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ABSTRACT 

In activity based modelling the concept of rescheduling is very important in order to gain 

dynamic scheduling of activities and to adjust the effect of unexpected incidents in 

individual agendas to keep them realistic and valid. This report describes a new framework 

to investigate algorithms for rescheduling on a large scale. This framework models the 

information of traffic demand and results of micro simulation of traffic on a loaded network; 

it enables agents to adapt their schedules by providing them with information about the 

traffic flow. A perception filter for each agent is included in this framework. It models the 

concept that some agents can notice the broadcast traffic information about the incident and 

get their own prediction of the expected delay, while other agents who do not notice the 

information can become aware only by experiencing traffic jam. Initial agendas are created 

by means of the FEATHERS activity based schedule generator for mutually independent 

agents. FEATHERS has no knowledge about the actual transportation network but makes 

use of an impedance matrix that specifies the minimal travel time between traffic analysis 

zones. The matrix specifies a free-flow value for the uncongested case and correction values 

for the loaded network. In this new framework the network state can be changed by agent 

behaviour and external incidents; the effect of this change in network state is perceived 

differently by each agent through a perception filter, and according to the perceived value 

individual adaption is calculated by a ReScheduler. The modified behaviour again creates 

new traffic demand hence creating a new traffic state; this phenomenon continues for the 

complete day. Each activity in the agenda is assumed to generate some utility. Each 

individual is assumed to maximize the total utility over the day. The ReScheduler is 

implemented using a marginal utility function that monotonically decreases with activity 

duration. This results in a monotonically converging relaxation algorithm to efficiently 

determine the new activity timing when less time is available for activities due to increased 

travel time caused by the incident.   
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1 Introduction  

This document is written as master thesis report which covers 30hp credits. Work is carried 

out at the Transportation Research Institute (IMOB), Hasselt University, Belgium. WIDRS 

(Within Day Rescheduling) is carried out as a sequence of dynamic activity based simulations. 

This project depends upon the initial schedule (agenda) for every inhabitant of Flanders 

(Belgium) produced by the FEATHERS activity-based model described in Bellemans et al. 

[1]. 

1.1 Problem description 

In an activity based model, daily agendas consist of a set of activities where activities are 

executed at different time and at different locations. In order to execute activities at their 

prescribed location, agents have to travel to the execution location. In the schedules, activity 

time and travel time are fixed. To be ready for the succeeding activities, one has to complete 

the activity (included travel which is to be carried out to complete the activity) within its 

allocated time. But traveling on roads can take more time than allocated, which can disturb 

the schedules for the succeeding activities. So in case of unwanted events occurrence which 

can delay the travel, we need a framework which can reschedule all the succeeding activities 

of the day to relax the time pressure created by delay in travel.   

1.2 Objective 

The goal of this thesis work is to implement a simulation framework to investigate the 

rescheduling effects on daily activities by using monotonically decreasing unit time utility 

functions. Activities are rescheduled by adjusting the time imbalance which is created as an 

effect of the incidents while traveling. A perception filter is designed which facilitates the 

individuals to perceive the delay produced by the incidents. This perceived delay is added to 

traveling times, which creates time pressure on activities. The activities are rescheduled to 

adjust the time pressure. The final goal of this thesis is to produce a simulation framework 

which provides the dynamic schedules that can adjust unwanted delays in road travels for 

the complete population of Flanders.  
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1.3 Limitations 

Design and implementation of framework for a solution to above mentioned problem has to 

face many limitations.  

Modeling traffic demand: assigning the traffic to the transportation network of the study 

area is a difficult task. Traffic computation on the geographic area is a key step in this 

framework. No traffic assignment module has been implemented in this project; instead 

third party software (TransCad) is used. Geographic and topological characteristics for the 

network are supplied to the TransCad software. The traffic demand between origin and 

destination TAZ pairs derived from the schedules is fed into the TransCad software. That 

software assigns the travel to the particular links in the network. Loading the network 

causes travel delay on each link according to link capacity and load supplied to the link.  

1.4 Document structure 

This report elaborates the description of the problem, background of the problem, solution 

method proposed to solve the problem, implementation of the solution, results, conclusion 

and possible future work.  

1.5 Definitions and Notations 

Actor : Individual establishing and executing a schedule 

Area : Set of zones 

dayOfWeek : Monday, . . . , Sunday 

Impedance : Impedance matrix specifies the minimal time required to travel 

between an  origin zone and a destination (OD) zone under 

specific conditions 

nDayTypes : Number of day types. Every single actor is assumed to behave in 

an identical way on all days having identical dayOfWeek (equality 

over time, not over actors). 

maxNumIncidPerDay : Maximum number of incidents to be calculated for each 

dayOfWeek 

nIncids  : Number of incidents concerned. 

nModes : Number of traffic modes concerned. 
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nPrdActSE : Number of actor schedule execution base periods (see 

timResActSE): nPrdActSE = 1440/timResActSE 

nPrdTrEv : Number of traffic evolving base periods (see timResTrEv) 

nZones : Number of zones 

OD duration  : see impedance 

OD_dur_prd_act[] : duration to travel from origin to destination for a specific one of 

the nPrdTrEv taBasePeriods under the actual network state, see 

also impedance 

OD_dur_prd_ref[] : similar to OD_dur_prd_act[] but for reference conditions (no 

incident) 

OD_trip_prd_act[] : number of trips being traveled from origin to destination during 

one specific taBasePeriods (prd) under actual network state, see 

also impedance 

OD_trip_prd_ref[] : similar to OD_trip_prd_act[] but for reference conditions (no 

incident) 

epiComp : Episode component: either a trip or an activity 

SUE  : Stochastic User Equilibrium (traffic assignment method) 

 

TA : Traffic Assignment, the action of specifying the amount of traffic 

on each link in a transportation network using predicted 

schedules that specify activities to be executed in zones 

taBasePeriod : Traffic Assignment recalculation period (timResTrEv [min] 

simulation time). See also nPrdTrEv. The k-th period is [t0 +k · 

timResTrEv, t0 +(k +1) · timResTrEv] where t0 is the start of 

simulation time hence k ∈ [0, nPrdTrEv − 1] 

TAZ : Traffic Assignment Zone (see TA and zone) 

timResActSE : Time resolution for actor schedule execution simulation 

timResAct =  1[min] is proposed 

timResTrEv : Time resolution for traffic evolving timResTrEv = 15[min] is 

proposed 

Zone : highest resolution area having specific land-use characteristics; 
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smallest area where activities can get performed 

 

 

 

2 Background 

An activity based framework explains the activities with respect to the information like 

when, where, how long, and sometimes with whom each activity is performed. Activity based 

modeling in travel demand requires that every two activities are separated by time and 

space, so there should be a travel to connect two consecutive activities. In these models, it is 

assumed that individuals contribute to traffic demand while executing their activities in 

order to finish a task. Therefore, the individual’s decisions about activities directly related to 

the traffic demand are the most important ones. For example such decisions concern which 

activity to perform at which time, for how much time, at which location, which transport 

mode is to be used for this activity. During the last decade, many activity based models have 

been developed to calculate travel demand. However, they have some limitations which led 

to the idea of developing a new micro simulation solution that includes schedule execution 

simulation. One of the major drawbacks was that these models were static. For example, 

activity forecasting is dependent on the static information of the network, and schedules 

cannot be adapted on changing the network state due to any undesired events. [2] The 

Newly developed micro simulation solution of activity based model is dynamic in nature and 

it can reschedule the activities contained in the initial agenda according to the dynamic 

information from the transportation network. [1] The contribution of this project is to make 

the activity model more dynamic in nature. This new approach was used in Flanders 

(Belgium) to develop a framework for within day rescheduling activity-based model, where 

the main goal is to develop a dynamic activity based framework which can evolve according 

to the change in the network state. 

In order to create the initial agendas, census data is collected from the whole study region. 

From this data, information about individual activities and other factors related to activities 

is extracted. Information about individuals consists of household location id, household 

composition depending upon the number of persons living in the home,  age category 
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depending upon the age groups, children information whether or not this person has 

children,  number of cars available to the household, gender of the individual, driving license 

ownership of the individual whether he can drive or not, activity type (work, shopping, pick 

and drop etc), activity beginning time, activity duration, activity location, duration for the 

journey to take for the activity, journey transport mode, distance to cover for the journey. 

FEATHERS [1] makes use of data mining techniques. Decision trees are used to guide the 

schedule composition process. Training the decision trees requires lots of data. Different 

methods are used for data collection; 

1. The Global Positioning System (GPS) based tool called The Parrots Tool. It is an 

automated activity travel diary tool for registration and recording the travel 

schedules to the recording database. [4]  

2. Paper and Pencil data collection, in which the traditional approach is used for 

questioning people about their activities. 

3. Social network data, in which individuals are questioned about their social network 

and information collected about their close friends, neighbors and relatives. The 

named alteri were recorded and described in details for parents, brothers/sisters, 

other family members, friends, neighbors, colleagues and sport club members.[5] 

4.  Stated adaptation experiments, in which people who already have submitted their 

information about the activities schedules, if they feel some difference and realistic 

change in their routine, are given a chance via internet to change their information 

and make it more realistic. 

5. By event based (long-term) data collection; this method is implemented in order to 

collect information about the events by implementing a long term panel survey that 

is carried out by a VEDETT-device, which has been specifically developed for this 

purpose. VEDETT stands for a Vehicle Embedded Data acquisition Enabling Tracking 

& Tracing device. The logged in-vehicle data of the VEDETT tool can be transmitted 

to a central data collection point as a real time data stream.[6] 

In recent years, activity scheduling and rescheduling became an important topic in activity 

based modeling research. Activity based models contain activities which are produced by 

complex algorithms of scheduling which produce the set of activity episodes. Most of 

existing activity based models which provide activity scheduling, are fixed in nature, 
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meaning that once an activity schedule is generated it cannot be changed. As we are moving 

from static to dynamic activity based modeling where (re)scheduling should adapt 

according to the people’s needs. Possible changes in the activity schedules can be dropping, 

adding, reordering the activities or changing the activity attributes which can adapt the 

scheduling solutions to the dynamic changes in the environment. As described earlier, 

activity based modeling links travel patterns with activities, because travel is needed to 

perform the activity at its location (for example work, home, shopping, pick and drop 

activities). One major cause for rescheduling the activity plan is delay in the travel. There are 

possibilities that while traveling on roads there can be unexpected phenomena (such as bad 

weather, road accident) which can delay or increase the length of the travel. Since every 

schedule component is time dependent, and we have fixed time to spend on travel, if travel 

time exceeds the value originally allocated, then this can cause problems for succeeding 

scheduled activities.  It creates time pressure to compress the rest of the activities to adjust 

the delay/waste of time due to delayed travel. To release the time pressure created by the 

delayed travel, the activity schedule needs to be adapted. There can be many solutions to 

resolve the additional time pressure on the activity episodes: in this text we will discuss the 

possible solutions to resolve this problem, describe the implementation procedure for the 

proposed solution and discuss the results from the implementation. The solution is based on 

the following set of assumptions..  

1. Agents have no interaction with each other. No agent knows the activity schedule of 

others, so the schedule of each agent is independent from other agents. 

2. There is no road network; travel is modeled using origin and destination TAZ (Traffic 

Analysis Zones) only.  Travel duration between origin and destination is specified in 

impedance matrices. There is no information about agent specific street addresses; 

agents are subdivided according to zone of home locations.  

3. Only time is accounted for due to lack of information about spatial details (specific 

locations, routes). I.o.w., it is assumed that people do not chose new routes but try to 

reorganize the remainder of their agenda only by shifting activities in time. 
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3 Solution Method 

The basic idea in our solution is to provide adapted schedules according to new parameters 

derived from the actual network state so that schedules for all activities are adjusted with 

new parameters. The new parameter considered is the travel time extracted from the 

network. Travel time for each trip is derived from a mode (car, public Transport, slow, …) 

specific OD duration (impedance) matrix that has been calculated a priori. The matrix only 

specifies the expected travel duration for a trip for each ordered pair of zones. The matrix is 

not necessarily symmetric. Rescheduling does not provide rerouting for the affected trips. 

Mode specific impedance matrices are required because otherwise rescheduling never 

induces mode switches which is necessary as we have different transport modes for 

different types of travel for example car, public transport, and slow travels.  

3.1 Model Overview 

The basic solution for providing the rescheduling which adapts the schedules in case of 

incidents consists of the following major steps: 

1. Schedule to Period Assignment 

2. Traffic assignment to the Network (TrafficAssigner) 

3. Extract new travel impedance for all OD pairs (DurationExtractor) 

4. Traffic Disturbance 

5. Perception Filter 

6. Rescheduling  

For any incident on any link in the network, the rescheduling mechanism checks which trips 

are affected by the incident and how much they are affected; then it calculates the new 

expected time to finish the delayed trip in order to allow the agent who owns this travel to 

reschedule all of his non-finished activities. Only those activities are involved in 

rescheduling which are being executed or will be executed later relative to the time of 

awareness of the incident to the agent. This mechanism is repeated for all agents who own 

even a single travel affected by the incident. This covers one incident, but our framework 
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provides rescheduling within a full day; there can be multiple incidents in 24 hours, so this 

algorithm should repeat so often as there is any incident. A new schedule has to be predicted 

as quick as possible and execute all steps so that affected people have valid schedules 

updated even after incidents. So we have divided 24 hours into equal size periods which we 

call taBasePeriod. Each of those periods lasts for timResTrEv[15 min], so we have 

nPrdActSE[96] basic periods. Thus we repeat this algorithm nPrdActSE times. We cannot 

shorten the taBasePeriod more than the proposed value [timResTrEv min], because of the 

huge computational resource requirements of the algorithm and because of the results 

manipulation overhead.  

3.1.1 Overview 

FEATHERS provide us initial schedules as a set of activities and travels for each day.  

Possible number of travels is counted at timResTrEv. This traffic demand is applied to the 

Network to produce the network load.  Then possible delay is calculated by skimming the 

loaded network. Then WIDRS reschedule the daily activities for all those people who travel 

at least once on congested road. This mechanism is implemented by modules which are 

written in elliptical shapes in following overview diagram. The basic flow of the framework 

is described in the following figure: 
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Figure 3-1 Framework OverView 
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3.1.2 Components 

Figure 3-1 shows the processing scheme for within day rescheduling. The dash-dotted 

rectangles associate components that operate using a particular time resolution. They have 

been labeled in the upper right corner. The numeric labels are explained below: 

Label :  Meaning 

(1) :  Schedules for a normal situation (a specific dayOfWeek) are predicted by 

FEATHERS once 

(2) : Time resolution for actor state evaluation is timResAct [min]. Actor state 

evaluations are event driven (i.e. not timer driven). 

(3) :  Time resolution for network state evaluation is timResAct [min]. Network state 

evaluation is timer driven. It consists of traffic assignment to derive traffic load 

on the links in order to calculate new OD duration (impedance) values. 

 

The (alphabetically sorted) list below describes each component. 

 

ActNetwork : Traffic network equipped with link capacity values for actual 

(possibly disturbed by incident) situation. 

Actor : Actor executing a schedule. Each actor has its own Schedule, its own 

perception of each incident (see IncidPerception) and its own 

perception filter. In the first version, all actors have identical 

perception filters. 

Actors : Set of all Actors 

Disturber : Modifies duration for specific OD pairs to mimic capacity effects due 

to an incident. It is a modal to implement unexpected incidents in the 

network. 

DT : Decision trees. 

DurationExtractor : Extracts (transport mode specific) duration to travel between origin 

and destination zones from the loaded network for each 

taBasePeriod p0 concerned. 

IncidPerception : Actor specific incident perception consisting of initial awareness 
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time 

IncidentSpecs : Incident specifications: each of them consists of a tuple (startTime, 

endTime, infection List). The infections list consists of tuples (linkId, 

reductionFactor) where the reduction factor is to be applied to the 

link capacity during the specified period 

LandUse : Land use attributes for each zone. 

NetworkLoad : Number of vehicles on each link of the traffic network (for a specific 

taBasePeriod p0). 

OD duration : Duration to travel from origin to destination for each pair of zones, 

impedance matrix. There is one such matrix. 

OD_dur_prd_act : Duration [min] to travel from origin to destination for each pair of 

zones and for a given taBasePeriod p0 under actual circumstances 

(possibly disturbed situation).  

OD_dur_prd_act : Duration [min] to travel from origin to destination for each pair of 

zones and for a given taBasePeriod p0 under reference circumstances 

(normal situation).  

OrigNetwork : Traffic network equipped with link capacity values for normal 

operation. 

OrigScheds : Daily agenda for a set of actors for a specific day of the week under 

normal (non-disturbed) circumstances. 

PerceptionFilter : Mechanism that defines what each agent perceives about the 

network travel times. Some agents are well-informed, others are 

nearly completely ignorant. 

ReScheduler : Mechanism to derive a new schedule from the previous one using 

perceived network status, knowledge about the normal network 

status, the actual schedule and the original (normal) schedule. 

RevScheds : Revised schedules (revised schedules do not necessarily diff from 

the original ones). 

Scheduler (F2) : FEATHER schedule generator. 

Schedule : Actor specific schedule. 

SynPop : Synthetic population. 
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TrafAssigner : Traffic Assignment software: can be a Stochastic User Equilibrium or 

similar non-routing mechanism. 

Trip2PrdAssigner : Mechanism (algorithm) that extracts trips from schedules and 

assigns them to the sets TripsForPeriod [p0] if and only if they 

overlap with p0. 

TripsForPeriod : Trips whose execution period overlaps a given taBasePeriod p0. 

 

3.1.3 Some Definitions 

A. Schedule equivalence (s Equivalence): Two schedules are s Equivalent iff they 

differ in timing only and if the maximal time difference is below a given threshold. 

Equivalent schedules have identical number of activities. Consider the activity pair 

consisting of the i-th activity in each schedule. Both activities in the pair share the 

activity type and activity location. Both the difference between the respective start 

times and the difference between the respective end times are smaller than the given 

threshold. Note that the difference of activity (and trip) durations can amount up to 

twice the threshold value. 

B. Affected schedule (AS): A schedule 𝑠0 is affected iff it is transformed into 𝑠1  by the 

ReScheduler so that 𝑠0  and 𝑠1 are not s Equivalent. 

C. Affected activity: Activity (belonging to a affected schedule) for which at least one 

scheduling attribute (startTime, location, duration) has been changed by 

rescheduling. 

D. Affected trip: Trip (belonging to a affected schedule) for which at least one 

scheduling attribute (startTime, origin, destination) has been changed by 

rescheduling. 

E. Directly affected schedule (DAS): Affected schedule that contains at least one OD 

pair for which the fastest path (taking least duration path) contains at least one 

network link for which the free flow capacity was changed in the simulation. The set 

of directly affected schedules is a subset of the set of affected schedules AS set. 

F. Directly affected activity: Affected activity belonging to a directly affected schedule. 
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G. Directly affected trip: Affected trip belonging to a directly affected schedule. 

3.2 Causes for within day rescheduling 

Within day rescheduling is assumed to be caused exclusively by travel delay change 

occurrence (probably due to traffic incidents). The software structure however shall be 

suited to model other causes too. 

3.2.1 Modeling travel incidents 

Since the system is TAZ based, actors do not know any specific travel routes. Hence, 

incidents can be modeled only by changes in the OD duration matrices. Examples: 

A. reachability problems for an area (set of zones, super Zone) 𝐴0 is modeled by 

increasing the impedances for all OD (𝑧0, 𝑧1) pairs where 𝑧1  𝐴0 

B. problems inducing delay on an arterial between two zones 𝐴0 and 𝐴1 (towards 𝐴1) 

are modeled by increasing the impedances for all OD (𝑧0, 𝑧1) pairs where 𝑧0 𝐴0 

 𝑧1 𝐴1 

Impedance matrices are calculated by calculating minimal travel time on a loaded network 

for each OD pair. The result is more accurate but takes a lot of computation resources. Notes 

on incidents and their causes: 

A. The synthetic population used in this project consists of actors who are mutually 

independent (are not aware of each other, except by consuming road network 

capacity). 

Adaptation of a schedule for actor 𝑎0 never causes any adaptation in the schedule for 

𝑎1 ≠𝑎0 via mutual synchronization in any direct way. 

B. Trip duration changes due to sudden events and having rather short lasting effects 

are considered: e.g. sudden capacity decrease due to a traffic accident. Since no 

detailed actor specific route information is available, the effect of accidents can only 

be accounted for by modification of travel duration in OD matrices. 
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3.2.2 Consequences for the software design 

The software is implemented as a schedule executor. Each actor individually evolves over 

time, interpreting data about the environment (e.g. information coded in impedance 

matrices), evaluates its schedule and possibly decides to adapt the remainder (non-executed 

part) of its schedule. Rescheduling decisions can be taken at any time (but a resolution of 

timResActSE [min] will be used for road network state calculation; hence a driver can get 

aware of congestion at discrete times defined by timResActSE only).  

 All actor travel shall be applied to the network at once. Since TA is a costly operation, this 

will be done every timResTrEv [min].  

3.3 Schedule to Period Assignment 

In this project the rescheduling algorithm repeats for every taBasePeriod. The basic function 

of this module is to calculate how many trips are happening in the current period. The 

schedule for each person consists of a set of activities executed by the person. Each activity 

contains information about its start time, duration of the activity, and duration of the 

required travel from  the origin to the destination which is the location of the activity. So 

from starting and ending time of travel for each activity, it is possible to calculate whether or 

not this travel is being executed in the current taBasePeriod. This way we calculate how 

many travels are happening at the moment. This module gives us the number of active 

travels for current taBasePeriod for all origin–destination pairs. As it is mentioned earlier 

that there is no detailed routing available, we only know the subzones in which origin and 

destination exist, and we can calculate the travel time from origin to the destination on  TAZ 

level. We have divided our area of study in zones and then subzones (TAZ). The 

ScheduleToPeriodAssignment module computes the amount of active traffic between 

subzones (TAZ) in form of a matrix, which is fed to the network in the next step of the 

algorithm.   

3.4 Traffic Assignment  

In this project, traffic assignment does not make use of specific addresses for locations 

where to perform activities (but instead is based on TAZ); hence it does not make use of 

routing. The reason for this is a project timing constraint: it was not possible to build a 

routing software that is sufficiently performant to efficiently produce millions of routes of 
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sufficient quality within the timeframe allocated to this project (6 months) along with 

building all other required components. 

TrafficAssigner completes its job in following steps:  

1. Extend the local traffic with external traffic. External traffic is traffic to/from out of 

Flanders area. Information of external traffic is provided similar to local traffic: 

number of travels from origin zone to the destination zone.  

2. Produce the matrix files of travels which are required to produce the network load. 

To produce network load Stochastic User Equilibrium or similar methods are used 

because of their computational efficiency. In this Framework it is assumed that a day 

has been subdivided in taBasePeriod of equal length (timResTrEv [min]). For each 

such taBasePeriod𝑝0, all trips whose execution period overlaps with 𝑝0 are assigned 

to the network. A single trip, thus, can be included in multiple consecutive 

assignments. This, of course, is an approximation since in this model the contribution 

of a specific trip to the network load is identical in the consecutive taBasePeriod 

during which the trip lasts. In reality, the effect of the trip during consecutive 

taBasePeriod applies to different links (areas) but this is not accounted for by the 

SUE methods. Trips are assigned to the active network which updates the state of all 

of its links. The active network has information about all possible congestions in 

links. So the active network is different from the original network, where original 

network is the perfect state of links where all of links contain their full capacity. The 

active network however, which is derived from the disturber model (possibly) does 

not have full capacity because of reductions induced by unexpected incidents on 

some links. 

3.5 Duration Extraction 

The basic functionality of the Duration Extraction is to extract the travel time for all trips 

between all origins and destinations from all subzone TAZ) pairs.  Duration extraction 

depends on the results from the traffic assigner in the form of network load. From active 

network and network load it is possible to extract the trip duration for all origin-destination 

pairs. Duration extraction is a costly operation in terms of computations; it is not possible to 

calculate travel duration between each origin and destination for all zones for a simulation 
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resolution smaller than timResTrEv. It is needed that all of the steps in one iteration take a 

total computation time which is not more than timResTrEv. In order to achieve this 

performance, smarter steps are needed to be taken. For example, the duration for all trips is 

calculated in perfect condition when there is no delay, and in case of congestion, it is not 

needed to calculate the duration for those trips which are being executed on uncongested 

links. So, we only recalculate the duration for those trips which are actually being executed 

on congested links. There is a mechanism to find the trips which are affected due to 

congestion. A simple idea here is that we first calculate the road links used for trips between 

all origins and destinations having minimum travel time. Then we can calculate which 

origins and destinations are using the link which is actually affected. So we calculate the 

shortest travel time only for the affected trips. Finally, duration extractor gives us results in 

form of an impedance matrix. The impedance matrix contains the least duration to travel 

between all origins and destinations.  

 

3.5.1 OD-trip-duration matrices - Impedance matrices 

The following set of impedance matrices has to be calculated: 

a. A matrix for each timResTrEv period during a day (for each type of day) under 

normal conditions: nDayTypes · nPrdTrEv cases. 

b. A matrix for each timResTrEv period during which capacity is reduced on a part of 

the network due to an incident. This has to be done for the impacted periods only 

(e.g. from 08:00 till 09:30 on a Monday morning or from 19:30h till 21:00 on a 

Sunday evening while people return home coming from the coastal area). The 

number of cases to be concerned is estimated as follows: 

i. Actor behavior does not depend on the route driven: i.e. an incident on road. A 

does not differ from an incident on road B as long as both induce the same 

expected delay. Hence, an incident (capacity reduction) in one (strategically 

chosen) location only is sufficient for analysis 
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ii. Actor rescheduling behavior depends on the flexibility to reorganize the 

remaining activities in the day. In the worst case, daily schedules differ 

drastically and one needs to perform the calculation for each dayOfWeek 

Hence one can calculate in advance the OD_dur_prd_*[] matrices for the impacted 

taBasePeriod. Note that this implies that we assume that traffic flows are not 

redirected due to an incident (which makes sense since we are concerned with a 

routing less problem). In the worst case we need a calculation for each dayOfWeek, 

hence nDayTypes · maxNumIncidPerDay. 

Estimate maxNumIncidPerDay = 2 and the incident duration incidDur = 1[hour]. The total 

number of cases then is given by  

 nCases =  nDayTypes ·   nPrdTrEv +  maxNumIncidPerDay ·  incidDur ·  
nPrdTrEv

24 
  

nCases =  nDayTypes ·  nPrdTrEv ·   1 +  maxNumIncidPerDay ·  
incidDur

24 
   

    nCases = 7  ·  96 · (1 + 2   .   124) =  728  

Actors are assumed to reschedule their trips and activities but are not assumed to adapt 

their behavior to the new traffic situation that emerges due to rescheduling. Therefore, 

OD_dur_prd_*[] are not recalculated in an iteration loop.  

 

3.6 Traffic Disturber  

This module is used to model unexpected road incidents. A number of incidents can occur in 

the network, each having an effect to the network. Each incident is described by incident 

specifications which consist of tuples (startTime, endTime, infection List). The infection list 

consists of tuples (linkId, reductionFactor) where the reduction factor is to be applied to the 

link capacity during the specified period. In this simulation framework incident 

specifications and list of infected links are described manually, because real network is 

required to give such information which we do not have at the moment. List of infected links 

is also used in calculating the list of infected travels between origin and destinations, which 
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is useful to compute duration extractor only for infected origin destinations. The traffic 

Disturber applies the effect of incidents to the original network to convert it to the active 

network. The original network is the network with full capacity. When we get the list of 

infected links with reduced capacity factor, the capacity of the links is reduced 

correspondingly. The network with reduced capacity is the live network, which is used for 

traffic assignment and duration extraction between origins and destinations. Input 

parameters to the traffic disturber specify starting and ending time, which define the 

incident occurrence and lasting time. So for each nPrdTrEv, if starting time has occurred, the 

traffic disturber is executed to change the network state, similarly when any incident is 

enabled, its ending time is checked for each nPrdTrEv and if it has occurred, the network 

state is changed again which comes to its full capacity once again.  

3.7 Perception Filter 

Information about each incident is broadcasted on the traffic info broadcaster. Some agents   

get the information from broadcasting which are known as informed agents, and those 

agents who miss the broadcasted information about incident are known as non-informed 

agents. After being aware of incident, each agent perceives the delay from incident. Agent 

perception of (the effect of) incidents is modeled: 

1. for informed agents 

A. The time lag between the incident occurrence and the agent becoming aware of it 

via traffic information. Note that some agents do not get aware of incidents by 

information transfer but by experiencing the effect while being stuck in 

congestion. Those agents are notified by traffic info, but too late. Everyone is 

assumed to get completely informed about each incident after an infinite delay 

B. the incident effect duration expected by the individual agent 

2. for non-informed agents 

A. the time at which the agent experiences a non-expected delay while traveling 

B. the agent specific estimated duration to finish the ongoing trip 



23  

 

3.7.1 Modeling delay perception  

Gamma distributions are used to model delays. 

The gamma distribution is given by [9][10][13] 

 𝑓 𝑥;  𝛼,𝛽 =  

𝛽𝛼

 (𝛼)  
𝑥𝛼−1𝑒−𝛽𝑥 , 𝑥 > 0;𝛼 > 0;𝛽 > 0

 0                      , 𝑥 ≤ 0

  

Gamma distributions have been chosen because of their reproductive property (the sum of 

independent gamma distributed variables with 𝛼1, 𝛽 and 𝛼2, 𝛽  is gamma distributed with 

(𝛼 1 + 𝛼 2), 𝛽 which can be handy when processing accumulating delays). 

3.7.2 Incident awareness offset 

The notification  offset between  the event occurrence and  the  information being available 

in   the agent’s  brain  is  modeled by  a  gamma  distributed   stochastic ωnot  ~ gamma(αω ,not ,

β). Some agents know very soon that the network travel times got disturbed, other ones only 

know it after having suffered from congestion (too late to avoid congestion but not 

necessarily too late to reschedule any remaining activities). Agents getting notified before 

getting congested are informed agents. The other ones are non informed agents. 

3.7.3 Expected incident duration 

The following cases are distinguished: 

A. Awareness by notification: the event duration as perceived by an agent who gets 

notified by a  traffic  info  service,  is  modeled  by  a  gamma  distributed  stochastic 

δnot  ~ gamma(𝛼𝛿 ,𝑛𝑜𝑡 , β). An informed agent (i.e. an agent that is aware of the 

incident via traffic information) is assumed to know the estimated incident (effect) 

duration. δnot    models the duration expected by each individual agent aware of the 

incident. As a consequence, a new value is sampled for each individual agent (who is 

aware of the incident). Note that even in case an agent gets notified while traveling, 

the new travel duration cannot be read from OD_dur_prd_act[k] because that still 

contains the value for the uncongested case (otherwise the agent would have been 

aware by experience). 
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B.  Awareness by experience: the event duration as perceived by an uninformed agent 

who experiences the incident effect by getting stuck in congestion, is modeled by a 

gamma distributed stochastic 𝛿exp ~ gamma(𝛿exp,𝛽). The parameter 𝛿exp is 

calculated assuming that the agent believes that the congestion will not end before 

the trip is finished. The agent is assumed to know the new travel duration 

(impedance) for the OD-pair it is using at the time 𝑡0 +k · timResTrEv at which it gets 

aware of the problem. The agent thus believes that the remainder of the trip will be 

driven at congested speed. Let 𝑑𝑟𝑒𝑚  is the duration required to travel the remaining 

distance. The agent believes that the duration to travel the remainder of the trip 

distance is gamma distributed with expected value  𝑑𝑟𝑒𝑚 .  We use the same 𝛽  as for 

the distributions mentioned earlier in order to be able to make use of the 

reproductive property. 

  𝐸 𝑟𝑒𝑚𝐷𝑢𝑟 =  
𝛼𝑒𝑥𝑝
𝛽

= 𝑑𝑟𝑒𝑚   

 

𝛿exp   ~ 𝑔𝑎𝑚𝑚𝑎 (𝛽  . 𝑑𝑟𝑒𝑚 ,𝛽) 

Note that all agents are assumed to estimate the effect of an incident in the same way 

(using a single density function; this of course does not mean that the estimated values 

are identical). 

3.7.4  Particular moments in time 

Let 𝑡𝑖𝑛𝑐   be the time at which the incident occurs. 

Awareness by notification case: see Figure 3-2 Awareness by Notification Time Schema 

The agent gets informed before experiencing the incident effect. 

𝑡𝑛𝑜𝑡  =  𝑡𝑖𝑛𝑐 + 𝜔not  

𝑡𝑒𝑛𝑑  =  𝑡𝑖𝑛𝑐 + 𝛿not  

Where 
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𝑡𝑛𝑜𝑡 : The time at which the agent gets notified (informed) 

𝑡𝑒𝑛𝑑 : The incident’s effect end time as estimated by the agent. Note that 𝑡𝑒𝑛𝑑  < 𝑡𝑛𝑜𝑡  is 

possible (i.e. the agent gets informed after the incident effect is expected (by the agent) to 

have terminated). 

 Note that we assume that the agent knows the incident occurrence time (at least as soon as 

it gets informed): in reality, the incident occurrence time is not always contained in the 

traffic info conveyed. 

Awareness by experience case: see Figure 3-3 Awareness by Experience timing schema 

The (traveling) agent get aware by experiencing delay: this always occurs at equidistant 

discrete times because only at those moments the network state is recalculated. 𝑡𝑠  is the 

start time of the current trip. 

𝑡𝑒𝑥𝑝    =  t0 + k · timResTrEv, k  N 

𝑡𝑒𝑛𝑑   =  𝑡𝑒𝑥𝑝  + 𝛿exp 
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Figure 3-2 Awareness by Notification Time Schema 
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Figure 3-3 Awareness by Experience timing schema 

3.8 Limitations 

3.8.1  Intra Zonal trips 

Trips predicted by Feathers that have their origin and destination within a single zone are 

assumed always to last for a fixed amount of time (5 minutes). As a consequence, such trips 

are insensitive to incidents (because their trip duration cannot be adapted. 

3.8.2 Mutual independency 

This report does not consider any cooperation between agents. Schedules are assumed to be 

mutually independent (except for the interaction by consuming network capacity). This 

assumption causes (a small amount of) trouble (inconsistencies) because of the car 

Passenger mode. Adapting a schedule containing carPassenger mode trips should, in some 

cases, induce adaptation of some car mode schedule. Feathers generated schedules do not 

contain info about linked schedules: hence this problem is ignored. 
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Figure 3-4 actor evolution with network evolution 

3.9 Schedule execution evolver 

3.9.1 Stepping - Synchronizing actor evolution with network evolution 

The network state is recalculated every timResTrEv [min]. On the other hand, actor 

evolution is trigger based (see also 3.10). Therefore, the evolver process at each moment in 

time is in either of two states: evolvingSchedules or evolvingTraffic. 

A schedule can be viewed as a sequence of epiComps, where an epiComp is either an activity 

(performed at a location) or a trip (performed between locations). 

Let 

(a) k be the index (offset) of the current taBasePeriod 

(b) A be the set of all actors 

(c) 𝑡0 be the start of simulation time 

(d) a.currEpiComp() designate the current epiComp executed by actor a: it is at offset j in 

the epiComp sequence for actor a 

(e) 𝑡𝑎 ,𝑗  be the start time for epiComp at offset j (the end time is ta,j+1) 
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(f) I be the set of incidents 

(g) 𝑡𝑎 ,𝑖𝑛𝑐 ,𝑖   be the time at which actor a gets aware of incident i  I. 

 𝑗 𝑡𝑎 ,𝑖𝑛𝑐 ,𝑖 =  max
𝑖𝜖𝐼𝑡𝑎 .𝑖𝑛𝑐 ,𝑖≤𝑡𝑎 ,𝑗+1

𝑡𝑎 .𝑖𝑛𝑐 ,𝑖  

  𝑗 𝑡𝑎 ,𝑖𝑛𝑐 ,𝑖 =  min
𝑖𝜖𝐼𝑡𝑎 .𝑖𝑛𝑐 ,𝑖>𝑡𝑎 ,𝑗+1

𝑡𝑎 .𝑖𝑛𝑐 ,𝑖  

 𝑡𝑎 ,𝑗   = max( 𝑗 𝑡𝑎 ,𝑖𝑛𝑐 ,𝑖 ,𝑎. 𝑐𝑢𝑟𝑟𝐸𝑝𝑖𝐶𝑜𝑚𝑝().𝑏𝑒𝑔𝑖𝑛𝑇𝑠()) 

𝑡𝑎 ,𝑗+1 = min( 𝑗 𝑡𝑎 ,𝑖𝑛𝑐 ,𝑖 ,𝑎. 𝑐𝑢𝑟𝑟𝐸𝑝𝑖𝐶𝑜𝑚𝑝(). 𝑒𝑛𝑑𝑇𝑠())  

 ∀ 𝑎 𝜖 𝐴 ∶  𝑡𝑎 ,𝑗 <  𝑡0 +  𝑘 + 1 . 𝑡𝑖𝑚𝑒𝑅𝑒𝑠𝑇𝑟𝐸𝑣 ≤  𝑡𝑎 ,𝑗+1 

The algorithm needs to discern both cases in Error! Reference source not found. 

characterized by 

𝑡𝑎 ,𝑗   <  𝑡0  +  𝑘 ·  𝑡𝑖𝑚𝑒𝑅𝑒𝑠𝑇𝑟𝐸𝑣 

𝑡𝑎 ,𝑗   ≥ 𝑡0  +  𝑘 ·  𝑡𝑖𝑚𝑒𝑅𝑒𝑠𝑇𝑟𝐸𝑣 

and the cases 

a) epiComp is travel execution 

b) epiComp is activity execution 

Each moment in time at which the actor state is evaluated is of a specific kind: {activityEnd, 

tripEnd, infoReception, experience}. 

   

 

3.9.2 Travel time adaptation in a schedule 

Whenever an actor gets aware of a travel duration change for the trip from o to d being 

executed, the new impedance (travel time) is used for the remainder of the trip. The 

remainder of the trip is determined by linear interpolation using the elapsed trip time. Let 𝑡0  

be the trip start time, 𝑡1  be the time at which the actor gets aware of additional delay, 𝑑0  be 
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the original expected trip duration and 𝑑1  the new trip duration expected, D(o, d) the trip 

distance, then the expected duration for the remainder of the trip is estimated by 

𝑑0 = OD_dur_prd_act[k][o][d] 

𝑑1 = OD dur prd act[k][o][d] 

𝐷𝑑𝑜𝑛𝑒  =  
𝑡1 −  𝑡0

𝑑0

 .𝐷 𝑜,𝑑  

𝐷𝑡𝑜𝑑𝑜  =  𝐷 𝑜,𝑑 −  𝐷𝑑𝑜𝑛𝑒  =   𝐷 𝑜,𝑑  . (1 −  
𝑡1 −  𝑡0

𝑑0

 )  

𝑑𝑟𝑒𝑚  =  
𝐷𝑡𝑜𝑑𝑜
𝐷(𝑜,𝑑)

 .𝑑1 

 𝑑𝑟𝑒𝑚 =  𝑑1 . min(𝑓𝑚𝑖𝑛 , (1 −  
𝑡1 −  𝑡0

𝑑0

 ) 

Where 𝑓𝑚𝑖𝑛  ∈ [0, 1]  is the minimal fraction to be considered as remaining and D0 is the part 

of the trip already driven at normal speed. Note that 

a. 𝑓𝑚𝑖𝑛  should be zero. However, due to the coarse approximation induced by a zone 

based system, it could be wise to use some 𝑓𝑚𝑖𝑛  > 0 value: but it is unclear what value 

to use. 

b. 𝑡1 > 𝑡0 because the trip is being executed 

c. 
𝑡1− 𝑡0

𝑑0
 > 1 is possible: in such case the additional congestion is assumed to be 

determined by 𝑓𝑚𝑖𝑛  because we have no sensible way to estimate it 

3.9.3 ETA calculation 

In each taBasePeriod, the duration to travel the distance between origin and destination can 

have changed. An agent gets affected by changed travel time iff it is traveling at time 𝑡0+k·

𝑑𝑡𝑎𝐵𝑎𝑠𝑒𝑃𝑒𝑟𝑖𝑜𝑑  on an OD-pair whose travel time got adapted in period   [𝑡0+(k+1)·𝑑𝑡𝑎𝐵𝑎𝑠𝑒𝑃𝑒𝑟𝑖𝑜𝑑 , 

𝑡0+k·𝑑𝑡𝑎𝐵𝑎𝑠𝑒𝑃𝑒𝑟𝑖𝑜𝑑 ]. For each such agent, a new ETA value is to be calculated. Iff the ETA 

value is within the next taBasePeriod, the agent gets notified to complete the trip. The 

algorithm used is given below. 
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Definitions (alphabetically) 

actDistTravInNextPrd  :  actual distance to travel in next taBasePeriod 

a.episode(t)  :  denotes the episode the agent is executing at time t 

a.getsAwareOfCongestion(t)  :  the agent gets aware of a congestion at time t (i.e. it did 

not know about the congestion before but does from t on) 

a.reSchedule(epi, eta)  :  adapt schedule for agent a by setting the ETA for episode 

epi to eta 

e.decrDistOnTrip(v)  :  decrements by v the distance to travel to complete the 

trip for episode e 

e.OD()  :  denotes the OD pair for episode e 

e.remainingDistanceOnTrip()  :  denotes the distance that still has to be traveled in order 

to complete the trip for episode e 

e.setETA(eta)  :  register ETA value for the trip in episode e 

e.traveling(t)  :  denotes whether or not the owner agent is executing the 

trip for episode e at time t 

maxDistTravInNextPrd  :  maximal distance to travel in next taBasePeriod 

ODpair.distance()  :  the distance between origin and destination in the OD-

pair 

ODpair.duration()  :  the duration to travel between origin and destination in 

the OD-pair 

for k = 0 → numTaBasePeriods − 1 do 

tbpDur ← taBasePeriod.duration() 

now   ←  𝑡0 + k · tbpDur 

for all a : Agent do 

e   ← a.episode(now) 

if e.traveling(now) then 

if a.getsAwareOfCongestion(now) then 

» Do something relevant ... 

else 

maxDistTravInNextPrd  ← 
𝑡𝑏𝑝𝐷𝑢𝑟

𝑒 .𝑂𝐷().𝑑𝑢𝑟𝑎𝑡𝑖𝑜𝑛 ()
 · e.OD().distance() 

actDistTravInNextPrd  ←   min(maxDistTravInNextPrd, a.remainingDistOnTrip()) 
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remainingTime  ←   
𝑒 .𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔𝐷𝑖𝑠𝑡𝑂𝑛𝑇𝑟𝑖𝑝 ()

𝑒 .𝑂𝐷().𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 () 
  · e.OD().duration() 

 

e.decrDistOnTrip(actDistTravInNextPrd)                » Decrement distance to travel 

e.setETA(now + remainingTime) » Register new ETA 

if remainingTime  ≤  tbpDur then 

a.reSchedule(e, now + remainingTime) »Reschedule at tripEnd event 

end if 

end if 

end if 

end for 

end for 
 

3.10 Rescheduling 

3.10.1 Trigger to reschedule 

All schedules need to be evaluated at the end of each taBasePeriod (thus at times 𝑡0 + k · 

timResTrEv). Lots of schedules can get excluded from costly rescheduling using simple 

means e.g. 

a) schedules not having any car trips, cannot get impacted by an incident causing 

congestion 

b) Schedules not using any (infected) OD-pair for which the travel delay has been 

modified, cannot get impacted. This can be used for optimization in case an iteration 

loop is implemented. This optimization shall calculate the difference between 

consecutive OD_dur_prd_act matrices: this probably costs less than evaluating lots of 

non-impacted schedules. 

Let t0 designate the beginning of the simulated period (day). At the end of each taBasePeriod 

(𝑡0+k*𝑑𝑡𝑎𝐵𝑎𝑠𝑒𝑃𝑒𝑟𝑖𝑜𝑑  ), for every newly impacted agent 𝛿𝑖𝑛𝑓  and 𝛿𝑑𝑢𝑟  are sampled from the 

respective gamma distributions and registered with the agent. 

Two conditions are defined for actor A0 and taBasePeriod k ≥0 
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 𝐶𝑛𝑜𝑡 ,𝐴0 ,𝑘 =  𝑡0 +  𝑘 .𝑑𝑡𝑎𝐵𝑎𝑠𝑒𝑃𝑒𝑟𝑖𝑜𝑑  <  𝑡𝐴0 ,𝑛𝑜𝑡 ≤  𝑡0 +  𝑘 +    .  𝑑𝑡𝑎𝐵𝑎𝑠𝑒𝑃𝑒𝑟𝑖𝑜𝑑  

 𝐶𝑒𝑥𝑝 ,𝐴0 ,𝑘 =  𝐴0 .𝑑𝑟𝑖𝑣𝑒𝑠𝑇𝑟𝑖𝑝 𝑘,𝑂𝐴0
,𝐷𝐴0

   ( 𝑂𝐷_𝑑𝑢𝑟_𝑝𝑟𝑑_𝑟𝑒𝑓 𝑘  𝑂𝐴0
  𝐷𝐴0

  

≠ 𝑂𝐷_𝑑𝑢𝑟_𝑝𝑟𝑑_𝑎𝑐𝑡[𝑘][𝑂𝐴0
][𝐷𝐴0

]) 

Where  

a) 𝐶𝑛𝑜𝑡 ,𝐴0 ,𝑘  indicates that the agent 𝐴0 gets aware of the incident by traffic info during 

the k-th taBasePrd. 

b) 𝐶𝑛𝑜𝑡 ,𝐴0 ,𝑘  indicates that the agent 𝐴0 learns the incident effect by experience (by 

executing a trip for which the duration registered in OD_dur_prd_act[k] matrix 

differs from the one registered in the OD_dur_prd_ref[k]matrix). 

c) A0.drivesTrip(k,O,D) indicates if actor 𝐴0 drives a trip from O to D whose period 

overlaps with the period [𝑡0 + k · dtaBasePeriod, 𝑡0 + (k + 1) · dtaBasePeriod] 

Agent 𝐴0 gets informed during the taBasePeriod k ending at 𝑡0  + (k + 1) · dtaBasePeriod iff 

￢𝐶𝑛𝑜𝑡 ,𝐴0 ,𝑘   ￢𝐶𝑛𝑜𝑡 ,𝐴0 ,𝑘 (𝐶𝑛𝑜𝑡 ,𝐴0 ,𝑘𝐶𝑛𝑜𝑡 ,𝐴0 ,𝑘) 

I.e. if and only if no one of the conditions was true before the taBasePeriod k and at least one 

became true during the taBasePeriod k. The above expression becoming true, triggers 

rescheduling. 

 

4 Utility-based (de)compressor  

The utility based (de)compressor is used for rescheduling of activities.  

4.1 Problem formulation 

A specific activity can be executed within a given set of time intervals. It is assumed that the 

activity cannot be interrupted: hence it is to be executed in any and at most one of the 

available intervals. Executing the activity at any other time does not generate any utility. 
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It is assumed that activity execution generates utility according to a monotonically 

increasing function of the duration that is continuous, differentiable and having a 

continuous first derivative. Let tmin  and tmax   be the times delimiting the time interval 

available for activity a0 execution. Let t0 denote the activity start time. Let V: ℝ+ ⇒ ℝ+ d ∶ ↦ 

v(d) denote the utility generated per time unit at t = t0 + d, then the utility generated up to t 

is given by 

𝑢 𝑡 =   𝑣 𝑡 𝑑𝑡
min (𝑡0 ,𝑡𝑚𝑎𝑥 )

max (𝑡0 ,𝑡𝑚𝑖𝑛 )

 

With explicitly stated constraints, this is written as 

𝑡𝑚𝑖𝑛  ≤  𝑡0  ≤ 𝑡1 ≤ 𝑡𝑚𝑎𝑥   

d ≥ 0 ⇒ v(d) ≤ 0 

𝑢 𝑡0 , 𝑡1 =   𝑣 𝑡 − 𝑡0 𝑑𝑡
𝑡1

𝑡0

 

Consider two consecutive activities aa  (predecessor) and ab  (successor) with start/stop 

times respectively (t0  , t1) and (t1  , t2) and with unit time utility functions va(d) and va(d) 

respectively in a schedule that maximizes utility; then the value for t1 is determined by 

ϐ

ϐt1
  𝑣 𝑡 − 𝑡0 𝑑𝑡

𝑡1

𝑡0

+   𝑣 𝑡 − 𝑡1 𝑑𝑡
𝑡2

𝑡1

 = 0 

Hence 

 𝑣 𝑡1 − 𝑡0 −  𝑣 𝑡2 − 𝑡1 = 0 

 Note that the unit time utility values at the end of both intervals need to be identical. If t0 

and t2 are given, t1 is determined by4.3.1: if it has no solution, either aa   or ab  is to be 

performed during the complete period in order to maximize utility. 

Suppose there is a lower limit to start activity ab  expressed as t1  ≥  t1,low . Then the unit 

time utility for a2 is zero for t < t2,low . Activity a1 thus shall be performed until at least  t2,low  

(unless it has an upper limit  t1,high  <  t2,low  in which case there will be an idle period [ t1,high  , 

 t2,low ]). 
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Figure 4-1 Unit time utility function 𝒗 𝒅 =  𝒆−𝜶.𝒅 and its integral   
𝟏

𝜶
 .   𝟏 −  𝒆−𝜶  for 𝜶 = 𝟐 

 

Figure 4-2 Unit time utility function 𝒗 𝒅 = 𝒅 .𝒆−𝜶.𝒅 and its integral   
𝟏− 𝒆−𝜶.𝒅(𝜶.𝒅+𝟏)

𝜶𝟐
  for 𝜶 = 𝟐 
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4.2 Utility functions 

4.2.1 Constant marginal utilities (unit time utilities) 

Either the unit time utilities v(d) differ in which case the activity with lowest v(d) value is to 

be ignored, or both values are identical in which case an arbitrary value for 𝑡1  can be chosen 

such that 𝑡0 ≤t1  ≤ 𝑡2 

4.2.2 Monotonically decreasing marginal utility  

The unit time utility (see Figure 4-1) is given  

𝑑 = 𝑡 −  𝑡0 

𝑣 𝑑 =  𝑒−𝛼 .𝑑  

𝑣 𝑡 =  𝑒−𝛼 .(𝑡− 𝑡0) 

𝑢 𝑡 =   𝑣 𝜏 𝑑𝜏 +  𝐶0 = 
𝑡

 𝑡0

 𝑒−𝛼 .(𝜏− 𝑡0)𝑑𝜏 + 𝐶0 =  
− 𝑒−𝛼  .(𝑡− 𝑡0)

𝛼
 +  𝐶0

𝑡

 𝑡0

 

𝑢 𝑡0 =  0 ⇒  𝐶0 =  
1

𝛼
 ⇒ 𝑢 𝑡 =

1

𝛼
 1  −  𝑒−𝛼  . 𝑡− 𝑡0   
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Figure 4-3 Unit time utility function 𝒗 𝒅 =  
𝒌.𝜶.𝒆𝜶.(𝑫𝟎+𝒅)

(𝒆𝜶.𝑫𝟎+𝒆𝜶.𝒅)𝟐
  and its integral 𝒌

𝒆𝜶.𝑫𝟎(𝟏− 𝒆−𝜶.𝒅)

 𝟏+ 𝒆−𝜶(𝒅−𝑫𝟎) (𝟏+ 𝒆−𝜶.𝑫𝟎)
 for 𝑫𝟎 = 𝟑.𝟓,𝒌 =

𝟏 𝒂𝒏𝒅 𝜶 = 𝟏.𝟓 

Assume that activities 𝑎𝑎   (predecessor) and 𝑎𝑏  (successor) can be performed as a sequence. 

The optimal moment in time to start the successor is determined from 

𝑣𝑎 𝑡1 − 𝑡0 =  𝑣𝑏 𝑡2 − 𝑡1  

 𝑒−𝛼𝑎 .(𝑡1− 𝑡0) =   𝑒−𝛼𝑏 .(𝑡2− 𝑡1) 

−𝛼𝑎 .  𝑡1 −  𝑡0 =  −𝛼𝑏 . (𝑡2 −  𝑡1) 

𝑡1 =  
𝛼𝑎 . 𝑡0 + 𝛼𝑏  . 𝑡2

𝛼𝑎 +  𝛼𝑏
 

4.3 Utility and Unit Time Utility functions 

𝑣𝑖 𝑑 =  𝑘𝑖 . 𝑒
−𝛼𝑖  .𝑑  

𝑢𝑖 𝑑 =  
𝑘𝑖
𝛼𝑖

. (1 −   𝑒−𝛼𝑖  .𝑑) 
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4.3.1 Coefficients determination 

Each activity type is assumed to have a particular given k value. The 𝛼 values are calculated 

from the equilibrium. 

𝑣𝑖 𝑑𝑖 =  𝑣𝑖+1 𝑑𝑖+1  

𝑘𝑖 . 𝑒
−𝛼𝑖  .𝑑𝑖 =  𝑘𝑖+1. 𝑒−𝛼𝑖+1  .𝑑𝑖+1  

ln 𝑘𝑖 −  𝛼𝑖  .𝑑𝑖 =  ln 𝑘𝑖+1 −  𝛼𝑖+1 .𝑑𝑖+1 

 𝛼𝑖+1 =  
ln  

𝑘𝑖+1

𝑘𝑖
 +  𝛼𝑖  .𝑑𝑖  

𝑑𝑖+1

 

 

For N activities (hence N unknown 𝛼 values) N − 1 equations are available. This problem 

can be solved using one of the following options. (in the implementation a variant of option 

b is used with  𝑓𝑙𝑜𝑤 = 0.05). The implementation does not select the longest activity but the 

first one in the schedule. 

a) One of the 𝛼 values can be determined arbitrarily. Assume 𝛼1 to be the arbitrarily 

chosen one. Higher 𝛼 values result in steeper curves. 

b) One way to determine the free 𝛼 value is to state that for the activity with the 

longest duration, the unit time utility at the end of the interval has dropped to a low 

value 𝑣𝑙𝑜𝑤  that is a small fraction of the original value 𝑣0= k i.e. 𝑣𝑙𝑜𝑤  =  𝑓𝑙𝑜𝑤 · k with 

𝑓𝑙𝑜𝑤 ∈ [0.02, 0.05]. 

Hence 

𝑣 𝑑 =  𝑘 . 𝑒−𝛼 .𝑑 =  𝑣𝑙𝑜𝑤  =   𝑘 . 𝑓𝑙𝑜𝑤   

𝛼 =  −  
1

𝑑
 . ln  

𝑣𝑙𝑜𝑤
𝑘

 = −  
1

𝑑
 . ln 𝑓𝑙𝑜𝑤    
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The marginal utility for the activity which is used to calculate the reference value for 𝛼 holds 

for any other activity in the schedule and is given by 

𝑣 𝑑𝑟𝑒𝑓  =  𝑘𝑟𝑒𝑓  . 𝑒−𝛼𝑟𝑒𝑓 .𝑑  

𝑣 𝑑𝑟𝑒𝑓  =  𝑘𝑟𝑒𝑓  . 𝑒
1

𝑑𝑟𝑒𝑓
 .ln 𝑓𝑙𝑜𝑤  .𝑑𝑟𝑒𝑓

=  𝑘𝑟𝑒𝑓  . 𝑓𝑙𝑜𝑤   

4.3.2 Conditions for solution to exist 

Since each activity αi  has a specific ki  value, the ranges for the respective unit time utilities 

(marginal utilities) differ. The range for vi(d) is [0, ki]. 

Let 𝑘𝑚𝑖𝑛 = min𝑖∈𝐼 𝑘𝑖  .  Let 𝛼𝑚𝑖𝑛  denote the corresponding activity. The minimum duration 

𝑑𝑚𝑖𝑛 ,𝑖  for each activity 𝛼𝑖involved is found by 

 𝑘𝑚𝑖𝑛  . 𝑒− 𝛼𝑚𝑖𝑛  .0 =  𝑘𝑚𝑖𝑛  =  𝑘𝑖  . 𝑒
−𝛼𝑖 .𝑑𝑖  

 𝑑𝑚𝑖𝑛 ,𝑖 =  
−1

𝛼𝑖
ln(

𝑘𝑚𝑖𝑛
𝑘𝑖

) 

If the schedule is compressed so that the total duration becomes smaller than the minimal 

duration, a solution resulting in maximal utility for the available time can only be achieved 

by dropping at least one activity. Let ∆d be the given change in time available to execute a 

previously optimized schedule. If the following condition hold, we can apply the above 

solution and avoid other possible solutions like, activity dropping: 

 𝑑𝑚𝑖𝑛 ,𝑖

𝑖∈𝐼

 <   𝑑𝑖
𝑖∈𝐼

− ∆𝑑   

This condition can easily be verified a priori. 

4.3.3 Convergence 

𝜕

𝜕𝑑
𝑣𝑖 𝑑 =  𝑘𝑖  .𝛼𝑖  . 𝑒

−𝛼𝑖  .𝑑 < 0 Everywhere. 

4.3.4 Relaxation 

Consider activities 𝛼𝑖  and 𝛼𝑖+1. Time values 𝑡𝑖,𝑏  and𝑡𝑖+1,e  are given, hence  𝑑𝑖  +  𝑑𝑖+1 =  𝛿 is 

known a priori. The new value for 𝑑𝑖  shall be the optimal value and follows from: 
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𝑘𝑖  . 𝑒
−𝛼𝑖 .𝑑𝑖 =  𝑘𝑖+1 . 𝑒−𝛼𝑖+1 .(𝛿− 𝑑𝑖) 

Hence 

𝑑𝑖 =  
𝛼𝑖+1 .𝛿 + ln(

𝑘𝑖
𝑘𝑖+1

) 

𝛼𝑖 + 𝛼𝑖+1

 

 

 

Figure 4-4 Activities Relaxation 
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5 Implementation  

It was decided to implement this project in Java SE using the OSGi framework, taking the 

advantage of the OSGI framework of installing different independent component modules in 

the environment, where they can interact with each other. In this application, there are 

different modules on different steps which have been developed as standalone components.  

5.1 The OSGi framework   

The OSGi framework is a module system which is used for the java language dynamic 

components. These components are developed independently which provides the 

implementation of services. The components are installed in the OSGi framework as 

bundles. OSGi provides dynamic handling of the installed bundles, by remote install, update, 

and start, stop and uninstall. These bundles have their own manifest file to provide bundle 

attributes which are used to qualify the bundle and to install and recall the services 

provided by the bundle. The OSGi framework takes care of the bundle state and list of the 

services offered by different bundle. The framework registers all the bundles where they can 

use the services from other bundles through the common architecture provided by OSGi. 

[11] 

 

 

Figure 5-1 OSGi Framework Overview 
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In within Day rescheduling software, different modules are developed as OSGi bundles, 

which are installed in the OSGi framework, where they can interact using the underlying 

OSGi framework. Bundles which are developed as a solution to the within day rescheduling 

problem are mainly the modules which are described in the previous chapter. These 

modules are: 

1. fetchEpisodeServiceImpl 

2. ODMatrixGenerateServiceImpl 

3. trafficAssignmentServiceImpl 

4. durationExtractorServiceImpl 

5. reschedulingServiceImpl 

6. withInDayReschedulerImpl 

5.2 Travel Demand Modeling 

For this project, it is needed to provide a mechanism for traffic simulations which provides 

traffic data based on the geographic information system about the study area (Flanders). 

This is done by using TransCad, third party software, which provides a platform by 

combining the geographic information system with transportation modeling capabilities. 

The geographic information System is provided to TransCad by providing the network of 

Flanders [12]. The geographic area of Flanders is divided into 327 super zones, and in more 

detail further divided into 2386 subzones. The transportation network of Flanders which is 

supplied to the TransCad contains the information about transportation data objects 

containing the link characteristics between nodes. TransCad contains a function that 

specifies the average speed as a function of the traffic intensity (number of cars on the link).  

Two bundles in our software depend upon the results from TransCad, which are 

trafficAssignmentServiceImpl and durationExtractorServiceImpl. The traffic assignment 

process needs to apply the number of traveling vehicles to the network. 

ODMatrixGenerateServiceImpl calculates the number of possible travels for each 

taBasePeriod. This information is used to apply the traffic on each specified link using the 

trafficAssignmentServiceImpl bundle. This bundle then creates the loaded network which 
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contains the traffic information on the actual network. Traffic Disturber applies the manually 

specified information about the incident to the actual network; as described earlier that 

incident is specified as link id where it happens, starting time and duration. So, again, 

TransCad is used to change the state of the network. It reads the remaining capacity of the 

congested links and update them in the network. Thirdly, durationExtractorServiceImpl 

which extracts the shortest duration between each origin and destination again uses 

TransCad to read the network and information between each link. The automation server 

from caliper is used to pass the script made from OSGi bundles to TransCad. These scripts 

are provided with input parameters calculated by the OSGi bundles and handled to the 

TransCad, which runs the scripts, and prepares the results.  

5.3 Traffic Disturbance model 

Traffic disturbance is provided by information of reduced capacity on the link where an 

incident occurs. For this some links on major and important roads were used. These links 

are Brussels-Antwerp, Brussels-Gent, Brussels-Liege, and Antwerp-Gent.  Capacity was 

reduced to 70% on all of the mentioned Links. 

5.4 K factor for activity type 

The coefficient K in utility function is represented by the activity type. Each record of 

activity contains information about the activity type. In this implementation we assumed the 

weight of each type of activity, which does not give exact correspondence to real weight. 

Here it is needed to learn from a survey about the exact correspondence. Weight for k values 

for each type of activity is given in the following table which was used in the 

implementation.  

Value used in schedule representation  Activity Type  Weight Factor 

0 Being at Home 1 

1 Work 4 

3 Bring/Get 5 

4 DailyShopping 3 

5 NonDailyShopping 2 

6 Services 2 
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7 SocialVisit 2 

8 Leisure 2 

9 Touring 2 

10 Other 3 

Table 5-1  K-Factor table 

5.5 Implementation of the Duration Extractor 

This project addresses the problem of within day rescheduling, so the aim of the solution is 

to complete the execution within a day [24 hours]. As mentioned in Section 3.1 Model 

Overview it is designed to iterate the rescheduling algorithm every timResTrEv [15 min], so 

in one day we have to execute nPrdActSE [1440/15 = 96 periods] times. So computation 

time for one iteration should not exceed more than the traffic evolving time (timResTrEv) 

which is 15 min. During implementation of the duration extractor it was found that it is very 

a costly component which takes itself more than 15 min. Thus, it was needed to produce a 

more efficient implementation of the duration extractor. Instead of calculating the journey 

duration for travels on all possible links, we only calculate for those travels which are to be 

executed on affected links. Where travel time for those journeys which are executed on non 

affected links is copied from pre-calculated travel times for all travels on all links in the non 

affected scenario. Detailed schema of the traffic disturber and duration extractor is given in 

the following figure: 
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Figure 5-2 Detailed Schema for Duration Extractor 

 

Following this schema it is possible to reduce the duration extractor computation only for 

the affected OD (travels between origin and destination executed on affected links) rather 

than computing for all travels.  
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6 Results and Discussion  

6.1 Simulation time and performance 

The Initial set of agendas contains schedules for 2395513 people. It contains a total amount 

of 9138999 episodes for all people. Software was simulated on a machine having an Intel 

Core i5 2.30 GHz processor, 4.00 GB RAM (2.94 GB usable) and 32-bit Windows 7 Operating 

System.  

The total Simulation Time of software was 20:30:13 (hh:mm:ss) 

In the following table the average execution time of each module in one iteration is given: 

Module Average execution Time[ms] 

Period to Trip Assigner 30513.21 

Traffic Assignment 559250.58[ms] 

Duration Extractor 204208.14[ms] 

rescheduling 151159.07[ms] 

Completion of one iteration  768885.22[ms] 

Table 6-1 Average Execution Time of all modules in Each Iteration 

6.2 Effect of Rescheduling by Comparison of Results 

The ReScheduler adapts the schedules of the affected people. The resulting schedules are 

saved into a file in the same format as the input file. Probability distributions and densities 

approximation using Monotone Splines (see appendix A) are used for plotting the stochastic 

of the large data sets of results from simulation. The figures shown below contain the 

frequency of data and their difference before and after rescheduling, where  red lines (Pdf-

A) always represent corresponding data before rescheduling, green lines (Pdf-B) represent 

data after rescheduling and blue lines (Diff) show their difference. On x-axis, figure 

represents data and on y-axis it represents the frequency of the corresponding data value. 

6.2.1 Total Activity Duration in a Schedule 

A schedule of a person consists of a set of activities.  A data set is generated which consists 

the sum of duration of all activities for each schedule before and after rescheduling. In 

Figure 6-1 total activity duration is shown only for affected people. It was predicted that 
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total activity duration for affected people will decrease due to increase in travel duration as 

an effect of the incident. So, in new schedules, more time is spent on travels which are 

delayed due to incidents. Due to spending more time on travels, there is less time available 

for activities; this phenomenon can be noticed in the following figure. In Figure 6-1, the 

green line (new total activity duration values) has a left shift than red line (old total activity 

duration values). It shows that after rescheduling, available time for activities is less than 

before. On x-axis, total activity duration values are represented. On y-axis, normalized 

frequency of each value on x-axis is represented. Blue line (Pfd-A – Pdf-B) shows difference 

between old and new values. 

  

 

Figure 6-1Total Activity Duration for only Affected people before and after rescheduling  

6.2.2 Total Travel Duration in a Schedule  

Travels in each schedule are summed up to form the data set for total travel needed by each 

person for all activities in a day. Figure 6-2 shows data densities of total travel duration for 

only affected people. It is visible from the density graphs that density has shifted towards 
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right which means that after rescheduling people are spending more time in travels than 

before. Result shows that due to congestion affected people are spending more time in 

travels. In Figure 6-2, the green line (new total travel duration) has right shift than red line 

(old total travel values). It shows that more time is spent on travels after rescheduling. On x-

axis, total travel duration values are represented. On y-axis, figure represents the 

normalized frequency of each value on x-axis. 

 

Figure 6-2Total Travel Duration of a schedule for affected people only 

6.2.3 Total, Minimum, Maximum, Average Utility of a Schedule 

For each schedule total utilities for all activities, their minimum and average is calculated to 

form the data set for each type of them. From population density graphs of each type of this 

data set it is visible that green data density curves (which represents data after 

rescheduling) have shift left than red data density curves. It shows that after rescheduling 

the affected people, their utility for activity has reduced.  



49  

 

 

Figure 6-3 Total Utility of Schedule only for Affected People 
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Figure 6-4 Minimum Utility of Schedule for only Affected People 
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Figure 6-5 Average Utility of a Schedule for Affected People Only 

  

6.3 Possible improvements and Future Work 

Here are some of the improvements that can be considered as future work: 

1. Affected Set Determination: A more efficient technique is required to calculate the 

set of origin-destination pairs affected by the capacity reduction. As mentioned 

before, in this project we assume that in case of congestion people do not re-route. 

But in reality, if some link is congested and people receive the notification about 

congestion, it is more likely that people will reroute to other links. Rerouting can 

cause congestion on other neighboring links also. So extra care and more work is 

needed in order to calculate the set of Origin-Destinations pairs which can be 

marked as affected by the capacity reduction.  

2. Impact of Incident: the incident module which we used here reduces the capacity to 

70% of the original and only lasts for 60 minutes. This does not result in  a lot of 

difference with respect to  travel time increase. If a more severe incident is used with 
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at least 50% capacity reduction factor and which last at least for 120 minute, that can 

impact more and decrease the travel duration.  

3. Utility functions: The ReScheduler used in this project is utility (de)composer with 

monotonically decreasing unit time utility functions. Different types of utility 

functions can be used in the ReScheduler to investigate their efficiency and results. 

These functions can be an S-shaped utility function (associated with a bell shaped 

marginal utility function). In the general case, where the marginal utility is not 

monotonically decreasing, the relaxation algorithm used cannot be proven 

analytically to converge monotonically. 

4. Rescheduling types: in any case, the marginal utility for all activities in 

unconstrained parts of the schedule shall be identical in order for the schedule to be 

optimal. If the time compression rate is sufficiently high, this condition cannot be 

met because the initial value of the marginal utility is not necessarily the same for 

each activity(type).  In such cases activities shall be dropped or relocated so that they 

are no longer subject to some specific constraints. An example is : if you lack time for 

daily shopping in location A due to shop closing times, consider activity reordering 

so that you can shop at a different location and at a different time (which can relieve 

some constraints). More work is needed to investigate the cost and triggers for 

activity drop or re-ordering the activities.  The problem now is extended with a 

combinatorial optimization. 

   

6.4 Summary 

A simulation framework to investigate large scale effects of rescheduling daily activities has 

been built by combining microscopic simulation with macroscopic time dependent traffic 

network performance modeling. The microscopic component covers large amounts of 

agents adapting their daily  agenda making use of network information via perception 

filtering as time evolves; this in turn  influences the time dependent network load. Both the 

framework and a simple ReScheduler using monotonically decreasing marginal utility have 

been evaluated and proved to be able to produce results for the complete Flemish 

population and road network within a feasible runtime. 
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7 Appendix A - Probability distributions and densities 

approximation using Monotone Splines 

7.1 Introduction - Context 

Results of stochastic simulations models consist of large datasets. They can be characterized 

by their lower order moments (mean, variance) but in many cases the type of the 

distribution is not known. This paper describes a Java software library to process large sets 

of simulation results (be.uhasselt.imob.library.statistics.recordedCdf). 

7.2  Approximation 

1. The software calculates a least squares approximation of the recorded relative  

frequencies using a linear combination of I-Splines subject to a set of conditions. 

2. Consider a set of m basis functions bi(x). Let (xk, yk), k 2 [1,N] be values for a 

stochastic variable. 

𝑆 =   ( 𝑎𝑖  .  𝑏𝑖(𝑥𝑘 −  𝑦𝑘)2

𝑚

𝑖=𝑖

)

𝑁

𝑘=1

 

This reduces to 

𝑆 =   ( 𝑎𝑖  .  𝑏𝑖 𝑥𝑘 .

𝑚

𝑖=𝑖

𝑁

𝑘=1

  𝑏𝑗  𝑥𝑘 ) +  𝑦2
𝑘
−  2 . 𝑎𝑖

𝑚

𝑖=1

𝑁

𝑘=1

 . 𝑏𝑖 𝑥𝑘 .𝑦𝑘

𝑁

𝑘=1

𝑚

𝑗=𝑖

 

 

𝑆 =   ( 𝑎𝑖  .  𝑎𝑗 .

𝑚

𝑖=𝑖

𝑚

𝑖=1

  𝑏𝑖 𝑥𝑘 .𝑏𝑗  𝑥𝑘 +  𝑦2
𝑘
−  2 . 𝑎𝑖

𝑚

𝑖=1

𝑁

𝑘=1

 . 𝑏𝑖 𝑥𝑘 .𝑦𝑘

𝑁

𝑘=1

𝑁

𝑘=𝑖

 

𝑎𝑇 = [𝑎1. . .  𝑎𝑚 ] 

 

𝐵 =   

𝑏1,1 .  .  .  𝑏1,𝑚

.  .  . .  .  . .  .  .
𝑏𝑚 ,1 .  .  . 𝑏𝑚 ,𝑚
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𝑌 =   𝑦2
𝑘

𝑁

𝑘=1

 

𝑍 =  𝑏𝑖(

𝑁

𝑘=1

𝑥𝑘) .𝑦𝑘   

𝑆 =  𝑎𝑇𝐵𝑎 + 𝑌 − 2 . 𝑎𝑇𝑍 

7.3 Basis functions 

1. A short introduction to M Splines and I Splines can be found via 

http://en.wikipedia.org/wiki/M-spline. 

2. In [7] monotone splines are used to apply non-linear transformations of both 

independent and dependent variables in regression problems. 

3. Error! Reference source not found. shows a family of 16 monotone splines 

M_Splines) of order 4 on a set of non-equidistant knots. Error! Reference source 

not found. shows the corresponding I_Splines (the integrals of the respective 

M_Splines). Let  k be the order of the M_Splines and n be the number of knots. The set 

of knots 𝑡1  ≤ 𝑡2 .  .  .≤ 𝑡𝑛+𝑘shall fulfill following conditions: 

𝑡1 =  .  .  . =  𝑡𝑘  

𝑡𝑛+1 =  .  .  . =  𝑡𝑛+𝑘  

∀ 𝑖 ∶ 𝑡 − 𝑖 <  𝑡𝑖+𝑘  

The M_Spline is defined by 

 𝑘 = 1 ⇒   
 𝑖𝑓    𝑡1  ≤ 𝑥  <  𝑡𝑖+1     𝑀𝑖 𝑥 1, 𝑡  =  

1

𝑡𝑖+1 −  𝑡𝑖
𝑒𝑙𝑠𝑒  0                                                                                

    

𝐾 > 1  ⇒  𝑀𝑖 𝑥 𝑘, 𝑡  =   
𝑘[ 𝑥 −  𝑡𝑖 .𝑀𝑖 𝑥 𝑘 − 1, 𝑡 +   𝑡𝑖+𝑘 −  𝑥 .𝑀𝑖+1 𝑥 1, 𝑡 ]

𝑖 𝑘 − 1 (𝑡𝑖+𝑘 −  𝑡𝑖)
 

 

The corresponding I_Spline in [𝑡𝑗  , 𝑡𝑗+1] is given by 
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𝐼𝑖 𝑥 𝑘, 𝑡 =  

 
 
 

 
 
𝑗 < 𝑖                                               0                                                             

𝑖 ≤ 𝑗 ≤ 𝑖 + 𝑘 − 1                       (𝑡𝑚+𝑘+1 −  𝑡𝑚)
𝑀𝑚 𝑥 𝑘 + 1, 𝑡 

𝑘 + 1

𝑗

𝑚=𝑖

𝑖 + 𝑘 − 1 <   𝑗                             1                                                             

  

4. The function to be approximated is a cumulative relative frequency function and 

hence monotonically increasing and non-negative. I Splines Ii is used as basis 

function bi. The basis functions are monotonically increasing and non-negative. As a 

consequence all 𝑎𝑖  coefficients are non-negative.  

5.  Furthermore, both all members of the I_Spline set of basis functions and the function 

to be approximated, have the value one at the last knot. 

6.  This leads to the final problem formulation: 

𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒

𝑠𝑢𝑏𝑗𝑒𝑐𝑡
    𝑡𝑜  

𝑎𝑇𝐵𝑎 + 𝑌 − 2 . 𝑎𝑇𝑍
∀ 𝑖 𝜖  1,𝑚 : 𝑎𝑖  ≥ 0

 𝑎𝑖  =   1

𝑚

𝑖=1

  

7.4 Probability density function (Pdf) and ∆pdf 

1. As soon as the approximation 

 𝐹 𝑥 =   𝑎𝑖  .  𝐼𝑖 𝑥 𝑘, 𝑡 

𝑚

𝑖=1

 

for the cdf has been calculated, the approximation for the pdf is available as 

𝜕

𝜕𝑥
  𝑎𝑖  .  𝐼𝑖 𝑥 𝑘, 𝑡 

𝑚

𝑖=1

=    𝑎𝑖  .  𝑀𝑖 𝑥 𝑘, 𝑡 

𝑚

𝑖=1

 

2. The Pdf class provides a method genDiffGnuplotData() that plots the difference 

between two pdf. This has been provided in order to visually evaluate the difference 

between two result sets. This can be used in cases where comparison of mean and 

variance provides insufficient information. Note that the integral of the difference 

pdf always equals zero. 
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Figure 7-1Family of 16 M_Splines on of order 4. 

 

Figure 7-2Family of 16 M_Splines on of order 4. 
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7.5 Libraries used 

The open source package com.joptimizer (see http://www.joptimizer.com/ and 

http://www.joptimizer.com/apidocs/)has been used to solve the quadratic problem (QP). 

7.6  Selecting support and order 

1. The support is the set of knots. Knots are chosen so that each interval between 

consecutive knots contains approximately the same number of registered 𝑥𝑘  values. 

This is done by dividing the range [0, 1] in m equal intervals and then using the 

inverse of the piecewise linear approximation for the cumulative distribution 𝐹−1(𝑥) 

to find the 𝑥𝑖  value for the knots. 

2.  In order to avoid over fitting, it is assumed that each interval shall contain at least 10 

points (to be verified). For large datasets, the number of intervals probably shall not 

be larger than 30 (to be verified) so that each interval contains at least 3% of the 

registered values. 

3. The basis function 𝐼𝑖 𝑥 𝑘, 𝑡  is a polynomial of degree k. Note that increasing the 

order increases the number of intervals spanned by each basis function. 

7.7  API 

1. The API can be consulted at http://wiki.imob.uhasselt.be/libraries/utils/ (uHasselt 

intranet only). 

7.8 Examples 

1. Error! Reference source not found. shows the Csff (cumulative sample frequency 

unction) and the Cdf (cumulative distribution function) and Pdf (probability density) 

approximations. 

a.  This result has been produced by taking the first 79999 episodes from a 

Feathers prediction. m = 20 basis functions have been used (each interval 

thus contains about 4000 registered points). The spline order is k = 5. 

Generating this result takes about 1.2[sec]. Generating similar curves for 

solving the system with 50 base Functions and 4953180 episodes takes 

following times  

real             1m19.420s 

http://www.joptimizer.com/apidocs/
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user            1m20.709s 

sys               0m0.332s 

b. The vertical dashed lines denote the interval boundaries; note that the 

intervals have lengths that depend slope of the Csff (because (in general) they 

all contain approximately the same number of registered points). 

c. Also note the deviation between the Csff and the Cdf at the right hand side: 

this is caused by the fact that the last interval contains a lot of points aheving 

equal x value while the preceding intervals are sparsely populated. 

2. The data used to generate Error! Reference source not found. was disturbed by 

pplying 

∀ 𝑘 ∶ 𝑥 1𝑘  ⇐  𝑥𝑘  .  0.8 + 0.4 . 𝑟𝑎𝑛𝑑𝑜𝑚     

Then, Pdf_A is calculated for the original dataset and Pdf_B is calculated for the 

derived dataset. Finally the function Diff = Pdf_A−Pdf_B is calculated and plotted. Note 

that  𝐷𝑖𝑓𝑓  𝑥 𝑑𝑥 = 0. 

 

Figure 7-3Csff is the cumulative sample frequency function i.e. the piecewise linear distribution for the 
registered data. Cdf is the monotone spline approximation of the cumulative distribution function. Pdf is the 

approximation for the probability density function. 
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Figure 7-4 Pdf_A is the Pdf shown in Error! Reference source not found.Figure 7-3 Pdf_B has been generated by 
artificially disturbing the data used for Pdf_A. Diff shows the difference between the Pdf: its integral equals 
zero. 
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