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Abstract 
This thesis work presents a web-based interactive program for three-dimensional concepts of Multivariable 
Calculus course at Linköping University. It is focused on using computer graphics to develop geometric 
intuition through visualization. This thesis interactively visualizes partial derivatives and optimization concepts 
which are difficult to teach clearly in a traditional classroom using a two dimensional board.  
The program is a Netbeans project and is based on the Java programming language and OpenGL libraries, in 
order to run on all operating systems and obtain high quality 3D visualization results. Java OpenGL (JOGL) 
provides hardware supported 3D graphics and Swing is used as a Java GUI widget toolkit for designing the 
graphical user interface. The final results are published on the internet as Java Applet frames and Java Web 
Start applications to enhance the conceptual understanding of students. Therefore, this thesis promotes the 
strength of computer graphics and visualization tools in teaching.  
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1 Introduction 
 

Interactive nature of work with computer, precision and speed of the calculations are useful parameters in the 
mathematics education. Nowadays, the computer is going to revolutionize mathematical instruction with its 
ability to calculate faster and demonstrate graphics. These facilities can be used in interactive programs to help 
understanding through evolving new dynamic images.  
Today’s use of computer based visualization is an important supporting tool in teaching. Students can visualize 
the problems better by developing their own idea. It also gives the students the opportunity to explore more 
topics and develop their problem solving skills. In fact, the impossibility of access to the computer 
visualization tools for teaching leads students cannot fully develop their skills and it creates a gap between 
those who have the access to this kind of tools and those who have not [1].  
Due to the geometric and dynamic nature of calculus where most of the concepts are three dimensional, it is 
usually hard for instructors to clearly display them for students on a two dimensional board. This thesis focuses 
on visualization techniques and computer graphics to create useful mathematical software. The final result is a 
web-based visual exploration environment for multivariable calculus course at Linköping University. 
 
 

1.1 Background 
During the last decades, there has been an extravagant growth in the number of mathematical sites which use 
applets and animated illustrations as educational tools [2]. National Council of Teachers of Mathematics' 
(NCTM) was the first site which presented applets for various mathematical concepts [3]. Afterward, the 
Center of Educational Technology' (CET) site demonstrated applets for linear and quadratic functions [3].  
Department of Science and Technology (ITN) at Linköping University developed an online learning 
environment for the course in Linear Algebra to support independent study in 2009. Corresponding website 
includes some materials which help the students realize the concepts covered in Linear Algebra, such as lecture 
videos and notes, interactive Java applets and problem to solve with solutions. These materials support 
independent study; particularly mathematical applets enhance the website with animated figures and 
interactive illustrations for three dimensional concepts. 
Due to the positive and constructive students' feedback, ITN has decided to organize an online course in 
Multivariable Calculus. This thesis work focuses on creating a web-based visual exploration environment for 
partial derivatives and optimization concepts of Multivariable calculus. It covers functions with two and three 
variables, because they are a bit more difficult to realize and less obvious than single variable functions. 
Therefore this work shows how the concept of derivative and Lagrange Multiplier can be applied both 
algebraically and visually. It develops a feeling for the concepts of tangent plane, normal, gradient, directional 
derivative, critical points, constraint curve and Lagrange Multiplier.  
This work is an extension and continuation of Edin Katardzic’s and Theo Wärn’s works and therefore it is 
based on their structures. Their thesis, "Visualization of Linear Mappings in Linear Algebra" and 
“Visualization of rotations and quadratic forms in Linear Algebra” were presented at Linköping University and 
are available at liu.diva-portal.org. 
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1.2 Aim and purpose 
The main purpose is to explore several applications to improve student’s understanding about two important 
topics in Multivariable calculus. In fact it is aimed to develop accurate geometric insights about derivatives and 
optimization by providing dynamic visualization tools for students. The result is four visualization applications 
which are published on the Multivariable Calculus Website of Linköping University.  
 

 

1.3 Limitations 
Due to the main purpose of this work, the method is based on using Java and OpenGL. It is obvious, that 
unavoidable limitations are always in a thesis work. Limitations are described in this section to inform users 
about the circumstances in which the work has been conducted. 
Java programming language runs on different hardware types and all operating systems, which might cause 
some problems. For instance, Apple provides their own version of Java for Mac OS X 10.6 and older, while 
the other versions of Java for Windows, Linux and Solaris are supplied by Sun Microsystems. Further, Apple 
disables the Java plug-in and Web start features when the Java is updated using software update. It is obvious 
that this causes to problem for running Java Web start applications. In order to solve the problem, Apple has 
published a Terminal commands, containing a couple of symlinks for re-enabling Web Start features. 
This thesis covers two different Java techniques, i.e. Java Applet and Java Web Start Applications, to publish 
final results on the internet. Java applets are too limited in terms of memory and it makes the performance slow 
down for displaying results with lots of graphics. Java Web Start enhances the performance by running locally 
on the computer but there are some difficulties to program and deploy them.   
OpenGL libraries are necessary to improve 3D visualization results of this work but they consist of many jar 
files and native libraries which make it difficult to use in programming. Furthermore, JOGL needs the Java 
plug-in to be executed in-process, but Apple has updated the OS X with an out-process execution environment 
for the Java plug-in in all Web browsers. Therefore, a problem has appeared in most of JOGL based Java 
applets making them not be able to display the GLCanvas properly. Consequently, this work only covers Java 
Web Start applications for Mac systems. 
 
 

1.4 Outline 
This thesis work is divided into five main sections and each one is divided into several subsections.  
Section1 is an introduction that states the goal and purpose of this work. It consists of background, aim and 
purpose, limitation, and outline.  
Section 2 is about literature study to provide the reader necessary information for understanding different 
concepts of the work. It includes a brief summary of theoretical foundations of Mathematics, and Computer 
Graphics. 
Section 3 is the state of the art. It discusses the methods and techniques which are used in the framework. This 
section is divided into mathematical expression parser, using events with GLCanvas, three dimensional 
surfaces, parametric surfaces, real-time mouse picking, 3D plot rotation and Creating Implicit Plots. 
Section 4 demonstrates the results of the user interface for each application, and describes tools instructions in 
details. 
Finally section 5 presents conclusion and recommendations for future works. 
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2 Literature Study 
 

Due to the improvement of information technology, computer graphics has become a main tool to solve 
mathematical problems. It helps students understand various topics through visualization. In fact, computer 
graphics promoted the role of visualization in the fields where mathematics is used. 
This section contains a brief summary of necessary theoretical foundations of Mathematics, technical 
foundations of Computer Graphics, as well as a short description about the dependency between visualization, 
mathematics and computer graphics. 
 
 

2.1 Theoretical Foundations of Mathematics 
Abstractness and rigor features of mathematics may make students feel, mathematics is hard and exotic. 
Therefore, it is important to enhance the student’s ability in problem solving through visualization and 
animation technology, because several interpretations of mathematical concepts are based on visualization. 
Visualization is the process of creation and use of diagrams and pictures on paper or with technological tools, 
with the goal of communicating information and giving students the motivation for learning mathematics. It 
tries to make a connection between the experiential world and mathematics and creates a general insight of 
intuition and mental images in mathematical reasoning. In fact creating visual or physical interpretations of 
mathematic concepts are helpful solutions for students to conclude the meaning of formal definitions [4]. 
As previously discussed in section 1.1, this thesis covers partial derivatives and optimization concepts of 
Multivariable Calculus by presenting interactive animations and the results allow students to manipulate 
corresponding animations to realize these concepts.   

 
 

2.1.1 Derivative 
The derivative presents how a function changes whenever its input changes. It is possible to enhance student’s 
ability to solve different mathematical problems by using graphical illustration of functions and their 
derivatives. This thesis work tries to enhance this ability through a dynamic visualization environment.   

 

2.1.1.1 Partial Derivatives 
The first partial derivatives of a function with various variables are the usual derivatives with respect to one of 
its variables assuming the other variables are held constant. It is called partial derivatives because it shows part 
of the change that is occurring in a function.  
The first partial derivatives of function  (x, y) with respect to its first variable, is denoted by   岫   岻. It is the 
rate of change in z over the change in x while holding y constant. This is the slope of the tangent line to cross 
section when y is constant. Similarly, the first partial derivatives of  (x, y) with respect to its second variable, 
is denoted by   岫   岻. It is the rate of change in z over the change in y while holding x constant and definitely 

this is the slope of the tangent line to cross section when x is constant. Consequently, there are two different 
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derivatives because variation can occur in two different directions (x and y) [5]. The following central 
difference formulas are applied in this thesis: 
    岫   岻         岫        岻    岫        岻       (1)    岫   岻         岫        岻    岫        岻       (2) 

Where, the limitations of Equation 1 and 2 exist. 
A parametric surface is a continuous function f which is given by: 

f (s, t) =  x(s, t) i+  y(s, t) j+  z(s, t) k    (3) 

Where, parameters s and t are located in a certain domain.  
The first partial derivatives of function f (s, t) with respect to s and t are denote by     and   . Similarly, they are 
determined by the central difference formulas: 

   岫   岻         岫        岻    岫        岻       (4)    岫   岻         岫        岻    岫        岻       (5) 

Where, the limitations of Equation 4 and 5 exist. In addition, for the corresponding equations h = 1e - 8 is 
considered as an optimal step-size. 

2.1.1.2 Normal Vectors and Tangent Planes 
Tangent Planes and Normal Vectors are developed in this work to help students gain a better conception about 
the geometric concepts of derivatives.  

The normal vector  ⃗⃗  at a specific point (x0, y0 ) of a function  (x, y) with two independent variables, is given 
by [5]:  

 ⃗⃗ = (   (x0, y0 )    (x0, y0 ), -1)     (6) 

 
Geometrically, tangent planes present the same definition which tangent lines do. A tangent plane is a linear 
approximation to a function at the specific point (x0, y0) with equation [5]: 
 

z =   (x0, y0 ) +   (x0, y0 ) (x - x0 ) +    (x0, y0 ) (y - y0 )     (7) 

 
Where the graph f(x, y) is a smooth surface near the point (x0, y0 ) in both mathematical formulas. 
Normal vector to a smooth parametric surface  岫   岻 is determined by the cross-product of its first partial 
derivatives, as follows [5]:  
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 ⃗⃗   =         = 
       

      =  |                               
 |  =  

 岫      岻 岫      岻  i +  岫      岻 岫      岻     +  岫      岻 岫      岻      (8) 

For parametric surfaces the tangent plane contains all vectors tangent to the curves passing through a specific 
point. The equation of the tangent plane of  岫   岻 is given by:  

z = f 岫s0, t0) +   岫s0, t0) (s - s0) +    岫s0, t0) (t - t0)     (9) 

Where, the limitations of corresponding equations exist. 
 
 

2.1.1.3 Gradient Vectors 
The gradient combines the first partial derivatives of a function in to single vector function. In fact if the first 
partial derivatives of function  ( x, y ) exist, the gradient vector is defined by [5]:  
    ( x, y ) =    (    )    (    )    (10) 

Where the  i and j are the unit basis vectors and   is a vector differential operator. 
 
 

2.1.1.4  Directional derivatives 
The directional derivative of function  (x, y) at the specific point (x0, y0) in the direction of vector  ⃗⃗  is the rate 

of change of the function with respect to distance determined at that point along the  ⃗⃗  vector [5]. The 
directional derivative is defined by: 
    

 (x0, y0) =   ⃗⃗  .   (x0, y0)   (11) 

Where    is the gradient and  ⃗⃗  =  ui +vj denotes a unit vector. 
 
 

2.1.2 Optimization  
Optimization applies special mathematical and computer based methods to supply insight on complex 
problems. In multivariable calculus, the method of Lagrange multipliers is presented to solve constrained 
optimization problems. In general, students know how to solve these problems but many of them do not realize 
the concept behind what they are calculating.  
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2.1.2.1 Finding and Classifying Critical Points 
There are different problems which can be put in the content of defining maximum or minimum values for 
function of various variables. If  (x, y) is a smooth function of the two independent variables x and y, the 
critical point (x0, y0) happens where both of the partial derivatives   (x0, y0) and   (x0, y0) vanish. Afterwards 

the classification is done by the second derivative test. It is a method to define whether the critical point of the 
function is a local minimum, maximum or saddle point. It is supposed [5]: 

 
d(x0, y0) =    (x0, y0) *    (x0, y0) - (   (x0, y0))

2 

 
(a) if d(x0, y0) > 0 and    (x0, y0)  >  0, then there is a local minimum value at (x0, y0). 
(b) if d(x0, y0) > 0 and    (x0, y0) < 0, then there is a local maximum value at (x0, y0). 
(c) if d(x0, y0) < 0, then there is a saddle point at (x0, y0). 
(d) if d(x0, y0) = 0, then the test is inconclusive and provides no information. In fact,  (x, y) may have a 

local minimum, maximum or a saddle point at (x0, y0). 

The following central difference formulas are used in this work for estimating the second derivatives 
numerically: 

     岫   岻         岫        岻     岫      岻    岫        岻       (12)     岫   岻         岫        岻     岫      岻    岫        岻       (13) 

     岫   岻         岾            峇      岾            峇    岾            峇    岫            岻       (14) 

Where, h = 1e - 8 is considered as an optimal step.  

 
 

2.1.2.2 Lagrange Multiplier of two variables  
The method of Lagrange multipliers is an approach for solving optimization problems when the domain is 
restricted to another function.  
In order to determine extreme values of  f (x, y) subject to the equality constraint function g(x, y) =  0, it is 
supposed both functions f and g have continuous first partial derivatives closed to the specific point (       ). 
As well as, the function f is assumed to have a local maximum or minimum value at (       ), and also   岫       岻 is not zero [5]. 

 

Afterward, there is a    where (  ,   ,   ) is a critical point of the lagrangian function: 
   

L(x, y, ) =  f (x, y) +   g (x, y)   (15) 
 
For any critical point of function L there must be:  
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0 =  
     =  fx (x, y) +   gx (x, y)  

                is parallel to   . 

0 =       =  fy (x, y) +   gy (x, y)      

 

0 =  
     =  g (x, y)                 the constraint equation 

 
In fact, it is supposed that there exists a solution for the constrained problem and this method is used to figure 
out the corresponding solution [5].  
 
 

2.1.2.3 Contour Plot  
A contour plot is a 2D plot of a three-dimensional surface where the corresponding surface intersects planes 
with constant elevation. It means that there is just one z value for every x and y pair on the contour plot. 
Differences between contours of a function also helps to recognize its behavior around the local minimum, 
maximum or saddle points [6]. Contour plots for some functions are really complicated and it is difficult to 
interpret the contour diagram without seeing the corresponding 3D graph. So it is important to improve the 
geometric insight by connecting the surface graphs of different sorts of functions with their contour plots. 
 
 

2.2 Technical Foundations of Computer Graphics 
A program interface uses computer’s graphic capabilities to create a simple and efficient user interface. In fact 
a design has to arrange the user interface purposefully, put relevant items together, separate irrelevant ones and 
make consistent features clear and recognizable to users [7]. 
This work has focused on providing an interactive interface to give students practice in using corresponding 
concepts. The user interface consists of two separate windows: A control window by which the user interacts 
with the program and a graphic window where the visualization is done. This design makes the user’s 
interaction as easy and effective as possible.  
Java is used as the programming language because Java programs are platform independent. In addition 
3D hardware acceleration is available from the OpenGL libraries for improving the visualization results. 
It is appropriate to use the Java API to create the interface via Swing and ensure that they will look the same 
on all operating systems. Furthermore, Java is good web support through Java Web Start and Java applets 
which are two of the basic requirements for implementing this project.  
 
 

2.2.1 JOGL  
Java OpenGL (JOGL) is a wrapper library and one of the biggest improvements in Java. It is a kind of Java 
programming language Binding for the OpenGL application which allows to utilize OpenGL on the Java 
Platform. Therefore, programmers can apply the object-oriented tools for Java with hardware-accelerated 2D 
and 3D graphics [8]. 
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In this thesis, OpenGL through JOGL is used in the graphic window to provide hardware supported 3D 
graphics. But the OpenGL Utility Toolkit library is not available for window-system and Java has to use its 
own windowing systems such as Swing or Abstract Window Toolkit (AWT). 
 
 

2.2.2 Swing  
In general, Swing is the primary Java GUI widget toolkit that supplies three suitable container classes:  
JFrame, JDialg and JApplet and also affords more sophisticated and flexible GUI components compared to 
AWT.  
It provides different advanced components like tabbed panel, scroll panes, trees, and tables in addition to 
familiar components like labels, check boxes and buttons. In addition, Swing components are written entirely 
in Java and are platform-independent, which is an important feature for the aim of implementing this work [9]. 
  
 
 

2.2.3 Java Applet 

Java applets are executed by the Java Virtual Machine (JVM) in a procedure separated from the web 
browser. The ease of updating applets is one of their most compelling advantages. The developers only need to 
upload the jar and class files on the web servers and then the users can get the latest version as soon as they run 
the applet. Indeed Java applets run in the Web browser and need no installation. Therefore they run 
immediately without the user having to click on anything and automatically operate the browser to download 
the Java plug-in if it's not installed. Consequently they enhance the web applications and supply interactive 
features which cannot be provided by HTML alone. For instance, they can change the graphic content in 
response to the user actions. Nevertheless, they are acutely limited in memory for example if the program 
utilizes a lot of graphics performance, the application will be slow [10]. 
 
 

2.2.4 Java Web Start 

Java Web Start is an acceptable way for deploying applications through a Web Browser plug-in because they 
enhance the performance by running locally on the computer and lots of security restrictions on applets are not 
applied to them. 
Developers create Java Network Launching Protocol (JNLP) files and host them on the web server. JNLP is 
XML DTD which includes essential information for Web Start to launch the application. Then the users can 
run it by clicking on the JNLP link in the Web page and it is not required to update or install any program. It is 
also possible to make desktop shortcuts and use the application offline. Web Start first downloads the 
necessary resources as illustrated in the JNLP file, and afterwards invokes the main method on the class 
determined in the JNLP file's application. In addition, JWS automatically download the latest version of the 
applications from the server if they exist [11].  
Accordingly, Java Web Start and applets are appropriate choices for using in visualization and teaching tools. 
This thesis covers both techniques and makes it possible to start the application as a Java applet or run it as a 
usual executable program. 
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3 State of the art 
 

This section presents a technical overview of the important methods applied in this thesis to make the 
applications process more effectively. It is focused on illustrating the necessary algorithm implementations to 
create high quality, flexible and fast 3D visualizations.  
 
 

3.1 Mathematical Expression Parser  
The initial phase of implementing this thesis work is to confirm if  every input passed to the program follows 
the expected type and value, and then evaluating the corresponding function at any numerical value. 
Implementations of mathematical expressions may seem easy and intuitive to humans, but they are not simple 
in a programming language. Math Parser is a converter which transforms an input mathematical expression 
into a format which is appropriate for the calculation through computers.  
The basic idea of a parser is to analyze a string which demonstrates a mathematical formula, then produce a 
postfix expression of the original infix expression and place it in a perfect order for providing the process fast 
and efficient [12]. 
This work has a specific class which contains a math parser. The shunting yard algorithm is employed in the 
parser class. It parses expressions written in infix notation and creates an output in Reverse Polish Notation 
(RPN). Then a postfix algorithm based on using stack is applied to evaluate the RPN expression and specify 
the mathematical result. Figure 1, shows a graphical illustration of the shunting yard algorithm.  
 

 
 

Figure 1 - Graphical illustration of the shunting yard algorithm 
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The major advantage of this approach is that the procedure of computation is quick and effective. It also 
supports the following operations and functions: Addition, Subtraction, Multiplication, Division, 
Exponentiation, Unary minus, plus, abs: absolute value, acos: arc cosine, asin: arc sine, atan: arc tangent, ceil: 
next integer value, cos: cosine, sin: sine,  exp: euler's number raised to the value (e^x), floor: previous integer 
value, ln:  logarithm to the base e , log:  logarithm to the base ten, sqrt: square root, tan: tangent. For example 

equation “         arctan (
  )” has to be entered as “x * y * exp(x^2+y^2) * arctan(x/y)”. 

 
 

3.2 Using Events with GLCanvas 
Using OpenGL through JOGL, leads this program to create 3D models. JOGL supports two fundamental 
widgets into which OpenGL rendering can be applied: GLJPanel and GLCanvas. Both of them apply an 
interface to support OpenGL illustrations. GLCanvas is designed for inclusion into AWT’s Frame and Swing’s 
JFrame [13]. 
In order to obtain higher performance, the main class of this program is a JFrame which contains a GLCanvas. 
Therefore, all of JOGL's OpenGL drawing will happen in the GLCanvas. As previously mentioned, due to the 
flexibility, Swing is used as the GUI Component. Consequently this thesis applies GLCanvas with Swing. In 
comparison to GLJPanel, GLCanvas does not fit simply into lightweight Swing GUI components and 
programming their combination is tricky but it supports better performance.  
Figure 2 is an "Event Listener" model that illustrates the used cases for Lagrange Multiplier application that 
has more complex features compared to other applications.  
Event Listener model is used by Java for responding to the user’s actions, therefore everything begins from a 
user. In this application the user can click and drag the mouse, move the sliders and also type on the keyboard. 
Then the interface which is implemented should be notified using corresponding event. In fact the event is 
employed to begin the procedure of executing the Java code. In other words, this thesis work is an event driven 
application and its code will be called if the user wants to execute. Accordingly, some steps of this program 
may never be executed [14].  
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Figure 2 - Event Listener model for Lagrange Multiplier application 
 
 

3.3 Three Dimensional Surfaces 
The most important visualization object of this thesis work is related to three dimensional surface plots 
because they are essential to present different features of the corresponding application. Each surface plot 
consists of many small rectangles that are determined by x, y and z coordinates of their vertices. Therefore the 
first step in creating a surface is to define its fundamental rectangles. 
As seen in Figure 3.a , a rectangle is specified as a vector of the form [ vertex 1, vertex 2, vertex3, vertex 4 ], 
giving coordinates of the lower left, lower right, upper right and upper left corners, respectively and 0.2 is 
considered as acceptable step size with a focus on the equilibrium among accuracy and calculation speed. 
The minimum interval values of x and y are used as the coordinate of the first vertex of the first rectangle. The 
height, z value is defined based on the mathematical formula, x and y values. 
As seen in Figure 3.b ,  the second vertex of the first rectangle is specified based on  (x + 0.2, y, f (x + 0.2, y)) 
coordinate, similarly the third and fourth vertices are determined as (x + 0. 2, y + 0. 2, f (x + 0.2, y + 0.2)) and 
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(x, y + 0. 2 , f (x, y + 0.2)) . Indeed the vertices of remaining rectangles are defined in the same way and with 
the same step size. 
The normal vertices of the rectangles specify the color, so the surface coloring is proportional to the normal of 
its basic rectangles and therefore unrelated to the value of the function.  

 
(a)Rectangle     (b) Surface 

Figure 3 - Fundamental rectangles 
 
 

3.4 Parametric surfaces 
As previously mentioned in section 3.2.1.2, coordinates of parametric surfaces are determined by a set of three 
functional values (x (s, t), y (s, t), z (s, t)). They are created in a similar way as three dimensional surface plots 
but for these surfaces 0.3 is considered as acceptable step size because this step needs more computation. 
For creating a parametric surface, the minimum interval values of s and t parameters, as well as related 
mathematical formulas are used to calculate the coordinates of the first vertex of the first rectangle. The second 
vertex is specified based on  ( x (s + 0.3, t), y (s + 0.3, t), z (s + 0.3, t)) coordinates, similarly the third and 
fourth vertices are determined as  ( x (s + 0.3, t + 0.3), y (s + 0.3, t + 0.3), z (s + 0.3, t +  0.3)) and ( x (s, t + 
0.3), y (s, t +  0.3), z (s, t + 0.3)). Indeed the coordinates of remaining rectangles are defined in the same way 
and same step size. Like the three dimensional surface plots, the coloring technique is based on the normal of 
fundamental rectangles.  
 
 

3.5 Realtime Mouse Picking   
Mouse picking is used in this thesis work for moving the trace point and the bearings of the regulator panels. 
According to Figure 4, when the mouse is placed around the trace point a yellow sphere will be appeared. 
Afterward, the related point can be rotated by dragging the mouse all over the 3D plot. It is important to take 
into consideration that if the yellow sphere is not displayed then only the 3D plot is rotated and not the trace 
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point. In fact dragging inside the trace point leads its graphics to tumble in a direction which follows the mouse 
cursor. The bearings of the regulator panels use this method for moving the axis planes and rotating the 
directional derivative vector. 
Realtime Mouse Picking detects objects of the scene based on the user input and makes the application more 
interactive. There are different selection methods in OpenGL to determine which object is clicked by the user’s 
mouse [15]. 
The color coding method is chosen for programming the mouse picking section. This technique uses 2D mouse 
coordinates as a reference to identify the object which has been clicked. In fact it reads the pixel where the 
mouse is clicked from the back buffer through glReadBuffer and glReadPixels functions. The first one 
determines a color buffer source for subsequent glReadPixels commands while the second function defines a 
block of pixels from the frame buffer. Afterwards, the color information is used to identify which object has 
been clicked [16]. 

 
 

Figure 4 - Real-time mouse picking 
 

3.6 3D Plot Rotation 
Rotating is a significant issue in 3D application because users need to see all sides of the object. In fact, it 
means spinning an object around an axis or around a point [17]. This thesis work provides a free 3D rotation 
and spins the object around the origin. Therefore the user can interact with the scene by dragging the mouse on 
the plot and rotating the object in the direction of the mouse in 3D. This is accomplished through Javas’ 
MouseMotionListener and MouseListener event handlers because MouseEvents can record the position of the 
mouse in the component's coordinate system. 
In this program the MousePressed method is called as soon as the mouse button goes down. It records the x 
and y coordinates of the mouse in two variables. Then the MouseDragged method rotates the object based on 
the related displacement in mouse direction. The displacement depends on how far the mouse has moved, so 
the current mouse position decreases the variables from MousePressed method. After updating the position of 
the object which has been dragged, the mouse coordinates have to be recorded again. Therefore the position 
will be updated correctly in the next MouseDragged call. Eventually for illustrating rotation behavior, the 
object has to be rotated based on the displacement result of the MouseDragged method.   
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The applications illustrate the surface rotation feedback, whenever the user presses and drags the mouse. 
Figure 5 displays the six sequences of events for 180 degree rotations. In each event, user clicks and drags the 
mouse up then the surface rotates 30 degree around the x axis. Therefore in last event the surface has a 180 
degree rotation about the x axis. 
In addition, a Thread object and a Runnable implementation are used in this work for rotating objects 
automatically around the z axis which demonstrates a constrained rotation. 
 

 
 

Figure 5 - Sequences of dragging the mouse pointer up 
 

 

3.7 Creating Contour Plots 
Contour plot is a way of visualizing complex functions by presenting topographic maps. In order to generate a 
contour plot, an implicit plot algorithm has to be applied several times to draw a series of the level curves for 
the corresponding surface. There are three different implicit plot algorithms: Simple Tolerance, Taubin and 
Triangle Methods for generating a contour plot of a function [18]. In order to have a fine deal of tradeoff 
between speed and accuracy, the Triangle method has been selected for this thesis work. Despite of its easy 
implementation, this algorithm creates a wisely right graph for different kinds of implicit equations in a short 
time.  
For performing this algorithm, first a rectangular grid of points is created and corresponding to every grid 
point, the result of the main function has to be considered. Afterwards, each rectangular cell is divided into 
four similar triangles based on the center point of the rectangle (see Figure 6).  
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Figure 6 - Rectangular grid of points 

 
In order to determine the intersections of the main surface with horizontal planes, such as z = 0, all three edges 
of each triangle have to be examined. If there is any intersection, the line segment where the intersection 
occurs has to be specified. In fact, all the line segments together approximate the corresponding level curve of 
the main surface. For instance, if the upper left corner point has negative value but the upper right one has a 
positive value then the level curve has to cross this edge (see Figure 7).  

 
Figure 7 - Line segment 

 
The exact coordinates of this intersection can be computed based on the linear interpolation algorithm. In order 
to have a better speed calculation in this work the middle of related edge is considered as the coordinates of the 
intersection point. On the other hand, for generating good result, 0.05 is considered as the length of each 
rectangle based on the speed and accuracy of the implementation (see Figure 8). 
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Figure 8 - Coordinates of intersection points 

 
 
Consequently, in order to create a contour plot of a surface, this algorithm has to be applied multiple times to 
draw each of implicitly specified level curves for the corresponding function [18].  
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4 Implementation 
 

This section presents a short summary of the user interface instructions. It is focused on demonstrating the step 
by step instructions and related figures for employing the applications of this thesis work. 
 

4.1 User Interface 
The user interface design of this work keeps all needed options and features for each task clear without 
confusing the user with unessential or extra information because it consists of two separate windows. This 
design keeps users informed of their actions.  
 

4.1.1 Control Window 
The Java graphical user interface toolkit, Swing is used for designing this window. Its components allow users 
to interact with the program rather than text commands and this feature makes tasks simple to do. Furthermore, 
the content of the program is written in HTML which provides an opportunity to have text in bold, italics and 
also in different colors.  
Control window consists of two main parts; menu bar and the program (see Figure 6.a). Menu bar enables 
users to explore the deeper concepts behind the main topic by different buttons such as: File, View, Animate, 
Help and Examples. File enables the user to reset the view or application to the original values (restarting the 
applet) or close the program (see Figure 6.b). View button makes many aspects of how the surface graphs are 
shown, including: add or remove the 3D coordinate system, math comments and details, wire frame, grid and 
also changing the surface colors into red, green or blue (see Figure 6.c).  

   
(a)      (b)    (c) 

Figure 6 - Control window 
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Axis Planes option displays the xy-plane, xz-plane and yz-plane. They move up and down by changing the 
bearing of a regulator panel and as the plane intercepts the surface, corresponding contour curves are shown in 
white color. The animated elements here are the plane and surface, therefore it is possible to rotate them to find 
a better view of the contour curve (see Figure 7). 

 Figure 7 - Coordinate planes 
 

Animate button creates a camera rotation around the surface to give the user different fields of view. The rules 
and instructions of this program are placed in the Help button (see Figure 8). 
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Figure 8 - Instructions 

 
Control window contains different examples. They are located in Example button and also in drop-down list of 
the function text box. This feature enables user to get a main idea on how to work with this application (see 
Figure 9). 

 
Figure 9 - Examples 

 
Main program where the input and output of the application occur is placed under the menu bar, see Figure 6 
again. Based on the application, user enters different functions and values in the corresponding text boxes. It is 
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obvious that the user has to follow the expected type and rules when he is entering his inputs. For instance, the 
symbols such as + addition, - subtraction, * multiplication, / division, ^ exponentiation are available actions 
and abs, acos, asin, atan, ceil, cos, exp, floor, ln, log, sin, sqrt, tan are functions which are allowed to use. In 
addition, the arguments always have to be in parentheses.  Otherwise the program warns that the function is 
wrong (see Figure 10.a). 
For making the program easier to work, some default functions and interval values are predefined and selected 
(see Figure 10.b). For example if wrong intervals are selected the application will choose -2 for min and +2 for 
max values. The graph of the function is shown immediately in the graphic window as the user presses the 
Graph button.  
 

                                            
(a)                                                            (b) 

Figure 10 - Input function 
 
There is a trace point on the 3D plot of the graphic window that can be moved around the surface 
corresponding to the input value (x, y) of the control window or by manipulating the mouse motions in the 
graphic part. This option makes the applet more interactive and enable user to grasp the meaning of 
mathematical ideas based on the application by making different changes. For example user can see how the 
partial derivatives or the gradient vectors change all over the surface (see Figure 11).  
At the bottom of the window, there are some buttons for navigation in the graphic window. The Left, Right, 
Up and Down buttons move the camera situation to give the user wider view. Zoom+ and Zoom- change the 
distance between camera and objects in the scene. 
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Figure 11 - Trace point 

 

4.1.2 Graphic Window 
In graphic window, JOGL is used to provide hardware supported 3D graphics; it leads the programmer to use 
Open GL in Java programs. By entering the function formula in the function text box and pressing the Graph 
button of the control window, the corresponding graph is displayed in the graphic part. Depending on the speed 
of the computer and the selected interval, the user has to wait a second or so for button responds. The graph 
can be rotated in real time in response to the mouse movement on the surface for getting a better perspective. 
In fact the user should click on the graphic window and drag the mouse on the plot.  This will rotate the surface 
in the direction user moves the mouse about the focus point. The graph can also be rotated automatically by 
selecting the animate button. To reset the viewpoint to the original one, the view and then reset button should 
be selected. The coordinates of the trace point and main function are displayed at the bottom of the graphic 
window. It is possible to clear these details by selecting the related button of the control window.  
In the next step user chooses a specific button according to his needs, based on that button particular vector or 
planes is displayed on the surface. Of course it is not very satisfying to display specific vectors or planes to a 
surface with no information about them. Therefore, as soon as the objects are displayed in the graphic window, 
corresponding details are presented in the control part. This feature leads users to feel convenient with both the 
geometrical and analytical descriptions of the corresponding subject. 

 

4.2 Tools 
The first scenario is related to the geometric interpretation of the derivative and the second scenario illustrates 
a dynamic demonstration of the visual nature of Lagrange Multiplier. These visual tools help students 
understand how to develop the derivative and Lagrange multiplier equations.  
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4.2.1 Derivative 
As previously described in section 2.1.1, the derivative is the slope of the tangent line drawn in the graph at a 
specific point. This scenario presents interactive animations of derivative vectors for functions with two and 
three independent variables and allows students to manipulate corresponding animations to realize the 
derivative concept.   
 

4.2.1.1 Function of two variables 
This section is related to 3D function with two independent variables. First user enters his own function 
formula in the function textbox. The program draws the corresponding 3D graph of the user-defined function  (x, y), in the user-defined x and y ranges by pressing the Graph button (see Figure 12). 
 

 
Figure 12 - 3D Function Graph 

 
The main function formula and the trace point coordinates are displayed at the bottom of the graphic window 
in every step. Of course, it is possible to click and drag the trace point to see how it changes all over the 3D 
surface or user can enter different coordinates in the corresponding text boxes in the control part.  
The ranges of x and y can be set by the user otherwise they have default values (-2, +2). In the next step there 
are four specific buttons: Tangent Vectors, Tangent Plane, Gradient and Directional buttons (see Figure 13). 
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Figure 13 - Main buttons of 3D graph 

  

Partial Derivatives 
For displaying partial derivatives, the Tangent Vectors button has to be selected. Therefore the appropriate 
tangent lines with respect to x (blue vector) and with respect to y (green vector) are shown in the graphic 
window (see Figure 14). 
It is possible to see the relationship between the form of the graph of the function and the signs of its 
derivatives. In Figure 14, the light blue curves show cross sections of the graph where x and y have specific 
values. As well as some information about partial derivatives and the graph are shown in the control window. 
There are two check boxes at the bottom of the window which are used to show or hide the magnitudes of 
partial derivative vectors in the graphic part. It is possible to click and drag the trace point to see how partial 
derivative changes graphically and numerically when x or y varies.  
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Figure 14 - Partial derivatives 

 

Normal Vectors and Tangent Planes 

 For displaying this plot the Tangent Plane button has to be chosen. By pressing that button tangent plane, 
normal vector and partial derivatives are shown in the graphic window. In addition to information and check 
boxes a Direction button is placed at the bottom of the control part. It varies the direction of the normal vector 
(the red vector N) for getting a better view (see Figure 15). 
 

 
Figure 15 - Normal and tangent plane 
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Gradient Vectors 

In order to show the gradient and normal vectors of a function along its surface the Gradient button has to be 
selected. The dark blue vector points in the direction of the gradient in the xy-plane. The actual length of the 
gradient and its maximum value are shown by the slider on top left corner of the window. As well as the 
coordinates of the gradient and normal vectors are added to the details. Note that the gradient vector is full 
size, so it has different size in different coordinates (see Figure 16). 
 

 
Figure 16 - Gradient vector 

 

Directional derivatives 

This thesis displays an interactive demonstration of directional derivative by pressing the Directional button. 
The graphic window shows a directional vector along the corresponding surface and a regulator panel on the 
top left corner of the graphic window. As the bearing is varied by sliding the green dot around (between 0 to 
2  radians) an interactive view at the cross section of the surface is displayed in the corresponding direction. 
Users can experiment the directional derivative concept by rotating the direction of the vector through the 
panel and explore several differentiation examples. Moving the trace point illustrates how the directional 
derivative changes around the surface but sometimes it is necessary to rotate the plot until direction vector is 
seen clearly (see Figure 17). 
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Figure 17 - Directional derivative 

 

4.2.1.2 Parametric Representation 
Parametric surfaces are defined by a set of three functions, one function for each coordinate, as follows:  
 

f ( x(s, t), y(s, t), z(s, t) )     (12) 

Where parameters s and t are placed in certain domains. 
 
Therefore for plotting this graph, parametric formulas for x, y and z coordinates using parameters s and t have 
to be entered in the function textboxes. The program displays the corresponding surface of the user-defined 
functions in s and t ranges in 3D. As seen in Figure 18, there is a list of well-known parametric surfaces on the 
menu bar such as cone, cylinder, ellipsoid and shell.  
The main function formulas are displayed at the bottom of the graphic window in every step which can be 
hidden by the user. The ranges for s and t are set by the user otherwise they have default values (-2, +2). 
Afterwards x, y and z ranges adjust automatically based on the s and t intervals. In the next step there are two 
specific buttons: Normal and Tangent Vectors buttons (see Figure 19). 
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Figure 18 - Parametric surfaces 

 

 
Figure 19 - Main buttons of parametric surfaces 

 

Partial Derivatives  
Partial derivatives are necessary elements of computing the tangent plane and normal vector of parametric 
surfaces at a specific point. For displaying these main elements the Tangent Vectors button has to be selected 
then the appropriate tangent lines with respect to s (green vector) and t (blue vector) are shown in the graphic 
window. The light blue curves show cross sections where s and t have specific values. Similar to previous 
scenario some information about the partial derivatives and two check boxes are presented at the bottom of the 
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control window. As well as, the coordinates of these vectors are added to the details in the graphic part and it is 
possible to make them hidden or visible by corresponding check boxes (see Figure 20). 
 
 

 
Figure 20 - Partial derivatives 

 

Normal Vectors and Tangent Planes 

The Normal button has to be chosen to display the tangent plane and normal vector (red vector) in the graphic 
window. In addition to information and normal coordinate check box, there is a Direction button at the bottom 
of the control window which varies the direction of normal vector similar to 3D function graph section. It is 
possible to choose inward pointing normal vector so the inside is the positive side or vice versa. Moving the 
trace point illustrates how the tangent plane and normal vector change over the parametric surface (see Figure 
21). 
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Figure 21 - Normal and tangent plane 

 

4.2.2 Optimization 
As previously mentioned in section 2.1.2, Lagrange Multiplier is presented to solve constrained optimization 
problems. This scenario demonstrates graphical basis for critical points and use of Lagrange Multiplier with 
two independent variables. In fact, these interactive animations are focused on assisting students to understand 
how develop the local extreme and Lagrange multiplier equations.   

4.2.2.1 Critical Points 
This application determines all the critical points of a function of two variables and then classifies them based 
on the second derivative test method. First, the user has to enter a function into the textbox and determine the 
domain for displaying the critical points. Then the program plots the function and presents all critical points by 
blue, green and black spheres. Furthermore, there are three check boxes at the bottom of control window which 
show or hide the corresponding coordinates of minimum, maximum or saddle points in the graphic window. It 
is possible to click and drag the trace point to compare the other coordinates with critical values (see Figure 
22).  



36 

 

 
Figure 22 - Critical points 

4.2.2.2 Lagrange Multiplier with two variables 
This project supplies the opportunity to evaluate two methods of visualizing for this application. It merges 2D 
and 3D contour diagram plots and corresponding 3D function graph. This comparing of visualizing functions 
shows the pedagogical worth of this applet. Therefore, this application needs one more graphic window for 
showing the 2D contour diagram plot (see Figure 23). 
For this step, the user enters a main function into the function textbox f (x, y), selects the first level, the number 
of contours and the step size for creating the contour plot, then determine the interval values for drawing the 
graph and finally presses the Graph button. Afterwards a progress bar is appeared in the control window which 
displays the progression of plotting the graphs. It provides a variable perception of how long the procedure 
takes based on different functions. 
 

 
Figure 23 - Lagrange Multiplier user interface 
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The program displays the corresponding 3D surface plot of the user-defined function along its 3D contour plot 
and the 2D one in the new graphic window in the user-defined x and y ranges (in blue). It is also possible to 
rotate the contour plot in three dimensions to see how it matches on the corresponding surface or click and 
drag the trace point to see how it changes all over the 3D surface and at the same time on the 2D contour plot. 
Similar to derivative display, function and coordinates of the trace point are displayed at the bottom of the 
graphic window in every step which can be cleared by the user. 
In the next step, the user enters the constraint function into g (x, y) text box. As seen in Figure 24, there is also 
a slider for function f which moves a highlighted level curve in cyan color. This option gives the user a better 
perception of what level curves and contour plots mean. The level curve, g (x, y) =  0, is shown in green in both 
graphic windows along the corresponding contour plots. By moving the trace point, the gradient vectors of f 
and g are displayed at the current point (in grey). In order to calculate the extreme value of f subject to g, the 
actual component form of each gradient vector and current value of f and g are added to the details at the 
bottom of the graphic window to help the user.  
  

 
Figure 24 - 2D and 3D contour plots and the constraint curve 

 “grad f is proportional to grad g” option displays a red curve including all points at which gradient vectors are 
proportional to each other. According to the Lagrange multiplier method, constrained minima/maxima happen 
when this proportionality position and the constraint equation are satisfied. In fact, it is matched to the points 
which the red and green curves encounter (see Figure 25). 
In addition, all of these options are provided by check boxes. This possibility permits the user to have multiple 
selections from various alternatives. 
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Figure 25 - Lagrange Multiplier exploration 
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5 Discussion and Conclusion 
 

In the new century, using the internet as an educational medium is extending too fast. It has provided an 
interesting environment for mathematics education through presenting various animated figures and interactive 
illustrations [19]. Therefore, computer and internet have important roles to enhance student’s strength to 
visualize three dimensional mathematical problems in the two dimensional monitors.  
This thesis work uses computer graphics to provide a dynamic visualization environment to facilitate learning 
of Multivariable Calculus course at Linköping University. It enhances the capability of users to figure out the 
three dimensional mathematical concepts through visualizing and animating multivariable notions. Indeed, this 
work is an instance for presenting the principal role of visualization in mathematics learning and improving 
quality of education system in our modern world. 
The methods used are based on Java and OpenGL libraries in order to run on all operating systems and obtain 
high quality 3D visualization results. Additionally, Swing is used as a Java GUI widget toolkit for designing 
the graphical user interface. The final results are published on the internet through Java Applet frames and Java 
Web Start applications.      
This work demonstrates the geometric relationship of Derivative and Optimization concepts. It allows students 
to dynamically interact with different geometric objects and simultaneously plot different 3D curves, 
parametric surfaces, contour plots, Lagrange multiplier optimization, critical points, partial derivatives, 
gradient and directional derivative vectors in a freely rotatable 3D scene. For instance, the Lagrange multiplier 
application indicates the constraint curve at the base of the system and provides 2D and 3D views of constraint 
curve mapped onto the related surface. In addition, the intersections between surfaces and coordinate planes 
are illustrated visually which make a clearer image of what is explained verbally in traditional classrooms. 
Furthermore, based on each application, corresponding guided instructions and specific parameters that can be 
changed by users manually are applied. Therefore these features improve the geometric intuition of students 
and give them a richer conception. The applications are easy to understand and available on the internet for all 
students.  
In order to the fact of general access to laptops, the developed tools do not need any specific type of software. 
The user only needs an internet connection and a computer with Java-enabled Internet browsers.  
As it is discussed in the background, this thesis is an extension of two earlier works. Their thesis works were 
created from several smaller applications and only customized for specific problems. This thesis work is, on 
the other hand, a more general program which covers all main concepts. As well as, some visualization 
and interaction design are added to the programs which make the applications more interactive. 
For instance a trace point is applied on both 2D and 3D plots of the graphic windows. It can be moved around 
the surface corresponding to the input values of the control window manually or by manipulating the mouse 
motions in the graphic part. This tracing feature shows how concepts varying all over the different surfaces. 
Furthermore, axis Planes option is added to display the coordinate planes. They can be moved up and down by 
changing the bearing of a regulator panel and as they intercept the surface, corresponding contour curves are 
highlighted. Some options are added to the main menu for making the application more convenient and 
flexible. For instance an animate button that creates a camera rotation around the resulting surface is applied to 
give the users different fields of view. A list of predefined examples to graph and explore and also guided 
descriptions to give guidance how to use each application features, are added to the main menu. Various 
abilities to change the appearance of the resulting plot are applied. It is possible to add or remove surface 
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frame, coordinate axis, math comments and also change the color of the surfaces based on the corresponding 
normal. 
In addition, previous works were published on the internet only as Web Start applications. They were 
independent applications and had to be launched as separate programs. Indeed they did not run directly in the 
web browsers. But as previously discussed, this thesis work covers two different techniques Java Applet 
frames and Java Web Start applications. Users can work with applications online from different Web browsers 
or offline as usual executable programs from their desktops. 
At the end it is obvious tools are very important components but the basis of mathematics is logical reasoning, 
therefore technology cannot replace the perceptual understanding and computational ability.  
 
 

5.1 Recommendations  
After executing this thesis work the following aspects can be considered as opportunities of improvements:  
- Fix the contour plot feature and create more accurately results. Inner loops for drawing contour plot in 

2D and 3D are highly time consuming and some improvements may make the process much faster for 
precise curves. 

- As Apple does not support in-process execution for Java plug-ins and JOGL needs the Java plug-in to 
be executed in-process, therefore this thesis does not support applet for Mac systems. Applying 
another library may fix this issue for the Java applets. 

- Adding shortcut buttons and using the right and left arrow keys can make accessibility features much 
easier and faster. 

- Adding new feature for the animate button that allows users to spin the camera more quickly or 
slower. In fact, users can change the number of rotation steps utilized when the camera rotates around 
the surface by using the mouse.  

- Surfaces can be plotted in different types of coordinate systems, such as spherical, cylindrical or 
Cartesian coordinates. Afterwards, users can automatically change the coordinate systems by entering 
corresponding mode. 

- At the end, there are lots of three dimensional concepts in Multivariable Calculus that can be 
considered for further works. 
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