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Abstract  

The necessity of modeling is vital for the purpose of reasoning and diagnosing in complex systems, 

since the human mind might sometimes have a limited capacity and an inability to be objective. 

The chain graph (CG) class is a powerful and robust tool for modeling real-world applications. It is 

a type of probabilistic graphical models (PGM) and has multiple interpretations. Each of these 

interpretations has a distinct Markov property. This thesis deals with the multivariate regression 

chain graph (MVR-CG) interpretation. The main goal of this thesis is to implement and evaluate 

the results of the MVR-PC-algorithm proposed by Sonntag and Peña in 2012. This algorithm uses a 

constraint based approach used in order to learn a MVR-CG from data.  

In this study the MRV-PC-algorithm is implemented and tested to see whether the 

implementation is correct. For this purpose, it is run on several different independence models 

that can be perfectly represented by MVR-CGs. The learned CG and the independence model of 

the given probability distribution are then compared to ensure that they are in the same Markov 

equivalence class. Additionally, for the purpose of checking how accurate the algorithm is, in 

learning a MVR-CG from data, a large number of samples are passed to the algorithm. The results 

are analyzed based on number of nodes and average number of adjacents per node. The accuracy 

of the algorithm is measured by the precision and recall of independencies and dependencies.  

In general, the higher the number of samples given to the algorithm, the more accurate the 

learned MVR-CGs become. In addition, when the graph is sparse, the result becomes significantly 

more accurate. The number of nodes can affect the results slightly.  When the number of nodes 

increases it can lead to better results, if the average number of adjacents is fixed. On the other 

hand, if the number of nodes is fixed and the average number of adjacents increases, the effect is 

more considerable and the accuracy of the results dramatically declines. Moreover the type of the 

random variables can affect the results. Given the samples with discrete variables, the recall of 

independencies measure would be higher and the precision of independencies measure would be 

lower. Conversely, given the samples with continuous variables, the recall of independencies 

would be less but the precision of independencies would be higher.  
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1 Introduction   

Models can be representations of reality or tools for learning about the complex world 
phenomena [1]. They assist us to discover features of, and ascertain facts about the system the 
models stand for. Using a model, different involved entities of a system, their attributes and their 
internal independencies and dependencies can be inferred [2]. These entities are called random 
variables. Models are created to help humans for the purpose of reasoning and diagnosing the 
systems. The classes of models can be divided into deterministic and probabilistic categories. 
Probabilistic models are more faithful to reality than deterministic ones since they can deal with 
uncertainty and represent the real world-problems with different probabilities. In most of the real-
world problems, uncertainty often appears to be an inevitable aspect. For instance, a doctor 
makes a decision about which treatment to undertake for a patient based on test results, 
symptoms and individual characteristics. Unfortunately these observations are partial and only 
some aspects of the system are known. Our observations are often inaccurate and erroneous so 
the actual disease is not directly apparent and the future prognosis is never known. When 
modeling a real-world problem, uncertainty arises because of different reasons such as natural 
nondeterminism and our limitations and boundaries in abilities regarding modeling a system. 
Deterministic models are a subset of probabilistic models where variables can only have values of 
probabilities of either one or zero [1]. This situation can be summarized in the following quotation 
by Albert Einstein “As far as the laws of mathematics refer to reality, they are not certain, as far as 
they are certain, they do not refer to reality.” [3] 
 
In order for probabilistic reasoning, it is needed to construct the joint probability distribution over 
the possible assignments to some set of random variables. The joint probability distribution 
quantifies the dependencies between variables in a model. A joint probability distribution grows 
exponentially in the number of variables [3]. Thus, sometimes specifying a joint probability 
distribution becomes intractable since it might become very large. For instance, a typical medical 
diagnosis problem has dozens or even hundreds of involved attributes. One solution for this is to 
use probabilistic graphical models (PGM). They are graph based representations, expressive and 
can compactly encode a complex distribution over a high-dimensional space and utilize them 
effectively [3]. PGMs are transparent and can provide an accurate reflection on understanding the 
problem in a way that a human expert can not only understand but also evaluate the semantics 
and properties [3]. There are two ways to construct the probabilistic models; one way is that an 
expert constructs it manually based on his or her knowledge about the system and the domain. 
The other way is to construct the probabilistic models by learning automatically from data, so 
called data driven approach [3]. The later way creates models that are usually better than purely 
hand-constructed ones based on reflections of the domain. In addition, sometimes they reveal 
unforeseen relations between the random variables and can provide novel insights about the real-
world problem [3].  
 
The Bayesian network (BN) class is a subclass of PGMs by which a set of random variables and 
their conditional independencies can be exhibited. The structure applied in BNs is a directed 
acyclic graph (DAG) in which nodes and lack of edges indicate variables and independencies 
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respectively. When there is an edge between two variables, it means that they can directly 
influence each other. For instance, there can be an edge from the variable rain to the variables 
grass and street; since rain can change the state of these variables to wet. This means that the 
variable rain is the cause of the other two variables. Now assume a system in which there are only 
wet grass and wet street variables. In this case, it is not possible to say which variable is the cause 
of the other one. In fact they both can affect each other and from one of them, we can reason 
about the other one. Sometimes the cause of the common effects is unknown, called a hidden 
node, and the only fact that we are aware of it is that there exists a correlation between the two 
variables. On occasions that a hidden node is not possible to find, or finding it is an expensive task, 
we prefer to skip finding it. One solution to this is to use bidirected edges that are defined in the 
multivariate regression chain graph (MVR-CG) interpretation. The MVR-CG interpretation is a 
superclass of the BN class that supports bidirected relations. This interpretation was introduced by 
Cox and Wermuth in 1993. 
 
To create an intelligent system, three components are needed; representation, inference and 

learning [3]. This thesis handles the learning part by implementing, testing and analyzing the 

results of the MVR-PC-algorithm proposed by Sonntag and Peña in 2012. The algorithm learns a 

MVR-CG from a probability distribution. If a probability distribution that can be represented 

perfectly by a CG, the algorithm can find a MVR-CG that is in a Markov equivalence class to which 

the original chain graph belongs. Throughout this paper we call this underlying chain graph 

original graph. However, it is an ideal case and rarely happens that a probability distribution can 

be represented perfectly by a MVR-CG. In practice, it is very common that the probability 

distribution is not perfectly represented and when the algorithm learns a CG, it is unclear how well 

the learned MVR-CG represents the probability distribution. This thesis tries to answer this 

question. 

The rest of the thesis is structured as follows; in section 2, first the terms model, BN, MVR-CG and 
their background are first described. Then the goal of the thesis, limitations and similar works are 
explained. Section 3 reviews different concepts frequently used throughout this paper. Section 4 
describes the method and the measurements utilized in the analysis. Section 5 presents the 
theoretical algorithm and the implementation choices that were made. Section 6 describes 
different inputs employed to test the algorithm, exhibits the achieved results and analyzes them 
from different aspects. Finally, section 7 summarizes the report and discusses further possibilities 
for future works.  
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2 Background 

In this section, we discuss the term model, different classes of it and the reasons of why we need 

them. Then we introduce the terms Bayesian network and chain graph model classes in brief. 

Finally, the goal of this thesis, its limitations, and the previous works are discussed.  

2.1 Model 

Models are employed everywhere, even implicitly in our mind when we model real-world 

problems, for describing and reasoning about the systems. However, many different factors such 

as emotions, individual judgments, sensitivities, educations, ideologies, instincts, exhaustions and 

stresses can easily distort our cognitions and judgments. Therefore, we need to explicitly model 

the real-world problems in order to achieve more realistic and reliable understanding and 

perception. The goal of models is to precisely discover the internal independencies and 

dependencies of different entities of the systems so that we can conduct inference. The inference 

process means to produce information, i.e. evaluating, making proper decision and taking actions 

[1].  

The classes of models can be divided into two categories; deterministic and probabilistic. An 

example of the deterministic model would be this statement: All of the males do not get pregnant. 

If we consider this as a rule, it might not always be correct. As a contradiction, instead of females, 

male seahorses get pregnant. However, if we express the same idea in a probabilistic model, it 

would be changed to “X% of the males do not get pregnant”. Therefore, to put stress on this 

necessity, “Never to accept anything for true which is not clearly known to be such” (Descartes) 

[1]. In addition, probabilistic models are easier and take less time to be used; because in 

deterministic modeling we must find all the variables and then find all the possible values for each 

of them [1]. For instance, imagine you are lost in a jungle, if you know that 75% of the colorful 

mushrooms are venomous, you can easily probabilistically infer and make a fast decision regarding 

which ones to eat. Otherwise, if you have to utilize a deterministic model, such as using an 

encyclopedia of mushrooms, you need an extensive investigation for each. It would be even 

harder to enumerate all of these configurations if the number of variables or their states is huge. 

Compared to deterministic models, the probabilistic models are more robust, applicable and 

suitable for modeling objects of the real-world [1]. In fact, the deterministic model is a subset of 

the probabilistic model in which the probabilities of the variables are binary and can be either zero 

or one [1]. 

In order to perform probabilistic reasoning, we need to construct a joint probability distribution. A 
joint probability distribution quantifies the dependencies between the variables of a model. If 
there are n variables, each taking on d different values, the probability distribution table will have 
the size of   , to include all the potential configurations [1]. Because of the complexity, however, 
specifying a joint probability distribution can become intractable since it grows exponentially in 
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the number of variables [3]. As an example, a typical medical diagnosis problem has dozens or 
even hundreds of involved attributes. 
 
Probabilistic graphical models (PGM) are graph based representations that compactly encode a 
complex distribution over a high-dimensional space and utilize them effectively [3]. PGMs can 
assist us for better intuitive grasp of the relationships among the entities since they are graphical. 
In addition, PGMs are transparent and can help us by providing an accurate reflection on 
understanding the domain. Using PGMs, a human expert can not only understand but also 
evaluate the semantics and properties. Probabilistic models can be constructed in two ways; 
manually by an expert or automatically by an algorithm, so called data-driven approach [3]. PGMs 
support the latter way to construct models. These models are usually better than purely hand-
constructed ones based on reflections of the domain. Moreover, they reveal unforeseen relations 
between random variables and can provide novel insights about the real-world problem. An 
example of a data driven approach would be a set of patients’ records, including the gender, age, 
symptoms and possible disease variables, for which we are interested to find a model 
representing the relations between variables [3]. After realizing the importance of modeling and 
the usefulness of the PGM class, now we continue by introducing the BN. 

2.2 Bayesian networks (BNs) 

As it was mentioned earlier, a joint probability distribution can grow intractably large. One 

solution to this is to use BN model class that was proposed and developed by Pearl in 1985. BN is 

also known as Belief network or Bayes net. This class of models is a subset of PGMs and represents 

all of the random variables of our interest, their internal relationships and independencies. BNs 

exhibit knowledge in non-deterministic environments.  For example, we can model the 

probabilistic relationships between disease and symptoms by a BN in a way that given the state of 

symptoms, the probability of the presence of a disease can be computed.  

The idea behind the BN class is based on the cause and effect relationship. Figure 2.1 shows an 

example of the BN class. In this figure, the variable stress is the cause of the variable good mood. 

In this causal relationship, stress and good mood are called parent and child respectively. This can 

be indicated by a directed edge from the parent to the child.  

Each BN consists of two components, a directed acyclic graph (DAG) and a set of conditional 

probability tables (CPT). A DAG is the qualitative part of a BN. It represents the conditional 

independencies of a probability distribution. In DAGs, variables of interest are illustrated by nodes 

or vertices and probabilistic independencies are depicted by lack of edges. In addition, edges that 

connect variables are directed edges. The CPTs are the quantitative part of BNs. They represent 

the quantified dependencies between the variables [4]. For each random variable X and its 

parents U, there exists a CPT such that ∑         [5].  



5 
 

 
 

 

Figure 2.1: Example of a Bayesian network  

 

Based on independencies between the variables, the BN class reduces the number of parameters 

that it requires to specify to have a joint probability distribution. BNs are able to simplify and 

represent the probability distribution by means of the chain rule [6]. This rule allows representing 

the probability distribution as a product of terms where each term only is determined by its 

parents [2].  

A BN can be defined as B=<S,  >, where S is a DAG and   is a set of conditional probability tables 

[7]. A graph is a BN if 

 

 (  ,    ,   ,    )   (  ) (       )  (       ,  ,     ) 

Equation 2.1: Chain rule [1] 

 

It is also possible to express this by 

 (  ,    ,   ,    )    ∏ 

 

   

(            (  )) 

Equation 2.2: Chain rule [1] 

 

If a system involves several conditional independencies, it is possible to model it in a compact way. 

The size of a CPT, based on number of parents grows exponentially. If n equals the number of 
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variables, each taking on d different values and each variable can have up to k parents, then the 

BN representation only needs to store at most (    ) values [8]. This size is acceptable if k for 

each random variable is relatively small, i.e. the graph is sparse [5]; whereas, the size of a 

probability distribution is   . In fact, having knowledge about independencies would save space 

when storing probability distribution and reduce the computations. Therefore, in Figure 2.1 the 

BN only stores 8 values in the conditional probability table compared to 32 values stored in the 

joint probability distribution. As can be seen, BNs help us to save considerable amount of memory. 

In other words, in BN class, the joint probability of a system is the product of the attached 

conditional probabilities [9].  

In recent years, the PGMs have become very popular. Learning such graphical models is a very 
active research topic and many algorithms have been developed for this purpose. Specifically, the 
BN class has been applied in many different fields of research. For instance, Friedman et al. in 
2000 employed BNs to infer gene regulatory networks from gene expression data in systems 
biology research. Thereafter, BNs have been developed further. Fast Markov Chain Monte Carlo 
(MCMC) algorithm, similar to the methods proposed by Friedman and Koller in 2003 or 
Grzegorczyk and Husmeier in 2008, can be applied to systematically search the space of network 
structures for those that are most consistent with the data [10]. Many different researches have 
been made in order to learn BNs from data and many methods have been implemented such as 
[11, 12, 13, 14 and 15].  
 
BNs are applied in many different fields such as machine learning, statistics and artificial 
intelligence. They are usually utilized in order to diagnose rather than prognoses systems. BN 
knowledge area includes computer science, probability theory, graph theory and statistics [4]. 
Nowadays, many real-world applications have been modeled by BNs. For instance, enhancing 
human cognition, risk management in robotics, complex industrial process operation, reliability 
analysis of system, biological system, pavement and bridge management [1].  
 
The BN model class has a great number of advantages. This class is very efficient in both 
representing and computing joint probability distribution. It is mathematically rigorous and 
intuitively understandable [4].  BNs are easy to interpret, discuss and validate and have no black 
box effect in the modeling process [1]. Also they are able to illustrate any deterministic models 
since they are a particular case of probabilistic models [1]. BNs are capable of representing a large 
probability distribution in a compressed manner [5]. They are able to answer queries of a 
probability distribution without necessarily explicitly constructing them by means of inference 
algorithms [5]. Using BNs enables us to integrate uncertainty in models and to explore complex 
causal undirected edges among indicators [1]. Apart from the mentioned advantages, the BN 
model class has some drawbacks as well. They are NP complete in structure learning [7]. If the 
number of parents of variables is large, this class cannot represent a large probability distribution 
compactly [5]. In addition, it might be hard to discover the optimal model since it is a large class of 
models [2]. 
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2.3 Chain Graphs (CGs) 

The research of the CG model class started in the late eighties and early nineties with the aim of 
producing more expressive models by combining BNs and Markov networks [2]. The CG class is a 
superclass of the BN class and shares many ideas behind it. The CG class has several 
interpretations. The first interpretation is the LWF interpretation, proposed by Lauritzen, 
Wermuth and Frydenberg in 1989. The second interpretation is the AMP interpretation that was 
introduced by Andersson, Madigan and Pearlman in 1996. The third is multivariate regression 
interpretation, introduced by Cox and Wermuth in 1993. A fourth interpretation of CGs can also 
be found in a comparison by Drton in 2009 [16]. These interpretations have different features and 
none of them subsumes any other [2]. The main difference between them is related to their 
Markov properties, i.e. the way that conditional independencies are read from the graph. 
Depending on the system, each of these interpretations is applicable and suitable for different 
scenarios [2].  
 
Cox and Wermuth represented MVR-CG using directed edges and so called dashed edges. The 

interpretation coincides with the acyclic directed mixed graphs without semi-directed cycles, 

presented by Richardson in 2003 [2].  He utilized directed edges and bidirected edges for the MVR-

CG representation. We have chosen to represent the MVR interpretation as Richardson did, i.e. 

employing directed edges and bidirected edges. This is because the notation is closer to BNs in 

terms of reading d-separation between variables. Figure 2.2 illustrates an example of MVR-CG. 

The interpretation of the directed edges in MVR-CGs is that if there is no edge between two 

nodes, they are d-separated when some set of variables are given [17]. The MVR interpretation 

generalizes the DAGs and can be one solution for the hidden node problem.  

 

 

Figure 2.2: Example of a MVR-CG 

 

Compared to BNs, CGs can perfectly model a wider range of probability distributions and 

represent more independence models [2]. This is because multiple types of edges are defined in 

the CG class and make it to be more progressed, powerful and expressive than the BN class. For 
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instance in the MVR interpretation of the CG class, in addition to directed edges, bidirected edges 

are defined.  

The way that d-separations are read in the MVR interpretation is very similar to BNs. This is due to 

the definition of d-separation in the MVR interpretation that is very close to the d-separation in 

BNs. The only difference relates to the colliders and non-colliders that are defined differently in 

this interpretation.  In MVR-CGs, a node C between two nodes A and B is a non-collider, if the path 

has a subpath of one of these forms A  C  B, A  C  B, A  C  B, A  C   B or A   C  B. Also 

node C is a collider in path between two nodes A and B if the path has a subpath of one of these 

froms A  C  B, A   C  B, A  C   B or A   C   B. Therefore, in Figure 2.2, node E is a collider in 

the path (A, E, D), node D in the path (E, D, B), node D in the path (E, D, C) and node D in the 

path (B, D, C).  

The CG model class gives us the possibility to compactly model a complex real-world problem, in 

terms of various conditional independencies. This would lead to facilitate interpreting, learning 

and inferring the model. In addition, the CG class represents the probability distribution as the 

product of terms and each of these terms is determined by a few other variables [2]. In all of the 

interpretations of the CG class, variables can be arranged in a sequence of blocks, ordered on the 

basis of subject-matter considerations. These blocks are called chain components and the 

variables within a block are considered to be on an equal standing as responses [17]. 

2.4 Aim of the thesis 

The objective of this thesis is to implement the MVR-PC-algorithm, to test and to analyze the 

results of it. The MVR-PC-algorithm uses a constraint based algorithm in order to learn a CG given 

a probability distribution. If the probability distribution can be represented perfectly by a MVR-CG, 

then the algorithm can find a MVR-CG that perfectly represents this probability distribution. 

Otherwise, it is not clear how accurately the algorithm can learn the MVR-CGs from the given 

probability distribution in form of samples. 

To test whether the implementation of the MVR-PC-algorithm is correct, it is given different 

independence models that can be perfectly represented by MVR-CGs. This test is successfully 

passed if the learned MVR-CG is in the same Markov equivalence class, i.e. representing the same 

independence model, with the input. Moreover in order to see how accurate the algorithm is in 

learning a MVR-CG from data, it is executed with numerous sample sets. Finally, the results are 

analyzed and discussed based on number of nodes and average number of adjacents per node. 

The accuracy of the algorithm is measured by the precision and recall of independencies, 

respectively dependencies.  
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2.5 Previous work 

The MVR-PC-algorithm was introduced by Sonntag and Peña in 2012. It uses a constraint based 

algorithm that learns a CG from a given probability distribution. The correctness of the algorithm is 

proved in [16]. This proof says that if a probability distribution can be represented perfectly by a 

MVR-CG, then the algorithm can learn a MVR-CG that is in the same Markov equivalence class 

with that graph. The MVR-PC-algorithm is very similar to the PC algorithm for BNs, introduced by 

Spirtes et al. in 1993, and shares the same structure with the learning algorithms presented by 

Studený  for LWF CGs in 1997 and by Peña for AMP CGs in 2012 [16].  
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3 Terminology  

Before going through the algorithm, it is crucial to have a deep understanding of some definitions 

and concepts. One needs to know these in order to understand how the MVR-PC-algorithm 

performs. Throughout this paper, by CG, MVR-CG is meant if no other type of interpretation is 

mentioned.  

3.1 Preliminaries 

All the graphs and probability distributions are defined over a finite set of variables V. |V | 

indicates the number of variables. |  | means the number of variables in the graph G. An 

evidence node is a node for which the value or state is known because it is given as a single value 

with probability one. An evidence node is also known as a finding node, an instantiated node, an 

observed node or a fixed value node [18]. It is denoted by P(A|B), where B is the evidence node 

and A is the node that we would like to calculate the probability for. If the node is not an evidence 

node, then it is called an unabsorbed or an unknown node. 

Edge, complete graph, clique  

In this thesis, edges are categorized in three different types; undirected edges, directed edges and 

bidirected edges that are illustrated in Figure 3.1. Undirected edges are employed in undirected 

graphs that can exist during the algorithm process. Lack of directed edges implies conditional 

independencies. In some research, undirected edges and directed edges are called links and arcs 

respectively. Bidirected edges are the third kind of edges and can be seen as representing hidden 

causes between variables [2].  In the MVR interpretation, only directed edges and bidirected edges 

are employed. Also with    o   , we mean either        or       . With        we mean 

either        or        and with        we mean the existence of an edge between these 

two nodes.   

 

Figure 3.1: Types of edges, undirected edge, directed edge and bidirected edge respectively form left to right 

 

A set of nodes is called complete if there is an edge between all pairs of nodes in the variable set 

[2]. Figure 3.2 shows a complete graph with five nodes.  

A complete set of nodes is called clique if there exists no superset of it that is complete [2]. Figure 

3.3 demonstrates examples of cliques. 



12 
 

 
 

 

Figure 3.2: Complete graph with 5 nodes and 10 edges 

 

    

   Figure 3.3: Cliques {A, B, C} and {A, C, D} 

 

Parents, children, spouses and neighbors of a node  

The parent set of a set of nodes X of graph G is the set    ( )  *                 ,     

          +. The children set of X is the set    ( )  *                  ,              

 + .The spouses set of X is the set    ( )  *                 ,               +. The 

neighbors set of X is the set    ( )  *                 ,               +. The adjacents of 

X is the set     ( )  *         ,         ,      ,              ,               +. 

Path, length of path, cycle, descending path, strictly descending path, 

descendants, strict descendants, ancestors, strict ancestors, semi-directed cycle 

A path from a node   to a node    in graph G is a sequence of different nodes   ,…,    such that 

       (    ) for all   ≤ i <  . The length of a path is equal to the number of edges in the path. 

A path is a cycle if       . A path is called descending if        (    )⋃    (    ) for all   ≤ i 

< n. A path is called strictly descending path if        (    ) for all   ≤ i <  . The descendants 

of a set of nodes X of graph G is the set    ( )  *                                       

          ,                +. The strict descendants of a set of nodes X of a graph G is the set 

    ( )  *                                                       ,              +. This 

definition of strict descendants coincides to the definition of descendants given by Richardson in 
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2003 [16]. The ancestors of node X is the set    ( )  *          (  ),     ,     + [16]. In 

other words, ancestors of node X is the set of the nodes which can reach to X by following direct 

routes [4]. The strict ancestors of node X is the set     ( )  *            (  ),     ,    

 +. A cycle is called semi-directed cycle if it is descending and         is in G for some  ≤ i <  . 

in Figure 3.4 two examples of semi-directed cycles are illustrated.  

 

 

Figure 3.4: Graph (a) is a directed cycle; (b) and (c) have semi-directed cycles 

 

Chain components 

In the LWF and AMP interpretations, a set of nodes construct a component when they are 

connected by undirected edges. In the MVR-CG interpretation, a set of nodes construct a 

component when they are connected by bidirected edges. Two separate components are 

connected by directed edges. All of the CG categories share this concept [2]. In Figure 3.5, there 

exist four components, i.e. {A, B, C, D}, {E, F}, {G} and {H}. 

 

 

Figure 3.5: Chain components 

 

Collider, unshielded collider and non-collider 

A node C is a collider in path between two nodes A and B if the path has a subpath of the form A 
o C o B. An unshielded collider is a collider in a CG G, if A      ( ); in this case, it is said that A 
and B have an unshielded collider over C. A node C between two nodes A and B is a non-collider in 
a CG G, if there exist edges A  C   B in G [16]. 
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D-Separation 

Suppose X, Y and Z denote three disjoint subsets of nodes in a CG G. It is said that X is d-separated 

from Y given Z iff there exists no path between any node in X and any node in Y such that:  

1- Every non-collider on the path is not in Z. 

2- Every collider on the path is in Z or in     ( ). 

By X ┴   
 |Z, we denote that X and Y are d-separated given Z in the graph G. Similarly, by X ┴    

 |Z 

we denote that X is independent of Y given Z in a probability distribution P. Moreover, by I(G) we 

denote the independence model induced by G which is the set of separation statements X ┴   
 |Z 

[16]. 

An example of this can be seen in the BN in Figure 3.6 [3]. The following propositions are true 

since Grade is a collider in path (in Difficulty, Grade, Intelligence subpath), while Difficulty (in 

Coherence, Difficulty, Grade subpath) and Intelligence (in Grade, Intelligence, SAT subpath) are 

non-colliders in this. 

 Coherence is independent of SAT given {}; rule 2 is not satisfied.  

 Coherence is independent of SAT given {Intelligence}; rule 1 is not satisfied. 

 Coherence is independent of SAT given {Difficulty, Intelligence}; rule 1 is not satisfied. 

 Coherence is not independent of SAT given {Grade}; both rule 1 and rule 2 are satisfied. 

 

 

Figure 3.6: D-Separation 
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Markov condition and faithfulness 

The Markov condition for BNs states that a variable is independent of its non-descendant variables 
in a graph given the state of its parents. This rule entails all and only those conditional 
independencies that are identified by d-separation [18]. 

A probability distribution P is faithful to a graph G when X ┴   
 |Z  iff X ┴   

 |Z for all X, Y and Z 

disjoint subsets of V. Suppose a joint probability distribution P of some random variables in the set 

V and a DAG G = (V, E). Then (G, P) satisfies the faithfulness condition, if G entails all and only the 

conditional independencies in P. That is, the following two conditions hold. 

1. ( ,  ) satisfies the Markov condition,   entails only conditional independencies in P. 
2. ( ,  ) satisfies the Markov condition, G entails all the conditional independencies in P. 
 
When ( ,  ) satisfies the faithfulness condition, P and G are faithful to each other. Additionally, G 
is called a perfect map of P. Otherwise they are unfaithful to each other [19]. 

Markov equivalence class 

When two graphs G and H have following two conditions fulfilled, it is said that they are in the 
same Markov equivalence class. 

1- G and H have the same adjacents. 
2- G and H have the same unshielded colliders.  

Let the graphs G and H be in the same Markov equivalence class, this is denoted by I (G) = I (H). 
It is also said that G and H are Markovian equivalent [16]. 

3.2 Independency 

When two variables are independent it means that the value of one of them does not affect the 

value of the other one and vice versa. The independency of two variables such as A and B is 

denoted by A ┴B. If A and B are independent, the following conditions are satisfied. Note that 

these conditions are equivalent [6].   

 P (A, B) = P (A). P (B) 

 P (A|B) = P (A) 

 P (B|A) = P (B) 

Of way to categorize the independencies is to divide them into unconditional independencies and 

conditional independencies [1]. 

Unconditional independency 

This type of independency is a weak notion since it very rarely occurs that two random variables in 

a system are truly and completely independent of each other [6]. Therefore, if it is observed in our 

model, there may be a mistake. This mistake might be due to our incorrect or irrelevant definition 
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of an object while defining the model. In order to avoid this problem we need to create two 

different models [5].  

  (     )    (     )  (       ) 

Equation 3.1: Unconditional independence [1] 

 

Conditional independency 

Conditional independency is a more powerful, broader and useful notion compared to 

unconditional independency. This is because conditional independency occurs very often in the 

real-world, compared to unconditional independency. There are three equivalent definitions for 

conditional independency which are as following [6]. In these equations A is independent of B 

when the value of C is given. 

 P(A,B|C) = P(A|C) P(B|C) 

 P(A|B,C) = P(A|C) 

 P(B|A,C) = P(B|C) 

Figure 3.7 illustrates an example of conditional independency. In this example, it is acceptable to 

say that there is no relation between the state of Radio and the state of Fuel, in the formal 

expression (Radio ┴ Fuel). In other words, knowing that the Radio is on would not give us any 

information regarding whether the Fuel is full or empty. However, having additional information 

such as Engine does not start, it is possible to reason that the car has run out of Fuel. In a formal 

expression (Radio  Fuel | engine).  

 

 

Figure 3.7: Conditional independence 

 

3.3 Inference or reasoning 

Inference means to investigate the consequences of a change that we make. This can be achieved 

by updating all of the distribution probability tables after giving a set of evidences to the model. 
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This mechanism is called propagation of evidence or belief updating that is the most crucial task of 

the expert system. When models get valid inputs, they generate information. Based on 

information produced after inference process, different possible situations that might happen in 

the system can be evaluated. This enables us to make a proper decision and take action [1]. In 

addition, inference enables us to check how probable our predictions are. It is one of the 

important uses of the PGMs and can be divided into two different types as follows [20].  

Diagnostic inference (Evidential reasoning)  

This type of inference is a bottom-up approach and helps us to infer causes from the effects. In 

this type of reasoning the aim is to infer the probability of a parent given the child. In other words, 

we make an assumption for a node and then check what will happen to its ancestors after this 

change. In Figure 3.8, Bob always calls the police when he hears the alarm and sometimes he 

confuses the telephone with the alarm. Sara listens to loud musics and sometimes she misses the 

alarm. In this example, we know that Bob called the police and we are interested to know the 

probability of the occurrence of the Burglary. So, P(Burglary | Bob calls) = 0.016 that means the 

state of Bob calls is true and it is given to us as an evidence, so the probability of occurrence of the 

Burglary is 0.016.  

 

 

Figure 3.8: Inference [20] 
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Causal inference 

This type of inference is a top-down approach and helps us to infer effects from causes. The aim is 

to infer the probability of a child given the parent. For instance, in Figure 3.8, P(Bob calls | 

Burglary) = 0.86.  It means that the state of Burglary is given to us so we know it is true, so the 

probability of Bob calls is 0.86.   
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4 Method 

In this section we explain how the implementation of the MVR-PC-algorithm is tested. We also 

discuss how the algorithm is evaluated. Then, we describe the inputs and the measures that are 

utilized in order to analyze the results. Finally, we discuss the limitations and boundaries of the 

implementation.  

The implementation of the MVR-PC-algorithm has to be checked to see whether it works 

correctly. For this purpose, we test the implementation with numerous independence models of 

different CGs, i.e. original graphs, as inputs. The learned CGs are then tested to see whether they 

are Markov equivalent with the original graphs. This test is called Markov equivalence test and 

consists of two steps; when the MVR-PC-algorithm learns a graph, the first step checks to see 

whether the algorithm does not produce any new unshielded collider compared to the original 

graph. The second step checks to see whether all of the adjacents in the original graph and the 

learned MVR-CG are the same.  

In the data-driven approach, graphs can be constructed from the available samples. The MVR-PC-

algorithm has to be evaluated in order to check how accurately it can learn MVR-CGs from data. 

For this purpose we run the algorithm with different sampled probability distributions and 

analyzed the results. With the help of an independence test, these samples are transferred into an 

independence model. The independence test that we use is as same as the independence test that 

Ma et al. have used in their experiments [21]. The results of the learned CGs are evaluated based 

on number of samples, average number of adjacents per node, number of nodes and type of the 

variables of CGs through precision and recall analysis. 

For the Markov equivalence test, four types of original graphs are employed. The settings are 5 

respectively 10 nodes and 2 respectively 5 average number of adjacents per node. The original 

graphs are created and supplied by a module in R code introduced by Ma et al. in 2008 [21]. These 

graphs are then parameterized so that they represent continuous and discrete probability 

distributions. In order to create samples, so that the MVR-PC-algorithm can learn MVR-CGs from, 

the probability distributions are then sampled into sets of 100, 300, 1000, 3000, 10000 and 30000 

samples. These samples are generated by first converting the original graphs into BNs. This can be 

done by converting every sub graph of this form       into form of     C    , where  C  is a 

hidden node. From the independencies represented by these BNs, CPTs are made and then from 

these CPTs, samples are produced.  

It is decided to analyze the algorithm with these samples since the graphs with 5 and 10 nodes 

would provide variations for the test. On the other hand, for the graphs with more than 10 nodes, 

the execution is computationally expensive and it is not feasible to test a huge number of graphs 

that have great number of nodes. Samples with 2 and 5 average number of adjacents, give the 
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possibility to test the algorithm with the dense and sparse graphs. For instance, a configuration of 

a CG with 10 nodes and 2 average number of adjacents per node would create a sparse graph; 

while a configuration of a CG with 10 nodes and 5 average number of adjacents per node would 

generate a very dense graph.  

For the Markov equivalence test 800 original graphs are employed as inputs to the MVR-PC-

algorithm. This 800 original graphs is because node configurations. adjacent configurations. 

variable types. graphs per each configuration = 2.2.2.100 = 800. In order to evaluate the MVR-PC-

algorithm, 4800 number of sample files are passed to the algorithm and the learned CGs are 

analyzed. This 4800 sample files is because original graphs. sample set sizes = 800.6 = 4800. 

The error measurements utilized in the analysis of the results are precision and recall. These error 

measurements are based on independencies and dependencies. Because if the precision and 

recall of independencies and dependencies are known, it is possible to judge how similar the d-

separations in the learned MVR-CGs are to the d-separations in the original graphs. For instance, 

knowing that the algorithm has learned 8 directed edges out of 10 directed edges of the original 

graph, would not give us appropriate information regarding how well the algorithm has 

performed.  

The precision of independencies represents how accurately the algorithm learns independencies 

represented by an original graph. Equation 4.1 shows how the precision of independencies is 

calculated. In this equation, the correct independencies indicates the number of independencies 

that are learned correctly.  By correctly we mean those independencies represented by a learned 

graph that are also represented by an original graph. The learned independencies indicates the 

total number of independencies represented by a learned MVR-CG. 

 

                             
                        

                        
 

Equation 4.1: Precision of independencies 

 

The recall of independencies shows how successfully the algorithm discovers the independencies 

represented by an original graph. Equation 4.2 exhibits how the recall of independencies is 

computed; where the correct independencies indicates the number of independencies 

represented by a learned MVR-CG that are also represented by an original graph. The true 

independencies shows the total number of independencies represented by the original graph. 
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Equation 4.2: Recall of independencies 

 

The precision of dependencies represents how similar the dependencies represented by an 

original graph and the dependencies represented by a learned graph are. In Equation 4.3, the 

learned dependencies indicates the total number of dependencies represented by a learned MVR-

CG. 

 

                           
                      

                      
 

Equation 4.3: Precision of dependencies 

 

The recall of dependencies indicates how successfully the algorithm finds the dependencies 

represented by an original graph. Equation 4.4 shows the recall of dependencies calculation. In 

this equation, the correct dependencies shows the number of dependencies represented by a 

learned MVR-CG that are also represented by an original graph. In this equation, the true 

dependencies shows the number of dependencies represented by an original graph. 

 

                        
                     

                   
 

Equation 4.4: Recall of dependencies 

 

By means of these measurements, it is possible to compare the learned graphs with the original 

CGs so that we can evaluate and analyze the MVR-PC-algorithm results. This is because these 

measurements provide comprehensive information regarding independencies and dependencies 

represented by the learned graphs.  

It is important to note that the percentage of measurements is the performance measure and not 

the values of them. For instance, assume the following cases. 

 Case A: from 10 independencies in the original graph, the algorithm learns 8 

independencies. 
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 Case B: from 100 independencies in the original graph, the algorithm learns 40 

independencies. 

Although the algorithm discovers more independencies in case B, it performs better in case A. This 

is because the percentage of the parameters is important to us and not just their values. In the 

first case the algorithm finds 80% of the independencies while in the second one it finds only 40% 

of the independencies. 

There exist some limitations in this thesis. The first limitation is that the type of the CG that the 

algorithm learns is MVR. Hence, this thesis only handles the MVR interpretation. The second 

limitation is related to the programming language to implement the MVR-PC-algorithm. The 

implementation is done in JAVA programming language. This language is chosen for the 

implementation because the API that is employed as the main framework is written in this 

language. This API was a research project in Spain, called Programo. It can be employed for 

implementing different graph theory applications. The last but not the least limitation is about the 

number of variables in the graphs. Executing the program with inputs having numerous random 

variables is very time consuming. Therefore, in the sample files, the maximum number of variables 

is chosen to be 10.   
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5 Implementation 

This section deals with the implementation part of the thesis. It consists of the theoretical 

algorithm and the implementation choices sections. The prior section presents the pseudo code of 

the MVR-PC-algorithm and different phases of it. The latter section explains how the samples are 

generated and some other choices that are made for the implementation. 

5.1 Theoretical algorithm 

The MVR-PC-algorithm was proposed by Sonntag and Peña in 2012. This is a constraint based 
algorithm to learn a CG from data. The input of the algorithm is a probability distribution P faithful 
to an unknown CG G. Figure 5.1 presents the pseudo code of the MVR-PC-algorithm. 
 
 

 
Figure 5.1: The MVR-PC-algorithm 

 

5.1.1 Algorithm phases 

This section presents the MVR-PC-algorithm phases. The algorithm consists of four separate 
phases that are described in more details in the following. 
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Phase one  

Phase one includes lines 1 to 7. The aim of this phase is to discover nodes that are adjacent in the 
original CG [16]. First, it creates a complete graph out of the random variables. Then within a loop 
that iterates for (the number of nodes – 2) times, it removes the edge in the graph between the 
nodes A and B if the following conditions are satisfied: 
 

1- A is adjacent with B.   
2- The number of adjacents of A except B is greater or equal to the iteration counter.  
3- There exists a subset of adjacents of A except B. This subset is the set of separators of A 

and B and is denoted by S. The size of S is equal to the number of iterations and A is 
independent of B given S.  
 

After removing the edge between the nodes A and B, S is stored because it will be needed in 
phases 2 and 3. 

Phase two  

This phase includes line 8. The goal is to discover the unshielded colliders of the CG G. In this 
phase rule 0 is applied. Assume the sub graph   in Figure 5.2. Since B     , A       ( ) and C   
    ( ) but A       ( ) we know that the following configurations can occur: A  B  C, A   B 
 C, A  B   C, A   B   C. In any other configuration, B would be in every separation set of A and 
C. In all these configurations we have A o C o B, so these edges must exist in G [16]. 
 
 

 
Figure 5.2: Rule 0 

 

Phase three  

This phase includes line 9; in this phase some of the remaining edges are oriented if they are 
oriented in the same direction in all CGs G’ such that I (G) = I (G’). Rule 1: If the edge was not 
directed in this direction we would have an unshielded collider of A and C over B that is not in G, 
because B     . Rule 2: If we did not have the edge oriented in this direction we would have a 
semi-directed cycle in G. Rule 3: If the edge was orientated in the opposite direction, by applying 
rule 2 we would have an unshielded collider of B and C over A that is not in G, because A      
[16]. 
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Figure 5.3: Rule 1, Rule 2 and Rule 3 respectively from left to right 

 

In spite of the acyclic structure of CGs, in the implementation of the rule1 and rule 2, it is not 
checked to see whether a cycle is produced or not. In rule 1 although by changing an undirected 
edge to a directed edge it is possible to create a cycle, this will be solved at the end of this phase. 
This is because if a cycle is produced, it will be removed by applying this rule to other edges. 
Additionally, in rule 2, if       and A – C exists, by changing it to     a cycle will be 
produced. However, this will be solved at the end of this phase, because     will be changed 
to    . Accordingly,       with     is not a semi-directed cycle. So if a cycle is 
produced at first it will be removed by applying the rules of phase three to other edges. After this 
phase, the learned graph is in the same Markov equivalence class with the original graph.  
  

Phase four 

Phase four is the last phase and includes lines 10 to 14. The aim is to orient the rest of the 
undirected edges in a way that no new unshielded collider or semi-directed cycle is introduced 
[16]. The implementation of this phase is a bit different from what is written is the pseudo code. 
However, the result is exactly the same. This difference is described in more details in the next 
section. 

5.2 Implementation choices 

For our experiments, the MVR-PC-algorithm is required to learn MVR-CGs from some random 

samples. In order to do so, several sample files are generated for 800 CGs. These CGs are created 

with 5 and 10 nodes with 2 respectively 5 average number of adjacents per node with both 

continuous and discrete variables.  

In order to produce the sample files, the MVR-CGs are changed to BNs. To convert a CG to a BN, all 

the bidirected edges in the CG must be changed to directed edges, i.e. if        exists, it is 

converted to           where    is a hidden node. Then, CPTs are generated randomly for 

these BNs. Finally, based on these CPTs, random samples are produced. In order to generate 

samples, R code is also employed. 

The most important class that is utilized from the API is the ChainGraphMVR class. This interface 

defines methods for investigating a chain graph structure under the multivariate regression 

interpretation. The graphical concepts like parents, children, neighbors and boundaries are as 
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defined in graphical models. In addition, we have implemented and added two other classes to 

the API. These classes are the MixGraph class and the LearningAlgo class. The MixGraph class is 

needed since graphs during the algorithm steps include all three types of the edges, i.e. 

undirected, directed and bidirected edges. The LearningAlgo class includes the implementation of 

the MVR-PC-algorithm. In the ChainGraphMVR class there is a function named areIndependent. 

This function runs the independence test that checks to see whether two nodes are independent 

or not, given a third set of nodes, i.e. a separator set. We use the same independence test 

algorithm as the authors of [21]. In the independence test, a significance level exists which can be 

specified by the user. The significance level is denoted by In our experiments we have defined 

= 0.01 because choosing a small significance level usually yields good results when the sample 

size is reasonably large and the underlying graph is sparse, similar to the experiments in [21].  

In the API that is utilized in the implementation, different CGs interpretations are defined. But still 
another graph class is needed to be implemented having all types of edges. This class is called the 
MixGraph class in which the undirected edges are defined. This class is required because during 
the algorithm execution, undirected edges might exist. For instance, during the rules, the 
algorithm orients the undirected edges and changes them to directed edges or bidirected edges.  
 
In the last phase, while orienting the undirected edges, some nodes are exploded. Exploding a 
node means to convert all of the undirected edges that exist between that node and its neighbors 
to directed edges. This conversion is done in a way that no semi-directed cycle or unshielded 
collider is produced. As an example, suppose in the last phase of the algorithm, the undirected sub 
graph G in Figure 5.4-step1 exists. 
 
 

 
Figure 5.4: Exploding process 

 

The algorithm randomly starts to explode a node from graph G. Assume it starts the exploding 
process by selecting node A that has two neighbors, connected by undirected edges to it, 
    ( )   {B, D}. After exploding node A, the graph is changed to the one in Figure 5.4-step2. At 
this point it is possible to choose randomly either node B or D as the next node for exploding. 
Assume that the algorithm chooses node B. The neighbors of node B is the set    ( )  * ,  +; 
after exploding node B the graph is changed to the one in Figure 5.4-step3. Now it is possible to 
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choose between nodes C and D as the next node for exploding. This time assume that node C is 
selected. However, if it explodes node C like previous nodes, the undirected edge between nodes 
C and D will be changed to a directed edge such that    . If this happens a new unshielded 
collider is produced by creating          which is not allowed. Therefore, the algorithm must 
change the undirected edge between C and D to a directed edge oriented    . In this case, no 
new unshielded collider is produced. The steps of this process are as follows. 
 
In this thesis the node that explodes is named the selected node. It is incorrect to introduce any 
new unshielded collider. Therefore before exploding a node, the parents of the neighbors of the 
selected node must be discovered first. Then, the adjacents of the selected node must be found. 
The set of adjacents must be subtracted from the set of parents. If the set of parents is empty 
after this subtracting, the undirected edge can be altered to a directed edge in the set orientation, 
i.e. from the selected node towards the neighbor. Otherwise, if the parent set is not empty the 
directed edge should be created in the opposite direction. 
In Figure 5.4, if C is the selected node, D is the neighbor of it and    ( )  * ,  +. The adjacents 
of C is the set     ( )  * ,  +. The set of adjacents must be subtracted from the set of parents, 
so    ( )       ( )  * ,  +  * ,  +  * +. As it can be seen, the set of parents is not empty 
after this subtraction. Therefore, the undirected edge between C and D will be changed to    . 
By applying this strategy, it is not possible to introduce any new unshielded collider. This is 
because undirected graphs in the phase four are chordal. With a chordal we mean that an 
undirected graph in which every cycle of length four or more has an edge between two non-
consecutive vertices in the cycle [16]. 
 
In the LearningAlgo class, as it was mentioned earlier, phase four is implemented differently from 
the theoretical algorithm. In the implementation of this phase, the algorithm searches through all 
of the nodes to find nodes having neighbors, i.e. nodes that are connected by undirected edge. If 
such a node is found, it will be exploded. In the next step, the algorithm selects the neighbors of 
the selected node and explodes them as well if possible. At the commencement of phase four, 
undirected sub graphs are chordal because of the applied rules in the previous phases. In addition, 
it is proved in [16] that by orienting the undirected edges in this way, no cycle can be produced. At 
the end of this phase there will be no undirected edge left and all the edges will be oriented so 
either they will be directed or bidirected edges. 
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6 Results analysis 

In this section, the different types of the CGs and the sample files utilized as inputs to the MVR-PC-

algorithm are described. Then the results of the Markov equivalence test, that is to verify the 

correctness of the implementation, are explained. In the analysis of the samples section, we see 

why different sample sets with the same configuration can result in very different results. Finally, 

the results of the learned MVR-CGs are analyzed and discussed based on number of samples, 

number of nodes and average number of adjacents per node for continuous and discrete 

variables.  

When the program executes, all of the information about the original graphs and the learned 

MVR-CGs are stored in a table, called the table of results. Figure 6.1 demonstrates the headers of 

this table. In the table of results, continuous and discrete graphs are denoted by zero and one 

respectively.  

 

 

Figure 6.1: Parameters of the result tables 

 

6.1 Testing the implementation 

It is proved in [16] that given a probability distribution that can be represented perfectly by a CG, 

the algorithm can learn a MVR-CG that is in the same Markov equivalence class of the original CG. 

Testing the implementation was done by performing the Markov equivalence test. In this test, the 

learned MVR-CG and the corresponding original graph were examined to see whether they were 

in the same Markov equivalence class or not. In this test 800 probability distributions were passed 

to the MVR-PC-algorithm and all of them succeeded to pass the Markov equivalence test. 

It is important to note that having a probability distribution is an ideal case and is usually 

unrealistic. In reality only samples of a probability distribution are mostly accessible and from 

these samples we would like to discover the original graph.  
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6.2 Analyzing the MVR-PC-algorithm results 

This section analyzes why different samples of the same probability distribution can result in very 

different results. For each graph configuration, the results are illustrated and discussed based on 

number of samples.  Then, the effects of number of nodes and average number of adjacents per 

node are analyzed.  

6.2.1 Undesired conditions 

Before analyzing the results, it was expected that better results could be achieved with the higher 

number of samples, less number of nodes and lower average number of adjacents. In general, this 

expectation was true. However, there were exceptions because of the following conditions.  

The first condition is when samples are repeated. A set of samples represents real experiments 

that have occurred. Sometimes one sample file including n number of samples is not necessarily as 

informative as n different samples. For instance flipping a normal coin, {heads, heads, heads, tails} 

is a sample set of size 4. It is less likely but possible that one repeats this experiment 10 times and 

all the results show different combinations of 3 heads and one tails. Based on this experiment, it is 

inferred that the probability of head is 75%. However, the correct answer is 50% and this 

inference is incorrect. Using larger sample sets can avoid this problem. 

 

The second condition includes circumstances in which the independence test determines whether 

the variables are independent or dependent based on the given samples. When the MVR-PC-

algorithm learns a MVR-CG from a sampled probability distribution, there is no perfect knowledge 

of the conditional independence structure. Therefore, it turns to hypotheses testing for obtaining 

these conditional independence relations from data and it can run into a problem. The significance 

value has an impact on choosing the separators for variables.  Table 6.1 shows samples of 

variables A and B.  In Table 6.1(a) whatever the value of A is, B has the same value and in Table 

6.1(b), whatever the value of A is, B has the opposite value. As it can be seen, there is always a 

relation between these variables and the independence test can easily infer that A and B are 

dependent. In Table 6.1(c), knowing the value of A, it is not possible to infer the value of B. The 

values in this table clearly indicate that A and B are independent. If between the variables A and 

B, P (A, B) = P (A). P (B) holds, we say that these variables are independent. Having the CPTs, it is 

easy to see whether this condition holds. However, it is difficult and sometimes impossible to 

reach this conclusion from sample sets. In Table 6.2, variables A and B are independent. However, 

the independence test result is that these variables are most likely to be dependent. This is 

because in most of the samples of this table, these variables seem to be dependent. In the first 

five and the seventh to 11th rows, there is a relation between the values of A and B and only two 

contradictions exist in the sixth and the last row. Therefore, sometimes the result of the 

independence test might not have a clear dependence on the samples and it might lead to wrong 
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answers. One solution to this is to use larger sample sets. However, Ma et al. in their experiments 

had the same problem and some of their error measurements did not improve with the larger 

sample sets [21]. This specially gets worse when the underlying graph is dense, i.e. the average 

number of adjacents per node is high [21].  

 

 

Table 6.1: Samples from which the relation between the variables can be determined confidently 

 

Table 6.2: Samples from which the relation between the variables is estimated 

 

The third condition that leads to a low recall of independencies can occur when the graphs are 

dense. Assume the dense graph G in Figure 6.2(a). G is the original graph that the algorithm tries 

to learn from the samples.  In this graph the variable A is independent of the variables C, D and E if 

the variable B is known. However, if the independence test does not discover that A ┴ C|B from 

the samples, the algorithm will not remove the edge between A and C in the complete graph that 

is created in the beginning from the variables. Therefore, the learned graph will be as in the Figure 

6.2(b). In this graph A is not independent of C, D and E when the B is given. Accordingly, many 

independencies are left out and this makes the recall of independencies to be very low. This is 
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because in the dense graphs, compared to dependencies, only a few independencies exist. 

Therefore if by mistake the algorithm does not remove those edges that do not exist in the 

original graph, many independent variables might become dependent. In fact, making such a 

mistake is very severe in dense graphs.  

 

Figure 6.2: A dense graph 

 

The fourth condition that can cause problems for the MVR-PC-algorithm to correctly learn a graph 

is when samples are infrequent. Assume the graph in Figure 6.3. The variable Drive becomes false 

if either the state of traffic is true, engine is broken or fuel is empty.  In addition, it is possible that 

all of these variables have the mentioned values at the same time. However, this is a very special 

case that is most unlikely to occur. A sample representing this case is considered as an infrequent 

sample. If most of the samples consist of such types of samples, the MVR-PC-algorithm will 

encounter difficulty to correctly find the independencies and dependencies of the original graph.  

In order to cope with this problem, we can employ larger sample sets so that they include other 

possible and frequent states. 

 

    

Figure 6.3: Sampling infrequent conditions 

When analyzing the results, it is important to note that there is a relation between the recall of 
independencies and the precision of dependencies. Accordingly, there is a relation between the 
precision of independencies and the recall of dependencies. This is because two nodes can only be 
either independent or dependent to each other given a third set of nodes. Therefore, if a 
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dependency of an original CG is learned incorrectly as an independency, there will be one missed 
dependency. Assume that the precision of independencies measure is low in a learned CG G. It 
means that many learned independencies are incorrect in G. This would lead to a lower recall of 
dependencies since many dependencies are learned incorrectly as independencies. Similarly, 
assume that the recall of independencies measure is low in a learned CG G. It means that many 
independencies are not discovered. Instead, they are learned incorrectly as dependencies. This 
leads to a lower precision of dependencies measure.   

6.2.2 Analysis of the number of samples effect 

In this section, we analyze how the number of samples can affect the results. The figures of this 

section illustrate how the precision and recall of independencies and dependencies change when 

the number of samples increases. 

The first graph configuration has 5 continuous nodes and an average of 2 adjacents per node. This 

configuration represents relatively small but rather dense graphs. In Figure 6.4, in general by 

increasing the number of samples, all the measures improve. However, the recall of 

independencies and the precision of dependencies slightly increase. The precision of 

independencies and the precision of dependencies always increase with a larger number of 

samples. This is because larger sample sets supply more information about the original graph 

structure to the MVR-PC-algorithm and it can learn more accurate MVR-CGs. 

 

 

Figure 6.4: The precision and recall of independencies respectively dependencies when sampled probability distributions of the 
graphs with 5 continuous nodes and an average of 2 adjacents are employed as the input to the algorithm 

100 300 1000 3000 10000 30000

Recall of independencies 83% 77% 81% 81% 90% 89%

Precision of independencies 68% 76% 83% 89% 94% 94%

Recall of dependencies 87% 95% 96% 98% 99% 99%

Precision of dependencies 94% 94% 95% 93% 96% 96%
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Continuous variables, number of nodes=5, average number of adjacents =2 
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The next configuration includes CGs with 10 continuous nodes and an average of 2 adjacents. This 

configuration constructs the sparsest graphs with continuous variables in the experiments since 

the number of nodes is maximum (10) and the average number of adjacents per node is minimum 

(2). In Figure 6.5 the relation between the recall of independencies and precision of dependencies, 

respectively the relation between the precision of independencies and recall of dependencies can 

be seen clearly. In general when the sample sets become larger, all the error measures increase. 

Similar to the previous experiment, the recall of independencies and the precision of 

dependencies slightly increase; while the precision of independencies and recall of dependencies 

increase significantly. We will see later that this category of graphs, the sparest configuration, can 

give the best results.  

 

 

Figure 6.5: The precision and recall of independencies respectively dependencies when sampled probability distributions of the 
graphs with 10 continuous nodes and an average of 2 adjacents are employed as the input to the algorithm 

 

Another employed configuration includes CGs with 10 continuous nodes and an average of 5 

adjacents. The CGs of this category are the most dense continuous graphs in the experiments. In 

Figure 6.6, the recall of independencies declines by increasing the number of samples. This is 

because the second and the third conditions occurred in this experiment. The independence test 

could not correctly find the independent variables from the samples and when the number of 

samples grows, it inclines in favor of more dependencies. This led not remove some edges and many 

100 300 1000 3000 10000 30000

Recall of independencies 84% 82% 81% 82% 82% 85%

Precision of independencies 80% 88% 94% 95% 97% 97%

Recall of dependencies 78% 89% 94% 96% 98% 98%

Precision of dependencies 83% 83% 84% 85% 85% 87%
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Continuous variables, number of nodes=10, average number of adjacents =2 
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independencies are left out by mistake. As it was mentioned earlier, since only a few 

independencies exist, making such a mistake is very severe in dense graphs. Accordingly, we can 

see a huge drop in recall of independencies. In this experiment it can be concluded that when the 

graph is large and dense, the independence test inclines mostly in favor of dependencies and the 

sample size cannot improve it. The similar problem in the results can be seen in the experiments 

done by Ma et al. in [21]. 

Note that, it is proved in [16] that the algorithm recovers the original CG if we have an infinite 

amount of samples. Therefore given larger sample sets, better results should be obtained. In this 

experiment, however, the recall of independencies declines, given the larger sample sets. It is 

important to note that there is no contradiction with the proof. Because when we tested the 

implementation with the probability distributions, i.e. perfect knowledge of the conditional 

independence structure was available, the algorithm always learned CGs that were in the same 

Markov equivalent class as the original CGs. The problem relates to the independence test that 

locates in line 5 when this test determines whether A ┴   
 |S or not from the samples. If this test 

results into incorrect answers, the algorithm cannot discover the original graph accurately. 

Moreover, the recall of independencies is not an expressive parameter when it stands alone. For 

instance, assume that the algorithm learns 150 independences for a CG with only 100 

independencies. Although it has discovered all of the independencies of the original graph, many 

of the learned independencies are incorrect. To overcome this, the precision of independencies 

clarifies how accurate and reliable the results are. Therefore, from Figure 6.6 it is understood that 

even though increasing the number of samples does not increase the recall of independencies, it 

increases the precision of independencies.  

When the average number of adjacents is 5, compared to when the average number of adjacents 

is 2, less independencies and more dependencies exist (for 100 original CGs, 64500 

independencies and 1087500 dependencies exist in total). Therefore, there are only a few 

independencies amongst a great number of dependencies and it is an obstacle for the MVR-PC-

algorithm to discover those independencies. Recall the third condition, making any mistake would 

be very severe and can yield to low recall of independencies. For instance, the MVR-PC-algorithm 

learned 232 CGs with zero independencies out of 600 sample files representing the original graphs 

having some independencies. Hence, the recall of independencies is very low and even the peak is 

41%. 

The higher number of samples helps the MVR-PC-algorithm to achieve the greater number of 

recall of dependencies. This is because there are much more dependencies in CGs of this category. 

Therefore, most of the samples that are passed to the independence test indicate dependencies 

and not independencies. On the other hand, increasing the number of samples does not improve 

the precision of dependencies and it is almost always close to 96%. It shows that the MVR-PC-
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algorithm does not encounter obstacles to accurately find dependencies in the structure of the 

underlying graphs even though they are dense. 

 

 

Figure 6.6: The precision and recall of independencies respectively dependencies when sampled probability distributions of the 
graphs with 10 continuous nodes and an average of 5 adjacents are employed as the input to the algorithm 

 

In Figure 6.6, there is a reduction in the recall of independencies. In order to make the reason of it 

more clear, we repeat the same experiment with 5 original CGs and larger sample sets. Figure 6.7, 

6.8 and Table 6.3 show the results of this experiment. As can be seen in Figure 6.7, similar to the 

previous experiment, the recall of independencies decreases from 73% to 0% then it increases and 

becomes stable around 20%. On the other hand the precision of independencies, in general 

increases with higher number of samples. 

As it was mentioned before, it is expected that given higher number of samples, better results 

should be achieved; however, in Figure 6.7, the recall of independencies has the highest value 

when the number of samples is the least. Note that despite of high recall of independencies, the 

precision of independencies is very low when the number of samples is 100. Figure 6.8 shows that 

when the sample size equals 100, there are many learned independencies that are incorrect and 

do not exist in original CGs. It seems small number of samples caused the independence test to 

perform inaccurately and incline in favor of more independencies. Thus, the algorithm learns 

sparse graphs representing a lot of independencies. These independencies consist of many 

independencies that are also represented by the original CGs and it makes the recall of 

independencies to be high when the number of samples is 100. 

100 300 1000 3000 10000 30000

Recall of independencies 41% 22% 13% 9% 11% 10%

Precision of independencies 16% 42% 58% 69% 75% 83%

Recall of dependencies 73% 90% 96% 98% 99% 99%

Precision of dependencies 97% 96% 96% 95% 96% 96%
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Continuous variables, number of nodes=10, average number of adjacents =5 
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Table 6.3 exhibits information about each original CG and the corresponding learned graph. As can 

be seen in this table, except the first original CG, there is a huge difference between the number 

of true independencies and the number of true dependencies. Therefore, sometimes the 

algorithm creates some CGs with zero learned independencies which means these learned graphs 

are complete. Therefore, even with high number of samples, it is hard to find the independencies. 

In addition, as it was mentioned earlier, missing any independency in a dense graph would be a 

huge mistake and can have severe consequences. As an example, notice the first original graph’s 

recall of independencies which is usually 100%. This is because the difference between the 

independencies and dependencies are much bigger in the other graphs compared to the first 

graph.  

In Table 6.3, we can see in addition to the recall of independencies of the first graph which is 

usually very high, the fourth learned graph when the number of samples is 1000000 also has a 

100% recall of independencies. Therefore, if the sample size is large enough and the samples do 

not contain the undesired conditions that were discussed in section 6.2.1, the algorithm can learn 

a CG with very high recall of independencies even though the corresponding original graph is very 

dense. Conversely, when the number of samples is 10000 the recall of independencies becomes 

zero. This indicates that these samples contain the undesired conditions which can significantly 

influence the results.  

In Figure 6.7, the recall of independencies in general is low even with high number of samples. 

One reason is that this figure shows the average of recall of independencies of the five learned 

graphs. In other words after computing the average, those recall of independencies that are high 

decrease dramatically since most of the recall of independencies are low. For instance in Table 6.3, 

the recall of independencies of the first learned graph is usually very high (100%, 74%, 100%, 83%, 

0%, 100%, 100%, 100% and 0% based on different sample sizes respectively). But since the recall 

of independencies of some other graphs are low, the average decreases to almost 20%. In 

addition, Figure 6.8 shows that the total learned independencies and the total correct 

independencies are close to the total true independencies. This is because the algorithm performs 

well for the first graph having many independencies. Moreover, the algorithm does not learn 

accurately graphs for the other four original graphs and it sounds reasonable since they have only 

a very few independencies. However, after computing the average of the recall of independencies 

for all of the five graphs, there is a huge drop in the recall of independencies measure. 

Another important reason that makes the recall of independencies to be very low is that it can 

only have few possible values. Assume that in an original graph, one independency exists. If the 

algorithm learns this independency, the recall of independencies will be 100%. Otherwise, it will 

be 0%. The same happens when the graphs are dense. Since there are a very few independencies, 

the intervals between the possible values for recall of independencies are very large.  
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Figure 6.7: The precision and recall of independencies when sampled probability distributions of the graphs with 10 continuous 
nodes and an average of 5 adjacents are employed as the input to the algorithm 

 

 

Figure 6.8: The total true independencies, the total correct learned independencies and the total learned independencies when 
sampled probability distributions of the graphs with 10 continuous nodes and an average of 5 adjacents are employed as the 
input to the algorithm 

100 300 1000 3000 10000 30000 100000 300000
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0

Avg recall of independencies 73.10% 15.13% 20.92% 16.59% 0.00% 20.00% 20.03% 20.03% 20.26%

Avg precision of independencies 13% 43% 80% 79% 60% 80% 100% 85% 99%
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100 300 1000 3000 10000 30000 100000 300000
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Total true independencies 4771 4771 4771 4771 4771 4771 4771 4771 4771
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Table 6.3: Different parameters of 5 original graphs and the corresponding learned graph, when sampled probability 
distributions of the graphs with 10 continuous nodes and an average of 5 adjacents are employed as the input to the algorithm 

Original 

graph

# of 

samples

True 

Depen

dencies

True 

indepen

dencies

Total 

true 

indepen

dencies

Learned 

indepen

dencies

Total 

learned 

indepen

dencies

Correct 

indepen

dences 

Total 

correct 

indepen

dencies

Recall of 

indepen

dencies

Avg 

recall of 

indepen

dencies

Precision 

of 

indepen

dencies

Avg 

precision 

of 

indepen

dencies

1 100 8254 3266 8528 3266 100.00% 38%

2 100 11140 380 6000 358 94.21% 6%

3 100 11287 233 3830 81 34.76% 2%

4 100 10946 574 3553 513 89.37% 14%

5 100 11202 318 4771 4362 26273 150 4368 47.17% 73.10% 3% 13%

1 300 8254 3266 2554 2422 74.16% 95%

2 300 11140 380 20 4 1.05% 20%

3 300 11287 233 2113 1 0.43% 0%

4 300 10946 574 4 0 0.00% 0%

5 300 11202 318 4771 0 4691 0 2427 0.00% 15.13% 100% 43%

1 1000 8254 3266 3266 3266 100.00% 100%

2 1000 11140 380 0 0 0.00% 100%

3 1000 11287 233 596 10 4.29% 2%

4 1000 10946 574 0 0 0.00% 100%

5 1000 11202 318 4771 1 3863 1 3277 0.31% 20.92% 100% 80%

1 3000 8254 3266 3031 2695 82.52% 89%

2 3000 11140 380 0 0 0.00% 100%

3 3000 11287 233 14 1 0.43% 7%

4 3000 10946 574 0 0 0.00% 100%

5 3000 11202 318 4771 0 3045 0 2696 0.00% 16.59% 100% 79%

1 10000 8254 3266 0 0 0.00% 100%

2 10000 11140 380 0 0 0.00% 100%

3 10000 11287 233 1 0 0.00% 0%

4 10000 10946 574 1 0 0.00% 0%

5 10000 11202 318 4771 0 2 0 0 0.00% 0.00% 100% 60%

1 30000 8254 3266 3266 3266 100.00% 100%

2 30000 11140 380 0 0 0.00% 100%

3 30000 11287 233 6 0 0.00% 0%

4 30000 10946 574 0 0 0.00% 100%

5 30000 11202 318 4771 0 3272 0 3266 0.00% 20.00% 100% 80%

1 100000 8254 3266 3266 3266 100.00% 100%

2 100000 11140 380 0 0 0.00% 100%

3 100000 11287 233 0 0 0.00% 100%

4 100000 10946 574 1 1 0.17% 100%

5 100000 11202 318 4771 0 3267 0 3267 0.00% 20.03% 100% 100%

1 300000 8254 3266 3266 3266 100.00% 100%

2 300000 11140 380 0 0 0.00% 100%

3 300000 11287 233 0 0 0.00% 100%

4 300000 10946 574 4 1 0.17% 25%

5 300000 11202 318 4771 0 3270 0 3267 0.00% 20.03% 100% 85%

1 1000000 8254 3266 1 1 0.03% 100%

2 1000000 11140 380 0 0 0.00% 100%

3 1000000 11287 233 0 0 0.00% 100%

4 1000000 10946 574 610 574 100.00% 94%

5 1000000 11202 318 4771 4 615 4 579 1.26% 20.26% 100% 99%



40 
 

 
 

The first configuration of CGs with discrete variables includes the graphs having 5 nodes and an 

average of 2 adjacents. Figure 6.9 presents the error measures based on different sizes of the 

sample sets.  In this figure, the relation between the recall of independencies and the precision of 

dependencies respectively the precision of independencies and the recall of dependencies is quite 

obvious.  

It can be seen that the recall of independencies decreases with the higher number of samples. It 

seems that the independence test inclines in favor of more dependencies for the discrete variables 

when it tests more samples. This causes that the third condition occurs and the recall of 

independencies become lower when the number of samples increases.  

On the other hand, the precision of independencies increases when sample sizes become larger. 

Because larger sample sets entail more information about the graph structure. Therefore, when a 

larger sample set is given to the algorithm, it can learn the structure of the original graph more 

precisely. The recall of dependencies also increases and it seems that the independence test 

supplies more information about the dependent variables to the algorithm, when the samples 

increase. The precision of dependencies fluctuates slightly and the sample size does not have a 

clear dependence on this error measurement. It seems that reading the samples, the 

independence test mostly provide accurate information to the algorithm regarding the dependent 

variables. Due to this, the precision of dependencies is almost always high and when number of 

sample changes.  

 

 

Figure 6.9: The precision and recall of independencies respectively dependencies when sampled probability distributions of the 
graphs with 5 discrete nodes and an average of 2 adjacents are employed as the input to the algorithm 

100 300 1000 3000 10000 30000

Recall of independencies 90% 87% 85% 82% 76% 78%

Precision of independencies 39% 43% 51% 54% 58% 62%

Recall of dependencies 32% 44% 61% 67% 76% 81%

Precision of dependencies 87% 89% 92% 92% 91% 91%
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Discrete variables, number of nodes=5, average number of adjacents =2 
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Another configuration of CGs is graphs with 10 discrete nodes and an average of 2 adjacents. In 

Figure 6.10, the measures are computed, based on different set of samples. This configuration 

constructs the sparsest graphs with discrete variables in the experiments. Since the CGs of this 

group are sparse and there exists no edge between most of the nodes, all of the measures have 

increasing trend with the higher number of samples except the recall of independencies.  In these 

graphs there are more independencies rather dependencies (608651 independencies and 543349 

dependencies in total in 100 graphs). Accordingly, compared to dependencies, the MVR-PC-

algorithm discovers more independencies. Therefore, the value of the recall of independencies is 

always higher than the value of the recall of dependencies for different number of samples. The 

recall of independencies decreases slightly when sample sets become larger. This reduction is due 

to the independence test that seems to incline in favor of more dependencies when the number of 

discrete samples grows. On the other hand, for the other error measures, the independence test 

provides more information to the MVR-PC-algorithm when it reads sample sets with larger size.   

 

 

Figure 6.10: The precision and recall of independencies respectively dependencies when sampled probability distributions of the 
graphs with 10 discrete nodes and an average of 2 adjacents are employed as the input to the algorithm 

 

The last configuration includes CGs with 10 discrete nodes and an average of 2 adjacents. This 

configuration constructs the most dense discrete graphs in the experiments. In Figure 6.11, the 

error measures are shown based on different sample set sizes. In this figure, the recall of 
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independencies declines while the number of samples increases. On the other hand, the precision 

of independencies and the recall of dependencies increase with the higher number of samples; 

where the precision of dependencies is almost stable.  

As it can be seen, the recall of independencies and the precision of independencies are reciprocal 

to each other. This is because the independence test seems to incline in favor of more 

dependencies when discrete sample sets become larger. In addition, similar to the reasons that 

were mentioned for Figure 6.6, the average number of adjacents is large and there are a few 

independencies in the graphs of this group (in 100 different CGs, 61031 number of independencies 

and 1090969 number of dependencies exist in total). Therefore, when the number of samples is 

low, the precision of independencies is also low and the results are not very accurate, whereas the 

recall of independencies is high. Even with large sample sets, the MVR-PC-algorithm is not very 

successful to find the independencies of the original graphs. In other words, when the 

independence test examines the samples, it discovers that nodes are mostly dependent and the 

second and the third conditions happen which lead not to learn many of the independencies. 

On the other hand, the precision of dependencies is always over 96% and larger sample sets do 

not affect it. It seems that when a graph is dense, the independence test provides accurate 

information regarding the dependent variables in the original graph. Accordingly, the algorithm 

learns the dependencies in the structure of the original graph accurately.  

 

 

Figure 6.11: The precision and recall of independencies respectively dependencies when sampled probability distributions of the 
graphs with 10 discrete nodes and an average of 5 adjacents are employed as the input to the algorithm 
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6.2.3 Analysis of the number of nodes and average number of adjacents effects 

This section analyzes the effects of the number of nodes and the average number of adjacents per 

node on the results. The analysis in this section is divided into two parts for continuous and 

discrete graphs.  

 

Continuous CG analysis 

In this part, based on our experiments, the effect of the number of nodes and the effect of the 

average number of adjacents are analyzed for the CGs with continuous variables. Figure 6.12 

shows the precision and recall of independencies measures for the learned graphs. By comparing 

Figures 6.12(a) and 6.12(b), the effect of the number of nodes is represented since in these figures 

all the parameters are the same and only the number of nodes differs. In addition, by comparing 

Figures 6.12(b) and 6.12(c) the effect of the average number of adjacents is showed. Because only 

the average number of  adjacents changes and the rest of the parameters are the same in both 

figures.   

 

 

(a)                       (b)                                                                 (c) 

Figure 6.12: The effects of the number of nodes and the average number of adjacents on the results for continuous graphs 
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Effect of the number of nodes 

The CGs of Figure 6.12(b) are sparse in comparison with the CGs of Figure 6.12(a) since the 

average number of adjacents is fixed to 2 and only the number of nodes increases from 5 to 10. As 

can be seen in both figures, the precision of independencies improves with the higher number of 

samples. This is because the more samples the MVR-PC-algorithm receives, the more information 

it learns about the CG structures. In Figure 6.12(b), the precision of independencies has higher 

values than the corresponding numbers in Figure 6.12(a). By keeping the average number of 

adjacents fixed and increasing the number of nodes from 5 to 10, in total, there is 8% 

improvement in the precision of independencies. In other words, based on the precision of 

independencies, the results become more accurate when the graphs are more sparse. Therefore, 

in this experiment, it can be concluded that the number of nodes has a direct correlation with the 

precision of independencies when the average number of adjacents is fixed. 

On the other hand at some points, the recall of independencies is higher in Figure 6.12(a) and at 

some other points, it is higher in Figure 6.12(b). Therefore, in this experiment, it can be concluded 

that the number of nodes does not have a clear effect on the recall of independencies and only 

the samples can determine how successful the algorithm is in discovering the independencies.  

Effect of average number of adjacents 

The CGs of Figure 6.12(b) are sparse in comparison with the CGs of Figure 6.12(c). This time, the 
number of nodes is fixed to 10 and the average number of adjacents increases from 2 to 5. In both 
figures, the precision of independencies increments with higher number of samples. In Figure 
6.12(c) with higher average number of adjacents, the values of the precision of independencies 
are lower than the corresponding values in Figure 6.12(b). This reduction shows that in this 
experiment, the average number of adjacents has a significant negative effect on the precision of 
independencies. This is because dense graphs are more complicated and harder to find the 
structure. In dense graphs, the number of independencies is much fewer than the number of 
dependencies, so missing any independency would lead to a severe mistake and the third 
condition can easily occur. In all of the cases, by keeping the number of nodes fixed and increasing 
the average number of adjacents, the precision of independencies declines 35% on average. 
Unlike the recall of independencies that has no specific trend, in Figure 6.12(b) by increasing the 
average number of adjacents, the recall of independencies decreases in Figure 6.12(c) with higher 
number of samples. When the number of nodes is fixed and the average number of adjacents is 
increased, the recall of independencies declines in all of the cases (65% on average). Moreover, 
the values of the precision and recall measures are close to each other in Figure 6.12(b). While, in 
Figure 6.12(c) there is a huge distance between their values. Therefore, in this experiment, it can 
be concluded that the average number of adjacents has an inverse correlation with the recall of 
independencies. As it was mentioned before, this is because the independence test seems to incline 
in favor of more dependencies and the severe consequences of mistakes in dense graphs. 
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Discrete CG analysis 

In this part, the effects of the number of nodes and the average number of adjacents are analyzed 

for the CGs of our experiment that have variables with discrete domain.  

Figure 6.13 shows the precision and recall of independencies for the CGs having discrete variables. 

Since all of the parameters are the same in Figures 6.13(a) and 6.13(b) except the number of 

nodes, by comparing these two figures, the effect of the number of nodes  can be represented. In 

Figures 6.13(b) and 6.13(c) all of the parameters are the same, except the average number of 

adjacents. Therefore, by comparing these figures the effect of the average number of adjacents 

can be illustrated.   

 

  

(a)                           (b)                                                                 (c) 

Figure 6.13: The effects of the number of nodes and the average number of adjacents on the results for discrete graphs 
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adjacents is fixed. In all of the cases the precision of independencies improves when the average 

number of adjacents is fixed and the number of nodes increases (17% on average).  

The recall of independencies reduces with larger sample sets in both figures. However, the recall 

of independencies has higher values in Figure 6.13(b) including more sparse graphs than Figure 

6.13(a) including more dense graphs. In 83% of cases, the recall of independencies decreases 4% 

on average when the number of nodes increments and the average number of adjacents is fixed. 

Thus, in this experiment it can be concluded that the number of nodes has a direct correlation 

with the recall of independencies when the average number of adjacents is fixed. 

Effect of average number of adjacents 

The CGs of Figure 6.13(b) are sparse in comparison with the CGs of Figure 6.13(c) since the 

number of nodes is fixed to 10 and only the average number of adjacents increases from 2 to 5. In 

both figures, the precision of independencies increments with higher number of samples. 

However, in Figure 6.13(c) with higher average number of adjacents, the values of the precision of 

independencies are lower than the corresponding values in Figure 6.13(b). In all of the cases, 

when the number of nodes is fixed and the average number of adjacents increases, the precision 

of independencies declines (39% on average).This shows that in this experiment the average 

number of adjacents has a significant negative effect on the precision of independencies.  

In both figures, the recall of independencies declines with higher number of samples. However, 

this decline is slight in Figure 6.13(b) and significant in 6.13(c). In all of the cases, the recall of 

independencies reduces when the number of nodes is fixed and the average number of adjacents 

increases (39% on average). Moreover, the precision and recall of independencies values are close 

to each other in Figure 6.13(b). While, in Figure 6.13(c) there is a huge distance between their 

values. Therefore, in this experiment, it can be concluded that the average number of adjacents 

can have an inverse correlation with the recall of independencies. In Figure 6.13(c), similar to 

6.13(b), the precision of independencies enhances when the sample sets grow. In addition, in all of 

the cases, the precision of independencies has lower values in 6.13(c) compared to 6.13(b) and 

there is a 39% decline on average. Therefore, in this experiment, it can be concluded that the 

average number of adjacents reduces the precision of independencies.  

Furthermore, by comparing Figures 6.12 and 6.13 it can be concluded that in our experiments the 

type of the variables can also affect the results. When the CG has continuous variables, the 

precision of independencies are higher. While, the learned CGs with discrete variables have  

higher recall of independencies. This is because when the samples with discrete variables are 

passed to the independence test, it results to more independencies. Conversely, when this test 

reads the continuous samples, it inclines in favor of more dependencies.   



47 
 

 
 

7 Conclusion and Further Studies 

In this thesis the MVR-PC-algorithm was implemented and tested with different inputs. Given a 

probability distribution that can be represented perfectly by a CG, the MVR-PC-algorithm could 

learn a MVR-CG that was in the same Markov equivalence class of the original CG. Given a 

sampled probability distribution, i.e. partial knowledge of the conditional independence structure 

was available, it is not known how accurate the learned CG is. To discover this, the algorithm was 

used to learn graphs from different numerous sampled probability distributions. The results were 

analyzed and discussed based on number of nodes and average number of adjacents per node for 

continuous and discrete random variables. The accuracy of the algorithm was measured by the 

precision and recall of independencies, respectively dependencies error measurements. In order 

to have consistent samples and to deal with  

The experiments revealed that most of the times when larger sample sets are given to the 
algorithm, the results become better. This is due to the fact that samples provide information 
about the graph structures. When an underlying graph was sparse, the algorithm could learn it 
more accurately. Therefore, the higher number of nodes could result in more accurate outputs if 
the average number of adjacents was fixed. In addition, the average number of adjacents per 
node had a significant negative effect on the results. In our experiments, making any mistake 
while learning a dense graph was very severe and would led to a huge drop in the accuracy. 
Accordingly, the average of adjacents was the most important parameter that could significantly 
influence the accuracy of the learned MVR-CGs. The type of the variables also could play an 
important role in the achieved results. When the samples with discrete variables were passed to 
the algorithm, the recall of independencies was higher and the precision of independencies was 
lower. On the other hand, when the samples with continuous variables were given to the 
algorithm, the recall of independencies was lower and the precision of independencies was higher.  
Besides the independence test can affect the accuracy of the algorithm in learning a CG by 
supplying correct or incorrect information, regarding the relation between variables and finding 
separators, from the samples that it reads. Sometimes even with high number of samples, this test 
did not find the correct relation between the variables, especially when the underlying graphs 
were dense, and this caused that the algorithm did not discover many independencies.  
 
For the purpose of this thesis, the results were obtained from samples with the defined settings 

and all the samples were only either continuous or discrete and not of mixed type. In addition, for 

all discrete sample types, the number of states was fixed to 2; while in reality it is common that 

different real-world problems have random variables of mixed domain and more states than 2. 

Consequently, further studies on these issues are required to investigate how accurate the 

algorithm is in other practical cases. In addition, more researches are needed to improve the 

accuracy of the independence test so that it can more accurately discover the relation between 

the variables from the samples that it reads. 
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