/4 . Since

the cardinality of RNAE is 6, Rirr will have arity 26 = 64, consist of 12 tuples
where the columns of the six �rst tuples are the binary numbers from 0 to
63, and the six last tuples the complements of the six �rst. The matrix
representation is therefore as follows.

Rirr =



0 0 · · · 1 1
0 0 · · · 1 1
0 0 · · · 1 1
0 0 · · · 1 1
0 0 · · · 1 1
0 1 · · · 0 1
...

...
. . .

...
1 0 · · · 1 0


Let x1, . . . , x64 denote the columns in the matrix and the variables in the

relation. We must now prove that Rirr can freezingly implement R 6=6=6=6=
2/4 . Note

that x1 and x2 only di�er in one row. If we identi�ed x1 and x2 we would
therefore get a relation where that tuple was removed. But since R 6=6=6=6=

2/4 only
has 6 tuples we want to identify two columns that di�er in 6 positions.
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x1 =



0
0
0
0
0
0
1
1
1
1
1
1



, x8 =



0
0
0
1
1
1
1
1
1
0
0
0


Therefore identifying x1 and x8 will remove rows 4, 5, 6 and 10, 11, 12

from Rirr. If we then collapse identical columns the resulting matrix will be:

Rirr′ =


0 0 0 0 1 1 1 1
0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1
1 1 1 1 0 0 0 0
1 1 0 0 1 1 0 0
1 0 1 0 1 0 1 0


But as can be veri�ed this is nothing else than a rearranged version of

R 6=6=6=6=
2/4 .
Hence, since Γ can freezingly implement Rirr, which in turn can freezingly

implement R 6=6=6=6=
2/4 , it follows that Γ can also freezingly implement R 6=6=6=6=

2/4 . If
we thus combine Theorem 2.4.2 and Theorem 3.4.1 we get the following
theorem.

Theorem 3.4.2. Let Γ be a language such that 〈Γ〉 = IN2 . Then Γ freezingly
implements R 6=6=6=6=

2/4 .

3.5 The easiest NP-complete Boolean language

Both CSP(R 6=6=6=
1/3 ) and CSP(R 6=6=6=6=

2/4 ) should be seen as candidates for the easi-
est NP-complete satis�ability problem in the Boolean domain. Now is a good
time to ask the question whether any of these problems are harder than the
other.

Theorem 3.5.1. CSP(R 6=6=6=
1/3 ) is not harder than CSP(R 6= 6=6=6=

2/4 ).
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Proof. Let φ be an instance of CSP(R 6= 6=6=
1/3 ) and C = (x1, x2, x3, x4, x5, x6) be

an arbitrary constraint in φ. Then the R 6=6=6=6=
2/4 -constraint C ′ = (x1, x2, x3, Y1,

x4, x5, x6, Y2) is satis�able if and only if C is satis�able, with Y1 = 1 and
Y2 = 0. If we use two global variables common to all constraints in the
reduction the resulting CSP(R 6= 6=6=6=

2/4 ) instance φ′ is satis�able if and only if φ
is satis�able.

Since the reduction only introduces two new variables anO(f(n))-algorithm
for CSP(R 6=6=6=6=

2/4 ) can be used to solve CSP(R 6=6=6=
1/3 ) in the same time.

One could also ask the question whether {R 6=6=6=6=
2/4 } freezingly implements

R 6=6=6=
1/3 . The answer is negative since the relations generate two di�erent co-

clones in the Post lattice. It is however the case that {R 6=6=6=6=
2/4 , T} freezingly

implements R 6=6=6=
1/3 since one can then utilize the same technique as in the

reduction above and force Y1 to be true.
Since R 6=6=6=

1/3 is not harder than any other NP-complete language in BR or
IN2 we get the following result.

Theorem 3.5.2. Let Γ be an NP-complete Boolean language. Then CSP(R 6=6=6=
1/3 )

is not harder than CSP(Γ).

Proof. Immediate by Theorem 3.3.2 and 3.5.1 since Γ is NP-complete if and
only if 〈Γ〉 = BR or 〈Γ〉 = IN2 .
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Chapter 4

Structural restrictions

4.1 Introduction

The left-hand side of a CSP corresponds to its structure. From Theorem 3.5.2
we know that CSP(R 6=6=6=

1/3 ) is not harder than any other NP-complete Boolean
CSP. As such it is in a sense also the easiest language. Since it is not possible
to restrict the language any further we must instead direct our attention
toward the structure. Our main concern in this chapter will therefore be
problems that arise from combining R 6=6= 6=

1/3 with a restricted structure. Say
that Γ and ∆ are two languages such that CSP(A, Γ) is easier than CSP(B,
∆) for two sets of structures. Let A′ ⊂ A and B′ ⊂ B. Is it then the case
that CSP(A′,Γ) is necessarily easier than CSP(B′,∆)? Even if this intuitively
seems reasonable it turns out that the answer is no, and to explain why we
will make two similar structural restrictions for R 6=6=6=

1/3 and R1/3, such that one
is NP-complete while the other is polynomial.

4.2 Bounded tree-width

As always we are interested in dichotomies that separate hard from tractable
cases. The so far most successful attempts are based on the notion of tree-
width. In e�ect this is a measurement of how close the CSP-structure is to
a tree, which is known to yield polynomially solvable problems.

Theorem 4.2.1. [14] Let C be a class1 of structures of bounded tree-width
modulo homomorphic equivalence. Then CSP(C, −) is tractable.

1In the rest of the thesis we shall instead use the word set, to avoid confusion with the

concept of classes in e.g. Zermelo�Fraenkel set theory.
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Unfortunately this tells us nothing if the tree width is not bounded. For
sets of structures with bounded arity the theorem does however have a partial
converse.

Theorem 4.2.2. [3] Assume FPT 6= W [1]. Let C be a recursively enumer-
able set of structures of bounded arity.

Then CSP(C, −) is tractable if and only if C has bounded tree width
modulo homomorphic equivalence.

Even though it might appear that this theorem tells us everything we
need to know it is only valid when the second argument is an arbitrary
structure. Since R 6=6=6=

1/3 is a particular language it is not clear if the same
holds CSP(C,R 6=6= 6=

1/3 ). Also, deciding whether a set of structures has bounded
tree-width k is an NP-complete problem. Therefore the general result is not
as useful as one might expect.

4.3 Variable-based restrictions

For the rest of the chapter we shall focus on variable-based restrictions. In
practical terms this means that a constant bound k is placed on the number
of times a variable is allowed to occur in an instance. If x occurs in k
di�erent constraints, we say that the degree of x is k. The most interesting
case is when k is as small as possible while maintaining NP-completeness
of the problem. Depending on the context we shall use two di�erent but
equivalent notations for this problem. If Γ is a language then CSP(Γ)-k is
the CSP(Γ) problem where each variable has degree at most k. The other
notation is instead speci�ed in terms of rank 2 of a graph representation of the
instance. The advantage of the latter notation is that it is easier to enforce
additional structural restrictions as properties of the graph, and is therefore
the preferred choice for the theorems in this section.

We have come this far without giving a concrete example of an R 6=6=6=
1/3 -

structure. According to the de�nition of a structure this is nothing else than
a set of 6-ary tuples representing the constraints.

Example 4.3.1. Let F be the R 6=6=6=
1/3 -formula R 6=6=6=

1/3 (x, y, z , x′, y′, z′)∧R 6=6=6=
1/3 (x,

a, b, x′, a′, b′) ∧ R 6= 6=6=
1/3 (x, b, c, x′, b′, c′). Then the left-hand structure of the re-

sulting CSP-instance is the tuple ({x, y, z, x′, y′, z′, a, b, c, a′, b′, c′}, {(x, y, z,
x′, y′, z′), (x, a, b, x′, a′, b′), (x, b, c, x′, b′, c′)}), where the �rst argument is the
domain of variables, and the second argument the constraints over the do-
main.

2The rank of a hypergraph is the largest cardinality of its edges. A graph without

hyperedges therefore always has rank less than 3.
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(x, a, b, x′, a′, b′) (x, b, c, x′, b′, c′)

(x, y, z, x′, y′, z′)

Figure 4.1: Dual constraint graph.

The structure can be interpreted in any number of ways: as a tree, graph,
hypergraph or any other mathematical object that is su�ciently complex to
capture the nuances of the structure. Theorem 4.2.2 uses the constraint hy-
pergraph, which is a general representation where the nodes are variables and
the edges the constraints. The choice of representation is pivotal since one
set of structures can have properties that are not easily detectable in others.
Since we will mainly be focusing on constraints that limits the occurrences
of variables we need a structure encompassing this.

De�nition 4.3.1. (dual constraint graph) The dual constraint graph of
a structure A = (A,RA

1 , . . . , R
A
n) with signature τ is the loop-free hypergraph

G = (VG, EG) de�ned by VG = {(x1, . . . , xn)|(x1, . . . , xn) ∈ RA
i for some

Ri/n ∈ τ}, EG = {{R1, . . . , Rn}| R1, . . . , Rn ∈ VG and Vars(R1) ∩ . . . ∩
Vars(Rn) 6= ∅}.

In other words the dual constraint graph contains a node for each con-
straint, and two or more nodes are connected if they share one or more vari-
ables. The dual in the name stems from the inverted relationship with the
constraint graph. Note that this representation is coarser than the constraint
graph since an edge between a set of nodes can denote that they have many
variables in common. It does however have the important property that it
distinguishes between variables that occur only twice (edges) and variables
that occur more than twice (hyperedges).

Example 4.3.2. The R 6=6=6=
1/3 -formula from Example 4.3.1 has the dual con-

straint graphG = (V,E), V = {(x, y, z, x′, y′, z′), (x, a, b, x′, a′, b′), (x, b, c, x′, b′, c′)},
E = {{(x, y, z, x′, y′, z′), (x, a, b, x′, a′, b′), (x, b, c, x′, b′, c′)}, {(x, a, b, x′, a′, b′),
(x, b, c, x′, b′, c′)}}.

The dual constraint graph is visualized in Figure 4.1 where the dashed
curve is the hyperedge between the three nodes.

With the dual constraint graph representation it is easy to give a precise
structural formulation of restricting the degree of a variable. We will begin
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by proving that CSP(R1/3) is in P when the degree of each variable is at
most 2, but is NP-complete when the degree is increased to 3, and then look
at the corresponding problems for R 6=6= 6=

1/3 .

Theorem 4.3.1. CSP(A,R1/3), where A is the set of structures with dual
constraint graphs of rank 2, is in P .

Proof. Since the dual constraint graph has rank 2, a variable cannot occur
in more than two constraints. This case is well known to be polynomial and
can e.g. be solved with an algorithm for perfect matching [20].

Theorem 4.3.2. CSP(A,R1/3), where A is the set of structures with dual
constraint graphs of rank 3, is NP-complete.

Proof. Since the dual constraint graph has rank 3, a variable cannot occur
in more than three constraints. This is however known to be NP-complete
even for planar instances [25].

Since CSP(R 6=6=6=
1/3 ) is not harder than CSP(R1/3), one could expect the

structural results of the latter to automatically carry over to the former.
This is however not the case: CSP(R 6=6=6=

1/3 ) is NP-complete even if each variable
occurs in only two constraints. To prove this we will need to make a quick
detour and introduce some central notions from matroid theory.

De�nition 4.3.2. (∆-matroid relation) Let R be a Boolean relation and
x, y, x′ be Boolean tuples of the same arity. Let d(x, y) be the binary di�er-
ence function between x and y. Then x′ is a step from x to y if d(x, x′) = 1
and d(x, y) = d(x′, y) + d(x, x′).

R is a ∆-matroid relation if it satis�es the following axiom: ∀x, y ∈
R∀x′(x′ is a step from x to y) → (x′ ∈ R ∨ ∃x′′ ∈ R which is a step from x′

to y).

Lemma 4.3.1. R 6=6=6=
1/3 is not a ∆-matroid relation.

Proof. Let x = 001110 and y = 010101. These are both elements in R 6=6=6=
1/3 .

Let x′ = 000110. Then d(x, x′) = 1, d(x, y) = 4 = d(x, x′) + d(x′, y) =
1 + 3 = 4, whence x′ is a step from x to y. For R 6=6=6=

1/3 to be a ∆-matroid
relation either x′ ∈ R 6=6=6=

1/3 , or there exists a x′′ which is a step from x′ to y.
Since neither of the disjuncts are true it follows that R 6=6=6=

1/3 is not a ∆-matroid
relation.

The fact that R 6=6=6=
1/3 is not ∆-matroid means that we can use Feder's result

[2] in order to prove the desired NP-completeness theorem. The theorem was
more formally restated in [15], and in our notation reads as follows.
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Theorem 4.3.3. [15] Let Γ be a basis that contains a relation that is not
a ∆-matroid. Then CSP(A, Γ), where A is the set of structures with dual
constraint graphs of rank 2, is polynomially equivalent to CSP(−, Γ).

Theorem 4.3.4. CSP(A,R 6=6=6=
1/3 ), where A is the set of structures with dual

constraint graphs of rank 2, is NP-complete.

Proof. Since R 6=6=6=
1/3 is not a ∆-matroid relation the CSP is NP-complete even

when each variable occurs in at most two constraints by Theorem 4.3.3.

There is also a more intuitive proof based on the idea of complementary
variables. Since each constraint has two variables that are the complements
of each other it is possible to circumvent the restriction by introducing a new
variable wherever needed. For example, say that x occurs in the three con-
straints (x, y1, z1, x

′, y′1, z
′
1), (x, y2, z2, x

′, y′2, z
′
2) and (x, y3, z3, x

′, y′3, z
′
3). Re-

place the second and third constraint by (x, y2, z2, x
′′, y′2, z

′
2) and (x′′′, y3, z3, x

′′, y′3, z
′
3).

It is then easily veri�ed that x = x′′′ = ¬x′ = ¬x′′ which makes the new set
of constraints equivalent to the original.

4.4 Further restrictions

By the preceding results we conclude that there is not a large di�erence
between CSP(R1/3)-3 and CSP(R 6=6=6=

1/3 )-2. In the �rst case the dual constraint
graph contains hyperedges of rank 3. In the second case the same structure
can be obtained by enforcing equality through a chain of complementary
variables. But the complex structure of R 6=6=6=

1/3 makes this hard to decipher
in the dual constraint graph. For simplicity we shall therefore state our
results for CSP(R1/3)-3 and use a use a structural reduction technique to
obtain corresponding results for CSP(R 6=6=6=

1/3 )-2. We begin by formalizing the
intuition that a set of R 6=6=6=

1/3 -constraints can be reduced to a set of R 6=6=6=
1/3 -

constraints where the degree of each variable is at most 2.

Theorem 4.4.1. Let R be a set of R 6=6=6=
1/3 -constraints. Then there exists a set

of R 6=6=6=
1/3 -constraints R′ with the following properties.

• R′ is satis�able if and only if R is satis�able.

• The degree of any variable in R′ is at most 2.

Proof. Assume that R1, . . . , Rn, n > 2, is an enumeration of constraints
from R such that x occurs in every Ri. Without loss of generality we
may assume that x always occur in the �rst position of each constraint.
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If Ri−1 = (x, yi−1, zi−1, x
′, y′i−1, z

′
i−1), Ri = (x, yi, zi, x

′, y′i, z
′
i) and Ri+1 =

(x, yi+1, zi+1, x
′, y′i+1, z

′
i+1), then let R′i−1 = (x, yi−1, zi−1, x

′, y′i−1, z
′
i−1), R

′
i =

(x, yi, zi, x
′′, y′i, z

′
i) and R

′
i+1 = (x′′′, yi+1, zi+1, x

′′, y′i+1, z
′
i+1), where x

′′ and x′′′

are new variables. As can be veri�ed x = x′′′ = ¬x′ = ¬x′′. Hence Ri−1, Ri

and Ri+1 are satis�able if and only if R′i−1, R
′
i and R

′
i+1 are satis�able. If we

repeat the procedure for all 1 < i < n we then get the constraints R′1, . . . , R
′
n

with the following properties.

• R′1, . . . , R′n is satis�able if and only if R1, . . . , Rn is satis�able.

• The degree of x or any other newly introduced variable is at most 2.

Let R′ be the result of repeatedly applying this operation to constraints
in R for each variable with degree higher than 2. Then R′ is satis�able if and
only if R is satis�able, and no variable has degree higher than 2.

Given an R1/3-structure we then �rst create an equivalent R 6=6= 6=
1/3 -structure

by introducing three new variables in each constraint. We can then use
Theorem 4.4.1 to create a structure whose dual constraint graph has rank 2.

De�nition 4.4.1. Let I = (A,B) be an instance of CSP(R1/3), where A =
(A,R) and B = ({0, 1}, R1/3). Then A6= 6=6= is de�ned to be the structure
(A6= 6=6=, R 6=6= 6=), where:

• R 6= 6=6= is the result of applying the procedure in Theorem 4.4.1 to the
set {(x, y, z, x′, y′, z′)|(x, y, z) ∈ R}.

• A6= 6=6= =
⋃r∈R 6=6=6=

Vars(r).

Hence R 6= 6=6= is an equivalent set of R 6=6=6=
1/3 -constraints where no variable

occurs in more than 2 constraints, and A6=6= 6= is the set of variables.

Whenever convenient we shall use the same notation when A is a set of
structures. With this transformation we can now use the simpler structural
results from R1/3 instead of working directly with R 6=6=6=

1/3 .

Theorem 4.4.2. Let I = (A, R1/3) be a CSP(R1/3) instance. Then there
exists a homomorphism from A to R1/3 if and only if there exists a homo-
morphism from A 6=6= 6= to R 6=6=6=

1/3 .

Proof. Immediate from construction and Theorem 4.4.1.

Corollary 4.4.1. CSP(A, R1/3) is satis�able if and only if CSP(A6= 6=6=,
R 6=6=6=

1/3 ) is satis�able.
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With this machinery in mind we can now continue with the structural
restrictions. In the remainder of the chapter we will attempt to isolate the
hyperedges in the dual constraint graph by restricting the remaining variables
in each constraint.

De�nition 4.4.2. (k-disjoint hypergraph) Let G be an undirected hy-
pergraph. G is k-disjoint if it has rank k, and all edges of cardinality k are
disjoint.

Theorem 4.4.3. CSP(A,R1/3), where A is the set of structures with 3-
disjoint dual constraint graphs, is NP-complete.

Proof. Reduction from CSP(A,R1/3), where A is the set of structures with
dual constraint graphs of rank 3. Let G be the dual constraint graph of such
an instance. We will prove that it is possible to separate two hyperedges
while maintaining the relationship between the variables. Assume that x
occurs in the nodes c1, c2, c3 and that y occurs in c3, c4, c5; c1 and c2 distinct
from c4 and c5. c3, c4 and c5 then have the following appearance:

c3 = (x, y, z), c4 = (y, a, b), c5 = (y, c, d).
To complete the proof we introduce an equivalent set of constraints so

that the two hyperedges are separated:
c6 = (y, v, 0), c7 = (y′, v, 0), c8 = (y′, a, b), c9 = (y′, c, d).
Now y only occurs in two constraints. Furthermore, since y′ = y and

y′ does not occur together with x, the hyperedge {c1, c2, c3} is disjoint with
{c7, c8, c9}, it follows that any pair of non-disjoint hyperedges can be replaced
by two equivalent edges that are disjoint.

Corollary 4.4.2. CSP(A 6=6= 6=, R 6=6=6=
1/3 ), where A is the set of structures with

3-disjoint dual constraint graphs, is NP-complete.

We can also immediately prove something stronger. Say that a graph is
thin if any two nodes share at most one variable.

Theorem 4.4.4. CSP(A,R1/3), where A is the set of structures with thin,
3-disjoint dual constraint graphs, is NP-complete.

Proof. This is an immediate corollary to the previous theorem since no two
constraints in the reduction share more than one variable.

Corollary 4.4.3. CSP(A 6=6= 6=, R 6=6=6=
1/3 ), where A is the set of structures with

thin, 3-disjoint dual constraint graphs, is NP-complete.

The hyperedges in the dual constraint graph are now completely disjoint.
To simplify the structure even further we must therefore focus on the remain-
ing variables of degree 2. The variables that connect a hyperedge to the rest
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A

Figure 4.2: Dual constraint graph visualizing an interface variable that con-
nects the hyperedge {A,B,C} to the rest of the graph.

of the graph are of special interest since they form an interface between the
hard subgraph and the rest of the graph.

De�nition 4.4.3. (interface variable) Let G be a 3-disjoint dual con-
straint graph of a CSP-instance. A variable x is an interface variable if it
occurs in exactly two edges in G of cardinality 2 and 3.

Theorem 4.4.5. CSP(A, R1/3), where A is the set of structures with thin,
3-disjoint dual constraint graphs, where each hyper edge contains one 3-
occurrence variable and two interface variables, is in P .

Proof. By a previous argument we know that subgraphs of rank 2 can be
solved in polynomial time with matching. Whence only edges of cardinality
3 pose a problem. But since such an edge have only two interface variables
there will be one constraint which is completely isolated from the rest of the
graph, which means that we can easily determine the value of x.

Corollary 4.4.4. CSP(A 6=6= 6=, R 6=6=6=
1/3 ), where A is the set of structures with

thin, 3-disjoint dual constraint graphs, where each hyper edge contains one
3-occurrence variable and two interface variables, is in P .

Theorem 4.4.6. CSP(A, R1/3), where A is the set of structures with thin, 3-
disjoint dual constraint graphs where each hyper edge contains one 3-occurrence
variable and 3 interface variables, is NP-complete.

Proof. Reduction from the problem in Theorem 4.4.4. We must prove that
it is still possible to form equivalence chains. Assume that the constraints
(x, v, 0), (x′, v, 0), (x′, a, b), (x′, v′, 0), (x′′, v′, 0) are part of an equivalence chain.
Furthermore assume that both a and b are interface variables. Then the to-
tal number of interface variables for x′ is 4. Hence we need a reduction
that reduces the number of interface variables by one, while maintaining the
relationship between x′, a and b.
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Replace the original constraints with (x, v, 0), (y, v, 0), (y, z, 0), (x′, z, 0), (x′, w, 0),
(w′, w, 0), (w′, a, b), (x′, v′, 0), (y′, v′, 0), (y′, z′, 0), (x′′, z′, 0). Now the con-
straints with x′ has exactly 3 interface variables, and since x = ¬v = y =
¬z = x′ = ¬v′ = y′ = ¬z′ = x′′, the new constraints are satis�able under
exactly the same circumstances.

Corollary 4.4.5. CSP(A 6=6= 6=, R 6=6=6=
1/3 ), where A is the set of structures with

thin, 3-disjoint dual constraint graphs where each hyper edge contains one
3-occurrence variable and 3 interface variables, is NP-complete.
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Chapter 5

Sub-exponential problems and

ETH

5.1 Introduction

So far we have only been interested in reductions that preserve exact complex-
ity. Another class of reductions is reductions that preserve sub-exponential
complexity. An important open question is whether there exists an NP-
complete problem that can be solved in sub-exponential time. Intuitively,
this means that there is nothing that limits an exponential algorithm from
getting closer and closer to a polynomial algorithm.

De�nition 5.1.1. A relation R is sub-exponential if CSP(R) is solvable in
O(2nε) for all ε > 0.

Abusing notation, we will sometimes instead say that CSP(R) is sub-
exponential. The exponential-time hypothesis (ETH) is an unresolved hy-
pothesis �rst posed by Impagliazzo and Patur [18] which states that k-SAT
is not sub-exponential for k ≥ 3. If true, P 6= NP. If false, we cannot say
that P = NP, but at least that there is no sharp limit between exponential
and polynomial algorithms. The introduction of weak bases and the con-
cept of problems that are not harder than any other problems does however
make ETH somewhat inconclusive. Since CSP(R 6= 6=6=

1/3 ) is not harder than any
other NP-complete Boolean CSP by Theorem 3.5.2 it follows that R 6=6=6=

1/3 is
sub-exponential if and only if there exist a sub-exponential and NP-complete
Boolean relation.

Theorem 5.1.1. The following statements are equivalent:

• R 6=6=6=
1/3 is sub-exponential.
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• There exists an NP-complete Boolean relation R that is sub-exponential.

Could it be the case that k-SAT is not sub-exponential but that R 6=6=6=
1/3

is sub-exponential? As we shall see later, the answer to this is negative: if
there exist one Boolean language that is sub-exponential and NP-complete
then all �nite Boolean languages are sub-exponential. This can formally be
stated as:

Theorem 5.1.2. The following statements are equivalent:

• There exists an NP-complete and �nite Boolean language Γ that is sub-
exponential.

• All �nite Boolean languages ∆ are sub-exponential.

The outline of the proof of Theorem 5.1.2 is as follows:

• All k-SAT formulas can be represented as a disjunction of linear-size
k-SAT formulas.

• All languages can be linearly reduced to k-SAT, for some k.

• Hence all NP-complete Boolean languages can be represented as a dis-
junction of linear-size formulas.

• If Γ is sub-exponential and all CSP(∆) instances can be reduced to a
disjunction of linear-size CSP(Γ) instances, then ∆ is sub-exponential.

In the process we shall need to prove a stronger version of Impagliazzo's
[19] sparsi�cation lemma for k-SAT, namely that all �nite and NP-complete
Boolean languages can be sparsi�ed into each other.

5.2 Preliminaries

We begin by giving a de�nition of a linear reduction. The point of the de�-
nition is that it is the strongest reduction that preserves sub-exponentiality.
While the latter statement is also true for reductions that utilize frozen im-
plementations, the linearity restriction uni�es a larger class of languages,
allowing us to compare languages that were previously incongruous.

De�nition 5.2.1. Let Γ and ∆ be two �nite Boolean languages and φ
a CSP(Γ) instance with n variables. A total function f from CSP(Γ) to
CSP(∆) is a many-one linear variable reduction, or an LV-reduction, if:
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1. φ is satis�able if and only if f(φ) is satis�able,

2. the number of variables in f(φ), n′, is only increased by a linear amount,
i.e. there exists a �xed constant C such that n′ ≤ Cn, and

3. f(φ) can be computed in O(poly(n)) time.

Note that while the number of variables introduced is critical, the actual
running time of the reduction is of less importance. In practice it is su�cient
that a sub-exponential algorithm for one problem can be used to solve the
other problem in sub-exponential time. In the proofs that rely on sparsi�ca-
tion we shall also make heavy use of repeated applications of LV-reductions.
These can be seen as Turing reductions where an algorithm for one of the
problems is used as an oracle for solving the other. The de�nition of an
LV-reduction should be compared to the complex but more general class of
SERF-reductions from Impagliazzo et al. [19].

Theorem 5.2.1. Let Γ and ∆ be two �nite languages such that CSP(Γ)
is sub-exponential and NP-complete. If there exists an LV-reduction from
CSP(∆) to CSP(Γ), then CSP(∆) is sub-exponential.

Proof. Assume that CSP(∆) can be solved in time O(cn) but not in O(cnε),
for any ε > 0. Since CSP(Γ) is sub-exponential it can be solved in time
O(cεn) for all ε > 0. Assume that the LV-reduction from CSP(∆) to CSP(Γ)
requires a constant amount of m extra variables so that each instance has
n ·m variables. This will however make CSP(∆) solvable in time O(c(nm)ε)
for all ε > 0, contradicting the assumption.

Just as in Chapter 4 we let CSP(Γ)-k denote the CSP(Γ) problem with
the additional structural restriction that a variable is allowed to occur in
at most k constraints. This restriction is of particular interest since, for all
languages Γ such that CSP(Γ) is NP-complete, CSP(Γ)-k is NP-complete for
some k. The intuition behind the proof is that all NP-complete languages
allows us to lower the degree of a variable by using a chain of equivalent
variables in its place.

Theorem 5.2.2. [22] For any �xed Γ such that CSP(Γ) is NP-complete there
is an integer k such that CSP(Γ)-k is NP-complete.

The e�ect is that a CSP(Γ)-k instance has a rather small amount of
constraints since no variable can occur in more than k constraints.

Lemma 5.2.1. Let Γ be a �nite Boolean language and φ an instance of
CSP(Γ)-k with n variables. Then φ has at most n · k constraints.
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Proof. Immediate: since φ has n variables of degree k the maximum amount
of constraints is bounded by n · k.

This is useful since primitive positive de�nitions works on a constraint-
per-constraint basis such that the total amount of new variables is determined
by the number of constraints. It is therefore always possible to linearly reduce
a CSP(Γ)-k instance to an instance of a language that can implement Γ.

Lemma 5.2.2. Let Γ and ∆ be two �nite Boolean languages such that
CSP(Γ) and CSP(∆)-k are NP-complete for some k. If ∆ ⊆ 〈Γ〉, then
CSP(∆)-k is LV-reducible to CSP(Γ).

Proof. Let φ be a CSP(Γ′)-k instance with n variables. Since each vari-
able can occur in at most k constraints there cannot be more than n · k
constraints in total by Lemma 5.2.1. Each such constraint is of the form
γ(x1, . . . , xi), γ ∈ Γ′. By assumption γ can then be expressed as a conjunc-
tion of constraints from Γ ∪ {=} with a set of existentially quanti�ed vari-
ables: ∃y1, . . . , yj

∧
ψ(Y ), where each ψ ∈ Γ ∪ {=} and Y ⊆ {x1, . . . , xi} ∪

{y1, . . . , yj}.
Hence the number of extra variables for each constraint depends on the

relations from Γ′. Let t denote the largest amount of variables that is required
for implementing a constraint. In the worst case the total amount of new
variables in the reduction is then (n · k)t, which is linear with respect to n
since k and t are �xed values.

Since the reduction only increases the amount of variables with a linear
factor it is indeed an LV-reduction, which concludes the lemma.

If CSP(Γ) could be linearly reduced to CSP(Γ)-k, for some k such that
CSP(Γ)-k is NP-complete, then this would be su�cient in order to prove
the main theorem. Unfortunately there is nothing that prevents an arbitrary
CSP(Γ) instance from having an exponential number of constraints compared
to the number of variables. This is where sparsi�cation enters the picture:
there is no a priori reason why an instance with a large number of constraints
would be harder to solve than a smaller instance since branching on a vari-
able of high degree determines a larger part of the instance. But since a
variable can be either true or false it is not su�cient to simply choose one
of the interpretations. Instead, given a CSP(Γ) instance φ, we shall create
a disjunction of possible interpretations such that φ =

∨
φi. This can be

done by repeatedly branching on variables of high degree and removing the
a�ected constraints, until no variable in each disjunction occurs more than
a constant number of times. We thus de�ne sparsi�cation between �nite
languages accordingly.
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De�nition 5.2.2. Let Γ and ∆ be two �nite Boolean languages. We say
that Γ is sparsi�able into ∆ if, for all ε > 0 and for all CSP(Γ) instances
φ (with n variables), φ can be expressed by a disjunctive formula

∨t
i=1 φi,

where:

1. φ is satis�able if and only if at least one φi is satis�able,

2. k is a constant that only depends on ε, Γ and ∆,

3. φi is a CSP(∆)-k instance,

4. t ≤ 2εn, and

5.
∨t
i=1 φi can be computed in O(poly(n) · 2εn) time.

Note that nothing in the de�nition says that Γ and ∆ cannot be the same
language. If so, we simply say that Γ is sparsi�able. The full algorithm
for k-SAT and k-hitting set1can be found in [19] but are summarized in the
following lemma.

Lemma 5.2.3. (sparsi�cation lemma for k-SAT) k-SAT is sparsi�able.

We will now prove that the same holds for all �nite and NP-complete
Boolean languages Γ by proving that sparsi�cation is possible both when
〈Γ〉 = BR and when 〈Γ〉 = IN2 . To do this we �rst need to de�ne k-SAT
and not-all-equal-k-SAT (NAE-k-SAT) in the CSP notation introduced in
Chapter 2. This is straightforward except when it comes to negation, which
needs some extra care: let the sign pattern of a constraint γ(x1, . . . , xk) be
the tuple (s1, . . . , sk), where si = + if xi is unnegated, and si = − if xi is
negated. For each sign pattern we can then associate a relation that captures
the satisfying assignments of the constraint. For example, the sign pattern
of the NAE-3-SAT constraint RNAE(x,¬y,¬z) is the tuple (+,−,−), and its
associated relation is R(+,−,−)

NAE = {0, 1}3 \ {(1, 0, 0), (0, 1, 1)}. More generally,
we use Γk

NAE to denote the corresponding language of not-all-equal relations
(with all possible sign patterns) of length k. If φ is a CSP(Γk

NAE) instance we
use γk

NAE(x1, . . . , xk) to denote a constraint in φ, where each xi is unnegated or
negated. In the same manner we use Γk

SAT to denote the language consisting
of all k-SAT relations of length k.

1The term k-vertex cover is used in the article instead of k-hitting set, which normally

denotes a related but di�erent problem.
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5.3 Sparsi�cation in BR

We will �rst prove that all languages Γ can be linearly reduced to k-SAT. In
order to prove that sparsi�cation is possible between all NP-complete, �nite
languages we then prove that Γk

NAE is sparsi�able, and that all NP-complete
languages in BR and IN2 can be sparsi�ed by reducing them to either Γk

SAT

or Γk
NAE.

Lemma 5.3.1. Let Γ be a �nite Boolean language. Then CSP(Γ) is LV-
reducible to CSP(Γk

SAT), for some k dependent on Γ.

Proof. Let γ ∈ Γ be a relation with arity p and φ an instance of CSP(Γ) with
n variables. By de�nition, γ = {0, 1}p r E, where E is a set of p-ary tuples
over {0, 1} that describes the excluded tuples in the relation.

Let |E| = N and e1, . . . , eN ∈ E be an enumeration of its elements. Let
ei = (bi,1, . . . , bi,p), bi,j ∈ {0, 1}.

If γ(x1, . . . , xp) is a constraint in φ it can be expressed by the CSP(Γp
SAT)

formula φ1 ∧ . . . ∧ φN , where each φi = γp
SAT(y1, . . . , yp), and yj = xj if bi,j

is 0, and yj = ¬xj if bi,j is 1. Each constraint represents exactly one of the
excluded tuples in γ, and as such the formula as a whole is satis�able if and
only if γ(x1, . . . , xp) is satis�able. The same prodecure can be repeated for
all the other relations in Γ. Moreover, since no extra variables are introduced
and the number of new constraints are bounded by Γ, the reduction is an
LV-reduction.

This is everything that is needed to prove the sparsi�cation lemma for
BR. Any instance of a language that generates BR can �rst be LV-reduced
to k-SAT, sparsi�ed, and then be reduced back.

Lemma 5.3.2. (sparsi�cation lemma for BR) Let Γ be a �nite Boolean
language such that 〈Γ〉 = BR. Then CSP(Γ) is sparsi�able.

Proof. Let p denote the highest arity of a relation in Γ. If φ is a CSP(Γ)
instance with n variables it can be reduced to a CSP(Γp

SAT) instance φ
′ with

the same number of variables by Lemma 5.3.1. Then, according to the sparsi-
�cation lemma for k-SAT, there exists a disjunction of CSP(Γk

SAT)-l formulas
such that φ′ =

∨t
i=1 φi. Since 〈Γ〉 = BR, each φi can be implemented as a

conjunction of constraints over Γ with a linear amount of extra constraints
and variables. Let φ′i denote each such implementation. Then φ′i is an in-
stance of CSP(Γ)-l′, for some l′ determined by l and Γ. Hence CSP(Γ) is
sparsi�able.
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5.4 Sparsi�cation in IN2

We now want to prove that the sparsi�cation is possible for all NP-complete
Boolean languages. According to the Post lattice and Schaefer's dichotomy
theorem from Section 3.2 the only other co-clone that has to be considered is
IN2 . Recall that IN2 is the set of Boolean relations closed under complement.
As such the canonical base is not SAT, but NAE-SAT. The following sparsi-
�cation lemma for NAE-k-SAT is more complex than the lemma for k-SAT
since an extra layer of reductions are needed in order to go back-and-forth
from NAE-k-SAT to k-SAT.

Lemma 5.4.1. (sparsi�cation lemma for NAE-k-SAT) Γk
NAE is spar-

si�able.

Proof. Let φ be a CSP(Γk
NAE) instance with n variables. If γk

NAE(x1, . . . , xk)
is a constraint from φ it can be veri�ed that it is satis�able if and only if
γk

SAT(x1, . . . , xk)∧ γk
SAT(¬x1, . . . ,¬xk) is satis�able. We can therefore form an

equivalent CSP(Γk
SAT) instance ψ by adding the complement of every γk

NAE-
constraint. By the sparsi�cation lemma for k-SAT, it then follows that ψ can
be sparsi�ed into the disjunctive formula

∨t
i=1 ψi. We must now prove that

each ψi is reducible to an equivalent CSP(Γk
NAE)-l instance, for some constant

l that does not depend on n.
For simplicity, we shall �rst reduce each disjunct to CSP(Γk+1

NAE). For each
constraint γk

SAT(x1, . . . , xk) ∈ ψi we let γk+1
NAE(x1, . . . , xk, X) be the correspond-

ing γk+1
NAE-constraint, where X is a fresh variable common to all constraints.

Let ψ′i be the resulting CSP(Γ
k+1
NAE) instance. Then ψi is satis�able if and only

if ψ′i is satis�able: if ψi is satis�able, then ψ
′
i is satis�able with X = 0; if ψ′i

is satis�able we may assume that X = 0 since the complement of each valid
assignment is also a valid assignment. But then each constraint has at least
one literal that is not 0, by which it follows that ψi must be satis�able.

Since ψ was sparsi�ed, the degree of the variables in ψi is bounded by
some constant C. Hence X cannot occur in more than C · n constraints.
We now prove that the degree of X can be reduced to a constant value.
Since 〈Γk+1

NAE〉 = IN2 we can implement an equality relation that has the form
Eq(x, y) ≡ ∃z1, . . . , zT .θ, where θ is a conjunction of constraints over Γk+1

NAE.
Let V denote the highest degree of any variable in θ. We may without loss of
generality assume that 2V < C since we can otherwise adjust the ε-parameter
in the sparsi�cation process.

To decrease the degree of X we introduce the fresh variables X ′1, . . . , X
′
W

in place of X and the following chain of equality constraints: Eq(X,X ′1) ∧
Eq(X ′1, X

′
2)∧ . . .∧Eq(X ′W−1, X ′W ). Let the resulting formula be ψ′′i . Then ψ

′
i

is satis�able if and only if ψ′′i is satis�able since X = X ′1 = . . . = X ′W in all
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models. Then W = C·n
C−2V new variables are needed since each X ′i can occur

in C − 2V additional constraints. Since each equality constraint requires
T variables the whole equality chain requires C·n·T

C−2V variables which is linear
with respect to n since T , C and V are constants.

But since 〈Γk+1
NAE〉 = 〈Γk

NAE〉 = IN2 and no variable occurs more than C
times we can use Lemma 5.2.2 and LV-reduce ψ′′i to an equivalent CSP(Γk

NAE)
instance φi. Since all variables in ψ′′i are degree bounded by C there exists
a constant l determined by C and Γk

NAE such that no variable in φi occurs in
more than l constraints, i.e. φi is an instance of CSP(Γk

NAE)-l. It now follows
that φ is satis�able if and only if at least one of the disjuncts φi is satis�able.
Hence Γk

NAE is sparsi�able.

The rest of the proof follow the same structure as the sparsi�cation lemma
for BR. We prove that all bases of IN2 can be LV-reduced to NAE-k-SAT,
sparsi�ed, and then converted back into the original language.

Lemma 5.4.2. Let Γ be a �nite Boolean language such that 〈Γ〉 = IN2 .
Then CSP(Γ) is LV-reducible to CSP(Γk

NAE), for some k dependent on Γ.

Proof. Let φ be an instance of CSP(Γ) with n variables, and let γ ∈ Γ be a
relation with arity p. By de�nition, γ = {0, 1}prE, where E is a set of p-ary
tuples over {0, 1} that describes the excluded tuples in the relation. Since
all relations in Γ must be closed under complement we can partition E into
E1 and E2 where each tuple in E2 is the complement of a tuple in E1.

Let |E1| = |E2| = N and e1, . . . , eN be an enumeration of the elements in
E1. Let ei = (bi,1, . . . , bi,p), bi,j ∈ {0, 1}.

If γ(x1, . . . , xp) is a constraint in φ it can be expressed by the CSP(Γp
NAE)

formula ψ1 ∧ . . . ∧ ψN , where each ψi = γp
NAE(y1, . . . , yp), and yj = xj if bi,j

is 0, and yj = ¬xj if bi,j is 1. Each such constraint represents one of the
excluded tuples in E1 and one of the excluded tuples in E2, and as such the
formula as a whole is satis�able if and only if γ(x1, . . . , xp) is satis�able. The
same procedure can be repeated for all the other relations in Γ. Moreover,
since no extra variables are introduced and the number of new constraints is
bounded by Γ, the reduction is an LV-reduction.

Lemma 5.4.3. (sparsi�cation lemma for IN2) Let Γ be a �nite Boolean
language such that 〈Γ〉 = IN2 . Then CSP(Γ) is sparsi�able.

Proof. Analogous to the proof of Lemma 5.3.2.
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5.5 General sparsi�cation

A �nite Boolean language Γ is NP-complete if and only if 〈Γ〉 = BR or
〈Γ〉 = IN2 . Since sparsi�cation is possible in both cases all that needs to be
done is to check if Γ is closed under complement. If so, 〈Γ〉 = IN2 , and we can
use Theorem 5.4.3. Otherwise 〈Γ〉 = BR and Theorem 5.3.2 is applicable.

Theorem 5.5.1. (sparsi�cation for all �nite NP-complete Boolean
languages) Let Γ be a �nite Boolean language such that CSP(Γ) is NP-
complete. Then CSP(Γ) is sparsi�able.

Proof. Since CSP(Γ) is NP-complete either 〈Γ〉 = BR or 〈Γ〉 = IN2 . Both
these cases follow from Lemma 5.3.2 and Lemma 5.4.3.

But we can prove something even stronger, namely that all �nite and NP-
complete Boolean languages can be sparsi�ed into each other, irregardless of
whether they belong to BR or IN2 .

Theorem 5.5.2. (sparsi�cation between all �nite NP-complete Boolean
languages) Let Γ and ∆ be two �nite Boolean language such that CSP(Γ)
and CSP(∆) are NP-complete. Then CSP(Γ) is sparsi�able into CSP(∆).

Proof. There are a few di�erent cases depending on which co-clones that are
generated by Γ and ∆.

1. 〈Γ〉 = 〈∆〉 = BR.

2. 〈Γ〉 = 〈∆〉 = IN2 .

3. 〈Γ〉 = IN2 , 〈∆〉 = BR.

4. 〈Γ〉 = BR, 〈∆〉 = IN2 .

The �rst, second and third case proceed analogous to the proofs of Lemma
5.3.2 and 5.4.3. The only problematic case is when ∆ generates a weaker co-
clone than Γ. In the remainder of the proof we therefore assume that 〈Γ〉 =
BR and 〈∆〉 = IN2 .

Let φ be a CSP(Γ) instance with n variables and ψ =
∨t
i=1 ψi its equiva-

lent disjunction of sparsi�ed SAT(Γk
SAT)-l instances. Using the same technique

as in the proof of Lemma 5.4.1 we can reduce each ψi to a SAT(Γk+1
NAE)-l

′ in-
stance ψ′i such that no variable occurs in more than l′ constraints. But since
〈Γk+1

NAE〉 = 〈∆〉 = IN2 we can use Lemma 5.2.2 to linearly reduce ψ′i to an
equivalent CSP(∆)-l′′ instance φi, from which it follows that Γ is sparsi�able
into ∆.
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Santhanam and Srinivasan [28] have shown that the unrestricted SAT
problem (which corresponds to an in�nite constraint language) does not ad-
mit sparsi�cation to arbitrary �nite NP-complete languages. Consequently,
it is a necessary condition that the languages in Theorem 5.5.2 are indeed
�nite.

5.6 The proof

With the general sparsi�cation result available the proof of Theorem 5.1.2
follows rather easily. If there exists one NP-complete and �nite Boolean
language Γ that is sub-exponential, all CSP(∆) instances can be reduced to
a disjunction of CSP(Γ)-k instances such that a sub-exponential algorithm
for CSP(Γ) can be used to solve CSP(∆) in sub-exponential time.

Proof. (Theorem 5.1.2) Only the �rst implication is non-trivial. Assume
that there exists a �nite Boolean language ∆ such that CSP(∆) is NP-
complete but not sub-exponential. Let φ be a CSP(∆) instance with n
variables. Then, according to Theorem 5.5.2, φ can be sparsi�ed so that
φ =

∨t
i=1 φi, where each φi is a CSP(Γ)-k instance. But then we can use

a sub-exponential algorithm for CSP(Γ) and answer yes if and only if at
least one φi is satis�able. This can be done in sub-exponential time since
t ≤ 2εn for all ε > 0. Since this contradicts the assumption that ∆ was
not sub-exponential it follows that all �nite Boolean languages are sub-
exponential if and only if one NP-complete and �nite Boolean language is
sub-exponential.

There is also a connection with the exponential-time hypothesis. If there
exists one NP-complete and �nite Boolean language that is sub-exponential,
all �nite and NP-complete Boolean languages are sub-exponential, which
falsi�es the assumption that k-SAT is not sub-exponential.

Theorem 5.6.1. The following statements are equivalent:

• There exists an NP-complete and �nite Boolean language Γ that is sub-
exponential.

• The exponential-time hypothesis is false.

Proof. For the �rst implication, assume that Γ is sub-exponential. Then by
Theorem 5.1.2 all �nite and NP-complete languages are sub-exponential. In
particular, k-SAT is sub-exponential, which means that ETH is false.
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For the second implication we assume that ETH is false. Then k-SAT
is sub-exponential which trivially implies the existence of a sub-exponential
language.

Since the proofs use sparsi�cation the variables in each disjunctive in-
stance are of bounded degree. We can therefore strengthen the previous
theorem by observing that it is su�cient that there exists some large enough
k such that CSP(Γ)-k is sub-exponential, for ETH to be false.

Theorem 5.6.2. The following statements are equivalent:

• There exists an NP-complete and �nite Boolean language Γ such that
CSP(Γ)-k is sub-exponential for all k such that CSP(Γ)-k is NP-complete.

• The exponential-time hypothesis is false.

Proof. The �rst implication is hardest. Assume that SAT(Γ) is NP-complete
and that SAT(Γ)-k is sub-exponential for all k. According to Theorem 5.5.2),
any instance of SAT(Γk

SAT) can be expressed as a disjunction of SAT(Γ)-l
instances for some constant l. But since SAT(Γ)-k is sub-exponential for all
k we can simply use a sub-exponential algorithm for SAT(Γ)-l and answer
yes if and only if at least one of the disjuncts is satis�able.

The other direction is easier. By Theorem 5.1.2 the assumption that ETH
is false is equivalent to that all �nite Boolean languages Γ such that CSP(Γ)
is NP-complete are sub-exponential. But if CSP(Γ) is sub-exponential then
so is CSP(Γ)-k for all k.

The converse of this theorem is more interesting. Assume that ETH
is true. Then there does not exist a �nite Boolean language Γ, such that
CSP(Γ)-k is sub-exponential for all k such that CSP(Γ)-k is NP-complete.
This is equivalent to: for all �nite Boolean language Γ, there exist a k such
that CSP(Γ)-k is NP-complete but not sub-exponential.

The universal quanti�er in the theorem is somewhat unsatisfactory since
it leaves open the possibility that there exists a �nite Boolean language Γ such
that CSP(Γ)-k is sub-exponential and NP-complete for some small value of
k, but where it is not possible to LV-reduce even a sparse CSP(Γ) instance to
a CSP(Γ)-k instance. The proof of the non-existence of such languages is not
likely to be trivial. But we can prove that CSP(R 6=6= 6=

1/3 )-k is sub-exponential
for the smallest k such that CSP(R 6=6=6=

1/3 )-k is NP-complete, if and only if ETH
is false. Due to Theorem 4.3.4 we know that CSP(R 6=6=6=

1/3 )-k is NP-complete
even for k = 2.

37



C1C2
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C6

C9 C8 C7

Figure 5.1: Replacing a high-occurence variable with a chain of equivalent
complementary variables � before. A dashed line indicates that two con-
straints share a variable in position 1, 2 or 3.

Theorem 5.6.3. The following statements are equivalent:

• CSP(R 6=6=6=
1/3 )-2 is sub-exponential.

• The exponential-time hypothesis is false.

Proof. For the �rst direction, we assume that ETH is false. Then, according
to Theorem 5.6.1, all NP-complete and �nite Boolean languages are sub-
exponential. In particular, CSP(R 6=6=6=

1/3 ) is sub-exponential, and hence also
CSP(R 6=6=6=

1/3 )-2 since the latter can be trivially reduced to the former.
For the other direction, we assume that ETH is true, and hence that

SAT(R 6=6=6=
1/3 ) is not sub-exponential. We prove that SAT(R 6=6=6=

1/3 )-2 cannot be
sub-exponential either since this implies that SAT(R 6=6=6=

1/3 ) is sub-exponential.
We will do this by giving a polynomial Turing reduction from CSP(R 6=6=6=

1/3 ) to
CSP(R 6=6=6=

1/3 )-2.
Let φ be a SAT(R 6=6=6=

1/3 ) instance with n variables. Due to Theorem 5.5.2
there exists a disjunction of SAT(R 6=6=6=

1/3 )-l instances such that φ =
∨t
i=1 φi,

where l is a constant that does not depend on n. Next assume that x is a
variable in φi that occurs in 2 < k ≤ l constraints. Since this is not a valid
SAT(R 6=6=6=

1/3 )-2 instance the degree of x must be lowered to 2.
Call two variables in an R 6=6=6=

1/3 -constraint complementary if one occurs in
position i = 1, 2 or 3, and the other in position i+3. It is easily veri�ed that
variables ful�lling this constraint are indeed each other's complement. Let
C1, . . . , Ck be an enumeration of the constraints that contains x. Without
loss of generality we may assume that x always occur in position 1 and that
it has a single complementary variable x′ which occurs in position 4 in the
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Figure 5.2: Replacing a high-occurence variable with a chain of equivalent
complementary variables � after. A dashed line indicates that two con-
straints share a variable in positition 1, 2 or 3; and a straight line that they
share a variable in position 4, 5 or 6.

same k constraints. For each three constraints,
Ci−1 = R 6=6=6=

1/3 (x, yi−1, zi−1, x
′, y′i−1, z

′
i−1),

Ci = R 6=6=6=
1/3 (x, yi, zi, x

′, y′i, z
′
i), and

Ci+1 = R 6=6=6=
1/3 (x, yi+1, zi+1, x

′, y′i+1, z
′
i+1),

we can then lower the degree of x and x′ by introducing the constraints
C ′i−1, C

′
i, and C

′
i+1, which we de�ne such that

C ′i−1 = R 6=6=6=
1/3 (x, yi−1, zi−1, x

′, y′i−1, z
′
i−1),

C ′i = R 6=6=6=
1/3 (x, yi, zi, x

′′, y′i, z
′
i), and

C ′i+1 = R 6=6=6=
1/3 (x′′′, yi+1, zi+1, x

′′, y′i+1, z
′
i+1).

Here, x′′ and x′′′ are fresh variables. Since the new variables occur in the
same complementary positions it follows that x = x′′′ = ¬x′ = ¬x′′, and
that Ci−1, Ci, Ci+1 are satis�able if and only if C ′i−1, C

′
i, C

′
i+1 are satis�able.

If the procedure is repeated iteratively for all C1, . . . , Ck the degree of x or
any newly introduced variable in C ′1, . . . , C

′
k is at most 2. Let φ′i denote the

formula obtained when the procedure is repeated for all variables occurring
k times, 2 < k ≤ l. The total number of variables needed is then bounded
by the linear expression l′n, where l′ is a constant determined by l.

Since no variable in φ′i occurs in more than two constraints, we can then
use a sub-exponential algorithm for SAT(R 6=6=6=

1/3 )-2, and answer yes if and
only if at least one φ′i is satis�able. Hence SAT(R

6=6=6=
1/3 ) is sub-exponential if

SAT(R 6=6=6=
1/3 )-2 is sub-exponential. But since we assumed that SAT(R 6=6=6=

1/3 ) was
not sub-exponential it follows that SAT(R 6=6=6=

1/3 )-2 cannot be sub-exponential
either.
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If we combine the theorems related to ETH we get the following equivalent
statements.

Corollary 5.6.1. The following statements are equivalent:

• There exists an NP-complete and �nite Boolean language Γ such that
CSP(Γ) is sub-exponential.

• There exists an NP-complete and �nite Boolean language Γ such that
CSP(Γ)-k is sub-exponential for all k such that CSP(Γ)-k is NP-complete.

• CSP(R 6=6=6=
1/3 ) is sub-exponential.

• CSP(R 6=6=6=
1/3 )-2 is sub-exponential.

• The exponential-time hypothesis is false.

If we instead assume that ETH is true we get the following equivalent
statements.

Corollary 5.6.2. The following statements are equivalent:

• There does not exist an NP-complete and �nite Boolean language Γ
such that CSP(Γ) is sub-exponential.

• For all Boolean and �nite languages Γ such that CSP(Γ)-k is NP-
complete, there exists a k such that CSP(Γ)-k is NP-complete but not
sub-exponential.

• CSP(R 6=6=6=
1/3 ) is not sub-exponential.

• CSP(R 6=6=6=
1/3 )-2 is not sub-exponential.

• The exponential-time hypothesis is true.
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Chapter 6

Algorithms

6.1 Introduction

By combining the results from Chapter 3, 4 and 5 we get that CSP(R 6=6=6=
1/3 )

is the easiest NP-complete Boolean constraint satisfaction problem, and fur-
thermore that the exponential-time hypothesis is false if and only if CSP(R 6= 6=6=

1/3 )-
2 is sub-exponential. By constructing algorithms for these problems we can
therefore get closer to the potential limits in worst-case running time if the
exponential-time hypothesis is true.

Most algorithms for exact satis�ability use a technique known as branch-
and-reduce. As the name suggests, this works by branching on the di�erent
values of a variable, and � depending on the assignment � reducing as many
other variables as possible. For example, if x,y and z all occur together in
a constraint and x is assigned the value 1, then it necessarily follows that
y = z = 0, and that we can proceed by analyzing the constraints containing
y and z. But if x = 0, we only know that y 6= z, and have only reduced 2
variables. Put together this gives a recurrence equation that can be solved
by �nding the smallest positive solution to 1/x2 + 1/x = 1. In the general
case this solution is denoted by τ(a, b) if the two assignments respectively
eliminate a and b variables, or in other words, has a branching vector of
(a, b). In algorithms for exact satis�ability the main challenge is therefore to
get good and balanced branching vectors.

6.2 General algorithm

The algorithm for CSP(R 6=6=6=
1/3 ) will follow the general branch-and-reduce struc-

ture. Two challenges are involved. First, it is desirable to preprocess the con-
straints and eliminate tedious special cases; second, we must do a complexity
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analysis of each case that can arise since the case with the worst branching
vector decides the complexity of the whole algorithm.

A corresponding 1/3SAT-algorithm can be found in e.g. [1]. The di�er-
ence lies mainly in how negation is handled: there is no need for a special
negation operator in CSP(R 6=6=6=

1/3 ) since the three extra variables in each con-
straint are the complements of the three �rst. In 1/3SAT, an (a, b)-occurrence
of a variable x means that x occurs a times unnegated and b times negated.
It is possible to de�ne (a, b)-occurrences for CSP(R 6=6=6=

1/3 ) in a similar man-
ner, but at the price of some additional reduction rules and a slightly more
complex branching analysis.

De�nition 6.2.1. Two variables x and y in a R 6=6=6=
1/3 -formula are comple-

mentary if there exists a constraint such that one of them occur in position
i ∈ {1, 2, 3} and the other in position i+ 3.

De�nition 6.2.2. A variable x in a R 6=6=6=
1/3 -constraint C is a left-hand variable

if it occurs in position 1, 2 or 3. Symmetrically, x is a right-hand variable if
it occurs in position 4, 5 or 6.

De�nition 6.2.3. An (a, b)-occurrence of a variable x in an R 6= 6=6=
1/3 -formula

F means that x occurs a times as a left-hand variable and b times as a
right-hand variable.

6.2.1 Reduction rules

Let F denote the left hand side, CL the �rst positions of current constraint
and CR the last positions of the current constraint. The reduction rules
consists of α- and β-rules. If there is a choice between the two sets of rules,
the α-rule is always given higher priority.

6.2.2 α-rules

1. (x,CL, x
′, CR) ∧ (x,C ′L, x

′′, C ′R) ∧ F ′  F [x′′ ← x′]

2. (x,CL, x
′, CR) ∧ (x′′, C ′L, x, C

′
R) ∧ F ′  F [x′′ ← x′]

3. (x,CL, x
′, CR) ∧ (x′′, C ′L, x

′, C ′R) ∧ F ′  F [x′′ ← x]

4. (x,CL, x
′, CR) ∧ (x′, C ′L, x

′′, C ′R) ∧ F ′  F [x′′ ← x]

The sole purpose of the α-rules is to ensure that there exists a unique
complementary variable for each variable. The β-rules will on the other
hand mainly remove constants and resolve trivial special cases.
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6.2.3 β-rules

1. (0, CL, x, CR) ∧ F ′  (CL, CR) ∧ F ′[x← 1]

The constant 0 on the left hand side and a variable, x, on the corresponding

position in the right hand side means that x gets the value 1.

2. (x,CL, 0, CR) ∧ F ′  (CL, CR) ∧ F ′[CL ← 0, CR ← 1, x← 1]

A variable, x, on the left hand side and the constant 0 in the corresponding

position on the right hand side means that x gets the value 1.

3. (x,CL, 1, CR) ∧ F ′  (CL, CR) ∧ F ′[x← 0]

A variable, x, on the left hand side and the constant 1 in the corresponding

position on the right hand side. This means that x gets the value 0.

4. (0, CL, 1, CR) ∧ F ′  (CL, CR) ∧ F ′

The constant 0 on the left hand side and a 1 on the right hand side.

Remove both and shrink the formula.

5. (0, CL, 0, CR) ∧ F ′  �
If the constant 0 appears in both the left- and right-hand side of the formula

in complementary positions the formula is unsatis�able.

6. (1, CL, 0, CR) ∧ F ′  F ′[CL ← 0, CR ← 1]

If the constant 1 appears in the left-hand side CL must be assigned 0 and

CR 1.

7. (1, CL, 1, CR) ∧ F ′  �
If the constant 1 appears in both the left- and right-hand side of the formula

in complementary positions the formula is unsatis�able.

8. (1, CL, x, CR) ∧ F ′  F ′[CL ← 0, CR ← 1, x← 0]

If the constant 1 appears in the left-hand side of the formula, and x in

the corresponding position in the right-hand side, CL and x are assigned

0, and CR 1.

9. ((x), (x′)) ∧ F ′  F ′[x← 1, x′ ← 0]

A single variable x on the left hand side and a single variable x′ on the

right hand side means that x = 1 and x′ = 0.

10. ((x, y), (x′, y′)) ∧ F ′  F ′[y ← x′, y′ ← x]

Remove constraints with 4 variables and replace y with the complement of

x.

43



11. (x, x, y, x′, x′, y′) ∧ F ′  F [x← 0, x′ ← 1]

If x occurs twice in the left-hand side of the formula it must be assigned

0.

12. (x, x′, y, x′, x, y′) ∧ F ′  F [y ← 0, y′ ← 1]

If x and its complementary variable x′ both occur in the left-hand side of

the formula, the third variable y must be assigned 0.

13. (x,CL, x, CR) ∧ F ′  �
If x is its own complement the formula is unsatis�able.

14. (x, y, z1, x
′, y′, z′1)∧(x, y, z2, x

′, y′, z′2)∧F ′  (x, y, z1, x
′, y′, z′1)∧F ′[z′2 ←

z′1, z2 ← z1]

If two constraints share two variables in the left side the third variables in

the left side are the same.

15. (x, y, z1, x
′, y′, z′1) ∧ (x, y′, z2, x

′, y, z′2) ∧ F ′  F [x← 0, x′ ← 1]

x is assigned 0 if it appears together with y and its complement y′.

16. (x, y, z1, x
′, y′, z′1) ∧ (x′, y′, z2, x, y, z

′
2) ∧ F ′  F [y ← x′]

If y occurs with x and y′ occurs with x′, then y and x are complementary.

17. (x, y, z, x′, y′, z′) ∧ F ′  F [y ← 0]

Where x and y are local. It then follows that a constraint can have at

most two complementary variables that are local to the constraint.

Lemma 6.2.1. A reduced R 6=6=6=
1/3 -formula contains no constants, contains no

2- or 4-constraints, no two constraints have more than 2 variables in com-
mon, and a constraint have at most two local variables. Furthermore, if two
constraints have 2 variables in common, or if a constraint have two local
variables, these variables are complementary.

Proof. That a reduced formula contains no constants follows from β1, . . . β8.
That it contains no 2- or 4-constraints follows from β9 and β10. That no two
constraints have more than two complementary variables follows from β14,
β15 and β16, and, �nally, that a constraint have at most two complementary
local variables follows from β17.

Lemma 6.2.2. Reduction α1 to α4 are sound.

Proof. Since x′ = x′′ the reduced formula will be satis�able under exactly
the same assignments.
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Lemma 6.2.3. Reduction β1 to β17 are sound.

Proof. The validity of β1 to β16 is easily established by elementary logic. β17
is valid since x and y are local to the constraint, with the e�ect that y can
be assigned 0 and x whatever value is needed to satisfy the constraint.

Lemma 6.2.4. The reduction procedures run in time polynomial to the input
formula.

Proof. Since none of the rules increase the number of variables or constraints
the size of the formula during the reduction cannot be larger than the original
formula. Whether an α- or β-rule is applicable can easily be checked in
polynomial time, and when it is applied it always results in a smaller formula
or the empty clause. Hence the whole reduction procedure runs in time
polynomial to the input formula.

General branching

Let x be a variable with an (a, b)-occurrence. In the worst case we then have
the following constraints:

(x, y1, y2, x
′, y3, y4), . . ., (x, y4a−3, y4a−2, x

′, y4a−1, y4a)
(x′, y′1, y

′
2, x, y

′
3, y
′
4), . . ., (x′, y′4b−3, y

′
4b−2, x, y

′
4b−1, y

′
4b)

If x = 1, then x′ = 0, y1 = y2 = . . . = y4a−3 = y4a−2 = 0, y3 = y4 = . . . =
y4a−1 = y4a = 1, y′2 6= y′1, . . ., y

′
4b−2 6= y′4b−3, and y

′
4 6= y′3, . . ., y

′
4b 6= y′4b−1. In

total this determines 1 + 1 + 2a+ 2a+ b+ b = 2 + 4a+ 2b variables.
If x = 0, then x′ = 1, y′1 = y′2 = . . . = y′4b−3 = y′4b−2 = 0, y′3 = y′4 = . . . =

y′4b−1 = y′4b = 1, y2 6= y1, . . ., y4a−2 6= y4a−3, and y4 6= y3, . . ., y4a 6= y4a−1. In
total this determines 1 + 1 + 2b+ 2b+ a+ a = 2 + 4b+ 2a variables.

Put together this gives a branching vector of (2 + 4a+ 2b, 2 + 4b+ 2a).
For a, b ∈ {0, 1, 2, 3, 4, 5} we get the following branching vectors:
(a, b) 0 1 2 3 4 5
0 (4,6) (6,10) (8,14) (10,18) (12,22)
1 (6,4) (8,8) (10,12) (12,16) (14,20) (16,24)
2 (10,6) (12,10) (14,14) (16,18) (18,22) (20,26)
3 (14,8) (16,12) (18,16) (20,20) (22,24) (24,28)
4 (18,10) (20,14) (22,18) (24,22) (26,26) (28,30)
5 (22,12) (24,16) (26,20) (28,24) (30,28) (32,32)
Both (0, 1)-occurrences and (1, 0)-occurrences are obviously trivial since

the dual constraint graph is completely disconnected. To improve the run-
ning time and get a good branching vector we must therefore analyze the
remaining cases and look at the neighborhood of the a�ected constraints.
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Branching on (2, 0)-occurrences

By the reduction rules, this case is at least as hard as (3, 0)-occurrences, since
a chain of equivalent variables will be replaced by a single variable.

Branching on (0, 2)-occurrences

Symmetrical to branching on (2, 0)-occurrences.

Branching on (1, 1)-occurrences

Due to the reduction rules, this case is equivalent to (2, 0)-occurrences, and
hence (3, 0)-occurrences.

Branching on (3, 0)-occurrences

x occurs in three constraints. Due to the reduction rules all yi are distinct.
(x, y1, y2, x

′, y′1, y
′
2), (x, y3, y4, x

′, y′3, y
′
4), (x, y5, y6, x

′, y′5, y
′
6)

To make the problem hard at least three additional yi variables must
appear in two additional constraints. In the worst case we get the following
additional constraints:

(y1, y3, z1, y
′
1, y
′
3, z
′
1), (y2, y5, z2, y

′
2, y
′
5, z
′
2)

If x = 1, then x′ = 0, y1 = y2 = y3 = y4 = y5 = y6 = 0, y′1 = y′2 = y′3 =
y′4 = y′5 = y′6 = 1, z1 = z2 = 1, z′1 = z′2 = 0. In total 1 + 1 + 6 + 6 + 2 + 2 = 18
variables are determined.

If x = 0, then x′ = 1, y2 6= y1, y
′
2 6= y′1, y4 6= y3, y

′
4 6= y′3, y6 6= y5, y

′
6 6= y′5.

In total 1 + 1 + 3 + 3 = 8 variables are determined.
Put together, this gives a branching vector of (18, 8).

Branching on (2, 1)-occurrences

We have the following constraints:
(x, y1, y2, x

′, y′1, y
′
2), (x, y3, y4, x

′, y′3, y
′
4), (x′, y5, y6, x, y

′
5, y
′
6)

To make the problem hard at least three additional yi variables must
appear in two additional constraints. In the worst case we get the following
additional constraints:

(y1, y3, z1, y
′
1, y
′
3, z
′
1), (y2, y5, z2, y

′
2, y
′
5, z
′
2)

If x = 1, then x′ = 0, y1 = y2 = y3 = y4 = 0, y6 6= y5, y′1 = y′2 =
y′3 = y′4 = 1, y′6 6= y′5, z1 = 1, z′1 = 0, , z2 6= y5, z′2 6= y′5. In total
1 + 1 + 4 + 1 + 4 + 1 + 1 + 1 + 1 + 1 = 16 variables are determined.
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If x = 0, then x′ = 1, y2 6= y1, y
′
2 6= y′1, y4 6= y3, y

′
4 6= y′3, y5 = y6 = 0,

y′5 = y′6 = 1, z2 6= y2, z
′
2 6= y′2. In total 1+1+1+1+1+1+2+2+1+1 = 12

variables are determined.
Put together, this gives a branching vector of (16, 12).

Branching on (1, 2)-occurrences

Symmetrical to (2, 1).

Branching on (0, 3)-occurrences

Symmetrical to (3, 0).

Theorem 6.2.1. CSP(−, R 6=6=6=
1/3 ) can be solved in O(1.05795n), where n is

the number of variables.

Proof. By the analysis we know that (3, 0)-branching is the hardest case
and gives a branching vector of (18, 8). This corresponds to a running time
bounded by O(1.05795n).

6.3 Restricted problems

We now give algorithms for two of the restricted problems in Chapter 4.

Theorem 6.3.1. CSP(A, R 6=6=6=
1/3 ), where A is the set of structures with dual

constraint graphs of rank 2, can be solved in O(1.0493), where n is the number
of variables.

Proof. This case is almost identical to (3, 0)-branching but with the di�erence
that we may assume that there exists a chain of complementary variables
which simulates a (3, 0)-occurrence. Hence x occurs in two constraints and
x′′′ in one constraint:

(x, y1, y2, x
′, y′1, y

′
2), (x, y3, y4, x

′′, y′3, y
′
4), (x′′′, y5, y6, x

′′, y′5, y
′
6)

Just as in the general algorithm from Section 6.2 we may assume that a
suitable set of reduction rules have been applied so that all yi are distinct. To
make the problem hard at least three additional yi variables must appear in
two additional constraints. In the worst case we get the following additional
constraints:

(y1, y3, z1, y
′
1, y
′
3, z
′
1), (y2, y5, z2, y

′
2, y
′
5, z
′
2)

If x = 1, then x′′′ = 1, x′ = x′′ = 0, y1 = y2 = y3 = y4 = y5 = y6 = 0,
y′1 = y′2 = y′3 = y′4 = y′5 = y′6 = 1, z1 = z2 = 1, z′1 = z′2 = 0. In total
1 + 2 + 1 + 6 + 6 + 2 + 2 = 20 variables are determined.
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If x = 0, then x′′′ = 0, x′ = x′′ = 1, y2 6= y1, y
′
2 6= y′1, y4 6= y3, y

′
4 6= y′3,

y6 6= y5, y
′
6 6= y′5. In total 1 + 2 + 1 + 3 + 3 = 10 variables are determined.

Put together this gives a branching vector of (20, 10) which gives τ(20, 10) <
1.0493.

Theorem 6.3.2. CSP(A6= 6=6=, R 6=6=6=
1/3 ), where A is the set of structures with

thin, 3-disjoint dual constraint graphs where each hyper edge contains one 3-
occurrence variable and 3 interface variables, can be solved in O(1.002745n),
where n is the number of variables.

Proof. This is the same case as (2, 0)-branching but with some additional
structural restrictions which allows us to infer more information about the
a�ected constraints. Since A 6=6= 6= is a translation of a set of R1/3-structures
we must begin by looking at the corresponding R1/3-instance. Since the
dual constraint graph has rank 3, the hardest case is when x occurs in 3
constraints:

(x, y1, y2), (x, y3, y4), (x, y5, y6)
By using a suitable set of reduction rules we may assume that no yi is

a constant value. Since x occurs with 3 instance variables at least three
variables occur in two additional distinct constraints with at least two new
variables.

(y1, y3, z1), (y2, y5, z2)
If we then apply the reduction described in Theorem 4.4.1 we obtain the

constraints:
(x, y1, y2, x

′, y′1, y
′
2), (x, y3, y4, x

′′, y′3, y
′
4), (x′′′, y5, y6, x

′′, y′5, y
′
6), (y1, y3, z1,

y′1, y
′
3, z
′
1), (y2, y5, z2, y

′
2, y
′
5, z
′
2)

As can be observed this is equivalent to the case in Theorem 6.3.1, and we
therefore get the same branching vector of (20, 10), resulting in τ(20, 10) <
1.0493.

By Theorem 4.3.1 we know that this is the only case that cannot be solved
in polynomial time with matching. But each such case requires 5+5+5 = 15
extra variables. If the total numbers of variables is n, it follows that only n

16

variables require branching. Since 1.0493n/16 < 1.002745 the total running
time is bounded by O(1.002745n).

The interpretation of the theorem is that even though the structural re-
strictions have produced a problem that in some sense represents the hardest
case with the lowest branching vector, the problem can still be solved rather
e�ciently since it requires a large amount of variables and constraints in
order to produce a hard instance.
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Chapter 7

Discussion

The easiest language?

The existence of weak bases have been the driving force behind this thesis.
Since R 6=6=6=

1/3 is easier than all other NP-complete Boolean languages it has
also been the preferred choice for structural restrictions. We have however
not been concerned with if it is the easiest language, or if it is one of many.
The hypothesis that R 6=6=6=

1/3 is also the strictly easiest language can be stated
as follows.

Conjecture 7.1. Let Γ be a �nite Boolean language such that 〈Γ〉fr 6=
〈R 6= 6=6=

1/3 〉fr and CSP(Γ) is NP-complete. Then CSP(Γ) is strictly harder than
CSP(R 6=6=6=

1/3 ).

Unfortunately results of this kind are not easily obtained. In [19] it is
proved that k-SAT is strictly easier than k′-SAT if k < k′ and ETH is true.
Compared to proving that there exists a relation that is strictly easier than all
other NP-complete Boolean languages this is a rather weak result. The proof
of Conjecture 7.1 is therefore not believed to be easy. Also, while interesting,
it is not clear if such a proof would have any implications for the results in
Chapter 4 and 5. It seems that even if there exists a set of languages with
the same complexity, the choice of R 6=6=6=

1/3 would be just as good as any other
choice.

The easiest structure?

While we can claim that R 6=6=6=
1/3 is at least one of the easiest languages, the

same claim cannot be made regarding the structural restrictions in Chapter
4. It can be shown that the family of structures from Theorem 4.3.2 to 4.4.6
form a hierarchy of sets of decreasing size since they are all restrictions of each
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other. But this chain of restrictions is just one of many possibilities. Since
a structure can be interpreted as any kind of graph there are a multitude
of di�erent restrictions that have not been pursued. For example, if A is
the set of structures with claw-free Gaifman graphs, then CSP(A, R1/3) is
in P . This set of structures is not comparable with any of the restrictions
that are based on limiting occurrences of variables but is just as theoretically
valid. There is also a large range of similar restrictions based on forbidden
graph characterizations. The conclusion from this is that the partial order
of subsets of structures is too complex to directly correspond to our earlier
concept of easy languages.

The goal of our restrictions have been to produce as simple structures
as possible. As can be veri�ed in Theorem 6.2.1 and 6.3.2 these structures
also coincides with the hardest case in the general algorithm. A natural
question to ask is whether the structures that coincides with the easiest
case would be an interesting research topic, for example by restricting the
minimum degree of a variable instead of its maximum degre. Unfortunately
such problems have a tendency to be construed as arti�cial since they do
not correspond to problems in other �elds. Therefore we do not currently
believe that enforcing a complex structure on a problem is as interesting as
enforcing a simple structure.

It is also hard to compare structures of di�erent languages. As was proved
in Theorem 4.3.1, CSP(R1/3)-2 is easier than CSP(R 6=6=6=

1/3 )-2 even though
CSP(R 6=6= 6=

1/3 ) is easier than CSP(R1/3). But this can be viewed as a special
case since CSP(R1/3)-2 can be solved in polynomial time. If we on the other
hand assume that CSP(Γ)-k is NP-complete we can state the following two
conjectures.

Conjecture 7.2. Let Γ be a Boolean and �nite language such that CSP(Γ)-2
is NP-complete. Then CSP(R 6=6=6=

1/3 )-2 is not harder than CSP(Γ)-2.

Conjecture 7.3. Let Γ be a Boolean and �nite language such that CSP(Γ)-k
is NP-complete. Then CSP(R 6=6=6=

1/3 )-2 is not harder than CSP(Γ)-k.

Both of these conjectures might at a �rst glance appear to be obvious
since R 6=6=6=

1/3 is the easiest Boolean relation. The proof in Theorem 3.3.2 relies
on the fact that all bases in BR can implement R 6=6=6=

1/3 since it is the language
with the largest number of partial polymorphisms. But since no structural
restrictions are enforced on the implementations we cannot appeal to this
and claim that the same is true for restricted structures.
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Structural restrictions and ETH

A related question is to what degree structural restrictions preserve sub-
exponentiality. In Chapter 5 it was proved in Theorem 5.6.3 that ETH is
false if and only if CSP(R 6=6=6=

1/3 )-2 is sub-exponential. In Theorem 5.6.2 we
proved the weaker but more general result that ETH is false if and only if
for all �nite and Boolean languages Γ, CSP(Γ)-k is sub-exponential for all k
such that CSP(Γ)-k is NP-complete. But it could be the case that CSP(Γ)-k
is NP-complete and sub-exponential for some small k but that CSP(Γ) is
not LV-reducible to CSP(Γ)-k. Hence we really want to prove the following
stronger version.

Conjecture 7.4. The following statements are equivalent:

• There exists an NP-complete and �nite Boolean language Γ and a k
such that CSP(Γ)-k is sub-exponential and NP-complete.

• The exponential-time hypothesis is false.

A step in the right direction would be to prove that the conjecture is true
in the restricted case where Γ contains a relation that is not ∆-matroid. Then
CSP(Γ)-k is NP-complete even for k = 2, and all that needs to be proved is
that a sparse CSP(Γ) instance is LV-reducible to a CSP(Γ)-2 instance. Since
this is true for the easiest relation R 6=6=6=

1/3 it seems likely that the result could
be extended to all similar languages. Note that both these proofs are easy
if we assume the truth of Conjecture 7.2 and 7.3, since the existence of a
language Γ such that CSP(Γ)-k is NP-complete and sub-exponential would
imply that CSP(R 6=6=6=

1/3 )-2 is also sub-exponential.
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