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Abstract

In this thesis two very similar processes have been studied, both involving excitations
of particles during recombination of exciton complexes in quantum dots, reducing the
energy of the emitted photon. Different exciton complexes are defined according to
the number of electrons and holes in the quantum dot upon recombination. The
neutral exciton complexes with one electron and one hole (X) and two electrons
and two holes (2X) respectively are referred to as the exciton and the biexciton.
Accordingly the charged exciton complexes consisting of two electrons and one hole
(X−) and one electron and two holes (X+), respectively, are referred to as negatively
and positively charged excitons, respectively. Whenever another particle is excited
during the recombination of one electron-hole pair within these complexes, the result
is a weak satellite peak, spectrally redshifted with respect to the main emission peak
related to the exciton complex.

In the first part of this thesis, described in papers 1 - 3, the first and second order
exciton-LO-phonon interaction is studied with weak satellite peaks, redshifted by
the LO-phonon energy (~ωLO or 2~ωLO), as the signature, referred to as phonon
replicas. The intensity ratio between the first order replicas and the corresponding
main emission were determined from the obtained micro-photoluminescence spectra.
It was found that this ratio was significantly weaker for the positively charged exciton
X+ compared to the neutral exciton,X, and the negatively charged exciton,X−. This
experimentally obtained result was further supported by computations. Interestingly,
the computations revealed that despite that X+ displays the weakest phonon replica
among the investigated complexes, it possesses the strongest Fröhlich coupling to
phonons in the lattice before recombination. The spectral broadening of the phonon
replicas compared to the main emission is also discussed. The origin of the exciton-
LO-phonon coupling is concluded to be from within the quantum dot (QD) itself,
based on a comparison between quantum dots with different barriers. In addition,
the measured intensity of the second order LO-phonon replica was approximately
three times stronger than predictions made with the adiabatic Huang-Rhys theory
but much weaker than the two orders in magnitude enhancement that was predicted
when non adiabatic effects was included.

Symmetrical QDs are a requirement for achieving entangled photon emission, desired
for applications within quantum cryptography. In the fourth paper we relate the
emission pattern of the doubly positively charged exciton X2+ to the symmetry of
the QDs. In particular the splitting between the two low-energy components was
found to be a measure of the asymmetry of the QDs. The emission pattern of the
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doubly charged exciton may then be used as a post-growth uninvasive selection tool
were high-symmetry QDs could reliably be selected.

In the last paper an additional weak redshifted satellite peak in the recombination
spectra is studied. The intensity of this weak satellite peak is correlated to the peak
intensity of the positively charged exciton, X+, main emission peak. In addition to
this photoluminescence excitation experiments and computations further support our
interpretation that the satellite peak is related to the shake-up of the ground state
hole in the QD that is not involved in the optical recombination. This hole is excited
by Coulomb interaction to an excited state yielding a photon energy that has been
reduced with the difference between the ground state and the excited state of the
spectator hole.
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Populärvetenskaplig sammanfattning

I en modern kvantmekanisk beskrivning av en atom så beskrivs alla partiklar till
exempel elektroner med hjälp av en våg, närmare bestämt ett vågpaket, och elektro-
nen har alltså vågegenskaper. Dessa vågegenskaper sammanfattas av partikelns våg-
funktion som inte har någon egentlig fysikalisk mening. Kvadraten av vågfunktionen
beskriver däremot sannolikheten att hitta elektronen på en särskild plats i rummet.
Eftersom vågfunktionen har en viss utbredning i rummet så betyder det också att
sannolikheten att hitta elektronen är utspridd i rummet. Möjligheten att samtidigt
bestämma en partikels position och hastighet (rörelsemängd) är på grund av våge-
genskaperna begränsade enligt Heisenbergs osäkerhetsprincip. Detta innebär att om
rörelsen för en elektron begränsas till ett litet och avgränsat område, till exempel en
atom, så kommer osäkerheten i elektronens hastighet att öka. Vågbeskrivningen för
elektronen innebär att endast vissa elektriska lägesenergier i förhållande till atom-
kärnan blir möjliga för elektronen vilket är de energier som ger upphov till stående
vågor i atomen. Dessa stående vågor har mycket gemensamt med stående vågor på
till exempel en gitarrsträng. Elektronen kan hoppa mellan dessa energinivåer genom
att absorbera/emittera ljus i form av fotoner, de små energipaket som ljuset består
av. Detta är anledningen till att en gas med atomer från ett enda grundämne ger
upphov till ett optiskt spektrum bestående av diskreta energinivåer. Atomspektra är
unika för varje grundämne och kan på så sätt betraktas som ett slags fingeravtryck
för varje atomsort.

Nuförtiden tillverkas relativt enkelt större strukturer i halvledarmaterial, bestående
av hundratusentals atomer, som stänger inne elektroner i en del av materialet och ger
upphov till samma typ av diskreta spektrum som enatomiga gaser gör. Dessa typer
av strukturer som kallas för kvantprickar har med andra ord atomliknande egenska-
per och kallas även ibland för artificiella atomer. Några andra skillnader, förutom
storleken som redan nämnts, mellan kvantprickar och atomer är att en kvantpricks
egenskaper i stort sett kan skräddarsys under tillverkningen. Exempelvis så kan de
diskreta energinivåerna i en kvantprick relativt enkelt manipuleras eftersom de är en
funktion av kvantprickens storlek och de material som den är tillverkad av.

Mitt experimentella arbete har bestått av att optiskt karaktärisera kvantprickar, det
vill säga bestämma kvantprickarnas optiska egenskaper. Principen för den experi-
mentella metoden kan betraktas som relativt enkel och består i princip av att man
lyser på ett halvledarmaterial som innehåller en kvantprick med en laser, det vill
säga tillför energi till halvledaren med hjälp av fotonerna i laserljuset. Fotonenergin
kan då användas till att excitera (lyfta upp) en elektron till en högre energinivå i
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halvledarmaterialet som då lämnar en tom plats efter sig. Den saknade elektronen,
den tomma platsen, kan betraktas som en positivt laddad partikel, ett så kallat hål.
Elektroner och hål kan i princip röra sig fritt i halvledarmaterialet tills de fångas upp
av en kvantprick. Elektronen kan då rekombinera med hålet, återgå till den tomma
platsen, och avge överskottsenergin i form av ljus med en våglängd som bestäms av
kvantprickens energinivåer. Våglängden (och energin) för det emitterade ljuset kan
sedan bestämmas med hjälp av en spektrometer och någon typ av detektor.

När ett elektronhålpar rekombinerar i en kvantprick kan det finnas ett antal extra
elektroner och/eller hål i pricken. Eftersom elektronerna och hålen är laddade kom-
mer den elektriska laddningen och kraften mellan partiklarna i pricken att vara olika
beroende av hur många elektroner och hål som det finns i pricken vid ett givet tillfäl-
le. Detta påverkar energin på det ljus som emitteras som en följd av rekombinationen,
det avgör även hur mycket de laddade partiklarna påverkar halvledarkristallen. En
del av det här arbetet har bestått i att studera sannolikheten för att en del av rekom-
binationsenergin ska lämnas kvar i kristallen i form av rörelseenergi hos atomerna.
Vi har bland annat funnit att den varierar beroende på hur många elektroner och
hål som finns i kristallen vid rekombinationstillfället. En annan liknande process som
experimentellt påvisats i det här arbetet är att en del av rekombinationsenergin kan
gå åt till att excitera ett extra hål i kvantpricken.

Förutom detta så har även det spektrala mönstret för den emitterade energin, vid
en given mängd elektroner och hål i kvantpricken kunnat relateras till kvantprickens
symmetri. Kvantprickar av hög symmetri är mer eller mindre en förutsättning för
att kunna åstadkomma emission av så kallade insnärjda fotoner som skulle kunna
användas i intressanta tillämpningar som till exempel en helt säker distribution av
en kvantnyckel. Möjligheten för att åstadkomma insnärjda fotoner kan begränsas av
växelverkan mellan kvantpricken och dess omgivning.
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Preface

The first part of the work, presented within this thesis, was done within the frame-
work of the Swedish National Graduate School in Science, Technology and Mathe-
matics Education (fontD). The latter part was done with financial support from the
Swedish Foundation for Strategic research (SSF) through the Nano-N program. All
of the work was performed within the Semiconductor Materials Division at the De-
partment of Physics, Chemistry and Biology (IFM) at Linköping University between
September 2008 and May 2013. This thesis, and the work presented therein, should
be considered as a continuation of my licentiate thesis "Spectroscopy studies of few
particle effects in pyramidal quantum dots" (Licentiate thesis No. 1478, Linköping
Studies in Science and Technology, 2011).

The thesis is divided into two parts where the first part consists of a general intro-
duction to semiconductors focused on the topics essential for the thesis work. The
second part consists of a collection of the following papers.

Papers included in the thesis

Paper 1

Phonon replicas of charged and neutral exciton complexes in single quantum dots
D. Dufåker, K. F. Karlsson, V. Dimastrodonato, L. O. Mereni, B. E. Sernelius, P.
O. Holtz, and E. Pelucchi
Physical Review B 82, 205421 (2010)

My contribution: I did all the measurements and wrote the first draft of the manuscript
which was finalized in cooperation with the second author.
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Paper 2

Exciton-phonon coupling in single quantum dots with different barriers
D. Dufåker, L. O. Mereni, K. F. Karlsson, V. Dimastrodonato , G. Juska, P. O. Holtz
and E. Pelucchi
Applied Physics Letters 98, 251911 (2011).

My contribution: I did all the measurements, most of them together with the second
author, and I wrote the manuscript.

Paper 3
Evidence of nonadiabatic exciton-phonon interaction probed by second-order LO-
phonon replicas of single quantum dots
D. Dufåker, K. F. Karlsson, L. O. Mereni, V. Dimastrodonato , G. Juska, P. O. Holtz
and E. Pelucchi
Physical Review B 87, 085317 (2013)

My contribution: I did all the measurements and I wrote the manuscript.

Paper 4
Quantum dot asymmetry and the nature of excited hole states probed by the doubly
positively charged exciton X2+

D. Dufåker, K. F. Karlsson, L. O. Mereni, V. Dimastrodonato, G. Juska, P. O. Holtz
and E. Pelucchi
Manuscript

My contribution: I did all the measurements and I wrote the first draft of the
manuscript which was finalized in cooperation with the second author.

Paper 5
Hole shake-up in individual InGaAs quantum dots
L. A. Larsson, K. F. Karlsson, D. Dufåker, V. Dimastrodonato, L. O. Mereni, P. O.
Holtz, and E. Pelucchi,
Manuscript

My contribution: I did most of the measurements together with the first author and

x



I took part in the analysis of the data as well as the finalization of the manuscript.

Paper not included in the thesis

Optical characterization of individual quantum dots
P. O. Holtz, C-W. Hsu, L. A Larsson, K. F. Karlsson, D. Dufåker, A. Lundskog,
U. Forsberg, E. Janzén, E. Moskalenko, V. Dimastrodonato, L. O. Mereni and E.
Pelucchi
Physica B, Condensed matter 407 1472-1475 (2012)

Conference contributions

The presenting author at the conference in question has been underlined.

One day quantum dot meeting, Nottingham (2013)
First and Second Order Exciton-Phonon Couplings in Single InGaAs quantum dots
D. Dufåker, K. F. Karlsson, V. Dimastrodonato, L.O. Mereni, G. Juska, P. O. Holtz
and E. Pelucchi
Oral presentation

QD 2010, Nottingham (2010)
Phonon Coupling of Exciton Complexes in Single InGaAs/AlGaAs Quantum Dots
D. Dufåker, K. F. Karlsson, P.O Holtz, B. E. Sernelius and E. Pelucchi
Poster presentation

PLMCN, Guernevaca (2010)
Phonon coupling to exciton complexes in single quantum dots
D. Dufåker, K. F. Karlsson, V. Dimastrodonato, L. O. Mereni, P.O Holtz, B. E. Ser-
nelius and E. Pelucchi
Oral presentation

30th International Conference on the Physics of Semiconductors (ICPS),
Korea (2010)
Phonon coupling to excitonic transitions in single InGaAs/AlGaAs quantum dots
K. F. Karlsson, D. Dufåker, V. Dimastrodonato, L. O. Mereni, P. O. Holtz, B. E.
Sernelius and E. Pelucchi
Poster presentation
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Functionalisation of ZnO Nanoparticles Using Organic Acids
L. A. Larsson, D. Dufåker, K. F. Karlsson and P. O. Holtz
Poster presentation

xii



Acknowledgements

First of all, I would like to express my deepest gratitude to my supervisors, Senior
lecturer Fredrik Karlsson and Professor Per Olof Holtz for introducing me to inter-
esting projects, your never ending support and encouragement, your genuine interest
in my progress, and for always taking the time to discuss whatever questions or
problems that came up during the course of this work. I consider the way you have
shared your wealth of knowledge as role model behavior, and I have certainly learned
a lot from you. It is undoubtedly not possible to thank you enough. You truly have
been, and still are a source of inspiration to me!

Second, I want to thank Professor Erik Janzén for finding the time, inspite of his
busy schedule, to meet with me on several occasions before I started this journey.
This certainly had a huge impact on my decision to take the plunge and start as a
PhD-student in Linköping.

I also want to thank Arvid and Chih-Wei; Arvid for assisting me in the lab on several
occasions, your positive attitude and for the rewarding collaboration, which on some
occasions meant work that was extended through the entire night. Chih-Wei for
your positive attitude and for all discussions and chats about almost everything. All
of this made the work in the office much more pleasant. Arvid and Chih-Wei this
means very much to me!

Thanks to Emmanuele Pelucchi and his research group at the Tyndall Institute in
Cork on Ireland who produced the wonderful quantum dot samples that made this
thesis possible.

Thanks to Dao, Plamen, Martin, Tomas and the recent acquaintance Houssaine for
your great attitude in the lab and around the workplace. It made the work much
more enjoyable!

Thanks to:

Anders and Andreas for sheltering me in Linköping when needed.

Andreas and Linda for taking the time to share your experience about life as a PhD-
student before I started. Andreas also for all the enlightening discussions on just
about every topic one can think of.

Anders, Patrick and Franziska for the good time we spent together during the summer
school on Iceland.

xiii



The regular lunch crowd, you know who you are, for making the lunch breaks a
pleasant time.

Arne and Roger for always being helpful in the lab with helium and other more or
less urgent matters. Arne, arriving to the lab just to find out that the helium tank
is already there is truly a wonderful surprise that brightens the cloudiest day.

Eva for your positive attitude and swift assistance with all kinds of administrative
matters.

The rest of the people in the Semiconductor Materials Division for making the time
spent in Linköping most memorable.

Former and present colleagues at Södra Latin for inspiration.

Finally and foremost, I want to thank my wonderful family, Frida, Anton and Sixten,
for their never ending support and patience during these years. I know that these
past years has been tough on you, constantly waiting for the delayed trains, hoping
that I will be home before dusk. I love you!

xiv



Contents

Abstract v

Populärvetenskaplig sammanfattning vii

Preface ix

Acknowledgements xiii

I A general introduction to the research field 1

1 Introduction 3

2 Semiconductors 5
2.1 Semiconductors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Crystal structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.3 Reciprocal space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.4 Bloch electrons and energy bands . . . . . . . . . . . . . . . . . . . . 9
2.5 Effective mass . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.6 Optical properties of semiconductors . . . . . . . . . . . . . . . . . . 12

3 Lattice vibrations 15
3.1 Linear chain of identical atoms . . . . . . . . . . . . . . . . . . . . . . 15
3.2 Linear chain with two types of atoms . . . . . . . . . . . . . . . . . . 17
3.3 Lattice vibrations in a crystal . . . . . . . . . . . . . . . . . . . . . . 19
3.4 Phonons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
3.5 Polar scattering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.6 Two-mode behavior in ternary alloys . . . . . . . . . . . . . . . . . . 22

xv



CONTENTS

4 Low-dimensional structures 25
4.1 Quantum wells . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
4.2 Quantum wires . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
4.3 Quantum dots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
4.4 Density of states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
4.5 Fabrication of quantum dots . . . . . . . . . . . . . . . . . . . . . . . 30

5 Excitons in quantum dots 33
5.1 Excitons in quantum dots . . . . . . . . . . . . . . . . . . . . . . . . 33
5.2 Eigenstates of the exciton . . . . . . . . . . . . . . . . . . . . . . . . 34
5.3 Eigenstates of X, X− and X+ . . . . . . . . . . . . . . . . . . . . . . 36
5.4 Hole shake-up . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
5.5 Group-theoretical approach to excitonic states . . . . . . . . . . . . . 38

6 Exciton-phonon interaction 41
6.1 Exciton-LO-phonon interaction . . . . . . . . . . . . . . . . . . . . . 41
6.2 Huang-Rhys theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
6.3 Charged polarons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
6.4 Nonadiabatic effects . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

7 Experimental methods 49
7.1 Photoluminescence spectroscopy . . . . . . . . . . . . . . . . . . . . . 49
7.2 Micro-photoluminescence spectroscopy . . . . . . . . . . . . . . . . . 50
7.3 Photoluminescence excitation spectroscopy . . . . . . . . . . . . . . . 53

Bibliography 55

II Papers 61

xvi



Part I

A general introduction to the
research field

1





”A new scientific truth does not triumph by convinc-
ing its opponents. . . rather its opponents gradually die
out, and the growing generation is familiarised with
the ideas from the beginning.”

Max Planck

1
Introduction

When Max Planck in 1905, more or less on a whim, introduced a constant enabling
the theoretical description of the black-body spectra to coincide with the experimen-
tal results he was probably not aware of what he had begun. This could in retrospect
be considered as the starting point of the development towards a new kind of physics,
quantum mechanics, developed during the first part of the 20:th century. In the semi-
classical Bohr model of the atom, probably the most famous atomic model among
non scientists, where the electrons revolve in certain orbits around a fixed nucleus,
the atoms could absorb or emit energy when the electrons jumped between different
orbits i.e. changing the electrons potential energy relative to the core. This model
could however only partly explain the experimentally obtained spectra from hydro-
gen and one-electron ions. The need for a more complete model was obvious, and
later introduced almost simultaneously by Heisenberg and Schrödinger differing in
description only. Quantum mechanics was born and the deterministic viewpoint in
physics had to be completely abandoned for a probabilistic description, shifting the
paradigm of physics.

In quantum mechanics all particles, for instance electrons, are associated with a wave
or a wave packet. The wave, or more precisely the wave function, associated with a
particle has no physical meaning, but the absolute value of the wave function squared
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CHAPTER 1. INTRODUCTION

tells us the probability of finding the particle at a certain position. In this view
the probability of finding the particle is thus spread out in space and simultaneous
determination of position and momentum is limited by the Heisenberg uncertainty
principle. When an electron is confined to an atom, standing waves are created
for certain energies, resembling the standing waves of a vibrating string, describing
possible orbitals for the electron. The orbital is thus described by the shape of
the wave function, which is different from Bohrs planetary-like orbits. However,
the atom does absorb or emit energy in the form of photons, when the electron
makes a transition from one orbital to another. Therefore a gas of atoms from a
single element gives rise to a discrete optical spectrum, corresponding to the possible
electron transition energies. The spectra could be regarded as the unique fingerprint
of the atoms, since it is different for every element. In crystalline solids, where the
atoms are arranged periodically in space, it is also possible to confine electrons into
certain small structures. If the electron is confined in every direction, the possible
energies of the electron are discrete, like in an atom, and the light emitted from
the structure resembles in many ways the optical spectra of atoms. Such structures,
named quantum dots (QDs), are therefore sometimes referred to as artificial atoms
[1].

The great research attention turned to these artificial atoms is, to mention a few
things, due to the fact that the energy levels in these structures are a function of the
size and material composition of the structure with the possibility to control, for in-
stance, the energy of the emitted light, the exact number of emitted photons and their
polarization [2, 3]. In particular quantum dots may be used as the qubits of a quan-
tum computer and as sources of polarization entangled photon pairs, which could be
used to realize quantum key cryptography [4, 5, 6]. The rather unconventional and
highly symmetric type of QDs studied within this thesis work are promising can-
didates for these kinds of applications, since the emission of polarization entangled
photon pairs [7], already has been demonstrated. This thesis work includes work
related to Coulomb interactions within, as well as the symmetry aspects of, quan-
tum dots, but focuses on the interaction between charge carriers in a quantum dot
and the atomic vibrations of the material. These interactions might influence the
generation of entangled photons [8] and also limit the necessary coherence needed
for the realization of qubits [9].

4



”Über Halbleiter sollte man nicht arbeiten,
das ist ein Schweinerei,
wer weiß ob es überhaubt Halbleiter gibt.”

Wolfgang Pauli, 1931

2
Semiconductors

2.1 Semiconductors

When two individual atoms are brought together to form a molecule, the discrete
atomic energy levels for the electrons split into two levels. The enormous amount of
atoms in close proximity of each other in any piece of solid makes the atomic electron
levels split in a similar fashion and form continuous energy bands. In some materials,
these energy bands are separated by energy gaps, in which the energies are forbidden
for the electrons and are accordingly referred to as bandgaps (see Figure 2.1 a) to
c)).

In metals the highest occupied energy band, the valence band (VB), is not completely
filled and electrons can easily move into empty states close in energy, since they are
only weakly bonded to the atoms. However, in insulators or semiconductors, the
valence band is completely filled at zero Kelvin and a large (insulator) or moderate
(semiconductor) energy is required to promote an electron to the next energy band
the conduction band (CB). The bond between the electrons and the atoms are thus
stronger in insulators and semiconductors as compared to metals. There are how-
ever no clear distinction between a semiconductor and an insulator and we have to
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CHAPTER 2. SEMICONDUCTORS

a) Atomic b) Polyatomic c) Solid

Energy

Core levels

Energy band

Band gap

Energy band
Electron

Hole

CB

VB

d) Semiconductor

Figure 2.1: An illustration of how the energy levels of a) individual atoms b) few atoms, which
are interacting and c) energy bands in a solid consisting of approximately 1023 atoms. In d) the
excitation of an electron from the conduction band to the valence band in a semiconductor is
illustrated.

discriminate between the two in using the rather vague terms moderate bandgaps
for semiconductors and large bandgaps for insulators. When the temperature of a
semiconductor material is raised from absolute zero, the thermally induced lattice vi-
brations eventually cause a fraction of the bonds to break, generating a small amount
of free electrons in the conduction band. A narrow bandgap semiconductor mate-
rial is thus conducting from thermal excitation only, hence, the name semiconductor.
The electrons that were thermally promoted to the conduction band will leave empty
positions in the valence band, or expressed in another way, there are holes, with the
corresponding positive charge, left in the valence band as illustrated in Figure 2.1 d).
The top of the valence band, formed from atomic p-type orbitals, and the bottom of
the conduction band formed from atomic s-type orbitals, are especially interesting,
since these band edges are most involved in optical transitions.

2.2 Crystal structure

The semiconductors of interest in this thesis work are all crystalline, which means
that the atoms are organized in an ordered fashion throughout the entire solid.
This regularity in the crystal can be defined by unit cells, consisting of only a few
lattice points, where each unit cell reflects the symmetry of the entire crystal. The
surrounding of each atom in the crystal is ideally displayed within the unit cell,
since a repetition of unit cells, with atoms at the lattice points, makes up the entire
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CHAPTER 2. SEMICONDUCTORS

[010]

[001]

[010]

[100]

[001]a) b)

[100]

Figure 2.2: a) The fcc lattice unit cell, where the spheres represent lattice points. b) The zincblende
crystal structure consisting of a fcc lattice with two atoms, shifted by (a/4,a/4,a/4) with respect to
each other, at each lattice point. The black and white spheres represent group III and V elements,
respectively, for instance gallium and arsenide. The [100], [010] and [001] denotes the real space
directions x, y and z respectively.

crystal. There are several different types of unit cells depending on the element or
elements constituting the solid, since the atoms in a crystal are positioned in such
a way that the energy will be the minimized for the entire crystal. One example,
called the face-centered cubic (fcc) is shown in Figure 2.2 a). The zincblende crystal
structure shown in Figure 2.2 b) is one of the most common crystal structures for
semiconductors and it is the crystal structure of the group III-V compound Gallium
Arsenide (GaAs) important for this thesis work. The zincblende structure consists
of two atoms located at the lattice points of the fcc structure and separated by
(a/4,a/4,a/4), where a is the side length of the cube in the fcc structure. For this
structure each atom is tetrahedrally bonded to four other atoms of a different element.
The ternary compounds Indium Gallium Arsenide (InGaAs) and Aluminum Gallium
Arsenide (AlGaAs) studied within this thesis will also crystallize in the zincblende
structure, with some fraction of the group III Gallium atoms replaced with other
group III atoms, Indium and/or Aluminum. It is also worth mentioning that the
group IV semiconductors such as Silicon and Germanium crystallize in the same way,
with the exception that both atoms are from the same element, and the structure is
then referred to as Diamond structure.
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Figure 2.3: a) The body-centered (bcc) unit cell (the reciprocal lattice of the fcc direct lattice). b)
The first Brillouin zone of the fcc direct lattice. The [100], [010] and [001] denotes the real space
directions x, y and z, respectively, and kx , ky and kz denotes the corresponding reciprocal space
directions.

2.3 Reciprocal space

It was mentioned already in the introduction that in quantum mechanics all particles
are described as waves or wave packets, which makes the description of the properties
of a semiconductor using the direct lattice rather difficult. However the direct lattice
may be transformed into a new lattice, the reciprocal lattice, in which the wave
properties are more prominent.

The reciprocal lattice is constructed from lattice vectors of reciprocal length, i.e.
wave vectors, making the quantum mechanical wave description of electrons, holes
and lattice vibrations in a crystal easier as compared to using the direct lattice. The
reciprocal lattice is crucial for the description of many important properties in a
semiconductor, such as the electron energy band structure and the vibration modes
of the lattice. The body-centered cubic (bcc) lattice, shown in Figure 2.3 a), is the
reciprocal lattice of the fcc lattice discussed in the previous chapter. The Brillouin
zone, which is the smallest possible unit cell that may be constructed within the
reciprocal lattice, consisting of precisely one reciprocal lattice point, is very important
since many important properties of semiconductors can be described within this zone.
The Brillouin zone to the fcc direct lattice, shown in Figure 2.3 b), i.e. the smallest
unit cell of the reciprocal space can be repeated to form the entire reciprocal lattice.
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2.4 Bloch electrons and energy bands

A particle in an infinite system with a perfectly uniform potential, in particular a
free electron, is quantum mechanically described by the plane wave:

ψ (r) = eik·r (2.1)

where k is the wave vector and r is a vector in real space. Thus the probability
of finding the electron, |ψ (r)|2, is equal anywhere in space and the electron is thus
completely delocalized in space. The free electron energy as a function of its wave
vector, the energy dispersion, is given by:

E (k) =
~2 |k|2
2m0

(2.2)

where m0 is the free electron mass, k is the wave vector and ~ is the reduced Planck
constant. When plotted in a specific direction, say the kx-direction, the result is a
parabola. However, an electron in a periodic potential does not have the parabolic
energy dispersion. This type of energy dispersion is illustrated for one dimension in
Figure 2.4, where the big difference compared to the free electron dispersion is the
regular gaps introduced at the Brillouin zone boundary. The Schrödinger equation
for a one-dimensional crystal with lattice constant a, is given by:

Hψ (x) =

(
− ~2

2m

(
∂

∂x

)2

+ U(x)

)
ψ (x) = Eψ (x) (2.3)

U (x) = U (x+ na) n = 1, 2, 3, . . . (2.4)

A solution to the Schrödinger equation with a periodic potential is the Bloch wave
functions, defined by the Bloch Theorem stated in:

ψk (x) = eikxuk (x) (2.5)

uk (x) = uk (x+ na) n = 1, 2, 3, . . . (2.6)

where the plane wave function is modified by a function, u, with the periodicity of
the crystal. Another equivalent form of Bloch’s theorem is given by:

ψk (x+ a) = eikaψk (x) (2.7)

9
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Figure 2.4: Band structure for an electron in an one-dimensional periodic potential in a) the
extended zone scheme and b) the reduced zone scheme. In c), the band structure of GaAs is
sketched in different directions of k-space. The inset shows a magnification of the region close to
the Brillouin zone center i.e. the Γ-point at k = 0. The GaAs band structure is sketched after [10].

The importance of the Bloch theorem is that solutions corresponding to different
Bloch wave numbers that lie outside the range −π/a < k < π/a for instance k =
kn + n2π/a , where −π/a < kn < π/a can be described within this range since

ψk (x+ na) = eik(x+na)uk (x+ na) = uk (x) eiknaeiknx = unk (x) eiknx (2.8)

where unk (x) is a new periodic function. Thus by adding a wave number specific
reciprocal lattice vector, all solutions can be described within the range −π/a < k <
π/a, corresponding to the first Brillouin zone in one dimension. This is referred to
as the reduced zone scheme and is illustrated in Figure 2.4 b), and the index n of the
new periodic function is accordingly named the band index, since higher values of n
correspond to higher lying energy bands within the reduced zone scheme. Employing
this kind of argumentation, the results can be extended to three dimensions, and for
GaAs, all solutions to the corresponding three dimensional Schrödinger equation can
be described within the first Brillouin zone (Figure 2.3 b)). In three dimensions, the
energy dispersion is by convention plotted in certain directions within the Brilloiun
zone. The resulting band structure for GaAs is shown in Figure 2.4 c).

2.5 Effective mass

If we apply an electric field to a semiconductor, the Bloch electrons in the conduction
band of a semiconductor respond almost like free electrons. The most important

10
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difference is that the inertia of the Bloch electrons is different compared to the free
electron case and the energy dispersion of the conduction band can, close to k = 0 (Γ-
point), be described by replacing the free electron mass in the free electron dispersion
of equation 2.2 with an effective mass, m∗, specific to the material at hand.

E (k) =
~2 |k|2
2m∗

(2.9)

This gives a fairly accurate picture of the energy dispersion in the conduction band.
However, the actual momentum for the Bloch electrons of a semiconductor is not
~k, as for the free electrons, but since we are interested in the electrons response
to external forces, we can still consider this to be the momentum of the crystal and
call it crystal momentum. This could also, with caution, be applied to the valence
band, if we consider an empty electron state as a positively charged particle, a hole,
with another effective mass. The positively charged hole responds in an opposite
direction to external forces compared to the electrons. We have to consider that the
top of the valence band is made up from atomic p-type orbitals, which make the
overlap of the atomic orbitals different in different directions and hence the response
to an external electric field is also different for different crystal directions. This is
illustrated by the different curvatures, towards L in comparison to towards X, of the
bands in Figure 2.4 c), most clearly demonstrated in the magnification in the inset.
In addition, the spin (sz = ±1/2) interacts with the magnetic dipole of the p-type
orbitals described by the orbital angular momentum (l = 1, 0,−1). The different
total angular momenta correspond to different energy bands.

The different bands are described by |j,±jz〉 where j (l ± sz) is the total angular
momentum (orbital angular momentum plus spin) and jz is the corresponding pro-
jection onto an arbitrary axis, here referred to as the z-axis. The two valence bands
degenerate at k = 0 and the band, which is lower in energy due to spin-orbit cou-
pling (illustrated in the inset of Figure 2.4 c)) is referred to as the heavy-hole (HH)
band corresponding to |3/2,±3/2〉 states, the light-hole (LH) band corresponding to
|3/2,±1/2〉 states and the split off (SO) band corresponding to |1/2,±1/2〉 states.
The names heavy- and light holes reflect the different response to an external electric
field, as the two types of holes behave as if their masses were either heavy or light in
a certain direction, due to the character of the p-type orbitals making up the bands.
Considering the different effective masses of the heavy- and light-hole bands, the top
of the conduction band can thus also be approximated by a parabola. It is important
to point out that this approximation is only valid in a close proximity of the Γ-point,
where most of the optical processes take place.
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2.6 Optical properties of semiconductors

As seen from the band structure of GaAs in Figure 2.4 c), the local minima and
maxima of the conduction band and valence band, respectively, are both located at
the Γ-point. This is referred to as a direct bandgap and it yields high efficiency of
the direct optical transitions across the band edges, since momentum and energy
can be conserved by the photons alone. In semiconductors with the band minima
and maxima displaced in k -space, the difference in momentum between the initial
and final states of the transitions cannot be provided by the photons, thus lattice
vibrations are necessary to conserve momentum. Such indirect transitions involv-
ing lattice vibrations are significantly less probable than the corresponding direct
transitions.

The optical interband absorption, exciting an electron from the valence band to an
empty state in the conduction band, is illustrated in Figure 2.5 a), or recombination
of an electron in the conduction band with a hole, an empty state, in the valence
band emitting a photon, as illustrated in Figure 2.5 c). In both cases, the photon
energy corresponds to the energy difference between the initial and final states. Since
there is a continuum of states above the edge of the conduction band, the excitation
photon energy could in general be higher than the energy difference between the band
edges leaving the electron in an excited state, from which it quickly relaxes down
to the band edge, as illustrated in Figure 2.5 b). During the intraband relaxation
process, the energy difference between the excited state and the band edge state is
transferred to vibrations of the atoms. A negatively charged electron can be bound
to a positively charged hole via Coulomb attraction and form an exciton (denoted
X), i.e. a correlated electron-hole pair. This resembles a hydrogen atom and the
possible energy states of the exciton, En

X , are analogous to the states of the hydrogen
atom and is given by

En
X = −mr

ε2r

Ry

n2
(2.10)

m−1r = m∗−1e +m∗−1h (2.11)

rnX = n2 εr
mr

aB (2.12)

where mr is the reduced mass of equation 2.11, Ry is the Rydberg energy of 13.6 eV
and εr is the static dielectric constant of the semiconductor. The binding energy is
given by Eb

X = |−E1
X |, which is approximately 5 meV for GaAs. The corresponding

Bohr radius of the GaAs exciton is approximately 15 nm, given by r1X in equation
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Figure 2.5: Schematic illustration of a) the optical excitation of an electron from the valence band
to the conduction band followed by b) the relaxation of electrons and holes down to the band
edges. c) Recombination of an electron in the conduction band with a hole in the valence band.
The energy difference between the electron states constitutes the created photons energy. In d) the
free electron and hole is illustrated in comparison to d) where the electron and hole is bound by
the mutual Coulomb attraction to form an exciton.

2.12, where aB = 0.053 nm is the hydrogen Bohr radius. Thus the Coulomb attrac-
tion reduces the energy of the electron-hole pair, introducing excitonic states with
new possible optical transitions below the bandgap energy, as illustrated in Figure
2.5 e).

Different kinds of exciton complexes can be defined according to the number of charge
carriers that are bound together, such as, the biexciton, 2X, which is formed by two
electrons and two holes bound together by the Coulomb interaction. Additional
exciton complexes that are important for this thesis work are defined and discussed
for QDs in chapter 5. For a more detailed description of semiconductors and solid
state physics, see textbooks such as [11, 12, 13, 14].
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"Physicists use the wave theory on Mondays, Wednes-
days and Fridays and the particle theory on Tuesdays,
Thursdays and Saturdays."

Sir William Henry Bragg

3
Lattice vibrations

The atoms in a crystal are not frozen at the lattice points as illustrated in the
crystal structures of chapter 2. Instead, the atoms move continuously around their
equilibrium positions. This movement of the atoms creates vibrational waves in the
lattice that transports energy and momentum through the lattice. Although it is
important to point out that a complete description of the lattice waves needs to
include quantum mechanics, it is possible to provide a fairly accurate picture of the
properties of these waves by treating the vibrations as classical harmonic oscillators,
where the energy is proportional to the displacement of the atoms to the second
order.

3.1 Linear chain of identical atoms

A nice and simple starting point for examining the properties of the lattice waves is an
idealized one-dimensional crystal with all atoms from the same element. Considering
a one dimensional chain of atoms, we can model the one-dimensional crystal as points
of atoms with massM connected to each other via massless springs, where the spring
constant, C, represents the bonds between the atoms (Figure 3.1 a)). The equation
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Figure 3.1: A schematic illustration of one part of a linear chain of identical atoms of mass M in a)
their equilibrium positions with the interatomic distance a i.e. the lattice constant and b) displaced
from their equilibrium positions. The unit cell of the n:th atom is marked with a grey rectangle in
a).

of motion for the n:th atom in the chain is:

M
d2u

dt2
= C (un+1 − 2un + un−1) (3.1)

un = Aei(kna−ωt) (3.2)

where notations are taken from Figure 3.1. Inserting wavelike solutions of the form
given in equation 3.2, where na denotes the position of the n:th undisplaced atom
and solving for ω, we get:

ω2 =
4C

M
sin2

(
1

2
ka

)
(3.3)

The dispersion relation corresponding to equation 3.3 i.e. the angular frequency ω
plotted as a function of k is displayed in Figure 3.3 a). This dispersion does not
depend on n implying that solving the equations of motion for any other atom in the
chain would yield the same solution. The wavelike solution of equation 3.2 is thus
a description of all the harmonic oscillators making up the crystal. These solutions
are however the uncoupled solutions referred to as the normal modes of the crystal.
Supposing that we have a total of N atoms in the chain and use periodic boundary
conditions, i.e. treat the chain as if the ends were attached to each other, then the
length of the crystal chain must make up an integer number of wavelengths, mλ.
The length of the chain is, with our notations, Na, which then equals, mλ, where m
is a positive integer and we end up with:

k =
2π

λ
=

2πm

Na
(3.4)
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The number of possible k values within any given range of 2π/a, in particular the
range of the Brillouin zone (one-dimensional) −π/a < k ≤ π/a , is thus equal to
the number of atoms. Accordingly there have to be, in total, N solutions to the
equations of motion for the atoms in the crystal chain and it is possible to show that
all solutions can be described within the Brillouin zone. Solutions outside this range,
for instance those marked by the two dots to the right in Figure 3.3 a), have the
same angular frequency as those two marked within this range meaning that we can
in the same way as for the electron dispersion describe all solutions within this zone
by just adding an appropriate integer of 2π/a to the k-values outside this zone.

3.2 Linear chain with two types of atoms

The simplest model of a compound, such as GaAs, comprises a one-dimensional
crystal modeled as a chain of atoms of two types with the different masses M and m
(see Figure 3.2 a)). The spring constant and unit cell length are still denoted C and
a. Setting up the equations of motions for atoms n and n− 1 with the notations in
Figure 3.2 results in two coupled equations of the same kind as equation 3.1. Inserting
the same type of wavelike solutions as in equation 3.2 with the exception that the
amplitude for one of the solutions is modified by a complex number, α, accounting
for the relative amplitude and phase of atoms of different elements. This yields two
equations with α and ω as a function of k. Solving for α and ω, respectively, we get
(see for instance Refs. [11, 13]):

α =
2C − ω2M

2Ccos(1
2
ka)

(3.5)

ω2 =
C(M +m)

Mm
±
[(

M +m

Mm

)2

− 4

Mm
sin2

(
1

2
ka

)]
(3.6)

Equation 3.6 describes the dispersion for a linear crystal chain with two atoms of
different masses, M and m, in each unit cell and again the solution is independent
of n. This dispersion is illustrated in Figure 3.3 b) and as can be seen, two values
of ω can be evaluated for every value of k, corresponding to the plus/minus sign
in equation 3.6, explaining the gaps at the Brillouin zone boundaries. Note that a
in this case is defined as the length of the unit cell as seen in Figure 3.2 meaning
that we have, in total, 2N atoms. Thus we also get 2N solutions to the equations
of motions, if N denotes the number of unit cells. Applying periodic boundary
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Figure 3.2: A schematic illustration of one part of a linear chain of atoms consisting of atoms with
the different masses M and m in a) their equilibrium positions where a denote the length of the unit
cell i.e. the grey rectangle and b) displaced from their equilibrium positions. The unit cell consists
of two atoms and beginning in a) with the n:th atom of the linear chain.

k

0- 0-
k
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Figure 3.3: The lattice vibration dispersion is illustrated for a) a linear chain of atoms with equal
mass, b) a linear chain of atoms consisting of two atoms with different masses and c) the phonon
dispersion for GaAs in different directions of the Brillouin zone redrawn after [15].

conditions and arguing the same way as for the one-atomic chain, we get N k-values
within the range −π/a < k ≤ π/a and thus we got N solutions each in the two
branches (illustrated in Figure 3.3 b)). The lower branch is called the acoustical
branch, since ω/k approaches a constant value, when k goes towards zero which is
a characteristic of sound waves [13]. On the upper branch, the two types of atoms
vibrate in antiphase and the charge oscillations can for certain kinds of crystals
couple strongly to electromagnetic waves in the infrared region, resulting in the so
called optical branch. This type of oscillations causes polarizations in the crystal
and induces an electric field, which is the main reason for electron scattering in polar
semiconductors, often referred to as the Fröhlich interaction [11, 12].
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3.3 Lattice vibrations in a crystal

If we now consider "realistic" three dimensional crystals, we have to take into account
that ω is a function of the wavevector k in any given direction of the lattice. Every
atom vibration can be described by using a maximum of three coordinates and thus
we can ascribe three acoustical branches to a crystal with one atom in each unit cell.
For the case of two atoms in each unit cell, we also get three optical branches in
addition to the three acoustical. These three optical (and acoustical) branches can
be described by the normal modes, if we define two transverse modes perpendicular
to the propagation direction of the wave and one longitudinal mode parallel to the
propagation direction. These modes of the optical branch are referred to as the
transverse optical (TO) modes and the longitudinal optical (LO) mode. Accordingly,
the modes of the acoustical branch are referred to as the transverse acoustical (TA)
modes and the longitudinal acoustical (LA) mode.

The dispersion for a three dimensional crystal is conventionally plotted in certain
directions in the reciprocal space as is the case for the GaAs dispersion in Figure 3.3
c). Note the resemblance with the two-atomic linear chain dispersion of Figure 3.3
b) which is most clearly seen when going from Γ (k = 0) in the direction towards
L. If the lattice is strained, as is the case for most heterostructures, described in the
next chapter, the strain imposes changes to the crystal making otherwise equivalent
directions in the crystal different. The strain thus induces a splitting of the lattice
vibration modes. Calculating the dispersion for a three dimensional crystal is tricky
and involves treatment of the vibrations as harmonic oscillators regardless if it is
done classically or in a full quantum mechanical calculation. For a more detailed
description see [16, 17].

3.4 Phonons

The previous description, has given an introduction to the dispersion of the lattice
vibrations in a crystal was done by treating the vibrations as classical harmonic
oscillators. In the corresponding quantum mechanical description of the lattice vi-
brations in a crystal, each vibration mode behaves like a simple quantum mechanical
harmonic oscillator with the possible energy values:

En = ~ω(n+ 1/2) n = 0, 1, 2, . . . (3.7)
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There is accordingly a separation of ~ω, equal quanta of energy between the energy
levels of each vibrational mode, ω, and we can thus treat the quantized excitation
of each vibrational mode as quantized particles i.e. phonons. The lowest possible
phonon energy i.e. the zero point energy of equation 3.7, E0, implies that the atoms
vibrate even at absolute zero temperature, in consistency with the Heisenberg un-
certainty principle. In order to be able to treat the vibrations as localized particles,
phonons, in the lattice with the group velocity dω/dk and the quantized energy ~ω,
we can introduce a wave packet built from an appropriate number of modes with
similar, but not the same, frequency and wavelength.

The phonon energy is usually indexed to denote the difference between different
types of phonons. Thus, the LO-phonons treated within this thesis work are denoted
~ωLO. The energy for the optical phonons is rather constant for different k-values,
as seen from the rather flat dispersion curves in Figures 3.3 b) and c). The LO-
phonons in GaAs are thus approximately 37 meV across the entire Brillouin zone. It
is also worth pointing out that phonons can be created and destroyed in collisions
as long as angular frequency and wavevector is conserved in the collision. Phonons
are thus, like photons, non conserving particles i.e. bosons. However, this kind of
interactions results from weak anharmonic terms of the potential, while in a pure
harmonic description, no such phonon-phonon interaction occurs [13].

3.5 Polar scattering

If we consider an optical phonon propagating in the z-direction, the relative dis-
placement u, between two atoms oscillating in antiphase in a unit cell can be written
as:

u(z, t) = U0 cos(kz − ωt) (3.8)

where U0 is the amplitude, k is the phonon wave vector and ω is the oscillating
frequency. The relative atom velocity is then given by the time derivative ∂u/∂t =
−U0ω sin(kz − ωt), which gives the average kinetic energy per unit cell as:

〈
1/2µω2U2

0 sin2(kz − ωt)
〉

= 1/4µω2U2
0 (3.9)

where µ is the reduced mass of the two oscillating atoms with masses M and m,
respectively. For a harmonic oscillator, the energy is equally shared between kinetic
and potential parts, and the total energy of Ncells unit cells with oscillating atoms is:

Ncells · 2 · 1/4µω2U2
0 (3.10)
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Treating the oscillations quantum mechanically, we end up with quantized energies
i.e. phonons with energy ~ω. For small wave vectors k the optical phonons exhibit an
almost constant frequency dispersion (see Figure 3.3 b)) ~ω = ~ωLO. The amplitude
of the lattice oscillations is thus given by [12]:

U0 =

√
2~

NcellsµωLO

=

√
2~

V ncellsµωLO

(3.11)

where ncells is the number of cells per unit volume, and V is the volume of the
crystal. The two ions carry an opposite effective charge ±e∗. This effective charge is,
in fact, much smaller than the unit charge in weakly ionic materials such as GaAs.
The oscillating dipole generated by the atoms in a unit cell is p(t) = e∗u(t), which
gives rise to a polarization field P (t) = ncellse

∗u(t). The polarization field induces a
fictitious bound charge density ρ = −∇ · P , that determines an oscillating internal
electric field E, which interacts with the electrons. The intensity of the bound charge
is zero unless the displacements occur in the direction of propagation. Thus, polar
scattering is only possible for longitudinal phonons. Since no free charges are induced,
D = ε0E + P = 0 → E = −P/ε0. The electric potential energy of the electric field
is obtained by integrating E, and the final oscillating potential perturbation, ∆U(t),
experienced by the electron in the presence of a LO-phonon is [12]:

∆U(t) =
ncellse

∗e

ε0

√
2~

V ncellsµωLO

sin(kz − ωLOt) (3.12)

The effective charge e∗ is related to the dielectric constant. For electric fields with
high frequencies, the heavy ions move too slowly to contribute to the permittivity,
while for a static electric field also the heavy ions contributes. Thus a value of the
effective charge on the atoms in a polar material can be estimated from the difference
between the high (ε(∞)) and low frequencies (ε(0)) dielectric constants [12, 18]. It
can be shown (see Ref. [18] for a derivation) that the effective charge is given by:

e∗ = ωLO

√
ε0µ

ncells

[
1

ε(∞)
− 1

ε(0)

]
(3.13)

The oscillating perturbation potential ∆U(t) may now be rewritten using the ex-
pression for the effective charge as given in equation 3.13 and expanding the sine
function using Euler’s formula we get:

∆U(t) = ωLO

√
2~ωLOe2

ncells

[
1

ε(∞)
− 1

ε(0)

](
ei(kz−ωLOt)

k
+
ei(−kz+ωLOt)

k

)
(3.14)
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where the first term represents the absorption of a phonon by the electron, increasing
its energy by ~ωLO, and the second term represents the emission of a phonon. The
Frölich matrix element for a phonon with wave vector k (in chapter 6 the notation q
is used for the wave vector), Mklq, presented in chapter 6 stems from the interaction
potential presented above. For further reading on this topic, see [11, 12, 18]

3.6 Two-mode behavior in ternary alloys

In ternary alloys, such as InGaAs or AlGaAs, that has been studied within this
thesis work, a two-mode behavior of the phonon modes is observed [19, 20]. The
two mode behavior is illustrated in Figure 3.4, where it is plotted from 0 to 1 for
one constituent of the ternary alloy resulting in different binary alloys at each end of
the plot. The two-mode behavior implies that there are two different LO- and TO-
modes in the ternary alloys. In AlGaAs, these are referred to as AlAs-like modes and
GaAs-like modes . The energy of these modes vary with the composition, AxB1−xC,

Localized mode

Gap mode

LO1

TO1 LO2

TO2

BC ACAxB1-xC

Figure 3.4: A schematic illustration of
the two-mode behavior of phonons in
ternary alloys of the form AxB1−xC.
The left side of the figure (x = 0) cor-
responds to the binary compound BC.
The percentage of A then gradually in-
creases towards the right of the figure to
end up with the binary compound AC
(x = 1). The figure has been created
with inspiration from [11] .

of the ternary alloy. From Figure 3.4, we can see that, at the endpoints, where the
LO1-TO1 gap vanishes at x = 1, a localized mode consisting of the vibrational modes
of individual atoms of the third element remains in the binary alloy AC. Going in
the other direction another localized mode remains in the other binary alloy BC at
x = 0, which is sometimes referred to as a gap mode, since it is located in the gap
between the acoustical branch and the optical branch [11]. The importance of this in
the current thesis work is that the energy of the GaAs-like phonon mode in AlGaAs
and InGaAs varies with the composition as described in Refs. [19, 20]. For specifics
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on the necessary conditions for two-mode behaviour to occur, see Refs.[11, 21, 22].
A basic introduction to lattice vibrations and phonons, like the one given above, are
found in many textbooks, see for instance Refs. [11, 13, 12, 17].
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"The principles of physics, as far as I can see, do not
speak against the possibility of maneuvering things
atom by atom."

Richard P Feynman, 1959

4
Low-dimensional structures

The semiconductor properties discussed in the previous chapter is related to bulk
semiconductor materials in which the charge carriers are free to move in all direc-
tions. The refined fabrication methods of today allow for high precision fabrication
of semiconductor layers by different types of epitaxial growth. It is thus possible to
sandwich a thin layer of a low-bandgap material between layers of a material with a
higher bandgap. This type of structure is commonly referred to as a heterostructure
and is illustrated in Figure 4.1 a). If the band alignment is such that it creates poten-
tial wells for both electrons and holes, as shown in Figure 4.1 b), the heterostructure
is said to be of type 1[12]. Electrons and holes will in this case eventually become
trapped in this lower potential as illustrated in Figure 4.1 b) and their possibility to
move will thus be limited to movement within this thin quasi two-dimensional layer
with a lower bandgap [12].
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Figure 4.1: Schematic illustration of a) a heterostructure consisting of a low-bandgap material layer
B sandwiched between the high-bandgap material A and b) the resulting confinement potentials
trapping electrons and holes. The potentials are different for electrons and holes as indicated by
the band offsets VBO 6= CBO. In c) a schematic illustration of the wave functions and energies for
a quantum well is shown.

4.1 Quantum wells

If the low-bandgap layer is thin enough, quantum confinement of the charge carriers
will lead to a discretization of the energy levels, creating a quantum well (QW) (see
Figure 4.1 a)). A quantum well is often referred to as a two dimensional (2D) system,
referring to the dimensions in which the charge carriers are free to move. In order
to determine the energy levels and the associated wave functions within a QW or
another quantum structure, the effective mass approximation can be applied. The
idea is to first solve the corresponding Schrödinger equation for a perfect crystal
(without quantum structures) and then expand the wave function of the quantum
structure in terms of the complete set of solutions from the perfect crystal, assuming
wave functions from only one band and k-values close to zero will have a significant
impact. The effective mass Hamiltonian corresponding to an electron near the Γ-
point for a bulk semiconductor is given by:

H =
~2k2x
2m∗x

+
~2k2y
2m∗y

+
~2k2z
2m∗z

(4.1)

The effective mass Schrödinger equation takes the form given in equation 4.2 [12],
where χ(z) is the envelope function modifying the periodic Bloch function that carries
the periodicity of the lattice. U ′(z) is the perturbation of the lattice, caused by the
quantum well, and m∗z(z) is the effective mass in the z-direction perpendicular to the
quantum well layer. m∗x(z) and m∗y(z) are accordingly the effective masses of the in
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plane x- and y-directions of the quantum well.
(
− ~2

2m

∂

∂z

1

m∗z(z)

∂

∂z
+

~2k2x
2m∗x(z)

+
~2k2y

2m∗y(z)
+ U ′(z)

)
χ(z) = Eχ(z) (4.2)

This equation is however only analytically solvable, if the potentials are infinite,
which is obviously not the case in a real heterostructure. It is however possible to
solve it numerically using, for instance, using a finite difference approximation of the
effective mass Schrödinger equation [12]. The solutions will be on the form:

E = En +
~2k2x

2m∗x(z)
+

~2k2y
2m∗y(z)

n = 1, 2, 3, . . . (4.3)

where En represents the quantized levels in the z-direction perpendicular to the well,
and n energies inside the potential well. The other term represents the free carrier
energies in the kx and ky directions. If the potential is finite, there will only be a
limited number of solutions En with energies inside the potential well.

4.2 Quantum wires

A further reduction of dimensionality, from the 2D quantum well, results in a quan-
tum wire (QWR), in which the charge carriers are restricted to move in one dimension
only and such a structure is thus referred to as one-dimensional (1D) (see inset of
Figure 4.2). The corresponding form of solutions for quantum wires are given by:

E = En,l +
~2k2x

2m∗x(z)
n, l = 1, 2, 3, . . . (4.4)

where the first term, En,l , represents the quantization in two dimensions and the
second term the free carrier energy in one dimension.

4.3 Quantum dots

Finally, and most important for this thesis work, it is possible to grow low-dimensional
heterostructures, quantum dots (QDs), in which the charge carriers are confined in
all dimensions (see inset of Figure 4.2). Such structures are thus commonly referred
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to as zero-dimensional (0D) structures. A summarized description of the fabrication
technique used for the QDs within this thesis work is presented later in this chap-
ter. For the QD case, we have a complete discretization of the energy levels of the
form, E = En,l,m (n, l,m = 1, 2, 3, . . .), from the confinement of the charge carriers
in all directions which is very similar to the situation for real atoms even though
semiconductor QDs are made up from a large number of atoms, roughly 105 atoms.

The single band used in the effective mass approximation described above ignores
band mixing, which is particularly important in QDs for the energetically close va-
lence bands. In order to obtain a more accurate description, the effective mass
approximation can be extended to include additional bands using for instance the
8 × 8 band k · p̂ –theory [23, 24, 25]. In this method, the Schrödinger equation for
an electron within a periodic potential of a real crystal is rewritten using the Bloch
Theorem in such a way that the phase factor is eliminated from the equation ending
up with:

([
p̂2

2m
+ U(r)

]
+

[
~
m
k · p̂ +

~2k2

2m

]
unk(r)

)
= Eunk(r) (4.5)

including the product k · p̂, giving the name of the method. Here p̂ is the quantum
mechanical momentum operator [23, 24, 25].

This k · p̂ equation is then solved within a truncated basis, including only the most
relevant bands. Within this description, we can now do substitutions analogous to
what was done to obtain equation 4.2, i.e. for a QD we replace k with −i∇ in
equation 4.5 and use the three valence bands defined by the |j,±jz〉 (see Chapter 2)
and the conduction band states which together with Kramers degeneracy yield the
8× 8 matrix [23, 24, 25].

4.4 Density of states

The energy bands discussed in chapter 2 tell us how the energy of an electron varies
as a function of the wave vector k. However, it does not directly tell us how many
available states there are for a given energy. Before going further into this, it is
reasonable to point out that electrons are fermions and thus follow the Pauli exclu-
sion principle, so that every available state can be occupied by a maximum of two
electrons with different spin. The density of states as a function of energy, g(E),
is an important relation, since it, in a simple way, determines the properties of the

28



CHAPTER 4. LOW-DIMENSIONAL STRUCTURES
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Figure 4.2: Schematic illustration of the density of states for a) bulk, b) a quantum well (QW),
c) a quantum wire (QWR) and d) a quantum dot (QD). The insets show illustrations of different
heterostructures that reduces the possible dimensions of motion for the charged particles from 3
dimensions in bulk down to 0 dimensions for a QD.

semiconductor structure [12]. For a bulk semiconductor, it can be shown that the
density of states is given by:

g3D(E) ∝
√
E (4.6)

and is thus proportional to the square root of the energy [26]. For a quantum
well, the density of states is given by relation 4.7, where Θ is the Heaviside step
function and En the discretized energies of equation 4.3 and the density of states
is accordingly a stepwise function of the energy as shown in Figure 4.2 b). Further
reduction of the dimensionality leads to a density of states that becomes concentrated
around certain energy values, the En,l from equation 4.4, for a quantum wire and
completely discretized in energy, for quantum dots (Figure 4.2 c) and d)) [26]. The
corresponding relations are given in equations 4.8 and 4.9, where δ is the Dirac
delta function. Thus for a quantum dot, the density of states is zero except for the
E = En,l,m (n, l,m = 1, 2, 3, . . .) [26].

g2D(E) ∝
∑

n

Θ(E − En) n = 1, 2, 3, . . . (4.7)

g1D(E) ∝
∑

n,l

Θ(E − En,l)

(E − En)1/2
n, l = 1, 2, 3, . . . (4.8)

g0D(E) ∝
∑

n,l,m

δ (E − En,l,m) n, l,m = 1, 2, 3, . . . (4.9)
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SiO2

GaAs

a) b) c) d)

Figure 4.3: The GaAs substrate initially covered with a) layers of SiO2 and photoresist followed by
b) a lithographic patterning in the photoresist and subsequently also c) in the SiO2 layer. Chemical
etching of the substrate leading to d) tetrahedral recesses in the substrate. The figures have been
created with inspiration from [30].

4.5 Fabrication of quantum dots

The two samples with InGaAs QDs, grown in inverted tetrahedral recesses, used
within this thesis work were fabricated at the Tyndall Institute in Cork on Ireland
using methods developed at Ecolé Polytechnique Federale de Lausanne (EPFL) in
Switzerland. This unconventional method offers inherent site control and very high
QD uniformity; as compared to the most conventional growth technique based on
Stranski-Krastanow (SK) growth mode of strained QDs self-organized at random
sites [27]. The site-control relies on the pre-growth patterning of the GaAs substrate,
where layers of SiO2 and photoresist is deposited on the substrate (Figure 4.3 a))
followed by a lithographic processing of the photoresist and subsequently the pattern
is transferred to the SiO2 using hydrofluoric acid (Figure 4.3 b) and c)). Wet chemical
etching is then performed on the regular pattern in the SiO2 film leading to a regular
pattern of tetrahedral recesses in the (111)B GaAs substrate (Figure 4.3 d)). [28,
29] In the tetrahedral recesses (Figure 4.4 a)), metal organic vapor phase epitaxy
(MOVPE) growth is performed. Several layers are grown for specific purposes such
as etch stop in the final back-etching process, but in particular an InGaAs QD layer is
grown between barrier layers of either AlGaAs or GaAs. An illustration of the grown
layers is shown in Figure 4.4 b). The QDs are self-formed at the inverted tip of the
tetrahedral recesses due to growth rate anisotropy for different crystal planes (here
the (111)A sidewalls compared to the (111)B plane) and capillarity effects leading
to a self-limited profile, which is different for the QD layer compared to the barrier
layers (illustrated in Figure 4.4 c)). When AlGaAs barriers are used, Ga segregation
in the barriers leads to the formation of a vertical quantum wire (VQWR) above
and below the QD (shown in Figure 4.4 d)) [31] as well as vertical quantum wells
(VQWs) (see Ref. [28] for a more detailed description).
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Figure 4.4: The figure shows a perspective side view of the cut tetrahedral recess a) with the (111)A
sidewalls b) after growth of several layers including barrier- and QD layers. In c) a magnification
of the marked area in b) is shown with GaAs barriers and an InGaAs QD. In d) the corresponding
magnification is shown where the GaAs barriers have been replaced by AlGaAs barriers and the
InGaAs QD is then intersected by the VQWR. The figures have been created with inspiration from
[30].

 Wax

GaAs

 Wax

GaAs

Photoresist

GaAs

a) b) c) d)

Figure 4.5: The backetching procedure is shown with a) the first stage of the etching of the irregular
facets i.e. applying photoresist followed by etching and the b) evaporating of a layer Ti/Au onto
the back of the pyramid. c) The pyramids are then glued on a GaAs support using black wax
followed by d) chemical removal of the original GaAs substrate. The figures have been created with
inspiration from [30].

After growth, the irregular facets, where the (111)A sidewalls meet the (111)B sur-
face, are removed through surface etching. One reason for this is that unwanted
luminescence from these facets can be removed. In this process, the sample is first
covered with photoresist (shown in Figure 4.5 a)) that is etched down to reveal the
irregular facets, which are subsequently etched away by wet chemical etching. After
the surface etching is completed, a Ti/Au layer is evaporated onto the back of these
structures (shown in Figure 4.5 b)) adding the mechanical stability to make it pos-
sible to glue the pyramids onto a GaAs support with the use of black wax (Figure
4.5 c)). The original GaAs substrate is then removed by wet etching, to gain the
upright free standing pyramids shown in Figure 4.5 d). These pyramidal QDs are
very bright compared to more conventional SK QDs, due to this back-etching pro-
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cess, and are, as such, ideally suited for spectroscopy studies of weak emission lines
[27, 28, 29, 31, 32]. Moreover, it is also possible to tune the charge state of these
pyramidal QDs, from the excitation power and the crystal temperature, making it
possible to study certain exciton complexes in a controlled way [33, 34].
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"I often say that when you can measure what you are
speaking about, and express it in numbers, you know
something about it; but when you cannot measure it,
when you cannot express it in numbers, your knowl-
edge is of a meagre and unsatisfactory kind."

Lord Kelvin, 1883

5
Excitons in quantum dots

In semiconductors electron and hole pairs may form atom-like entities as they are
bound together via the Coulomb attraction as described in Chapter 2. However, the
situation in a QD, is not the same as for the bulk case, since the exciton is already
bound via the confinement potential of the QD, and the Coulomb attraction is not
necessary to bind the electron and hole to each other. In this respect, the Coulomb
potential merely acts as a modification of the confinement potential. If the Coulomb
interaction can be considered as a small perturbation of the potential, the exciton is
in the so-called strong confinement regime. Accordingly a weak confinement regime
corresponds to the case when the Coulomb interaction significantly modifies the wave
function of the confined exciton [35]. The additional bound imposed on the charge
carriers from the confinement potential of the QD allows for the formation of exciton
complexes that are not formed in the bulk [33, 36].

5.1 Excitons in quantum dots

Various species of exciton complexes can be defined according to different charge con-
figurations in the QD. In addition to the neutral configurations, X and 2X (already
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Figure 5.1: a) Schematic illustration of the optical recombination process for different exciton
complexes in QDs. b) A single QD photoluminescence spectra containing the emission peaks from
electron-hole pairs for the different exciton complexes. The emission energy of the neutral exciton
X, approximately 1440 meV, is set to zero.

defined in chapter 2), charged complexes may also form within a QD, if the number
of holes and electrons are not equal within the QD. Important for this thesis work
are the negatively charged exciton, denoted X−, consisting of two electrons and one
hole and the positively charged exciton, denoted X+, consisting of one electron and
two holes (see Figure 5.1 a)). The emission from the different exciton complexes oc-
curs upon recombination of one electron-hole pair within each complex as illustrated
in Figure 5.1 a). There are, however, different emission energies for each exciton
complex determined by the Coulomb interactions among the confined charges. If we
for instance compare the neutral exciton, X, with the negatively charged exciton,
X−, there is an additional electron in X− which contribute to energy increase due
to the electron-electron repulsion and energy decrease due to an additional electron-
hole attraction. The repulsive and attractive interactions do not have equal strength
since the electrons and holes have different spatial extensions, and the resulting pho-
ton energy becomes unique for each complex. The different exciton complexes, in
Figure 5.1, have been identified according to previous work on the same kind of QDs
[33, 34, 37].

5.2 Eigenstates of the exciton

Determining the energy of an exciton in a QD, including the dependence on the
Coulomb interactions between electrons and holes, is by nature a quantum mechan-
ical problem and can as such be treated as an eigenvalue problem within a matrix
formulation of the Schrödinger equation. The Hamiltonian given by equation 5.1
gives the proper eigenstates of an exciton complex (neglecting, the usually very
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small, electron-hole exchange) [38, 39, 40].

Hexciton = He +Hh +Heh +Hee +Hhh (5.1)

where the first two parts are, He and Hh, are the Hamiltonians for electron- and hole
states which in occupation number formalism, using the creation- and annihilation
operators for fermions, is stated as:

He =
∑

k

εeke
†
kek and Hh =

∑

k

εhkh
†
khk (5.2)

where εek and εhk are the energies of the single electron- and hole states respectively.
In the same formalism, the attractive electron-hole Coulomb interaction, the third
term in equation 5.1, is described by the Hamiltonian:

Heh =
∑

klmn

V eh
klmne

†
kenh

†
mhl (5.3)

and the repulsive electron-electron and hole-hole Coulomb interactions, fourth and
fifth term in equation 5.1, are given by:

Hee =
1

2

∑

klmn

V ee
klmne

†
ke
†
l emen and Hhh =

1

2

∑

klmn

V hh
klmnh

†
kh
†
lhmhn (5.4)

In all equations involving Coulomb interaction, the terms V ij
klmn is determined by:

V ij
klmn =

e2

4πε0εr

∫
φi∗
k (r1)φ

j∗
l (r2)φ

j
m(r2)φ

i
n(r1)

|r1 − r2|2
dr (5.5)

where φi
k(ri) is the single particle wave function of a particle, denoted i, in state

k with real space position ri. The creation and annihilation operators for fermions
such as electrons and holes are in general given by:

c†i = |n1, n2, . . . , ni, . . .〉 = (−1)n1+n2+...+ni−1(1− ni) |n1, n2, . . . , ni + 1, . . .〉 (5.6)

ci = |n1, n2, . . . , ni, . . .〉 = (−1)n1+n2+...+ni−1(ni) |n1, n2, . . . , ni − 1, . . .〉 (5.7)

which in this context should be regarded as the removal, or annihilation, of a fermion
in state i using the operator ci and the addition, or creation, of a fermion in the same
state is achieved using the operator c†i .
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5.3 Eigenstates of X, X− and X+

For the various exciton complexes we can, using equation 5.1, work out the recom-
bination energies for different exctiton complexes in a QD. For the neutral exciton
X that consist of one electron and one hole we can work out the eigenstates from
equation 5.1 using a single configuration approximation i.e. including only a single
electron state and a single hole state. In the same way, using single configuration
approximations, we can determine the eigenstates for the negatively charged exciton
X− and the positively charged exciton X+. The ground eigenstates of these exciton
complexes then becomes:

εX = εe1 + εh1 − V eh
1111 (5.8)

εX− = 2εe1 + εh1 − 2V eh
1111 + V ee

1221 (5.9)

εX+ = εe1 + 2εh1 − 2V eh
1111 + V hh

1221 (5.10)

Here we should remember that in the equations above, electron-hole exchange in-
teraction is neglected and since we are using a single configuration approximation
electron-electron and hole-hole exchange is not included either. The symmetry prop-
erties of equation 5.5, has been used to write the equations, stated above, in this
compact form.

Recombination energy of X, X− and X+

The recombination energies for each of these exciton complexes is then readily de-
termined since the eigenstate of an empty QD, a QD with one electron and a QD
with one hole is 0, εe and εh, respectively. Thus the recombination energies, obtained
from the difference in energy between the initial ground state and all possible final
states, for the exciton compexes are as in equations 5.11, 5.12 and 5.13.

EX = εe1 + εh1 − V eh
1111 (5.11)

EX− = εe1 + εh1 − 2V eh
1111 + V ee

1221 (5.12)

EX+ = εe1 + εh1 − 2V eh
1111 + V hh

1221 (5.13)

The most notable difference in recombination energy between the neutral exciton
X and the charged excitons X− and X+ is the presence of an additional Coulomb
term stemming from the interactions between charge carriers of equal charge. An
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additional charge carrier is introduced in the charged excitons and the electron-
hole Coulomb term will thus be twice as big (which follows from V eh

1111 = V eh
1122 =

V eh
2211). In general, the recombination energy is thus different for different exciton

species. However, a precise determination of the relative emission energy of a complex
must also include interactions between different configurations as well as many-body
correlations [33, 41].

Intensity of the luminescence of X

The intensity of the luminescence is determined in a very similar manner for the
different exciton complexes so in the following a description on how to determine the
intensity for the neutral exciton X will be given. Optical transitions are in general
described by the interband electric dipole operator, P :

P =
∑

k,l

〈
φe
k|e · p|φh

l

〉
h1e1 (5.14)

where φe
k and φh

l are the single particle wave functions for an electron and a hole,
respectively. The interband electric dipole operator reflects the probability that an
electron will recombine with a hole. The single particle wave functions are a product
of an envelope function and a Bloch function, containing the periodicity of the lattice,
and may be written as:

φe,h
i = χ(r)unk(r) (5.15)

The luminescence intensity I for the emitted luminescence with energy ~ω optically
decaying from an initial state i to a final state f is expressed as:

I(~ω) =
2π

~
∑

k

|〈Ψf |P |Ψi〉|2 δ (Ei − Ef − ~ω) (5.16)

In our single configuration approximation for the neutral exciton where |Ψi〉 = |1; 1〉
and |Ψf〉 = |0; 0〉 are the wave functions of the initial- and the final states respectively
the luminescence intensitiy, for the neutral exciton IX is given by:

IX =
2π

~
∣∣〈φe

k|e · p|φh
l

〉∣∣2 (5.17)
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Figure 5.2: Schematic illustrations of the hole shake-up interaction processes in which some energy
is given to the spectator hole reducing the emission energy with the same amount.

5.4 Hole shake-up

In this work a process involving a hole that are left in an excited state after the
recombination of one electron-hole pair in different exciton complexes. Since a frac-
tion of the recombination energy is used to excite the other particle the energy of
the emitted photon is reduced by the same amount. The resulting weak-intensity
emission peaks are spectrally redshifted with respect to the main emission peaks.

This carrier shake-up processes are investigated for the positively charged exciton,
X+, where, the spectator hole is excited by Coulomb interaction to a higher, discrete,
energy level within the QD as a result of the recombination of one-electron hole pair.
The shake-up thus reduces the emitted photon energy by the difference between the
involved energy levels (see Figure 5.2). The intensity of the emission related to this
processes are on the order of 1/1000 as compared to the main emission in Figure 5.1
b) due to the low probability of the involved processes to occur [42].

5.5 Group-theoretical approach to excitonic states

A group-theoretical approach might be a very powerful tool in analyzing the optical
properties of different exciton complexes since optical selection rules and correspond-
ing decay schemes are readily obtained from the symmetries of the involved electron-
and hole states [43].

Quantum dots are modeled as different geometrical structures that exhibits perfect
symmetry properties with respect to a certain symmetry axis. A geometrical shape
that has three vertical mirror planes containing the rotation axis belongs to the
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a) b) c) 

Figure 5.3: Geometrical shapes with symmetry a) C2v b) C3v and c) D∞h respectively. The grey
part in the figure indicate that the top and bottom of these figures is not invariant under mirroring
through a horizontal plane, which is the case for C2v and C3v symmetries in a) and b).

symmetric point group (PG) C3v (see Figure 5.3 b)). Correspondingly a geometrical
shape with only two vertical symmetry planes is associated with the symmetry PG
C2v (see Figure 5.3 a)). In some of the work included in this thesis InGaAs QDs
are modelled as a cylinder which has an infinite number of vertical symmetry planes
and this shape then belongs to the point group D∞h, since it in addition also has an
horizontal mirroring plane cutting through the middle of the cylindrical QD model
(see Figure 5.3 c)). In addition to the geometrical shape of the heterostructure that
constitutes the QD, the underlying crystal, in this case a zincblende crystal, has
symmetry properties that has to be considered which limits the symmetry of these
pyramidal QDs, even for the perfect cylindrical model.

Real pyramidal QDs are however grown in tetrahedral recesses and the highest possi-
ble QD symmetry is thus limited to C3v for a perfectly symmetric QD heterostructure.
The fact that the QDs are grown in inverted pyramidal recesses makes it likely for
the profile of the QDs to be slightly curved. This curvature is however, in many
cases, not very pronounced and as a good approximation a horizontal symmetry
plane might be introduced. The optical properties of the QDs is then, to a very high
extent, described within a point group of higher symmetry, D3h, a concept known
as symmetry elevation. This concept of symmetry elevation has proven to be use-
ful in analyzing the optical properties of high symmetry pyramidal QDs [43, 44].
Symmetry elevation to D3h is also interesting in analyzing asymmetric QDs since
a group-theoretical subduction is readily made from the elevated symmetry to C2v.
The C2v-symmetry has been used to describe the properties of asymmetric pyramidal
QDs as well as the properties of Stranski-Krastanow grown QDs.

The optical properties of a quantum dot may thus be analyzed using a group-
theoretical approach following the procedure listed below [43].

1. Identify the relevant point group for the QDs of interest.
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2. Determine the symmetry labels of the involved quantum states within this QD
point group (in most cases they have to be computed).

3. Use the product rule and calculate the initial- and final product states for a
specific exciton complex.

4. Apply the optical selection rules, given by the Wigner-Eckart theorem.

It should be noted that the above presented group-theoretical approach is only valid
for QDs in the so-called strong confinement regime [43].
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”I think it is safe to say that no one understands Quan-
tum Mechanics”

Richard P Feynman, 1964

6
Exciton-phonon interaction

In chapter 3 it was pointed out that it sometimes is convenient to treat the quantized
lattice vibrations of the atoms in a crystal as if they were particles, i.e. phonons, and
chapter 5 comprised discussions of the optical properties of excitons in quantum dots.
The present chapter will be devoted entirely to the interactions between excitons in
quantum dots and the phonons of the semiconductor crystal. This exciton-phonon
interaction is conveniently treated as if the exciton and phonons together formed a
single particle i.e. a polaron. The coupling between excitons and LO-phonons, the
Fröhlich coupling, is electrical and is given by the difference between the coupling
of the electron and the hole, i.e. the difference in charge distribution between the
electron and the hole [45]. The polaron is then commonly described as an exciton
dressed with phonons. In the description that follows only polarons consisting of an
exciton and LO-phonons will be treated.

6.1 Exciton-LO-phonon interaction

The exciton-LO-phonon interaction may be treated, quantum mechanically, as an
eigenvalue problem within a matrix formulation of the Schrödinger equation. The
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total Hamiltonian for the exciton-LO-phonon coupling is given by [38, 46]

H = Hexciton + ~ωLO

∑

k

b†kbk +Hep +Hhp (6.1)

where Hexciton is the Hamiltonian for the neutral exciton, discussed in chapter 5, the
second term describes the uncoupled LO-phonons and the third and fourth term,
Hep and Hhp, describes the LO-phonon coupling for electrons and holes respectively
as defined in equation 6.2.

Hep =
∑

klq

M e
klqe

†
kelbq + h.c. and Hhp = −

∑

klq

Mh
klqh

†
khlbq + h.c. (6.2)

where h.c is the hermitian conjugate, Mklq defined in equation 6.3 is the Fröhlich
coupling matrix element describing the coupling strength between the charge carri-
ers and the phonons [46], and b†i and bi are the bosonic creation and annihilation
operators for phonons defined in equations 6.4 and 6.5 [38, 17].

Mklq =

√
~ωLOe2

2V ε0q2

[
1

ε(∞)
− 1

ε(0)

] ∫
φ∗f (r) eiq·rφi(r)dr (6.3)

b†i = |n1, n2, . . . , ni, . . .〉 =
√
ni + 1 |n1, n2, . . . , ni + 1, . . .〉 (6.4)

bi = |n1, n2, . . . , ni, . . .〉 =
√
ni |n1, n2, . . . , ni − 1, . . .〉 (6.5)

6.2 Huang-Rhys theory

The exciton-LO-phonon interaction are frequently described within the Huang-Rhys
formalism which originates from an adiabatic approach in the study of multiphonon
transitions in deep centers, theoretically examined by Huang and Rhys in the 1950:s
[47]. A main ingredient of this adiabatic approach is that the electronic motion can
be detached from the much slower moving atomic nucleus in the crystal. The idea
is that the eigenstate corresponding to an electronic wave function for a nucleus in a
fixed position will adjust itself smoothly when the nucleus slowly moves. Ideally this
motion should be infinitely slow to fulfill the quantum mechanical theorem stating
that an adiabatic perturbation, as described above, causes a change of the wave
function and energy during the perturbation but does not cause transitions between
quantum states [17]. This idea is used within the independent boson model where
the wave functions of the electrons and holes are assumed to be unchanged under
the exciton-LO-phonon interaction for the excitons confined to the quantum dots
described in the previous chapter.
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The polaron PX

In order to illustrate what the theoretical description, presented above, predicts re-
garding the effects on the optical properties from exciton complexes that interacts
with LO-phonons in QDs, it might be instructive to outline an example. The objec-
tive here is to use an example simplified as far as possible but that still captures and
highlights some of the particularly interesting features of the theory. We therefore
start by considering the interaction between the neutral exciton, X, and LO-phonons,
using an adiabatic approach i.e we neglect scattering into higher electronic states.

Eigenstates of PX

If we continue using the single configuration approximation as we started with, for
the case of the neutral exciton in chapter 5, and include up to one LO-phonon,
distributed among N phonon modes, in our simplified polaron model the calculations
will be easy enough to follow and will capture the main features of the polaron model.
The hamiltonian for the polaron PX expanded in the basis |e1;h1; p1 . . . pN〉, where e1,
h1 and the pi:s are the electron state, hole state and the phonon states respectively,
is:

HPX
=




εX b1 b2 · · · bN
b∗1 εX + ~ωLO 0 · · · 0
b∗2 0 εX + ~ωLO · · · 0
... 0 0

. . . 0
b∗N 0 0 · · · εX + ~ωLO




(6.6)

where εX is the energy of the neutral exciton X and the bn-constants are the Fröhlich
coupling constants as given by:

bn = M e
11n −Mh

11n (6.7)

and b∗n is the complex conjugate of bn in equation 6.7. The eigenvalues of the hamil-
tonian HPX

are given by:

E± = εX +
~ωLO

2
±

√
(~ωLO)2 + 4

∑ |bn|2

2
(6.8)

Ea = εX + ~ωLO (6.9)
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If we use the notation S =
∑ |bn|2/(~ωLO)2 and Taylor expand the square-root

expression in equation 6.8 to first order (assuming that S � 1), then we can write
the eigenvalues E± as:

E± = εX +
~ωLO

2
±
(
~ωLO

2
+ S~ωLO

)
(6.10)

The eigenstates of the polaron PX can be considered as the possible initial states in
an optical recombination process from a QD containing this exciton complex. An
aspect of the polaron treatment is that the ground initial state, E− in equation 6.10,
of the polaron is slightly lowered in energy as compared to the single initial state of
the non-interacting exciton X.

Recombination energies of PX

The possible final states can be determined in the same way from the hamiltonian
of an empty QD (no exciton) which consist of zeros except for the diagonal elements
which consist of a zero followed by ~ωLO-terms and the eigenvalues are then trivial:
Ef0 = 0, Ef1,...,fN = ~ωLO. The eigenstates with energy ~ωLO reflects the possibility
that some of the polaron energy is left in the lattice after recombination reducing the
energy of the emitted photon by the same amount. A reasonable assumption is that
the polaron is in the ground initial state E− upon recombination and we will then
have different possible optical transition paths, one to each possible final state. The
corresponding recombination energies for these transitions are stated in equations
6.11 and 6.12.

E0 = E− − 0 = εX − S~ωLO (6.11)

E1,2,...,N = E− − ~ωLO = εX − S~ωLO − ~ωLO (6.12)

The interpretation of this is that we will get one emission peak at the energy E0 and
one peak that is redshifted with the LO-phonon energy, i.e. a phonon replica, at the
energy E0 − ~ωLO.

Intensity of the luminescence of PX

The intensity of the luminescence at the recombination energies obtained can now
be determined using the electric dipole operator and the expression for the intensity
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defined in chapter 5. The wave functions of the initial and final states are obtained
from the hamiltonian in equation 6.6 and the hamiltonian for the corresponding
empty QD, not explicitly presented, and we end up with (since S � 1):

〈Ψf0 |P |Ψi〉 = − (~ωLO + S~ωLO) ≈ −~ωLO (6.13)

〈Ψfn |P |Ψi〉 = b∗n n = 1, 2, . . . , N (6.14)

The luminescence intensities, I0 and I1 for the zero-phonon emission and the first
order LO-phonon replica respectively is then given by:

I0 =
2πp2C2

−

~
(~ωLO)2 (6.15)

I1 =
2πp2C2

−

~
∑
|bn|2 (6.16)

where C− is the normalizing constant of the initial state wave function. We can now
see, from equations 6.15 and 6.16, that the relative intensity I1/I0 of the LO-phonon
replica is given by S.

Huang-Rhys parameter

The relative intensity of the phonon replica, shifted down in energy by ~ωLO, with
respect to the corresponding zero-phonon energy is within the adiabatic Huang-Rhys
theory referred to as the Huang-Rhys parameter. We can now derive an expression
for the Huang-Rhys parameter of the neutral polaron, PX , using the definition of the
Fröhlich coupling matrix element Mklq, given in equation 6.3.

S =

∑ |bn|2
(~ωLO)2

=

∑∣∣M e∗
11n −Mh∗

11n

∣∣2

(~ωLO)2
= d0e

2

N∑

q=1

∣∣∣∣
∫ (
|φ∗e (r)|2 − |φ∗h (r)|2

)
e−iq·rdr

∣∣∣∣
2

(6.17)

where the constant d0 is defined as

d0 =
1

2V ε0q2~ωLO

[
1

ε(∞)
− 1

ε(0)

]
(6.18)

The last expression of equation 6.17, the integral, is nothing but a Fourier transform
and can thus be rewritten according to
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∫ (
|φ∗e (r)|2 − |φ∗h (r)|2

)
e−iq·rdr = F{|φ∗e (r)|2 − |φ∗h (r)|2} = F{∆ (r)} = ∆ (q)

and we end up with the expression in equation 6.19 for the Huang-Rhys parame-
ter, S.

S = d0e
2

N∑

q=1

|∆ (q)|2
q2

= d0

N∑

q=1

|∆ρ (q)|2
q2

(6.19)

If we use that dq = (2π)3 /L3 = (2π)3 /V and finally let N → ∞, then the Huang-
Rhys parameter S for the neutral polaron can be rewritten further and the final
expression for S is:

S =
1

(2π)3ε0~ωLO

[
1

ε(∞)
− 1

ε(0)

] ∫ |∆ρ (q)|2
q2

dq (6.20)

The result for the Huang-Rhys parameter presented above was derived for the neutral
polaron can be generalized to other polaron complexes. In general the Huang-Rhys
parameter is proportional to the Fourier transformed difference between the charge
distribution in the initial state, ρi(r), and the final state, ρf (r) as [48, 49, 50]:

∆ρ (q) = F{∆ρ(r)} = F{ρi(r)− ρf (r)} (6.21)

Our example for the polaron PX has up to this point included only up to one phonon
in each phonon mode but in general there could be up to n phonons populating each
phonon mode. When the electron-hole pair of the polaron recombines, a peak appears
in the optical spectra with the corresponding energy. If no excitations of phonons
occur, this peak is referred to as the zero-phonon luminescence and the corresponding
intensity as the zero-phonon intensity, I0. If instead, after recombination, the energy
corresponding to n phonons, remains in the lattice, the resulting peak in the optical
spectra is redshifted by n~ωLO, as compared to the zero-phonon energy.

Allowing for up to n phonons in each phonon mode in our polaron example PX it is
possible, considering transitions in a configuration diagram, to show that he relative
intensity of the n:th order phonon replica is given by the Poisson distribution of
equation 6.22 [11, 47, 51]. In addition to this the recombination energy given in
equation 6.12 generalizes naturally, for up to n phonons in each phonon mode, to the
expression in equation 6.23 for the recombination energy, En, for a transition from
an initial state i to a final state f .

In
I0

=
e−SSn

n!
(6.22)
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En = (Eif − S~ωLO)− n~ωLO = E0 − n~ωLO (6.23)

The strength of the coupling between excitons and LO-phonons, denoted M , can be
estimated from equation 6.20. If we use the Fourier transformed difference between
the wave functions of the electron and the hole in the initial state in equation 6.20
we get:

M ∝
∫ |ρi(q)|2

q2
dq (6.24)

6.3 Charged polarons

For the singly charged polarons, were the exciton complexes X− and X+ are dressed
with LO-phonons, we may proceed in a similar manner as outlined earlier for the
neutral exciton X to examine the properties of the polaron model. I will not go into
to the details here but merely state that a simplified model would capture some of
the interesting features regarding the charged excitons. We can for the negatively
charged polaron, PX− , for instance, include only two single electron states, one single
hole state and up to one LO-phonon distributed along two different phonon modes.
The hamiltonan for this charged polaron may then be expanded in the basis of
|e1e2;h1; p1p2〉 where e1, e2, h1, p1 and p2 are the two electron states, the single hole
state and the two phonon states, respectively.

For the charged polarons, the biggest difference compared to a neutral polaron is that
the extra charge has a rather surprising effect on the recombination energy. It can be
shown, using simplified models like the one presented above, that the recombination
energy for transitions from the initial ground state of the polaron to the three possible
final states for both the negatively- and the positively charged polaron, is given by
expressions like the ones stated in equations 6.25, 6.26 and 6.27.

E1 = c− δ1 (6.25)

E2 = c− ~ωLO − δ2 (6.26)

E3 = c− ~ωLO − δ3 (6.27)

where c is a constant depending on the exciton energy before recombination and the
electron (or hole) energy after recombination and the, for our QDs very small, δ1, δ2
and δ3 includes the relevant Fröhlich coupling constants of electrons and holes. The
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coupling constants included in the two differently charged exciton complexes are in
general different which means that the δi:s are in general different for the differently
exciton complexes.

This means that the difference between the first order phonon replica and the zero-
phonon emission is not just ~ωLO for the charged polarons. Instead, the difference
between the first order phonon assisted emission and the zero-phonon emission is as
we get from the recombination energies given in equations 6.25, 6.26 and 6.27.

∆1 = ~ωLO + δ3 − δ1 (6.28)

∆2 = ~ωLO + δ2 − δ1 (6.29)

This means that the polaron model predicts two first order LO-phonon replicas with
slightly different energies. The small energy difference between these two first order
replicas is given by δ3− δ2. It is quite possible that this difference is large enough to
be detected as separate peaks or shoulders on the same peak in the optical emission
spectra.

6.4 Nonadiabatic effects

In an adiabatic approach such as the Huang-Rhys theory LO-phonon mediated scat-
tering of charge carriers into higher electronic states is neglected. Including nona-
diabatic effects, i.e. allowing for the possibility of LO-phonon mediated scattering
into higher states is manifested in the polaron model by including Fröhlich coupling
constants between different electronic states.

One interesting and striking difference between the predictions of the adiabatic
Huang-Rhys theory and the nonadiabatic polaron model is that they predict different
strengths for the second-order LO-phonon replica in InAs QDs [45]. The nonadiabatic
effects predicts an intensity of the second-order LO-phonon replica that is enhanced
approximately by a factor of 102 as compared to whats predicted with the Poisson
distribution of the Huang-Rhys theory stated in equation 6.22 [45]. In the third
paper included in this thesis the strength of the second-order LO-phonon replica
is measured for pyramidal InGaAs QDs and the theoretical predictions mentioned
earlier are evaluated [52].
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"If you cannot saw with a file or file with a saw, then
you will be no good as an experimentalist."

Augustin Jean Fresnel

7
Experimental methods

7.1 Photoluminescence spectroscopy

The photoluminescence (PL) spectroscopy technique is frequently used to character-
ize materials in general and semiconductor heterostructures, such as QDs, in partic-
ular. The reason for the widespread use of this technique is that it is rather simple
to perform, requires no special sample preparations and is non-destructive. In a
conventional PL measurement, the sample is exposed to light, most commonly from
a laser beam, and electron-hole pairs are generated within the studied structures.
These electrons and holes relax by the aid of, for instance, phonons and subse-
quently recombine by emitting photons with a characteristic energy, corresponding
to the energy difference between the electron and hole states. The luminescence
from the sample is detected and important information about the sample, such as
the band gap, can be obtained from the spectra.

In PL measurements, the laser beam is focused onto the sample by a lens illuminating
the sample in a spot of diameter ∼ 50 µm. This area is too big, in order to investigate
our single pyramidal QDs, since the laser will excite 10 - 100 QDs in the sample
used, and the spectral broadening due to inhomogeneity in QD size and composition
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is hiding the information of the states in individual QDs.

7.2 Micro-photoluminescence spectroscopy

The pyramidal QDs studied in this thesis are periodically distributed in a plane with
a 7.5 µm distance, making it easy to excite individual QDs if the size of the laser spot
is reduced properly. In a micro-photoluminescence (µPL) setup, the focusing lens
is replaced by a microscope objective, focusing the laser beam down to micrometer
size enabling measurements on individual QDs. In our setup the numerical aperture
(NA) is 0.55 and for the measurements a laser wavelength of 732 nm were used which
in the diffraction limit yields an estimated diameter of the laser spot of ∼ 1.6 µm.

µPL-setup

The setup used for the µPL measurements is illustrated in Figure 7.1. In this case, the
QD samples were kept at low temperature (approximately 4 - 30 K) in a liquid helium
cooled flow-cryostat. The samples were excited using a tunable Ti-Sapphire laser,
tunable in the range of 700 - 1000 nm, pumped by a frequency doubled Nd:Yag laser.
The luminescence from the QDs is reflected into a single grating monochromator of
0.55 m focal length equipped with a single grating, with 1200 grooves/mm and blazed
for 750 nm. The highest spectral resolution has experimentally been determined to be
0.075 meV at 1.35 eV. The luminescence dispersed by the monochromator is detected
by a silicon charge coupled device (CCD) where photoelectrically released charges
are counted for each pixel on the CCD-chip. The exposure time of the CCD-chip
is controlled by a shutter placed on the entrance of the monochromator. The signal
from the chip is enhanced within the detector and transmitted to the computer where
it is saved and displayed on the computer screen.

The neutral density filter

Various filters (neutral density filters, long pass filters and band pass filters) were
used in the optical excitation or optical detection path in order to, for instance,
screen out unwanted light such as stray light from the laser. A neutral density filter
has been very important for many of the measurements and deserves some special
attention.
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Figure 7.1: A schematic illus-
tration of the µPL setup used
for the experiments in this the-
sis. The sample is excited by a
laser and the luminescence emit-
ted from the sample is reflected
into the monochromator where it
is dispersed and detected by the
CCD. The signal from the chip
is amplified in the detector and
sent to the computer and dis-
played on the computer screen.
In order to determine the posi-
tion on the sample white light is
reflected from the sample into a
videocamera and displayed on a
monitor.

The majority of the experimental work has involved simultaneous measurements
of components in the spectra differing by approximately three orders in magnitude.
Since the detector used in our setup saturates at ∼70 000 counts this puts a practical
limit on the dynamical range of the detector that is less than the desired one. In
order to come to terms with this problem and achieve a dynamical range for the
measurements that exceeds three orders in magnitude a neutral density filter was
cut into a smaller piece and mounted at the exit of the monochromator. It was
thus mounted inside the monochromator, directly in front of the CCD-chip in a
way so approximately half of the chip was covered by the filter, as illustrated in
Figure 7.2. The neutral density filter with a transmission of 1.46 % was during
measurements used to dim only the high-intensity components of a spectrum so that
the desired dynamical range could be achieved. This was possible since the examined
emission are energetically well separated enabling simultaneous measurements of
unfiltered low-intensity emission (phonon replicas and satellites) and filtered high-
intensity emission (the main emission from different exciton complexes).
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ND-filter (1.46%)CCD-chip

Figure 7.2: An illustration on how the neutral density filter, transmitting 1.46 %, were mounted
directly in front of the CCD-chip covering roughly half of the chip. The main purpose of this was to
enable simultaneous measurements of unfiltered and filtered components in the spectrum increasing
the dynamical range of the setup.

Magnetic field measurements

The µPL-setup is also equipped with a superconducting electromagnet enabling sin-
gle QD measurements in magnetic fields up to 5 T. All the magnetic field measure-
ments included in this thesis work has been done in the so called Faraday geometry
were the magnetic field is parallel to the optical axis.

When exposed to magnetic fields, energy levels with different total angular momenta
(orbital angular momentum plus spin) will split, revealing additional information of
the electronic structure in the QD. However, in order to gather some of this infor-
mation polarization resolved detection is necessary. Polarization resolved detection
of the magnetic field measurements is made possible through the use of a Berek-
compensator and a Glan-Thompson linear polarizer.

Both the Berek-compensator and the Glan-Thompson linear polarizer relies on a ma-
terial property known as birefringence. In a birefringent crystal monochromatic light
will be divided into two separate beams which will propagate through the crystal at
different velocity due to the anisotropic refractive index of the crystal [53]. This may
in other words be put as if the crystal has a fast axis and a slow axis for light prop-
agating through the crystal. In a Glan-Thompson linear polarizer the difference in
refractive index is used to separate rays with different linear polarization, see Figure
7.3 a) [53]. In the Berek-compensator, consisting of a plate made of a birefringent
material, a fast axis and slow axis for different polarizations is achieved by tilting
the plate with respect to the incident light. Along the slow axis light is retarded
as a function of the tilt angle and the Berek-compensator may then be used as to
create a phase shift between light in two different orthogonal polarizations. In the
polarization resolved detection done within this thesis work the Berek-compensator
was set to work as a quarter-wave plate were the achieved phase shift between the
two orthogonally polarized beams are a quarter of a wave-length. In Figure 7.3 b) an
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Figure 7.3: In a) an illustration on the Glan-Thompson linear polarizer that uses an internal
reflection to divide unpolarized light into two linearly polarized light beams. b) Illustration on how
a quarter-wave plate may be used to make circularly polarized light from linearly polarized light
and vice versa. The fast- and slow axis in the birefringent material has been note on the quarter
wave plate.

illustration shows how the phase-shift of a quarter-wave plate may be exploited to
turn linearly polarized light into circularly polarized light, and the other way around.

7.3 Photoluminescence excitation spectroscopy

Due to the relatively fast relaxation of the charge carriers in a QD, the luminescence
from an excited state within the QD is not readily recorded from µPL measurements.
Photoluminescence excitation (PLE) spectroscopy can instead be used to gather
information on the excited states. In PLE measurements, the excitation energy is
scanned and the detection is kept fixed. When the excitation energy is varied in
small steps (almost continuously) the energy will at some point coincide with the
energy between some electron and hole states (resonant excitation) and create an
electron-hole pair within the QD as illustrated in Figure 7.4 a). The so created
electrons and holes will quickly relax to their respective ground state (Figure 7.4
b)). The detection is held fix at the ground state emission during the excitation scan
(Figure 7.4 c)). Ideally, there is luminescence from the ground state only when the
excitation energy is resonant with some higher state transition in the QD so PLE
could be regarded as a refined version of absorption measurements.

The same setup as for the µPL measurements have been used for the µPLE mea-
surements in this thesis work but practically there are some differences that might
be worth mentioning. For the µPLE measurements the detection is held fix at the
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a) Excitation b) Relaxation c) Detection

photons

photon

Figure 7.4: Schematic illustration of the photoluminescence excitation (PLE) technique where a)
the excitation energy is varied from higher to lower values (grey area and different photons) enabling
resonant excitation of excited states b) followed by relaxation of electrons and/or holes down to the
ground state and c) detection of the ground state emission (photon energy constant).

ground state emission as the excitation energy is scanned, as previously mentioned,
but in contrast to µPL measurements here we also measure the wavelength of the
laser. In order to be able to simultaneously detect the relatively weak ground state
emission and the much stronger laser emission we use the same trick as before. We
again mount the neutral density filter directly in front of the CCD-chip in order to
efficiently dim the laser emission but leave the ground state emission unfiltered.
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