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Abstract In this paper we present a homogeneous continuum mechanical
model for the active behavior of the skeletal muscle under finite strains. The
model differs from other skeletal muscle models in the way which the con-
tractile force is introduced. Generally, the contractile force is postulated to be
the isometric force multiplied by a set of experimentally motivated functions
which account for the muscles active properties. Although both flexible and
simple, this approach does not automatically guarantee a thermodynamically
consistent behavior but this must be checked in each case. The model proposed
herein is derived from fundamental principles in mechanics using a previously
presented framework (St̊alhand et al., Prog Biophys Molec Biol, 96, 2008) and
implicitly guarantees a dissipative and thermodynamically consistent behav-
ior. To show the performance of the model, it is specialized to a quick-release
experiment for rabbit tabialis anterior muscle. The results show that the model
is able to capture important characteristics like the bell-shaped force-length
curve and hyperbolic force-velocity relation.

Keywords Skeletal muscle · Model · Dissipation inequality · Strain-energy
function · Continuum mechanics.

1 Introduction

The skeletal muscle is a central component in the musculoskeletal system and
provides mammals with an ability to carry out essential functions like breath-
ing, chewing, handling objects, standing, walking etc. It is therefore no surprise
that the active properties of skeletal muscles have attracted attention and been
thoroughly studied. Much of what is known today about the active properties
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was discovered during the first half of the 20th century thanks to scientists
like W.O. Fenn, A.M. Gordon, A.V. Hill, and A.F. Huxley (McMahon 1984).

Among the wealth of information on skeletal muscle in the literature, a
few principle characteristics are commonly included in muscle modeling, e.g.,
the bell-shaped length dependence of the developed force and the hyperbolic
relation between shortening velocity and afterload. The hyperbolic relation is
often referred to as the Hill equation after its discoverer and is given by the
equation

V = b
t0 − t
t+ a

, (1)

where V is the shortening velocity, t the (isotonic) afterload, t0 the isometric
stress, and a, b > 0 are constants. These characteristics are linked to the
mechanics of the muscle and any kinetic study of, e.g., mammal motion must
also include a mechanical model for the muscle. One of the first to suggest such
a model was A.V. Hill (Hill, 1938). Based on amazingly accurate measurements
of the temperature during muscle contraction, he concluded that the muscle
can be represented by a spring in series with a contractile element governed
by Eq. (1). Despite its simplicity, this model is able to explain most of the
active properties and is still used in some studies (Fung 1993 and Martins et
al. 1998), or has served as a base for more refined models (Zajac 1989, Meijer
et al. 1998, and Ettema and Meijer 2000).

A common strategy to model the active muscle is to define the developed
force constitutively in such a way that it captures the characteristics above.
This is often done by taking the developed force F to be the product of the
isometric force F0 and some experimentally motivated functions. For example,
in a quick-release experiments, one may choose the normalized functions to be
f(L) and g(V ) (both in the range [0,1]) describing the dependence on length
L and velocity V , respectively, see, e.g., Buchanan et al. (2004), Johansson et
al. (2000) and Liang et al. (2006). These functions are, more or less, arbitrary
which makes the method both flexible and simple, but also introduces some
weaknesses. To guarantee a physically reasonable behavior, the model must
fulfill requirements like dissipation and objectivity. This is not implicitly guar-
anteed when the force is postulated as above and may lead to restrictions in
the model, see Ambrosi and Pezzuto (2012) and St̊alhand et al. (2008).

The objective of this study is to derive a skeletal muscle model which
satisfies the requirements above. This is done by applying fundamental prin-
ciples in mechanics using a previously presented framework (see St̊alhand et
al. 2008, and St̊alhand et al. 2011). This framework implicitly guarantees the
model to be dissipative and thermodynamically consistent. The performance
of the derived model is validated by tailoring it to quick-release experiments
for a rabbit tibialis anterior muscle. The model is confined to homogeneous
strain fields and fully tetanized conditions to limit the complexity. Further,
aspects such as pennation angle and residual force enhancement (McMahon
1984; Edman et al. 1982) are also excluded herein.



A continuum model for skeletal muscle contraction 3

2 Constitutive modeling

2.1 Kinematics

Consider the three-component mechanical model for skeletal muscle contrac-
tion given in Fig. 1. The force generating unit consists of a friction-clutch in
series with a spring where the friction-clutch represents the force generated
by the power strokes and the spring represents the cross-bridge elasticity. The
serial spring may also include other elastic structures in a serial arrangement
with the cross-bridges, e.g., the filaments themselves or titin, but all these
effects are lumped into the same spring for simplicity. Parallel to the force
generating unit is an elastic spring representing passive structures such as
connective tissue.

Let the length of the reference state be l0 and assume a homogeneous
deformation comprising two fictitious steps: first, an active displacement ua
which slides (translates) the filaments relative to each other without deforming
the cross-bridges and, second, a displacement ue which stretches the cross-
bridges without sliding the filaments. The deformed length is then given by
l = l0 + ua + ue and the total stretch can be written

λ =
l

l0
= 1 + εa + εe, (2)

where εa = ua/l0 and εe = ue/l0. The time derivative of Eq. (2) reads

λ̇ = ε̇a + ε̇e, (3)

where a superscribed dot denotes time derivative.

Fig. 1 The kinematics of skeletal muscle contraction. l0 is the reference length, l is the
deformed length, ua is the translation (sliding) of filaments and ue is the displacement of
cross-bridges.

In addition to the deformation rates in Eq. (3), we also define the relative
deformation rate between the clutch and sliding filaments

w = ε̇a + v, (4)
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where v can be thought as the normalized velocity for the clutch given by

v =
r

l0
θ̇, (5)

where r is the clutch radius and θ̇ its angular velocity.

2.2 Balance laws

To derive balance laws, the principle of virtual power (Germain 1973) is used.
The state variables for this problem are taken to be λ, εa and θ, and the virtual
velocities of the state variables are denoted δλ, δεa and δθ, respectively. Using
the virtual velocities, the internal virtual power for the mechanical model can
be written

P̂int = Tδλ+ Teδεe + Ta(rδθ/l0 + δεa), (6)

where T , Te, and Ta are the internal thermodynamic forces power conjugate to
δλ, δεe, and rδθ/l0+δεa, respectively. The first and second terms in Eq. (6) are
the powers associated with passive structures and cross-bridges, respectively.
Note that δεe is not an independent state variable and can been replaced
by δλ − δεa using Eq. (3). The last term relates to the power expended on
the friction-clutch. Next, the external power of the mechanical model can be
written

P̂ext = tδλ+ tarδθ/l0, (7)

where t and ta are the external thermodynamic forces power conjugate to δλ
and rδθ/l0, respectively. The first term in Eq. (7) is the power associated with
the external deformation of the muscle while the second term can be thought
as the external power applied to drive the friction clutch. The principle of
virtual power requires

P̂int = P̂ext, (8)

for all admissible virtual velocity fields. By substituting Eqs. (6) and (7) into
Eq. (8) and rearranging the terms, we get

(T + Te − t)δλ+ (Ta − Te)δεa + (Ta − ta)rδθ/l0 = 0. (9)

Since the virtual velocity fields are arbitrary, the following balance laws must
hold:

t = T + Te, (10)

Ta = Te, (11)

ta = Ta. (12)
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2.3 Constitutive relations

To derive constitutive equations, we apply the dissipation inequality which
states

Ψ̇ ≤ Pint, (13)

for all admissible velocity fields. In Eq. (13) Ψ is the free energy and Pint is
the internal power obtained by replacing the virtual velocities in Eq. (6) for
their true counterparts. Following St̊alhand et al. (2008), the free energy of
the model is assumed to be additively decomposed in the following way:

Ψ = Ψp(λ) +N(εa)Ψe(εe), (14)

where Ψp is the elastic energy in the passive structures, Ψe is elastic energy
in the cross-bridges, and N(εa) ∈ [0, 1] is a function describing the effective
fraction of overlap between actin and myosin filaments.

Substituting Pint and Ψ in the dissipation inequality (13) and using Eq. (4)
gives

∂Ψp

∂λ
λ̇+

∂N

∂εa
Ψeε̇a +N

∂Ψe

∂εe
(λ̇− ε̇a) ≤ T λ̇+ Te(λ̇− ε̇a) + Taw, (15)

and after rearranging of the terms

(T + Te −
∂Ψp

∂λ
−N ∂Ψe

∂εe
)λ̇+ (−Te −

∂N

∂εa
Ψe +N

∂Ψe

∂εe
)ε̇a + Taw ≥ 0. (16)

The first term in Eq. (16) is assumed to be associated with elastic processes
in the springs in Fig. 1 and is taken to be

T + Te −
∂Ψp

∂λ
−N ∂Ψe

∂εe
= 0. (17)

The second term is related to the filament sliding. This makes it natural to
assume a dissipative process and take

−Ta − Ψe ∂N

∂εa
+N

∂Ψe

∂εe
= ηε̇a, (18)

where η > 0 and Eq. (11) has been substituted. The third term is the stress
applied to the system by the friction clutch and it is assumed to be linearly
dependent on the relative deformation rate in Eq. (4) and on the filament
overlap, i.e.,

Ta =

{
Nκ(v + ε̇a) if ε̇a ≥ −v
0 if ε̇a < −v

(19)

where κ > 0 is a constant and Eq. (4) has been substituted. In Eq. (19), it
is further assumed that the sliding velocity ε̇a cannot exceed the normalized
velocity of the clutch in contractions and, as a consequence, Ta is taken to
be zero whenever ε̇a < −v. Note that these choices make the contraction
dissipative. This is easily verified by back-substituting Eqs. (17) to (19) into
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(16). The resulting inequality is greater than zero for all non-zero ε̇a and w
which guarantees a dissipative contraction.

Finally, by substituting Eq. (10) into Eq. (17), we obtain

t =
∂Ψp

∂λ
+N

∂Ψe

∂εe
. (20)

Equations (18) to (20) constitute the general model for skeletal muscle con-
traction. In order to specialize the model, the strain-energy functions, N(ε),
and η must be specified.

2.4 Specific constitutive model

It is generally accepted that the uniaxial stress response of passive skeletal
muscle is an exponential function with respect to the total stretch, see e.g.,
(Ehret et al. 2011; Ehret and Itskov 2007). In this regard, we take Ψp to be

Ψp =
C1

2C2

(
exp
(
C2(λ2 − 1)2

)
− 1

)
, (21)

where C1 > 0 and C2 > 0 are material constants. The strain energy of the
cross-bridges is assumed to be

Ψe =
1

2
Keε

2
e, (22)

where Ke > 0 is the stiffness of the serial spring.
The developed force in a skeletal muscle is a nonlinear function of the

muscle length with the maximal force close to its in situ length. The length
at which the muscle develops its maximal force is usually referred to as the
‘optimal muscle length’ (McMahon 1984) and it has been shown that the
optimal length is related to the maximal degree of overlap between myosin
and actin filaments in individual sarcomeres (Gordon et al. 1966). The overlap
function N(εa) herein is assumed to be dependent on the filament sliding
according to

N = exp
(
− (εopta − εa)2/(2γ2)

)
, (23)

where εopta is the value for εa at maximum overlap and γ > 0 is a constant.
What remains to be specified is η in Eq. (18). Although it is possible to

treat η as an unknown constant and identify it directly from time-dependent
experiments, we will not follow this path here. Instead, we will choose a par-
ticular functional form for η and specialize Eq. (18) in the intent to recover a
form of the Hill equation in (1). To that end, we start by substituting Eq. (19)1

into (18) and eliminating ∂Ψe/∂εe using Eq. (20),

−Nκ(v + ε̇a) + t− ∂Ψp

∂λ
− Ψe ∂N

∂εa
= ηε̇a. (24)



A continuum model for skeletal muscle contraction 7

Next, make the following constitutive choice,

η =
1

β
(t− βNκ+ α), (25)

where α, β > 0 are constants and introduce the maximum isometric stress

t0 = κv, (26)

which will be motivated later. Substitute Eqs. (26) and (25) into (24),

t−Nt0 − g =
1

β
(t+ α)ε̇a, (27)

where g = ∂Ψp/∂λ+ Ψe(∂N/∂εa). By a rearranging the terms, we arrive at

ε̇a = β
t−Nt0
t+ α

− β g

t+ α
. (28)

Quick-release experiments are generally performed in the maximum overlap
region (McMahon 1984) which implies N = 1 and ∂N/∂εa = 0 by Eq. (23).
In addition, the passive part of the total force in Eq. (20) is given by ∂Ψp/∂λ
and its contribution is generally small in this region for skeletal muscle (Böl
2010; Ehret et al. 2011; Gordon et al. 1966; Davis et al. 2003); an observation
which holds here too. The passive part may, therefore, be neglected. Theses
two observations imply g = 0 and Eq. (28) simplifies to

ε̇a = β
t− t0
t+ α

. (29)

Equation (29) is very similar to the Hill equation in (1) apart from the sign of
the nominator and the strain rate on the left-hand side instead of the short-
ening velocity. The sign of the nominator is simply related to extension being
considered positive herein, contrary to Eq. (1). For the left-hand side, note
that the model is given in terms of strain and stretch rather than length. The
shortening velocity should, therefore, be replaced by the deformation rate λ̇.
From Eq. (3) it is seen that λ̇ is the sum of two parts: a cross-bridge contrac-
tion rate ε̇e and a filament sliding rate ε̇a. To be consistent with quick-release
experiments, the shortening velocity is defined to be the slope of the stretch
response curve just after the rapid shortening phase ∆εe following the quick
release, see Fig. 2. The rapid shortening is associated with an elastic recoil in
the cross-bridges (McMahon 1984) and by assuming the elastic length change
to be instantaneous, ε̇e = 0 immediately after the rapid shortening and the
left-hand side becomes λ̇ = ε̇a as a consequence. Equation (29) is, hence, equal
to the Hill equation. Finally, to guarantee η > 0 in the quick-release experi-
ment, an upper bound for κ can be established by substituting the minimum
developed force t = 0 and N = 1 in Eq. (25). The result reads

κ <
α

β
. (30)
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Fig. 2 A schematic representation of the quick-release experiment. The muscle is released
from its isometric stress t0 against a constant stress t (left panel). The stretch response
initially has a rapid shortening (∆εe) followed by a gradual decline in the contraction velocity
until a new steady state is reached.

3 Parameter identification

The constitutive model described in Sec. 2 includes a set of unknown parame-
ters (t0, λopt, εopta , C1, C2, Ke, κ, v, γ, α and β) which must be determined for
the specific muscle in question. The parameters are computed in a nonlinear
identification process by tuning the model response to experimental data for
the rabbit tibialis anterior muscle from Winters et al. (2009) and Jarvis and
Salmons (1991). The data in Jarvis and Salmons (1991) is given in terms of
force and velocity and must be adapted to the model. This is done by nor-
malizing the force with the cross-sectional area 0.59 cm2 (Lieber and Blevins,
1989) and dividing the velocity by the initial muscle length 71.4 mm (Jarvis
and Salmons, 1991). The parameter identification is done using the function
fmincon in Matlab 7.13 (MathWorks, Natick, MA, USA) following the method
described below.

Fig. 3 The passive stress in the rabbit tibialis anterior muscle. The solid line is the model
response and the circles are experimental data from Winters et al. (2009).
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First, substitute Eqs. (21) and (22) into (20) and compute the developed
stress

t = 2C1λ(λ2 − 1)exp
(
C2(λ2 − 1)2

)
+NKeεe. (31)

Second, the passive strain-energy function parameters C1 and C2 in Eq. (21)
are identified by setting Ke = 0 and fitting the passive stress part of Eq. (31)
to the experimental passive stress data in Winters et al. (2009), see, Fig. 3.

Third, to obtain the active stress response, the experimentally measured
passive stress is subtracted from the developed (tetanized) stress, see Fig. 4.
The maximum point of this bell-shaped active stress curve is taken to be
the maximal isometric stress t0 and the corresponding stretch is λopt=1.012
(Winters et al., 2009; Ehret et al., 2011), where a superscribed opt denotes the
value at the maximum point.

Fourth, the parameters εopta , Ke, κ, v and γ are obtained by subtracting
the passive part from Eq. (31) and fitting NKeεe to the active stress data in
Fig. 4 using Eqs. (2) and (23). The unknown variable εa in Eq. (2) can be
computed by substituting Eq. (19)1 into (18) and noting that ε̇a = 0 since
the data points in Fig. 4 obtained at steady state (Winters et al., 2009). This
gives

−Nκv − Ψe ∂N

∂εa
+N

∂Ψe

∂εe
= 0, (32)

from which εa can be solved for each λ.

Fig. 4 The active stress data for rabbit tibialis anterior muscle. The solid line is the model
response and the circles are experimental data from (Winters et al., 2009).

Finally, by fitting Eq. (29) to the experimentally observed stress-deformation
rate curve in Jarvis and Salmons (1991), α and β are identified, see, Fig. 5.
The parameter identification result is summarized in Table 1.

Because the maximum point on the active stress curve is identified with
t0, the parameter Ke becomes constrained in the parameter identification and
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Fig. 5 The stress-strain-rate response for rabbit tibialis anterior muscle. The solid line is
the model response and the circles are data from Jarvis and Salmons (1991).

Table 1 Parameters identified for the model based on the data in (Winters et al. 2009)
and (Jarvis and Salmons 1991). The parameters κ and v are not shown since their product
equal the maximum isometric stress by Eq. (34).

t0 λopt εopta C1 C2 Ke γ α β
[MPa] [-] [-] [MPa] [-] [MPa] [-] [Mpa] [1/s]
0.300 1.012 −0.026 0.112 4.736 7.895 0.171 0.079 0.932

the following equation must hold for the active stress,

t0 = Keε
opt
e , (33)

where εopte = λopt − 1− εopta by Eq. (2) and N = 1. This equation can be used
to eliminate Ke from the parameter identification altogether. In addition, the
steady-state assumption above implies a second constraint, namely

t0 = κv. (34)

This is realized by substituting ∂N/∂εa = 0 at εopta and Eq. (22) into (32),
and comparing the result to Eq. (33). Note that Eq. (34) is the maximum
isometric stress introduced in Sec. 2.4 and, since both κ and v are unknown,
only their product can be determined uniquely in the parameter identification.
As a consequence, Table 1 only gives the isometric stress.

4 Discussion

In this paper, we present a new model for skeletal muscle contraction. The
model is derived by applying fundamental principles in mechanics and the
active force does not rely on direct multiplication of the isometric stress by
experimentally motivated functions; an approach used in many other studies,
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e.g., Martins et al. (1998), Johansson et al. (2000), and Liang et al. (2006).
The active force is instead given by a set of nonlinear equations obtained
from a virtual power balance and the dissipation inequality. Although several
constitutive assumptions in the model are based on experimental results, there
is a fundamental difference between this model and models where the isometric
force is multiplied by arbitrary functions: the constitutive assumptions herein
are chosen subject to the dissipation inequality (13). This implicitly guarantees
a thermodynamic consistent behavior, which need not be the case when the
isometric stress is multiplied by experimentally motivated functions.

It is difficult to assess if the identified parameters in Table 1 are reasonable
since no similar model has been presented to the best of the authors’ knowl-
edge. The parameters α and β in the Hill equation are an exception, however.
They can be compared to previously reported values in the literature by using
the normalized shortening velocity defined by (McMahon, 1984)

¯̇εa =
(t̄− 1)

(1 + t̄/ξ)
, (35)

where ¯̇εa = ε̇a/ε̇
max
a , t̄ = t/t0, and ξ is a non-dimensional parameter given by

ξ = α/t0 = β/ε̇max
a . The constant ε̇max

a = 3.5 s−1 is the maximum shortening
velocity obtained for t/t0 = 0 in Fig. 5. By substituting t0 and α into Eq. (35),
the dimensionless parameter is computed to be ξ = 0.26 which is at the upper
end of the normal interval 0.15 < ξ < 0.25 for vertebra muscle (McMahon
1984). The same result holds true if ξ is computed using ε̇max

a and β instead.
Figures 3 to 5 show that the model is able to capture both passive and

active properties of the rabbit tibialis anterior muscle. The poor fit of the
Hill equation at small shortening velocities in Fig. 5 when compared to the
same graph in Jarvis and Salmons (1991), is probably related to the data. The
fitting of the Hill equation in Jarvis and Salmons (1991) was not constrained
to go through the isometric force. As a consequence, t0 in Eq. (29) should be
replaced by the stress where the graph in Jarvis and Salmons (1991) intersects
the force axis, which is about 270kPa. For this value of t0, the model shows
a very good fit to data (not shown). Despite this we choose to present results
for t0 = 300kPa since data is obtained from various sources. In an experiment
tailored to the model, the measured isometric force will be the same in Figs. 4
and 5.

The overlap function N is chosen to be a normal distribution since it is a
simple non-zero function with a continuous derivative. Despite its simplicity,
the normal distribution captures the behavior of the active stress in Fig. 4
quite well and indicates that more elaborate functions for N , like the one used
in Ehret et al. (2011), may not be needed for the tibialis anterior muscle in
this model.

The strain-energy function ψe is assumed to be quadratic in εe. In Huxley
(1974) it was found that the stress response is close to linear. This motivates
a quadratic strain energy if the serial spring represents the cross-bridges. This
assumption requires the filaments to be rigid which is supported by X-ray
diffraction studies, see McMahon (1984). If the serial spring is also taken to
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include other elastic structures in series with the cross-bridges, the linearity
may be questioned. For example, the rigid filaments assumption has been
contested by Huxley et al. (1994) who suggested a nonlinear stress response
for the filaments. Nonetheless, we confine ourselves to a linear stress response
as a first approximation to limit the complexity of the model.

The evolution law for εa in Eq. (18) can be specialized to recover the
Hill equation as shown in Sect. 2.4. This specialization restricts the model to
shortening, however. Further, the shortening velocity is given by λ̇ = ε̇a which
requires ε̇e = 0. From a mechanical point-of-view, this is a reasonable assump-
tion in quick-release experiment since the serial spring can change its length
instantaneously. This means that (most of) the rapid drop in length following
the release is associated with the elastic cross-bridges. For slow contraction
where the time constant is of the same order magnitude as the normalized
clutch velocity v, the shortening velocity must be computed from the full
problem using Eq. (3).

As pointed out in Sect. 3, only the product κv can be determined uniquely
in the parameter identification. This is obviously a limitation, but it is not
easy to think of ways to control κ and v independently in the experiments
behind Fig. 4. Nonetheless, upper and lower bounds for κ and v, respectively,
can be determined. The first bound κ < α/β is already given by Eq. (30). The
second bound is readily computed by substituting the definitions α = ξt0 and
β = ξε̇max

a (see Eq. (35)) into Eq. (30) which gives

v

ε̇max
a

> 1. (36)

The implication of Eq. (36) is that the friction-clutch’s normalized velocity
v must exceed the maximum shortening velocity to guarantee dissipation for
active contraction, i.e., η > 0. These bounds may be used in simulations where
explicit values for κ and v are needed, but it comes at a cost since η in Eq. (24)
becomes zero and the contraction is non-dissipative. If one is willing to accept
a pragmatic position, this may be of minor importance in most (practical)
applications where shortening takes place in the presence of a load, i.e., t 6= 0,
and the maximum shortening velocity is never reached.

The presented model is limited to contraction of fully tetanized muscle.
If it is desirable to include partial activation in the model, it is possible to
use the method described in St̊alhand et al. (2008). Briefly, the model is ex-
tended by introducing variables for the internal calcium ion concentration and
the fraction of myosin heads attached to actin (cross-bridges). Appropriate
modification of the external and internal virtual powers and the strain ener-
gies gives an additional evolution equation describing the fraction of attached
myosin as a function of the calcium ion concentration. We chose to exclude
partial activation from the model since it only adds to the complexity and most
quick-release experiments are performed with fully tetanized muscles anyway.

In conclusion, a new model for skeletal muscle contraction is presented in
this paper. The model is based on an additive decomposition of the deforma-
tion and is derived subject to fundamental mechanical principles. The model
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shows good agreement with experimental data and we believe it can contribute
to our understanding on how to model the active properties of skeletal muscles.
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