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Sammanfattning 

Matematisk modellering används mer och mer inom sjukvården då det har potential 

att få ut mer information ur patientdata än vad man tidigare kunnat med mer 

konventionella metoder. Ett exempel på detta är den levermodell som har 

huvudrollen i detta arbete. Målet med denna modell är att den ska kunna användas 

i ett diagnostiskt syfte tillsammans med data från kontrastförstärkt 

magnetresonanstomografi för att dra en slutsats om leverns tillstånd, exempelvis 

gällande fibrosgrad. Detta arbete är ett steg till på vägen mot att uppnå detta.  

En tidigare utvecklad levermodell överfördes från MATLAB till 

modelleringsprogramvaran Wolfram SystemModeler (WSM). Väl implementerad, 

vidareutvecklades modelleringsramverket kring modellen för att bättre kunna hantera 

att datat (bilderna) samlats in oregelbundet i tid. Ytterligare ett mål var att 

bestämma en optimal experimentell design med avseende på hur ofta och när man 

bör ta bilder för att minimera modellfelet. Under arbetets gång dök dock två 

sidospår upp, vilka krävde att målbeskrivningen utökades dels med att finna en 

rimlig estimeringsmetod för patientdatats standardavvikelse och dels med att skapa 

en modellvariant där den så kallade boluseffekten tas hänsyn till.  

Regional optimering implementerades för att hantera den oregelbundna samplingen, 

men med endast tre tillgängliga dataset under projektet kunde inga starka slutsatser 

dras angående dess inverkan på modelloutput. Analysen av dessa tre patientdataset 

indikerar dock att skillnaden mellan regional optimering och en standardoptimering 

är relativt liten.  

Vad gäller optimal experimentell design, så visade en analys av Fishers 

Informationsmatris att man bör ta bilder som tätast i början (~50-300 s) och i slutet 

(~1500-1800 s). I framtiden kommer denna analys kunna erbjuda ett värdefullt mått 

på hur lämplig den experimentella designen är med avseende på att minimera 

modellfelet.  

Optimeringar med den nya framtagna standardavvikelsen ledde till att den 

ursprungliga modellen förkastades. Anledningen till detta var att modellen inte kunde 

beskriva den tidiga fasen tillräckligt väl. Även den nya modellvarianten, som 

implementerades som ett försök att modellera boluseffekten och därmed få en 

bättre initial passning, förkastades av samma anledning. I detta arbete har förslag 

tagits fram för att erhålla en modell som bättre kan beskriva datat i alla faser. 

Exempel på dessa rekommendationer är att införa ytterligare ett blodplasma 

kompartment, att mer noggrant modellera mjältens upptag av kontrastmedel samt 

att separera vissa skilda signaler som man nu medelvärdesbildar över.   



 

 

Abstract 

Background Mathematical modeling combined with prior knowledge of the 

pharmacokinetics of the liver specific contrast agent Gd-EOB-DTPA has the potential 

to extract more information from Dynamic Contrast Enhanced Magnetic Resonance 

Imaging (DCE-MRI) data than previously possible. The ultimate goal of that work is to 

create a liver model that can describe DCE-MRI data well enough to be used as a 

diagnostic tool in liver function evaluation. Thus far this goal has not been fully 

reached and there is still some work to be done in this area.  

In this thesis, an already existing liver model will be implemented in the software 

Wolfram SystemModeler (WSM), the corresponding modeling framework will be further 

developed to better handle the temporally irregular sampling of DCE-MRI data and 

finally an attempt will be made to determine an optimal sampling design in terms of 

when and how often to collect images. In addition to these original goals, the work 

done during this project revealed two more issues that needed to be dealt with. 

Firstly, new standard deviation (SD) estimation methods regarding non-averaged DCE-

MRI data were required in order to statistically evaluate the models. Secondly, the 

original model’s poor capability of describing the early dynamics of the system led 

to the creation of an additional liver model in attempt to model the bolus effect.  

Results The model was successfully implemented in WSM whereafter regional 

optimization was implemented as an attempt to handle clustered data. Tests on the 

available data did not result in any substantial difference in optimization outcome, 

but since the analyses were performed on only three patient data sets this is not 

enough to disregard the method.  

As a means of determining optimal sampling times, the determinant of the inverse 

Fisher Information Matrix was minimized, which revealed that frequent sampling is 

most important during the initial phase (~50-300 s post injection) and at the very 

end (~1500-1800 s).  

Three new means of estimating the SD were proposed. Of these three, a spatio-

temporal SD was deemed most reasonable under the current circumstances. If a 

better initial fit is achieved, yet another method of estimating the variance as an 

optimization parameter might be implemented.    

As a result of the new standard deviation the model failed to be statistically 

accepted during optimizations. The additional model that was created to include the 

bolus effect, and therefore be better able to fit the initial phase data, was also 

rejected.  



 

 

Conclusions The value of regional optimization is uncertain at this time and 

additional tests must be made on a large number of patient data sets in order to 

determine its value. 

The Fisher Information Matrix will be of great use in determining when and how 

often to sample once the model has achieved a more acceptable model fit in both 

the early and the late phase of the system. Even though the indications that it is 

important to sample densely in the early phase is rather intuitive due to a poor 

model fit in that region, the analyses also revealed that the final observations have 

a relatively high impact on the model prediction error. This was not previously 

known. Hence, an important measurement of how suitable the sampling design is in 

terms of the resulting model accuracy has been suggested. 

The original model was rejected due to its inability to fit the data during the early 

phase. This poor initial fit could not be improved enough by modelling the bolus 

effect and so the new implementation of the model was also rejected. 

Recommendations have been made in this thesis that might assist in the further 

development the liver model so that it can describe the true physiology and 

behaviour of the system in all phases. Such recommendations include, but are not 

limited to, the addition of an extra blood plasma compartment, a more thorough 

modelling of the spleen’s uptake of the contrast agent and a separation of certain 

differing signals that are now averaged.  
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1 Abbreviations & Notations 

Bolus injection The injection of a substance, usually a pharmaceutical, until its 

blood concentration has been elevated to a desired level. 

CA Contrast Agent 

Constant model Liver model with a blood plasma volume that does not vary 

over time 

DCE-MRI Dynamic Contrast Enhanced Magnetic Resonance Imaging 

Healthy data Data with 6 post-contrast observations based on averages from 

healthy individuals 

MSE Mean Squared Error 

NILB-data Non-averaged Non Invasive Liver Biopsy data with 16 post-

contrast observations from patients 

NMR Nuclear Magnetic Resonance 

RF Radio Frequency 

ROI Region of Interest 

SD Standard Deviation 

SI Signal Intensity 

Variable model Liver model with a blood plasma volume that varies over time 
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2 Introduction 

As the need to analyze large amounts of biological data has greatly increased in 

the last decades, systems biology and its use of mathematical modeling has 

emerged as an efficient analytical tool to handle such information. In fact, model 

based data analysis is becoming a well-recognized approach to many biological 

fields of research as it allows for more information to be extracted from 

observations compared to traditional methods. Observations of biological systems 

are often dynamically complex and the need to assess and compare a multitude of 

possible explanations, most of which are non-trivial, can be met by mathematical 

modeling [1].  

One such modeling approach has recently been utilized in liver function evaluation 

based on data obtained from DCE-MRI. To date, the standard procedure for 

evaluating the disease severity of a liver, e.g. the degree of fibrosis or inflammation, 

is to perform a liver biopsy. Associated with this method are a number of 

disadvantages such as cost, level of invasiveness and risk of hemorrhage and post-

procedural infection. Moreover, the biopsy sample is such a minute representation of 

the entire liver volume that an underestimation of e.g. the fibrotic stage is common. 

DCE-MRI, a form of functional imaging that has been successful in evaluating tumor 

development, has become a promising non-invasive alternative to the biopsy 

standard [2].  

Interpretation of DCE-MRI images is usually performed “by hand” by a competent 

radiologist, but the limitations of such a visual analysis have led to a need for an 

objective and more quantitative procedure. In this thesis, an already existing liver 

model will be further analyzed and its modeling framework further developed so that 

it might potentially secure this need.  

For said model to be used with a diagnostic intent in DCE-MRI, it must be able to 

describe the data to a satisfactory degree and the properties of that data must be 

well known. There are several issues to be addressed concerning the characteristics 
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of the DCE-MRI liver data. One such issue is the temporal irregularity in the 

sampling of the data (Figure 1), which is a result of the instructions in standard MRI 

protocols. 

 

Figure 1. The graph shows how a set of data from a Dynamic Contrast Enhanced 

Magnetic Resonance Imaging scan might be distributed. The sampling density is initially 

high, but is gradually lowered as the examination progresses.  

A standard chi-square test of model fit is not sufficient to compensate for a data 

set with alternating regions of dense and scarce measurements. One possible and 

usually unwanted outcome is that intervals with clustered data ultimately have a 

higher impact on parameter estimations than regions with fewer observations. Since 

such parameter values result in a model that prioritizes certain regions over others, 

its generalization abilities might be too poor to use in clinical applications (such as 

liver function evaluation). In this case, the dimensions of this problem are several. 

The later phase is that which is most relevant in the diagnostic sense, which means 

that model accuracy in that region should be maximized. Despite this, protocol 

dictates that the later phase be sampled less densely. The reason for the initially 

high temporal resolution is the desire to create a detailed morphological depiction 

of the early phase where the perfusion process of the contrast agent (CA) is clearly 

visible (i.e. the flow of CA via the blood to the tissues). This phase is, however, 

subject to several individual characteristics such as arterial blood flow and body 
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mass index that are difficult to model. It is also previously known that the model is 

not able to fully describe the early phase, which means that much effort is put into 

modeling a region that the model in question cannot depict. There is also an 

element of spatial irregularity in the sampling of the data. The image data comes 

from 12 different regions of interest (ROI:s) of which 7 are placed in the liver, 3 in 

the spleen and one each in the portal vein and vena cava. Spatially, the liver is 

most densely sampled since the final aim of the examination is to evaluate liver 

function by using the model to quantify the liver specific parameters. The data 

obtained from the spleen and vein ROI:s have the sole purpose of determining the 

concentration of CA in the blood plasma. 

Yet another issue concerning sampling times is the aspiration to optimize the 

experimental design so that sampling is performed at pre-determined time points 

specifically chosen to minimize the model prediction error. Adjusting sampling times 

is a relatively simple means of procuring more reliable parameter estimations and 

more information rich data [3]. 

2.1 Thesis Objective 

The original goal of this master thesis consisted of three parts: 

1. Transfer a full body liver model that was previously constructed with the 

Systems Biology Toolbox in MATLAB (R2009b, The MathWorks inc., MA, U.S.) 

to the modeling environment of Wolfram SystemModelerTM (WSM). Specific 

question: 

a. Do the two implementations display identical model predictions when 

using the same model parameters? 

 

2. Further develop the modeling framework so that it might be better able to 

compensate for the uneven data distribution. Specific questions: 

a. Which method/methods are available that might be better equipped to 

handle irregular sampling compared to a standard model evaluation? 
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b. What is the difference in model outcome between such methods and a 

standard model evaluation? 

 

3. Determine an optimal sampling design in terms of sampling times.  

Specific questions: 

a. How seldom can one sample without the loss of any quality aspects in 

the final liver evaluation? 

b. At which specific time points should one collect samples in order to 

minimize the model prediction error?  

During this project two additional concerns arose that caused the original three 

objectives to be extended by: 

4. A proposal for alternative means of estimating the standard deviation for 

non-averaged DCE-MRI data, i.e. data from one patient.  

5. An implementation of an alternative liver model in which the volume of the 

blood plasma compartment was made variable instead of constant. The 

purpose of this implementation was to model the bolus effect (described in 

more detail in later chapters) while simultaneously achieving a better model 

fit during the early phase.  

2.2 Limitations 

The following work concerning the liver model has previously been done and was 

therefore not included in this project: 

► Basic construction regarding model structure, reactions, pathways etc.  

► Evaluation of different model variations 

► Profile likelihood analysis 

► Core prediction analysis 

► Procurement of data 

► Normalization of data 
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2.3 Outline 

In chapter 3, the background section, the most relevant aspects of the imaging 

techniques of MRI and DCE-MRI as well as the modeling principles of systems 

biology are described in short. This will hopefully provide a broad enough 

understanding for the reader to fully appreciate the contents of the following 

chapters.  

In chapter 4, titled Resources, all materials that were used during this work are 

introduced. This includes an extensive introduction to the previously constructed liver 

model with corresponding pharmacokinetic equations and DCE-MRI data 

transformations. The modeling software Wolfram SystemModeler and computational 

software Mathematica are also described in terms of their capabilities and use in 

mathematical modeling.  

Moving on to the method’s section in chapter 5, all model implementations, 

alterations and data analyses are presented. This includes the implementation of the 

original model in WSM, all modifications made to that model and the development 

of the modeling framework in order to handle the irregularly sampled data and 

suboptimal sampling design. In chapter 6 the main results of the work are 

presented.  

Chapter 7 discusses many different aspects of the work and recommendations are 

made for further development of the model itself and its modeling framework. The 

results are evaluated and critically analyzed from many different perspectives, not 

least in terms of future usefulness in the work towards introducing the model in a 

clinical and diagnostic setting.  

Chapter 8, titled Conclusion, summarizes all the work and the results achieved 

during this project.  

The end chapter of the thesis contains an appendix in which all model equations 

and parameters are explicitly stated and additional figures are available for the 

interested reader.   
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3 Background 

The chapter starts with a basic introduction to the imaging techniques that are 

relevant to this thesis; MRI and DCE-MRI. The CA used in the latter will also be 

described. After these sections, which cover paragraphs 3.1 and 3.2 respectively, the 

remainder of the chapter will be dedicated to describing all modeling aspects that 

might alleviate the understanding of the liver model described in later chapters.  

3.1 Magnetic Resonance Imaging (MRI) 

MRI is an imaging technique frequently used in medicine and radiology to construct 

images of internal bodily structures. The technique itself is based on nuclear 

magnetic resonance (NMR), which is a chemical analytical method that has been 

used for decades [4].  

MRI is much based on the physical properties of electromagnetic waves, more 

specifically those in the lower energy- and frequency spectra. Electromagnetic waves 

can be said to consist of two components as the name suggests; one electrical and 

one magnetic component. In MRI, the magnetic component is that which generates 

the signal whilst the electric component simply generates heat. In order to obtain 

electromagnetic waves with such low energy properties, the frequency of the radio 

frequency (RF) pulses are carefully chosen [4] and the data presented in this thesis 

were originally obtained by RF pulses of 128 MHz. 

An electromagnetic field is created when charged particles, such as the positively 

charged hydrogen proton, start to spin. The hydrogen atom has an odd number of 

electrons in its covalent orbit, or more accurately only one electron, and all 

particles with that specific property display a behavior known as a magnetic dipole 

moment. Essentially that translates into the particle behaving like a bar magnet, thus 

creating a magnetic field. This is of great value in MRI since hydrogen is very 

common in the human body where it is mostly contained in water (the human body 

volume is approximately 60 % water) [4].  
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During an MRI scan, the patient is placed in an applied external magnetic field, 

denoted     which causes the body’s protons to align either in parallel or anti-

parallel with the magnetic field. However, the parallel alignment outweighs the anti-

parallel, thereby creating a net magnetization known as longitudinal magnetization 

   (Figure 2, Figure 3).  

 

Figure 2. When no external magnetic field has yet been applied, the protons in the 

body are randomly aligned. This condition does not create any longitudinal 

magnetization. 

 

Figure 3. When the external field B0 is applied the protons in the body align themselves 

in parallel or anti-parallel with that field. This creates a net magnetization in the 

direction of the thick, black arrow to the right.  

The RF pulses that are transmitted into the patient flip the magnetization vector 

(Figure 4) and thereby create a signal that can be detected by the MRI scanner and 

be used to produce an image. By how many degrees, denoted α, the vector is 

flipped depends on the RF pulse.  
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Following this displacement, the magnetization vector eventually returns to its 

original position along the z-axis. The time it takes for this recovery to occur is 

defined by the time parameter   . The value of    partly depends on the strength of 

the applied magnetic field; if    decreases, then so does   . In a biological sense it 

is also relevant to note that this time parameter has different values in different 

tissues. Another relevant time parameter is   , the time interval between applied RF 

pulses [4]. 

3.2 DCE-MRI 

DCE-MRI is a form of functional imaging in which MRI is combined with the injection 

of a CA, usually in order to increase the intensity of the signal that is ultimately 

converted into an image [5]. The increase in signal intensity (SI) is caused by a CA-

induced enhancement of the time parameter T1, i.e. the magnetization vector returns 

to its original position more slowly [6]. The method, which in clinical settings usually 

includes an intravenous injection of CA followed by multiphase MRI scans, has 

 

Figure 4. The radio frequency pulse causes the longitudinal magnetization 

vector to flip into the xy-plane by α degrees. T1 is the time it takes for the 

vector to return to its original position along the z-axis [6]. 
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proved to be of great clinical use. In diagnostic analyses it is common for medical 

practitioners to use a quantitative approach to the evaluation of DCE-MRI. This 

quantitative approach usually includes assessing time-SI curves (TIC) for specific 

ROI:s. Utilizing this method, it is possible to diagnose a variety of conditions, e.g. 

salivary gland tumors and other lesions [5].  

More relevant to this thesis is the pharmacokinetic analysis of DCE-MRI using a liver 

specific CA. Following an intravenous administration of the liver specific CA, it travels 

through the body via the vascular compartment and the extracellular and 

intracellular compartments of the spleen and liver. These compartments display 

different CA transfer rates and transfer mechanisms such as diffusion, hepatic 

uptake and biliary excretion. By performing pharmacokinetic analyses of DCE-MRI 

data it is possible to quantify these transfer rates and use the result to evaluate 

liver function. The basic principle behind this approach is that these pharmacokinetic 

parameter values change as a liver becomes diseased, thus creating suitable 

biomarkers for hepatic assessment. MRI, without the use of a CA, has been widely 

used to identify and typify both focal and diffuse liver diseases, but by adding a 

liver specific agent the lesion-to-liver contrast increases thereby increasing the 

likelihood of detecting lesions [7].  

3.2.1 Gd-EOB-DTPA 

The CA of interest in this thesis is Gd-EOB-DTPA (Primovist® Bayer Schering 

Pharma, Berlin, Germany), which is a liver specific gadolinium chelate. That it is liver 

specific means that there is a specific hepatic uptake of the agent. During the first 

few minutes post injection, Gd-EOB-DTPA enters the vascular and extra-vascular 

space of the liver and spleen while also residing inside blood vessels. The time 

when the bolus of CA reaches the liver via the artery is known as the arterial phase 

whilst the venous phase occurs when the CA re-enters the liver via the portal vein. 

During the hepatobiliary phase, the CA uptake by the hepatocytes and excretion to 

the bile ducts starts to become visible in the DCE-MRI images (hepatic uptake 

occurs instantly when there is CA present but is not clearly visible during all three 

phases). The mechanisms that allow the agent to enter these cells are several, 
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though the main contributors are the organic anion transporter polypeptides 

OATP1B1 and OATP1B3. These transporters are located in the hepatic sinusoidal 

membrane that borders to the blood plasma compartment, and they allow an 

exchange of CA between these two compartments [7]. However, it has been shown 

by Leinhard et al (2011) that an impaired hepatobiliary function causes the hepatic 

uptake of CA to drop significantly compared to a fully functioning liver [6].  

Characteristically, Gd-EOB-DTPA has up to 50 % hepatobiliary excretion in the 

healthy liver, a mechanism that occurs by active transport via the multidrug 

resistance associated protein MRP2. There is an additional source of efflux from the 

hepatocytes via MRP3 and MRP4 back to the sinusoids [7]. Some of these transport 

mechanisms are illustrated in Figure 5. 

 

Figure 5. This illustrates the hepatic uptake and excretion of the liver specific contrast 

agent Gd-EOB-DTPA. Abbreviations: Gd = Gd-EOB-DTPA, BR = bilirubin, BS = bile salts, 

NTCP = a cell surface receptor. The oval figures lodged in the membrane (excluding 

diffusion) represent transport proteins and the arrows the direction of that transport. 

The arrows also indicate whether the transport is one- or two-directional. The green, 

hexagonal figure represents the passage to the bile ducts into which the contrast agent 

is excreted through MRP2 [8]. 

A standard examination with a DCE-MRI scan using Gd-EOB-DTPA lasts approximately 

20-30 minutes during which the patient is placed inside the scanner. It is relevant to 
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note here that, unlike experiments on rats, it is not practically feasible to conduct a 

scan that will depict the entire process from CA injection to complete wash-out. For 

rats, this process takes approximately 30 minutes, but the CA pharmacokinetics of 

Gd-EOB-DTPA in humans is far slower and complete excretion takes hours. 

Therefore, only part of the process is measured during a routine examination.  

3.3 The Modeling Process 

The modeling process that originally led to the creation of the liver model falls 

under the systems biology category. The tools available from modeling in physics 

and engineering usually need to be somewhat adapted to this special field of life 

science. Biological models are mechanistic models in the sense that their structures 

have some biological meaning and are not solely based on experimental data. This 

fact provides a logical measure of model quality since any model that quantitatively 

or otherwise violates prior knowledge of the system must be rejected [1].  

According to Cedersund et al (2009), the modeling of a biological system can be 

said to consist of the following steps: 

1. Formalization and subdivision 

2. Formal tests and evaluations 

3. After-analysis and presentation of results 

3.3.1 Formalization and Subdivision 

This first step starts with the formulation of one or several hypotheses, which should 

be based on existing data and knowledge of the biological system. Next, the 

hypotheses should be transformed into formal data sets and initial model structures. 

This step also requires a mathematical description of the models [1]. In 

mathematical modeling, systems are often described by ordinary differential 

equations in the general state-space form, as can be seen in Eq. 1 and Table 1 

below [9]:  
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(Eq. 1) 

Table 1. Notations and explanations concerning the common state space form in 

modeling  [9]. 

Notation Explanation 

  State variables used to describe the dynamic system 

   Time-derivative of state variables 

   Parameters used to estimate state variables 

  Input signal 

   Initial state variable values 

   Model output (estimated system output) 

   Parameters used to estimate system output 

    Smooth nonlinear or linear continuous  functions 

3.3.2 Formal Tests and Evaluations 

The second step is quite central in biological modeling since it includes determining 

the feasibility of the hypothesis (model) in question. Statistical testing is a tool used 

to determine if a model is an acceptable explanation to biological observations. This 

is a formal and mathematical means of testing the null hypothesis, which is that the 

tested model is the “true” model. It is important to note that the testing of a 

systems biology model can never lead to a conclusion of whether the model is 

“true”, only that it is not true if it is statistically rejected. The testing itself is often 

based on residual analysis, although there are several other methods available that 

can be used as supplements [1]. Residuals (Figure 6) are the differences between 
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the measured output of the true system (denoted y) and the simulated output from 

the model (denoted   ) [8].  

 

Figure 6. The full-drawn line is the simulated output from a fitted model and the 

orange dots represent experimental data. The residuals are obtained by taking the 

distance from each dot to the line.  

By this definition, residual size is a measurement of model accuracy and should 

ideally be uncorrelated with the input signal     . If a correlation exists, it most 

likely means that the model cannot sufficiently describe the dynamics of the system. 

Residual analysis is very well suited for model evaluation and it becomes even more 

information rich if the analysis can be performed on a different data set than that 

used during model estimation. For practical reasons, however, there is not always 

enough data available to be able to divide the observations into different sets [10].  

The model in this work was originally evaluated using a cost function (Eq. 2) that is 

often used in optimization procedures. The cost function normalizes the residuals by 

weighting them with the squared standard deviation and returns a cost that depends 

on parameter values.  
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(Eq. 2) 

                           

                              

                             

        

                             

                                                              

                                                                  

 

The resulting cost can be evaluated using a   -test with degrees of freedom (  ) 

corresponding to the number of data points minus the number of identifiable 

parameters and a chosen significance level (usually 95 %). Finally, when all 

acceptable parameter sets have been extracted from the   -test, they can be further 

tested with a profile likelihood approach and a core prediction method [9]. The 

profile likelihood approach is a method by which it is possible to determine the 

practical and structural identifiability of model parameters by calculating the profile 

likelihood. The method can also be used to calculate confidence intervals for the 

parameters [11]. Core predictions are predictions that must be fulfilled for a 

particular model to be an acceptable explanation [1]. These analyses combined yield 

upper and lower value boundaries for each parameter as well as an estimation of 

the prediction uncertainty for each parameter set [9]. In addition to statistical 

testing, it is evident that a model is tested from a biological point of view as well. 

For instance, as previously mentioned, a core prediction is a characteristic of a 

model that absolutely must be fulfilled for it to fit the data and it is important to 

evaluate the biological validity of such core predictions. If a core prediction is not 

fulfilled, the model has to be rejected [1].   

3.3.3 After-analysis and Presentation of Results 

The final step deals with the presentation and analysis of the models that remain 

after statistical testing and core predictions. It can also be a presentation of the 
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rejected models. In any case, it is the final presentation of the results from step 1 

and 2 [1].   
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4 Resources 

This chapter will cover the resources and materials used during this project. The 

first section will describe the previously constructed model of CA uptake in the liver 

by Forsgren (2011). This description includes a model overview, some model 

equations and finally a description of data acquisition and transformation from a 

DCE-MRI scan. The last section of the chapter is a short introduction to the main 

software programs used during this work; Wolfram SystemModeler and Mathematica.  
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4.1 The Liver Model 

4.1.1 Model Overview 

 

Figure 7. The figure is a graphic representation of the liver model. The hepatocyte compartment 

represents all intracellular water in the liver tissue. The spleen compartment is defined as the 

portion of the spleen that is inaccessible to the contrast agent (CA). The directional exchange of 

CA between compartments is illustrated by arrows together with the corresponding reaction 

coefficients. The circular compartments, bile and urine, are the sinks of the system and 

represent means of CA excretion. The contributions to each of the three measurement signals 

can be seen by the compartments that overlap their boxes (grey rectangles with rounded, 

dashed edges). The parameters khb, kdiff, kph, khp, Ksyr and CLr are the corresponding rate 

coefficients that characterize each distinct flow of CA.  
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Table 2 below is continuation of Table 1 and it explains all corresponding 

components of the liver model presented in the liver model above, such as states 

and parameters.  

Table 2. The table shows a translation of the state space components in Table 1 into 

the corresponding components of the liver model. 

Notation Explanation In the liver model 

  State variables used to 

describe the dynamic system 

CA concentrations in different 

compartments 

   Time-derivatives of state  

variables 

The rates by which the CA 

concentration changes in the 

compartments 

   Parameters Kinetic reaction coefficients;  

khb, kdiff, khp, kph 

  Input signal Injection of CA 

   Initial state values Initial concentrations in all 

compartments 

   Model output, estimated 

system output 

Relaxation rate values of the liver, 

spleen and blood 

   Parameters used to estimate 

system output 

Specific volumes, volumetric fractions, 

tissue relaxivities, injection rate etc 

    Smooth nonlinear or linear 

continuous  functions 

 

 

The model (Figure 7) illustrates the three different measurement signals obtained 

from the MRI scan; the liver signal, vein signal and spleen signal. These signals 

represent model output and are measurements of relaxation rates, i.e. the rate by 

which the magnetization vector returns to its initial state along the z-axis. The four 
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major compartments that contribute to the output of the model are named ”Blood 

Plasma”, ”EES” (Extracellular Extravascular Space), ”Spleen” and ”Hepatocyte”. 

Additions from the hepatocyte, blood plasma and EES compartment create the liver 

signal; EES and blood plasma create the spleen signal and finally the blood plasma 

compartment is the sole contributor to the vein signal [9].   

The model state variables correspond to the Gd-EOB-DTPA concentration in three of 

these compartments; blood plasma, hepatocyte and EES. These states are denoted 

cp, ch and ce respectively. The model contains two sinks that only have CA inward 

flux. These constitute two separate compartments named “Bile” and “Urine”, which 

represent CA excretion from the hepatocyte and blood plasma compartment 

correspondingly. There is a two-directional flow of Gd-EOB-DTPA between 

compartments Hepatocyte-Blood Plasma and Blood Plasma-EES and a  

one-directional flow between compartments Hepatocyte- Bile and Blood Plasma-Urine. 

These flows of CA have different reaction coefficients denoted (in respective order) 

khp, kph, kdiff, khb and CLr. Moreover, there is an additional rate coefficient, Ksyr, which 

represents the rate [l/s] by which the contrast agent is injected into the patient. All 

these rate coefficients, except CLr and Ksyr, were optimized in the original model [9].  

4.1.2 Pharmacokinetic Equations 

CA injection 

The injection is the actual input,     , to the system. This input function depends on 

the injection rate and is characterized by a certain CA concentration,     , i.e. the 

CA concentration in the solution that is to be injected into the patient. The time 

during which the injection lasts depends on the injection rate, Ksyr, and the injected 

volume. The time-dependency is modelled as a step function (Eq. 3) [9]. 

   
        

  
      

   
  (Eq. 3) 
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Spleen transport 

The spleen compartment is defined as the portion of the spleen that is inaccessible 

to CA. Therefore, no transport between the spleen and other compartments is 

included in the model and the variable cs is constant and equal to zero [9].  

Blood plasma - EES transport 

The flow between the plasma and EES compartment is controlled by passive 

diffusion (Eq. 4a, 4b).  

                 (Eq. 4a) 

           (Eq. 4b) 

Equation 4a describes the flow of CA to the EES compartment, which depends on 

the CA concentration in the plasma. Since some CA will bind to serum albumin in 

the blood stream, and thereby not be accessible to transport between the 

compartments, a term     has been added.     is the concentration of CA bound to 

albumin and thus the expression within the brackets represents the available CA 

concentration [9].   

Blood plasma - Hepatocyte transport 

The flow between these two compartments is governed by a number of transport 

mechanisms. These transports are modelled together as a linear mass-action 

transport.  

               (Eq. 5a) 

         (Eq. 5b) 
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Blood plasma – Urine transport 

               (Eq. 6) 

The renal clearance is exclusively due to glomerular filtration and the parameter CLr 

is a measure of that renal clearance (cleared plasma volume per unit time) [9].  

Hepatocyte – Bile transport 

         (Eq. 7) 

As can be seen in Eq. 7, the hepatocyte-bile flow is modelled by a linear 

expression. The general opinion, however, is that the transport is characterized by 

non-linear Michaelis-Menten kinetics. Since the tested models in [9] showed that a 

linear approximation was sufficient, that was the choice for the final model.  

Finally, the above described rate equations can be reformulated into three 

differential equations that describe the dynamics of the state variables (Table 3) [9].   

Table 3. A summary of rate equations and differential equations [9]. 

Rate equations Differential equations for state variables 

                 

           

               

         

               

         

             

    
                           

  
 

          

 

   liver volume  

   EES volume; 

   hepatocyte fraction of liver volume; 

   plasma volume; 

  input signal 
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All mentioned model equations include a number of parameters. The values of these 

were either optimized according to section 3.3.2 or determined according to 

literature. In the latter case, for instance concerning fraction parameter      and 

volumes V, the values are those of a “standard” human (male, 70 kg, 20 % body 

fat) [9].  

4.1.3 Data Acquisition and Transformation 

The original model was constructed based on averaged data obtained from two 

separate groups of 10 and 18 healthy individuals. Of these two groups, the former 

was obtained from DCE-MRI examinations, or more specifically from axial breath-hold 

fat-saturated T1-weighted 3D gradient echo sequences (THRIVE:s) as described in [6], 

and was used as an estimation data set. In all future references this will be referred 

to as the healthy data. The latter was obtained by Inductively Coupled Plasma 

Atomic Emission Spectrometry (ICP-AES) as described in [12] and was used as a 

validation data set [9]. The most relevant experimental settings can be seen in Table 

4 and the specific settings for the MRI scan can be found in [6].  
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Table 4. The table reveals the most relevant parameters of the experimental design.  

 Estimation Data Validation Data 

Number of individuals 10  18 (divided into 3 groups of 6 

individuals each that were 

injected with different CA doses) 

Acquisition times 20, 60, 600, 1200, 

1800, 2400 s 

0-120 h, 6 days 

Injection type Bolus Infusion 

Injection rate [ml/s] 1 5-20 

Injection time [s] 7 600 

CA dose [mmoles/kg] 0.025  0.2, 0.35, 0.5 

Measurement technique DCE-MRI ICP-AES 

 

The estimation data was obtained from specifically chosen ROI:s in the liver, spleen 

and vein images. These regions were selected by a radiologist with the intent to 

steer clear of large blood vessels, focal lesions and bile ducts [13]. Data depicting 

the arterial phase were collected approximately 15-20 s post-injection and venous 

phase data 60 s post-injection. The arterial phase has no specific start time and is 

therefore determined by so called bolus-tracking. This means that the CA is visually 

monitored from the point at which it is injected until it reaches the upper abdominal 

aorta, which then commences the arterial phase [6].  
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The raw data from a DCE-MRI scan is in the form of SI, which is an arbitrary unit 

type of data that is not compatible with the simulated output from the liver model. 

Therefore, the SI:s were first normalized and then transformed into relaxation rates 

(denoted R) [13]. The normalization procedure was done by dividing the SI curves 

(     ) acquired from the ROI averages by the unenhanced SI at time zero (Eq. 8).  

     
     

     
 

(Eq. 8) 

The purpose of the normalization procedure was to compensate for any constant 

background noise that might have occurred due to differences in image sensitivity 

or proton density, among other factors.  

The subsequent conversion to relaxation rates was essential in the study in which 

the model data was originally procured since a correct estimate of the relationship 

between SI and CA concentration was required. There were two main reasons for 

this. Firstly, the recalculation takes into account the value of T1, which is necessary 

since the slope of the pre-injection SI response is a function of this tissue specific 

parameter. Secondly, the transformation corrects for the non-linear effects on the SI 

response when T1 is small relative to TR and α [6].  

The final relationship between relaxation rate and CA concentration was assumed to 

be linear according to Eq. 9 [6]:  

                    (Eq. 9) 

                    

                                               

                                                       

 

Following these transformations, the MRI-data could be directly used to evaluate 

output from the liver model. In order to incorporate the specific difference in 

relaxation rates belonging to the three measurement signals (liver, spleen and veins), 
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each having signal contributions from different compartments according to Figure 7, 

there were three variations of Eq. 9: 

                              
 
      

                                                                      

                                                                                    

                                                        

                                                        

                                                               [6] 

(Eq. 10) 

Another important aspect of the relaxation rate data is the measurement 

uncertainty, which is represented by the SD. In mathematical modelling, the SD must 

be known in order to formally and statistically evaluate a model. Concerning the 

relaxation rate data, the determination of the corresponding SD:s is not trivial since 

the data has both a spatial and a temporal variability component that both have to 

be estimated. Ideally, their correlation in terms of covariance should also be known. 

When the model was originally optimized and tested, the SD used contained 

information concerning the spatial component but not the temporal. The spatial 

component provides information of how much the voxel measurements vary within 

the ROI:s, which means that tissues that are highly homogenous will have small 

spatial SD:s. This does not, however, contain any information of how the signals 

drift over time. In this thesis, another data set, containing more observations, has 

been used and the importance of correctly estimating the SD became even more 

evident. This will be described in further detail in section 5.2.2 (Experimental Data).  

4.2 Modeling Software 

The modeling platform WSM and computational software program Mathematica were 

used in the implementation and validation of the liver model, but also in the 

modifications made in the modeling framework. 
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4.2.1 Wolfram SystemModelerTM 

WSM is a modeling and simulation tool developed by Wolfram [13]. Since it is a 

modeling software rather than a pure computational tool it is more justified to 

compare it to the Systems Biology Toolbox in MATLAB rather than MATLAB itself. 

Still, it is noteworthy that WSM does not require any additional add-ons or 

toolboxes. 

The modeling language in WSM is standard Modelica, which is an object-oriented 

language based on equations. However, it is also possible to create models by using 

a more graphic drag-and-drop environment in the Model Centre, which is something 

that the Systems Biology Toolbox in MATLAB lacks. There is a library of standard 

Modelica components of which the BioChem library was most frequently used in this 

project. It is especially suited for applications in systems biology and biochemistry 

and so it was used to model all metabolic pathways in the liver model [13].  

The building of the liver model in WSM was combined with model simulations (WSM 

has a simulation centre for this specific purpose), where it is possible to conduct 

numerical experiments on parameter values in order to study and fine-tune model 

behaviour [13].  

4.2.2 Mathematica 

Mathematica is a computational software program that can be linked to WSM in 

order to provide more extensive and flexible model analyses. Since Mathematica is a 

computational tool it can be more readily compared to software MATLAB. Like 

MATLAB, Mathematica is especially suited for applications in science, engineering 

and mathematics and they both contain software for numerical solutions to 

mathematical problems. However, Mathematica can also handle the symbolic solution 

to such problems and its help documentation is somewhat more extensive. All work 

in the software is done in a notebook environment. Listed below are the most 

frequently used features during this project:  

 Control of WSM simulations 

► Specification of initial conditions and parameter values  
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► Runs of parallel simulations with different parameter sets  

 Constrained numerical optimization of model parameters 

 Sensitivity analyses 

► Examination of which model parameters the system is most sensitive 

to 

 Plots and other visualization techniques of model output [14] 
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5 Method 

The chapter begins by describing the implementation of the liver model and the 

manner in which it was constructed in WSM in comparison to MATLAB. Following the 

implementation section, a new version of the liver model is described in which the 

blood plasma compartment received a variable volume rather than a constant. 

Moreover, methods of optimization and methods of handling the irregular data and 

suboptimal sampling times are described.   

5.1 Model Implementation 

MATLAB scripts, graphic representations and other types of documentation from 

previous work on the model have been used as a foundation in order to correctly 

implement the model in WSM. All components in the model were created using the 

BioChem library. A relevant model definition is time zero (t0), which in this model is 

the time of injection. However, the first experimental observation is extracted at the 

beginning of the arterial input, i.e. when the CA in the hepatic artery reaches the 

liver. Therefore, even though t0 for the model itself precedes arterial input, the first 

four data points from the simulated model were temporally shifted by 27 seconds 

to match the experimental data time wise during the optimizations.  

5.1.1 Model Components 

The WSM model was constructed in a similar manner as the MATLAB/Systems 

Biology Toolbox implementation. It is a hierarchical model with the full body model 

at the top level and the different compartments at the sub-level. All inputs and 

outputs to and from the compartments are in the form of CA flow, which in turn 

effects the CA concentration inside the compartments. These reactions, the flow of 

CA into and out of the compartments, correspond to the reaction rates already 

listed in Table 3. Since the WSM implementation is so similar to the MATLAB 

implementation, the model description below only includes WSM specific features. 
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Any compartment that is not mentioned can be assumed to have been modeled 

exactly as the MATLAB original.  

 

The blood plasma compartment 

The plasma compartment was constructed in two different manners. The two 

implementations differ in their volumes: 

1. A constant volume compartment based on the blood plasma volume available 

to CA transport.  

2. A variable volume compartment in which the volume should be interpreted as 

the volume of blood plasma that the CA has spread into. This is initially only 

a small fraction of the total plasma volume, but as it rapidly distributes 

Figure 8. The top level model as seen in Wolfram SystemModeler in the diagram view. The (V) in the blood 

plasma compartment indicates its variable volume. Pathways: contrast agent (CA) flux between the 

hepatocyte and blood plasma compartment, passive diffusion between the EES (Extra-cellular Extra-vascular 

Space) and blood plasma compartment, injection from the syringe compartment and excretion via the bile 

and urine compartments. 
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equally across the blood plasma the compartment volume grows. That growth 

is modeled by a sigmoid equation in which the CA has spread to the entire 

plasma volume in approximately 100 s (see Eq. 11). 

The first implementation is that which corresponds to the MATLAB model and will 

for the remainder of this thesis be referred to as the constant model. The variable 

volume compartment was added as a continuation of the constant model after it 

had been successfully validated. It will be referred to as the variable model. The 

reason for this adjustment was to somehow take into account the so-called bolus 

effect. The injected solution is not instantly distributed evenly in the blood plasma, 

but rather stays in the form of a bolus for a very short time before dispersing into 

the plasma. A model with constant plasma volume cannot describe this 

characteristic. Even though the CA spreads through the vascular system very rapidly 

this bolus phenomenon causes a prediction error during the early phase. By adding 

a variable volume that represents the plasma volume that the CA has spread into 

rather than its entirety, it might be possible to model the bolus effect. 

Bile and urine compartments 

These are both constant volume compartments, but since their volumes in this case 

have no specific contribution to model output they were arbitrarily set to 1 l.  

The syringe compartment 

The injection procedure is characterized by: 

► Syringe volume (ml of CA to be injected) 

► Chosen amount of CA per kg body weight 

► Body weight of the patient 

► CA concentration of the injection solution 

► The rate by which the solution is injected 

The compartment contains an event when the CA is injected into the blood plasma. 

When the event has passed, the CA concentration drops instantly to zero.  
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5.1.2 Model Validation 

Once the constant model had been implemented in WSM it had to be validated 

against the original MATLAB/Systems Biology Toolbox model in order to confirm 

their equality before moving on to any optimization of the variable model. The 

validation process was performed in Mathematica, in which the two models were 

simulated simultaneously and their output compared plot by plot. The validation step 

indicated that there were quite substantial dissimilarities between the models and a 

different approach was required in order to elucidate the cause of that. The models 

were compared reaction by reaction (v1, …, v8) by setting all rate equations except 

one to zero and allowing only one compartment at a time to have a zero 

separated concentration (arbitrarily set to 1 mole/l). By using this approach it was 

possible to see exactly which reaction/reactions that caused the dissimilarities and 

adjust them accordingly. All such adjustments can be found in Table 6. 

5.2 The Variable Model 

5.2.1 Implementation 

As previously mentioned, in order to model the bolus effect the model was adjusted 

so that its blood plasma compartment became volumetrically variable instead of 

constant. An approximation deemed reasonable was to model this behavior with a 

sigmoid equation (Eq. 11).  

     
                     
                 

              

                     
                   

           
                                           

 

(Eq. 11) 

In addition to the initial volume and steady state volume (marked in Eq. 11), the 

parameters    and    appear in the equation.    is a measure of growth rate and 

was adjusted so that the steady state is reached approximately 100 s post injection. 

100 s was judged realistic by examining experimental data. The parameter    is a 

time delay constant that originates from the fact that the CA stays in the form of a 

bolus for some short time before it starts to spread. This constant was assigned a 
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value of 10 s, which means that there is no volumetric growth prior to this time 

point in the variable model.  

5.2.2 Experimental Data 

The optimization of the variable model was performed using two different sets of 

data; one set with higher temporal resolution consisting of 18 observations (2  

pre-contrast injection, 16 post-contrast injection) and a second set that was used by 

Forsgren (2011) consisting of 6 observations (all post-contrast injections). The former 

will in all future references be referred to as the NILB-data (Non Invasive Liver 

Biopsy Data) and as has already been stated in section 4.1.3 the latter is referred 

to as the healthy data. A brief comparison of these data sets can be seen in the 

table below. More information on the actual acquisition of the NILB-data can be 

found in [13] with the only difference that the NILB-data in this thesis has a higher 

temporal resolution.  

Table 5. A comparison of the two data sets used in this thesis, denoted as the NILB-

data and the healthy data. 

 NILB-data Healthy Data 

Number individuals 1 patient per data set  10 healthy individuals  

Based on averages No Yes 

Acquisition times [s] 30, 38, 46, 60, 180, 300, 

480, 600, 780,900, 1080, 

1200, 1380, 1500, 1680, 

1800 

20, 60, 600, 1200, 1800, 

2400  

 

The NILB-data is, in contrast to the healthy data, not based on averages from a 

group of healthy individuals. Instead, it was procured from DCE-MRI examinations of 

patients. Three NILB-data sets were supplied during this project, each based on 
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observations from one patient (i.e three patients in total). The majority of the 

analyses performed in this thesis were primarily made on the first data set (denoted 

“Patient 1”), but optimization plots and residual bar plots for all three patients can 

be found in the Appendix. Patient 1 is male and was 63 years old at the time of 

the examination.  

The NILB-data consists, at each time point, of data from 7 liver ROI:s, 3 spleen 

ROI:s and 2 vein ROI:s. In order to obtain a data set with only one relaxation rate 

value per time point and tissue these ROI:s were used to calculate the mean values 

for each signal. The first two observations were made prior to the injection of CA 

and, therefore, the mean value of these two relaxation rates was subtracted from 

the remaining 16 observations and then deleted from the data set. This can be 

mathematically described in the following way: 

                                                                                  

                                  

      
     

 
                            

                           

                                                                                 

The SD for each time point was initially estimated by a pooled SD using the 

supplied SD:s for each ROI (same method as used in [8]). The supplied SD:s were 

originally obtained by considering all voxel measurements within a ROI as a data set 

and then calculating the corresponding SD for that data set. However, due to 

unreasonably high costs and poor model fit following optimization, several other 

methods were used to estimate the SD, among others bootstrapping and a division 

of the SD into a spatial and temporal component.  

Bootstrapping 

In short, bootstrapping can be used to estimate the noise of a real data set by 

creating a large number of new data sets (bootstraps) that mimic the distribution of 
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the original data [15]. It is especially useful if one wishes to estimate a statistic    

for the population, e.g. the SD, but the available data is too limited to do so. In 

Mathematica, bootstrapping can be performed by randomly selecting a given number 

of elements from a data set (denoted ZN in Figure 9), in this case an experimental 

data set from one of the measurement signals, with the assumption that the original 

data set is representative of the larger population it came from (the ROI:s are for 

example representative of the entire liver). The newly generated bootstraps can then 

be seen as additional samples of the original population [16] and they should share 

some important characteristics with the original data set. For example, the new 

bootstraps taken together provide an indication of the variations that might occur if 

the experiment was repeated [1]. The SD of the new data sets can be used as an 

estimation of the SD of the original data set. A set of 1000 bootstraps was created 

for each original data set (liver, spleen, veins), which resulted in a global SD for 

each signal. 

 
 

Figure 9. A description of the principles behind the bootstrapping technique as used in 

this thesis. From the original data series (the liver, spleen and vein signals), new data 

sets were created. These are called bootstraps and should ideally be similar to the 

original data set. The property of interest  , in this case the standard deviation, is 

calculated for all bootstraps and all those values are then allowed to represent an 

empirical distribution from which the desired property is obtained [1]. 
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Spatio-temporal Error 

Yet another method, a spatio-temporal approach, was implemented to more 

accurately estimate the SD. The idea is to treat the measurement error in each 

voxel as if it consists of a spatial component and a temporal component and that 

the combined error has the same distribution for all voxels. Each voxel is treated as 

a sample of its corresponding ROI.  

With these assumptions, the spatial component for a ROI can be obtained by 

calculating the SD as if the voxel values within that ROI are seen as a data set of 

observations that measure the same stochastic variable. By performing a pooling of 

those SD:s, a semi-global spatial error is obtained. This error applies for all ROI:s at 

one given time. Another pooling across time yields a final global spatial error that 

applies for all time points, ROI:s and signals.  

As for the temporal component, it can only be estimated if two or more images are 

procured under the exact same conditions. This was available in the NILB-data as 

the two first observations are taken before any contrast agent has been injected. 

The SD of the difference between these two measurements is assumed to represent 

the temporal drift, i.e. the temporal SD.  
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Mathematical summary of the spatio-temporal SD estimation 

1.             
  is the spatial variance of ROI   obtained from its voxel values and 

          (12 ROI:s in total) and           (16 post-contrast time points in 

total) 

 

2. The general equation for pooling variances: 

  
  

          
  

 

        
 

 

 The general equation applied to the MRI-data: 

          
  

                    
 

 

        
 

where    is the number of voxels in ROI    

 

Figure 10. A summary of the process of estimating the spatio-temporal global error. The temporal and the 

spatial variances are estimated separately and then added to form the global spatio-temporal error.  
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3. Pooling across time points 1,…,16 yields: 

               
  

              
 

 

        
 

 

4.      is the relaxation rate value for ROI   at time point   

 

5. Form the time differences from the pre-contrast measurements: 

                                 

 

6. Calculate the variance of the data set      : 

                
  

 

  
                

 

 

 

 

7. Combine the spatial and temporal variance: 

                
                 

                  
  

 

To summarize, the variable model was optimized with three different cost functions 

in which the residuals were normalized using: 

1. The pooled variance based on given standard deviations from each ROI 

2. Bootstrap variance 

3. Spatio-temporal variance 

For purposes of comparison, the constant model was re-optimized with these three 

methods as well.  

5.2.3 Constrained Numerical Optimization 

The optimization itself was performed in Mathematica. The model was written in C-

code and all initial conditions and constant parameter values were written directly in 

Mathematica. The scalar ξ was obtained by linear regression for each parameter 

evaluation. The cost function was optimized using the Mathematica function 

NMinimize, which is a numerical minimizer that allows the user to choose from 
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several different optimization options, e.g. minimization method and accuracy goal. 

All minimizations were performed using either differential evolution or simulated 

annealing, both of which are robust optimization methods.   

5.3 Irregular Sampling  

The objective of finding alternative methods for handling irregularly sampled data 

was commenced after the validation of the constant model and the optimization of 

the variable model. Irregular sampling could potentially result in a model with 

significant differences in model quality that depend on time. Due to the unexpected 

obstacles concerning the SD estimation of the available data and shortage of time, 

the issue of irregular sampling could not be studied as extensively as planned. 

However, a method of regional optimization was implemented and evaluated.  

5.3.1 Regional Optimization 

The aim of implementing regional optimization was to compensate for the irregular 

sampling pattern so that each time point has approximately equal influence on 

parameter estimations. According to Sing et al (2000) this can be achieved by 

dividing said input space into regions and estimating their respective mean squared 

error (MSE) separately. The function to be minimized during optimization is the sum 

of these errors (Eq. 12) [17]. 

       

 

   

 

 

(Eq. 12)  

Where    is a notation of input region,   the total number of regions and      the 

MSE for input region  . The MSE for each separate section is the sum of its 

squared residuals divided by the number of samples in that region. By performing 

said division, each region is weighted according to its density of samples (Eq. 13) 

[17]. 
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(Eq. 13) 

An important fact to keep in mind when using this method is that the cost resulting 

from regional optimization cannot be tested with a chi-square-test. One suggestion 

is to collect a number of solutions with costs deemed reasonably low, visually 

evaluate their fit against experimental data and then finally examine whether these 

solutions would be acceptable according to a standard chi-square-test. Assuming 

they are, they would probably yield higher costs compared to the best fit but might 

in turn result in a model in which all time points are equally important in influencing 

model output. 

To implement regional optimization, the Mathematica script was altered so that the 

cost function became a sum of regional costs. However, in contrast to Sing et al, 

these regions were not equal in size and the regions were chosen based on which 

observations contribute the most to the total cost (Figure 11). It was found that for 

patient 1 observations 1-4 constitute more than 70 % of the total cost. Therefore, 

the data in the regional optimization was divided into two intervals; observations 1-4 

and observations 5-16. A number of different weights were tried and evaluated.  

5.4 Optimal Sampling Design 

As previously mentioned, it is of great importance in modeling any system to 

acquire reliable parameter estimations. One step towards achieving that is to 

optimize the experimental design in terms of sampling times. The method used in 

this project can answer the questions: when should we sample more often and when 

can we sample less frequently in order to increase the accuracy of the model? To 

answer this question, Mathematica was used to analyze the determinant of the 

inverse Fisher Information Matrix. The Fisher Information is a means of quantitatively 

measuring the amount of information that lies in the experimental data regarding 

model parameters. It is desirable to obtain data with as much information as 

possible, which translates into the minimization of the inverse Fisher determinant. 



5-48 | P a g e  

This determinant also reflects on the parameter uncertainty of the model in a 

manner that is dependent on the sampling time vector t. In other words, by 

analyzing for which t the determinant is small it is possible to draw conclusions on 

when it is most advantageous to sample. This is a fairly well-established method of 

optimizing experimental design while simultaneously maximizing the accuracy in 

model parameter predictions [3].  

When the weights in the estimation procedure are the inverse variances, as is the 

case in this thesis, the Fisher Information Matrix (denoted M) takes on a simplified 

form according to Eq. 14 [3]: 

         (Eq. 14) 

  

 
 
 
 
 
 
        

   
 

        

   

   
        

   
 

        

    
 
 
 
 
 

   

                                  

(Eq. 15) 

   
  

   
   
    

 
  

(Eq. 16) 

To calculate the optimal sampling times the strategy is to: 

minimize              
  

  over            [3] 

Since the liver model contains 4 optimization parameters and the NILB-data 16 

observations, the optimization would include minimizing a determinant of a 48x48 

matrix with respect to   ,            The computer memory required for such a 

procedure was not available during this work, and so an alternative method of 

randomly selecting and testing a large number of sampling times was chosen 

instead. Each tested time vector consisted of 16 time points, each point in the 

range [0, 1800] s. Since this method does not in any way guarantee that a 
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minimum has been found it was not possible to determine the exact optimal 

sampling times but rather to determine in which regions it is most important to 

sample more frequently. All results with a determinant deemed low enough were 

summarized in histograms.   
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6 Results 

In this chapter all results of the analyses described in previous chapters are 

explicitly and compactly described. This includes the validation of the constant 

model, all optimizations performed, the regional optimization method and finally the 

results from the Fisher information analyses.  

6.1 Validation of the Constant Model 

The first step in the validation process that was performed in Mathematica showed 

that only the injection reaction had a complete match to that of the 

MATLAB/Systems Biology Toolbox implementation. A closer examination of the 

original model revealed that its state derivatives had been defined in a way that 

maintained mass balance, but still diverged from the way of mathematically 

describing these rates in WSM. WSM requires the user to describe all rate equations 

in moles per second, whereas in the Systems Biology Toolbox in MATLAB there are 

no such limitations. In this toolbox it is perfectly acceptable to use other definitions, 

such as molars per second. As long as mass balance is still maintained, the only 

resulting difference is that of the parameter values. This was the case with the two 

implementations of the liver model; in the MATLAB toolbox some rate equations 

were defined as molars/s and some in moles/s, which made it impossible to 

compare the models directly using the exact same parameter values. Although the 

models were seemingly identical, a direct comparison by simulation showed that 

they still differed in reaction rate-, concentration- and relaxation rate output. Once 

the WSM parameter values had been appropriately scaled (see Table 6), the 

different outputs showed a close to perfect match (Figure A 1-Figure A 15). 
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Table 6. The table shows which alterations had to be made to the rate coefficients in the model 

in Wolfram SystemModeler in order to obtain a perfect match to the MATLAB-model. Notations: Vl 

total liver volume, Vb blood plasma volume, Fhl fraction of hepatocytes in total liver volume, Hct 

hematocrit value, Vh hepatocyte volume, Ve EES-volume.  

 

6.2 Model Optimizations 

The optimization using Eq. 2, the NILB-data and the pooled spatial standard 

deviations was initially unsuccessful and resulted in unreasonably poor model fit for 

certain signals and regions as well as high costs (see Table 7). Some SD:s were 

extremely small in comparison to their corresponding measurement value, especially 

for the vein signal, whilst other were relatively large. As a result, the small standard 

deviations caused a major increase in cost and hence the model was fitted to the 

vein data to a higher degree than the liver data, thereby creating a poorly fitted 

model. An attempt to solve this problem was made by calculating the standard error 

of the mean and even though this decreased the cost somewhat, it never reached 

any statistically acceptable level. As can be seen in the table below, neither the 

variable model nor the constant model could describe the data sufficiently well 

when using pooled spatial SD:s. The constant model could, as expected, be well 

fitted to the smaller data set however.  

Systems Biology Toolbox, MATLAB  WSM 
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Table 7. A summary of the lowest costs obtained from optimizations using the standard cost 

function together with either the pooled spatial standard deviations (SD) or the standard error of 

the mean. The models that were optimized can be found in the leftmost column. The threshold 

values in the bottom row are based on a chi-square test with degrees of freedom corresponding 

to the number of data points minus the number of identifiable parameters (four).  

 
NILB-data Healthy Data 

Pooled Spatial SD 
Standard error of 

the mean 

 

Constant model > 600 83.800 17.3092 

Variable model,  

adjusted time points 
> 800 146.326 64.801 

Variable model,  

un-adjusted time points 
Not tested 120.384 38.627 

    

  -threshold value for 

acceptance 
60.48 60.48 23.68 
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Table 8. The table states the lowest costs obtained when fitting the model against the NILB-data 

using the bootstrap and spatio-temporal approach for standard deviation (SD) estimation. By 

using the bootstrap method for estimation of measurement noise, the costs for both the variable 

and the constant model could be lowered considerably when fitted against the NILB-data. The 

global spatio-temporal SD, however, did not yield any results that justifies model acceptance.  

 

Bootstrap Spatio-temporal SD 

Constant model 23.12 618.884 

Variable model, adjusted time 

points 
32.68 437.057 

Variable model, un-adjusted time 

points 
Not tested 523.92 

   

  -threshold value for acceptance 60.48 60.48 

 

6.3 Irregular Sampling 

The results from the regional optimization were compared with the results from the 

standard optimization procedure. Since the initial elements in the regional cost 

function received smaller weights and the remaining elements received larger 

weights, the expected result was that the model prediction error would increase for 

the first few data points and decrease for all others. This general behavior was 

however absent with the models and patient data sets analyzed during this project 

and could only be seen in certain data points. This can be seen in Figure 11-Figure 

13 below. These paired histograms show the percentile contribution by each time 

point to the total sum of residuals.  



6-54 | P a g e  

 

 

Figure 11. The figure shows the percentile contribution to the total residual sum by each time 

point for a standard optimization (right) and a regional optimization (left). This particular analysis 

was done on data from Patient 1 using the constant model. With patient 1, the first four data 

points were weighted by factor 0.1 and the remaining observations by factor 14.4. The results 

show no noteworthy difference in residual size. 

 

 

 



6-55 | P a g e  

 

Figure 12. The figure shows the percentile contribution to the total residual sum by each time 

point for a standard optimization (right) and a regional optimization (left). This particular analysis 

was done on data from Patient 2 using the constant model. With patient 2, the first 5 data 

points were weighted with factor 0.1 while the remaining observations were scaled with a factor 

10.  
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Figure 13. The figure shows the percentile contribution to the total residual sum by each time 

point for a standard optimization (right) and a regional optimization (left). This particular analysis 

was done on data from Patient 3 using the constant model. The data obtained from patient 3 

were given the same weights as patient 2; 0.1 and 10 for observations 1-4 and 5-16 

respectively.  

6.4 Optimal Sampling Design 

The results from the Fisher information matrix analyses revealed that frequent 

sampling is most important at the beginning (~50-300 s) and at the very end of the 

examination (> 1500 s). This is clearly visible in the histograms below (Figure 14-16), 

which reveal the sampling times that occur most frequently in the solutions that 

yielded the smallest determinant values.  
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Figure 14. The histogram is the result of a Fisher Information Matrix analysis using the parameters of the 

best fit obtained from the bootstrap optimization. The histogram shows how often the different sampling 

times occur for all solutions with a determinant < e-26. As is clear from the diagram, it is most optimal 

to sample most frequently at the beginning (~50-300 s), but the sampling density should also be 

increased somewhat toward the end (~1500-1800 s).  
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Figure 15. The histogram is the result of a Fisher Information Matrix analysis using the article parameters from 

[9] and the spatio-temporal standard deviation. The histogram shows how often the different sampling times 

occur for all solutions with a determinant < 0.5e-32. As can be seen in the histogram, it is preferable to 

sample most densely at the beginning and toward the end.  
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Figure 16. The histogram is the result of a Fisher Information Matrix analysis using the parameters of the best 

fit obtained from the optimization of the constant model using the spatio-temporal standard deviation.  The 

histogram shows how often the different sampling times occur for all solutions with a determinant < 0.2e-32 

Again, as in Figures 14-15 the analysis suggests that dense sampling initially and at the end is most 

preferable.  
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7 Discussion 

7.1 Implementation & Validation of the Constant Model 

One of the goals of this project was to successfully transfer a minimal full-body 

model of CA uptake in the liver from a MATLAB/Systems Biology Toolbox 

environment to WSM. As described in section 6.1, this goal was achieved after some 

adjustments to the WSM model. The implementation itself, not including the 

validation stage, was a relatively straightforward process. WSM and the BioChem 

library are well suited for the construction of biological dynamic models in part due 

to its intuitive and graphical modeling environment. The graphical part of the 

program provides a user-friendly way of laying the foundation for a model. That 

foundation usually needs to be adjusted in some way or another by adding, 

removing or in some other way changing the Modelica coding part of the model, 

but considering the amount of pure coding a Systems Biology toolbox 

implementation requires WSM is immensely time-saving in this manner. Another great 

advantage as experienced during this work is the automatic set-up of the differential 

state equations. As long as the rate equations are correctly defined, the state 

dynamics will be calculated automatically and correctly, which relieves some of the 

burden that human error might otherwise impose on the modeling process. Yet 

another feature that this work made evident is the simplicity of troubleshooting in 

WSM. During the process of comparing the reactions one by one the required 

alterations could be made in the graphical setting by merely clicking and editing 

without having to search and/or change the code. During the scope of this thesis, 

the occasional bug in the software was encountered. However, since this work was 

done in an alpha version not yet released certain imperfections are to be expected.  

The validation process in Mathematica can be seen as the interface between 

MATLAB and WSM in the sense that it was the setting in which the final 

confirmation of model agreement took place. The process itself is straightforward. A 

Systems Biology Toolbox model and the corresponding WSM model could be 
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analyzed concurrently in Mathematica. However, here it is important to note that to 

date there is only one version of .mat-files (version 7.3) that is compatible with 

Mathematica. By overlapping their plots in the same windows it becomes very simple 

to detect similarities and differences. The main problem, as encountered during this 

project, was the manner in which the MATLAB toolbox model was built. Had the 

reaction rates in that model been defined as the number of moles transferred per 

second, the comparison could have been made directly without any alterations to 

model parameters in WSM. However, that was not the case, which required a certain 

amount of reasoning and by-hand calculations to determine which parameters 

needed to be scaled and by which scalar. It is of crucial importance to realize 

which variables, states and outputs can be compared directly and which cannot. 

Otherwise, there is an impending risk of wrongly concluding that the WSM model is 

incorrect.  

Compared to WSM, Mathematica is less intuitive and its syntax requires some 

getting used to. However, the ready-to-use statistical tests, as well as other 

functions such as sensitivity analyses, make it highly advantageous to modeling 

work. For life science purposes, the main issue with Mathematica is the time 

consuming optimization process. Even though the constrained numerical optimization 

process was relatively fast once the model had been written in C-code, the road to 

that final C-code implementation was troublesome. The initial intent was to simply 

use the WSM-link together with the numerical solver NDSolve and NMinimize to find 

the global minimum. However, such an optimization was so time consuming that it 

could not be completed even though it was left running for days. A first attempt to 

speed up the process was made by stating all parameter values and algebraic and 

differential equations explicitly in the Mathematica notebook without the use of the 

WSM-link. Even though performance was improved the program could only perform 

approximately 18 000 different parameter evaluations in 24 h and no optimization 

run could be left running long enough to reach an optimum. The choice to write the 

model in C-code was in fact a last resort to increase performance and also the 

most successful. Performance was increased to a satisfactory level where an 

optimum could be found within a few hours. Still, in those hours approximately one 
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million evaluations were made, which should be compared to the 20 million 

evaluations per hour that the MATLAB script used in [8] could make. Even though 

WSM and Mathematica are in some ways superior to other products in designing 

and evaluating biological models, the issue of time consuming optimizations needs 

to be resolved for it to be a feasible alternative to biological modeling.  

7.2 The Variable Model 

The modeling of the bolus effect in the variable model showed some distinct 

differences when compared to the constant model. The relaxation rate signal 

originating from the liver (see section 11.3, Appendix) displayed a behavior during 

the first few seconds that the original model could not depict. A similar behavior 

has also been seen in experimental data, which indicates that a bolus effect should 

preferably be included in the liver model. Moreover, the spleen signal and vein 

signal display considerably higher peaks during this same early time interval 

compared to the constant model. This behavior has also been seen in experiments. 

It is quite intuitive that the constant model has lower relaxation rate values during 

the initial phase since it is during this period that the CA concentration in the 

model and in real life differs. The CA concentration is regionally much higher than 

that suggested by the model since it stays in its bolus form for some brief time 

before dispersing. The modeling case would in real life translate to the CA being 

injected and then instantly distributing itself equally across the entire plasma 

volume. This results in a lower CA concentration due to a dilution effect, which 

ultimately results in a weaker relaxation rate signal (recall from Eq. 9 that the 

relaxation rate originating from a tissue is proportional to the CA concentration in 

that tissue).  

As has been previously mentioned, the variable model could not be fitted to the 

healthy data nor the NILB-data and so it should be rejected. Most likely, this 

inability to fit the data was initially due to both a poor estimation of the SD as well 

as a model unable to accurately describe the bolus effect. However, seeing as the 

constant model cannot describe the early phase adequately either, especially not 
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the spleen data, it seems reasonable that modeling the bolus effect is necessary. 

Further development of the variable model is apparently needed. To model the 

bolus effect more accurately one must study the behavior of the injected CA more 

closely during the first minute or so in order to answer a few essential questions; 

how long does it take to spread equally across the blood plasma volume? When 

does it reach the liver? Should one take into account recirculation? For how long 

does it approximately stay in its bolus form? What characterizes its spread; is it 

logistic, exponential or does it take on some other growth shape? In order to 

answer these questions, experimental observations are most likely needed. It is also 

highly likely that individual differences, such as blood flow, the state of the arteries, 

body mass index etc highly influence the initial spread of the CA, and thereby also 

affecting the early phases in terms of CA concentration and relaxation rates. One 

might also consider another approach to modeling the bolus effect. During this 

project it was attempted by adding a variable volume that describes the initial CA 

spread in the blood plasma. However, a one compartment model seems insufficient 

to describe the pharmacokinetic properties of the CA. A two- or multi-compartment 

model of the blood plasma could be a more realistic alternative to the one 

compartment approach. Such a model would consist of a central compartment into 

which the CA is injected and in which it becomes uniformly mixed almost instantly. 

The peripheral compartment(s) would represent other parts of the blood plasma in 

which the CA distributes more slowly.  

7.3 The Standard Deviation Estimation 

An essential part of fitting a model to experimental data using a chi-square-test is 

the normalization of the residuals by the squared SD. Needless to say, it is vital 

that the SD is reasonably estimated. The relaxation rate measurements are a type 

of spatio-temporal data, since they originate from SI-values within the ROI:s, which 

are then used to create relaxation rate time series. The previously used SD:s 

represent only the spatial component of the error and the high homogeneity within 

some ROI:s as well as tissues lead to extremely small SD:s in some cases whilst 
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other less homogenous tissues display relatively large variation. There are no pre-

defined methods of estimating the SD for these measurements since there is 

basically no other research done on data of this particular kind. The method 

proposed in this thesis takes into account both the spatial and temporal error.  

As for the bootstrap method of SD estimation, it produced relatively high variances 

and, as a result of that, very low costs during optimization. Bootstrapping has been 

used successfully in the past to estimate system noise, but its robustness decreases 

with the number of samples. At least 30 samples should be available, but preferably 

more than that [18] and only 16 post-contrast observations were available during 

this project. In retrospect, using the bootstrap replication method is not 

recommended with DCE-MRI data containing less than 30 observations.  

In addition to bootstrapping and the spatio-temporal method, an attempt was made 

to estimate the SD as an optimization parameter as recommended by Janzén et al 

(2012) in [19]. In theory, an extended cost function (Eq. 17) prevents the optimal SD 

from approaching 0. However, with the liver model the first term in Eq. 17 grows 

faster than the second term due to large residuals initially, which causes the SD to 

approach 0 despite the compensating second term. In conclusion, even though this 

method is probably most robust and should be considered during future work, it 

cannot be used with the liver model until it can fit the data more satisfactorily in 

all regions. 

          
             

 

  
 
   

  

                         where 

                     

                      

                           

(Eq. 17) 
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7.4 Reject or Accept? 

Assuming that the estimated spatio-temporal variance is justified, the only conclusion 

to be drawn from the optimizations is that both the constant and the variable 

model should to be rejected, at least the way they are currently constructed. Even 

though the bootstrapping method would lead us to accept both models, its 

trustworthiness is too poor with the limited number of samples.  

A closer examination of the different contributions to the total residual sum (from 

the spatio-temporal optimization) of the constant model reveals that the four initial 

spleen data points are the major contributors for patient 1 (Figure 17). The model 

error in the vein relaxation rate during the early phase is also somewhat responsible 

for the high cost, in particular the second and third time point. The optimization 

results for patient 2 and 3 display a similar behavior. 
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Figure 17. The percentile bar chart shows how much the three different signals contribute to the 

total residual sum. The spleen signal is by far the greatest contributor during the first four data 

points. An outlier at t = 1380 was removed from the liver signal, hence its lack of error 

contribution at that time.  
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Figure 18. The percentile bar chart shows how much the three different signals contribute to the 

total residual sum. Observations 1-5 contribute the most to the model error. Note that an outlier 

in the liver data has been removed, which is why its contribution cannot be seen at t = 11 s.  
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Figure 19. The percentile bar chart shows how much the three different signals contribute to the 

total residual sum. The initial 5-6 points represent the majority of the cost. The low contribution of 

observation number 2 is due to an outlier removal in the liver data.  
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Figure 20. The percentile bar chart shows how much the three different signals contribute to the 

total residual sum. As with patient 1, data from patient 3 shows that the largest cost contributions 

comes from the first 3 data points. No outliers removed.  
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Figure 21. The percentile bar chart shows how much the three different signals contribute to the 

total residual sum. The variable model displays large residual contributions from observations 1-3 

for patient 3. No outliers removed.  

The large initial model errors support the rejection of the models since they 

obviously cannot describe the dynamics of the system during the early arterial 

phase. Moreover, when only taking into account observations 5-16 the final cost was 

reduced to 20.23 (compared to 618.84 with all 16 observations) for patient 1 and 

the constant model, which further strengthens the rejection decision. Nevertheless, 

on visual examination it is evident that the constant model describes the system’s 

behavior quite well when disregarding the initial observations, which is a strong 

indication that it needs to be further developed and not completely discarded. A 

more elaborate model might be better suited to describe the early phases. Means of 

elaborating the model could be to add more compartments, e.g. by creating an 

additional blood plasma compartment, model the CA uptake by the spleen in more 
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detail and to individualize some parameters that are now based on a “standard” 

human.  

Yet another option, as a continuation of the full liver model, is to transform it into 

a more limited model that only describes the later, more clinically relevant phase. 

For this to be a viable option however, all compartment concentrations and volumes 

have to be known at time zero in the limited model. These initial values could most 

likely be obtained through measurements or perhaps by simulation of the full model. 

Despite the decision to reject the full model, it can still describe that particular time 

point fairly well.  

An additional and possible adjustment to the model is to divide the vein signal into 

two different signals. The two current vein ROI:s are located in different veins (the 

vena cava and portal vein) and these two vessels show quite dissimilar relaxation 

rates during the first 180 seconds or so, only to almost merge during the later 

phase (Figure 22). The decision to bundle two signals together that display very 

different behavior is debatable. However, it is less debatable if the model is limited 

to the later phase since they are much more similar during that time. 
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Figure 22. The graph shows the two time series for the different regions of interest placed in the 

portal vein and vena cava. The signals behave more similarly during the late phase compared to 

the early phase. The miniature shows a more detailed picture of how they differ during the first 

180 s. 

A final issue to reflect upon is the fact that the NILB-data was extracted from 

patients and that each data set represents only one individual (in contrast to the 

healthy data that is based on averages from healthy individuals). How might this 

effect the work done during this project? During the initial construction of the 

model, during which it was fitted against the healthy data, certain assumptions 

where made regarding e.g. blood flow and other physiological parameters. When 

handling data extracted from patients that might suffer from various liver 

impairments, are these assumptions still valid? In retrospect and in future work, 

these assumptions should be more closely analyzed to see if they still hold for the 

patient undergoing the examination.  
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7.5 Irregular Sampling 

As for the irregular sampling issue, it became clear quite early that the number of 

solutions to the problem of irregular sampling were limited. Literature studies 

revealed that there are a number of common solutions to such a problem, for 

instance re-sampling using a nearest neighbor technique, but these solutions require 

datasets with more samples than currently available from the DCE-MRI runs. Irregular 

sampling and scarce measurements can be problematic issues on their own and in 

this case they are combined. The initial dataset that was available during the 

project contained only 6 data points, which ruled out any kind of re-sampling 

method. Nearest neighbor requires at least 10 data points, and even then it is 

highly questionable if the effects of bias can be seen as acceptable. Even with the 

NILB-data the impending risk of introducing unnecessary bias to model output rules 

out any solution involving re-sampling. Said literature study revealed that regional 

optimization might be a simple method to handle clustering of data points. Yet, it is 

a quite ad hoc method that during this work was adapted to the characteristics of 

the available data sets and cannot be seen as a generally applicable solution. 

Furthermore, despite different weightings, ranging from reasonable to quite extreme, 

the differences in optimization outcome were minute. The expected result is that the 

residuals should become larger in areas that were weighted down and smaller in 

areas that received larger weights. However, when examining the results the 

differences were so small compared to the standard optimization procedure that the 

use of regional optimization is still un-determined. Most likely, the model fit in later 

regions is already as good as can be achieved with the current liver model and the 

parameter sets that yield such solutions cause only marginal differences in residual 

size for earlier time points.  

Might regional optimization be better suited if the model can describe all phases 

equally well? The likely answer to that question is both yes and no. Regional 

optimization would probably yield more palpable differences compared to standard 

optimization. However, in such a case one should perform a before-hand analysis to 
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see if a division into regions is even necessary when all regions can be described 

with close to equal quality, since that is the main purpose of regional optimization.  

With only 3 patient data sets it is too rash to disregard regional optimization as a 

technique to handle irregularly sampled data. In order to draw more certain 

conclusions, a large number of data sets should be analyzed.  

In parallel with this work, other research has been done to combine the liver model 

with mixed effects modeling. This approach might be better suited to handle the 

irregularity of the DCE-MRI data since mixed effects models threat such data more 

adequately compared to classical statistical methods. Mixed models could potentially 

also handle the scarcity of the data in a more advantageous way since they take 

into account both the population and the individual subject (the patient), instead of 

only the latter. The work on mixed effects modelling and the liver model will 

hopefully continue on in the future.  

7.6 Optimal Sampling Design 

It cannot be disputed that it is advantageous to determine an optimal sampling 

design when the number of samples is limited. However, as long as the liver model 

is unable to describe all regions acceptably, the only conclusions that can be drawn 

from the results in section 6.4 are that it is optimal to sample more frequently in 

the earlier regions where the model is not quite able to describe the experimental 

data. This conclusion is quite intuitive without the use of the Fisher Information 

Matrix. When the model has been further developed to describe all data more 

accurately and an optimal parameter set has been acquired, the matrix analysis can 

be used together with either the spatio-temporal SD:s or the optimized SD:s 

suggested by Janzén et al (2012) to determine the optimal sampling times. Due to 

limitations in time and computer memory, a global optimization could not be 

performed within the scope of this work, but naturally the suggestion for future work 

is to do so if possible. Moreover, such an optimization could also be broadened to 

include not only when to sample, but also how often. This was a specific question 
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that was originally part of the thesis objective, but that could not be answered due 

to shortage of time. However, the Mathematica script used to minimize the inverse 

Fisher information matrix determinant could relatively easy be altered so as to 

include the number of samples as well. After all, a desired goal is to acquire 

information on how seldom one can sample without losing any quality aspects 

concerning the model. Minimizing the number of samples can save time and money 

for the health care industry, and save physical and emotional discomfort for the 

patient undergoing the examination.  
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8 Conclusion 

The liver model was successfully transferred from the Systems Biology Toolbox in 

MATLAB to the software Wolfram SystemModeler. Analyses in Mathematica validated 

their equality when simulated using the same parameter values.  

The modelling framework was further developed to include a method of regional 

optimization in order to handle the irregularly sampled data. That method showed 

no noteworthy difference in optimization outcome when compared to a standard 

optimization. However, further analyses of additional data sets are required in order 

to draw a more reliable conclusion regarding the value of regional optimization.  

The inverse determinant of the Fisher Information Matrix was minimized with the 

intent to determine an optimal sampling design in terms of when and how often to 

collect images. However, this method of determining an optimal experimental design 

will be most informative when the liver model has an acceptable model fit in all 

regions.  

Three alternative methods of estimating the SD were proposed: 

1. Bootstrap 

2. A spatio-temporal SD estimation  

3. Estimation of the SD as an optimization parameter 

Currently, the spatio-temporal SD estimation is deemed most reasonable but once 

the liver model has an acceptable model fit in all regions the SD could also be 

determined by optimization. Due to the limited number of observations, the 

bootstrap method is not recommended.  

The variable model, together with the constant model, must be rejected in their 

current form due to their inability to accurately describe the early phase. As a 

result of the work accomplished during this project a number of recommendations 

have been made that could further improve the model fit, e.g. that an additional 

blood plasma compartment be added to the model, that the contrast agent uptake 
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by the spleen is more thoroughly modelled and that certain differing signals should 

be separated instead of averaged.  

To conclude, the liver model needs additional analyses and development. Still, the 

work done within the scope of this thesis has shed more light on certain unknown 

issues, such as the inaccurate estimation of the standard deviation, and has lead to 

recommendations to solve the issues of irregular sampling and optimal sampling 

design that were already known when the project began.   
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11 Appendix 

11.1 Model Equations and Parameters 

Table A 1. Summary of the reactions and corresponding rate equations for the WSM model. 

*Equation exists only in the variable model. 

 

Reaction Equation 

Blood plasma – EES diffusion                            

Plasma to hepatocyte                      

Hepatocyte to blood plasma               

Blood plasma to Urine             

Hepatocyte to bile               

Injection: syringe to  

blood plasma 

                        

Variable plasma volume* 
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Table A 2. All parameters in the top level, full body model. *Equation exists only in the model 

with variable blood plasma volume. 

 

Parameter Default Value Unit Comment 

     0.12 None Fraction of blood in total liver volume 

       0.2 None Fraction of EES in total liver volume 

                     None Fraction of hepatocytes in total liver 

volume 

     0.35 None Fraction of blood in total spleen volume 

       0.2 None Fraction of EES in total spleen volume 

   1.43 l Total liver volume 

   4.51 l Total blood plasma volume 

     14.77 l Total EES volume 

    0.41 None Hematocrit value (fraction of erythrocytes 

in total blood volume) 

   4700 s
-1 

Relaxivity water 

    7300 s
-1

 Relaxivity veins 

    5400 s
-1

 Relaxivity bile 

   6900 s
-1

 Relaxivity blood plasma 

   10700 s
-1

 Relaxivity liver 

    0.00038517 mol/l/s Reaction coefficient hepatocyte to bile 

      0.0017308 mol/l/s Reaction coefficient blood plasma–EES 

diffusion 

             
     

         

  
mol/l/s Reaction coefficient blood plasma to 

hepatocyte 
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    0.00028573 mol/l/s Reaction coefficient hepatocyte to blood 

plasma 

    0.9 None Fraction of albumin-bound CA in blood 

     0.01 mol/l/s Injection rate 

    0.001845 l/s Renal clearance, i.e. volume of plasma 

cleared of CA per second 

       0.000025 mol/kg Chosen dose of CA 

           70 kg Weight of test subject 

           0.25 mol/l CA concentration of injection solution 

   Optimized None A scalar for relaxation rates 

     0.007 l The injected volume 

          * 0.2 None The fraction of blood plasma that the CA 

initially occupies directly post-injection 

   * 10 s The time it takes for the CA to spread to 

50 % of the total plasma volume 
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11.2 Model Validation 

 

 

Figure A 1. The injection rate is constant during the injection process. Note that the reaction 

still continues after this time interval, but since the rate drops to 0 no moles are transferred 

from that time point. 

 

 

WSM Model 
Matlab Model 
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Figure A 2. The contrast agent (CA) concentration is initially 0, but increases rapidly as the CA 

reaches the liver. After reaching its maximum the concentration starts to drop due to excretion 

to the bile ducts and flow back to the plasma compartment. 

 

Figure A 3.  The concentration peak is reached quickly as the contrast agent is injected into the 

blood stream. Thereafter, mainly excretion to the urinary pathways contributes to the rapid drop. 
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Figure A 4. In the extra-cellular extra-vascular space of the liver and spleen the peak is slightly 

delayed compared to the plasma concentration and thereafter drops due to passive diffusion to 

the plasma compartment. 

 

 

Figure A 5. The relaxation rate output for the liver.  
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Figure A 6. The relaxation rate output for the spleen.  

 

Figure A 7. The relaxation rate output for the vein signal.  
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Figure A 8. The rate by which the contrast agent diffuses from the EES compartment to the 

blood plasma compartment.  

 

Figure A 9. The rate by which the contrast agent is excreted from the hepatocytes to the biliary 

ductules.  
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Figure A 10. The rate by which contrast agent is transferred back from the hepatocytes to the 

blood plasma compartment.  

 

Figure A 11. The number of moles that have been excreted into the bile compartment.  



11-90 | P a g e  

 

Figure A 12. The number of moles that have been passed from the blood plasma 

compartment to the urine compartment.  

 

Figure A 13. The total number of moles that have been injected.  
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Figure A 14. The rate by which the contrast agent is transferred from the blood plasma 

compartment to the liver (hepatocyte compartment).  

 

Figure A 15. The rate by which the contrast agent is excreted from the blood plasma 

compartment to the urinary pathways.  
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11.3 Comparison of the Constant and the Variable Model 

 

 

Figure A 16. The relaxation rate output for the liver signal in the variable model and the constant 

model. The variable model displays a behaviour during the first few seconds that the constant model 

does not. It has a small peak that the original model lacks, and such a characteristic has been seen 

in experimental data.  

 

Figure A 17. The relaxation rate output for the spleen signal in the variable model and the constant 

model. The constant model is not fully able to depict the amplitude of the peak, which is much higher 

in experimental data compared to model output.  
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Figure A 18. The relaxation rate output for the vein signal in the variable model and the 

constant model. The same principle as for the spleen signal applies for the veins signal; the 

constant model cannot depict the amplitude of the peak.  
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11.4 Parameter Sweeps Patient 1 

11.4.1 The Variable Model 

 

 

 

Figure A 19. The blue full drawn line with error bars represents the experimental data and the 

standard deviations respectively. All other lines are model simulations using the parameters from 

the best fits obtained from optimizations. The best solutions have a wide prediction spread. 

Some solutions start to drop sooner than that indicated by experimental data. Moreover, the 

model fit during the first 200 s is very poor. 
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Figure A 20. The blue full drawn line with error bars represents the experimental data and the 

standard deviations respectively. All other lines are model simulations using the parameters from 

the best fits obtained from optimizations. The model fit is poorest at the beginning, but 

continues to fit the data badly during the entire time interval. Note especially that the 

experimental data lies consistently higher than the model simulations.  
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Figure A 21. The blue full drawn line with error bars represents the experimental data and the 

standard deviations respectively. All other lines are model simulations using the parameters from 

the best fits obtained from optimizations. The same behaviour can be seen here as in Figure A 

19 in terms of solutions with a large prediction spread. It can be seen most clearly during the 

first 500 seconds where some solutions predict that the rapid drop goes all the way down to 

~0.4 1/s whereas others start to decrease more slowly when reaching ~1.4 1/s. 
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11.5 Parameter Sweeps Patient 2 

11.5.1 Constant Model 

 

 

 

Figure A 22. The blue full drawn line with error bars represents the experimental data and the 

standard deviations respectively. All other lines are model simulations using the parameters from 

the best fits obtained from optimizations. The figure shows the relaxation rate output of the 

solutions with the lowest costs during optimization. The poor model fit is seen clearly, especially 

at t > 600 s. 
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Figure A 23. The blue full drawn line with error bars represents the experimental data and the 

standard deviations respectively. All other lines are model simulations using the parameters from 

the best fits obtained from optimizations. As has been the case consistently with the spleen 

data, the model fit is poor initially and the model cannot quite capture the amplitude of the 

peak. 
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Figure A 24. The blue full drawn line with error bars represents the experimental data and the 

standard deviations respectively. All other lines are model simulations using the parameters from 

the best fits obtained from optimizations. The model fit is relatively good throughout the time 

interval, as has usually been the case with the vein data.  
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11.5.2 Variable Model 

 

 

Figure A 25. The blue full drawn line with error bars represents the experimental data and the 

standard deviations respectively. All other lines are model simulations using the parameters from the 

best fits obtained from optimizations. The variable model is unable to capture the initial behaviour, 

but can better fit the data toward the end compared to the constant model. 
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Figure A 26. The blue full drawn line with error bars represents the experimental data and the 

standard deviations respectively. All other lines are model simulations using the parameters from the 

best fits obtained from optimizations. The variable model can, in contrast to the constant model, 

actually fit the spleen data relatively well. Note especially that the amplitude of the peak is more 

accurately modelled here in comparison to the result in Figure A 23.  
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Figure A 27. The blue full drawn line with error bars represents the experimental data and the 

standard deviations respectively. All other lines are model simulations using the parameters from the 

best fits obtained from optimizations. With patient 2, the variable model has a somewhat poorer fit 

to the data at ~100-800 s compared to the constant model.  
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11.6 Parameter Sweeps Patient 3 

11.6.1 Constant Model 

 

 

 

Figure A 28. The blue full drawn line with error bars represents the experimental data and the 

standard deviations respectively. All other lines are model simulations using the parameters from the 

best fits obtained from optimizations. Excluding the outlier at t = 1380 seconds, the model has a 

reasonably good fit to the liver data.  
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Figure A 29. The blue full drawn line with error bars represents the experimental data and the 

standard deviations respectively. All other lines are model simulations using the parameters from the 

best fits obtained from optimizations. This behaviour is similar to that of Figure A 20 in that the 

experimental data lies consistently higher than the model output. 
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Figure A 30. The blue full drawn line with error bars represents the experimental data and the 

standard deviations respectively. All other lines are model simulations using the parameters from the 

best fits obtained from optimizations. Excluding the somewhat irregular behaviour of the patient data 

at t ~ 1200 s, the model fit is fairly good.   
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11.6.2 Variable Model 

 

 

Figure A 31. The blue full drawn line with error bars represents the experimental data and the 

standard deviations respectively. All other lines are model simulations using the parameters from 

the best fits obtained from optimizations. The model fit is clearly poor, but the best solutions also 

display a wide spread in their behaviour regarding e.g. amplitudes and peak positions.  
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Figure A 32. The blue full drawn line with error bars represents the experimental data and the 

standard deviations respectively. All other lines are model simulations using the parameters from 

the best fits obtained from optimizations. The best model solutions for the spleen data of patient 

3 seems to belong to one of two clusters with different steady state amplitudes. Both of these fit 

the data poorly, one being consistently higher and one consistently lower for all time points 

beyond 300 s. Nor is the initial peak modelled accurately by the two clusters.  
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Figure A 33. The blue full drawn line with error bars represents the experimental data and the 

standard deviations respectively. All other lines are model simulations using the parameters from 

the best fits obtained from optimizations. The two clusters mentioned in Figure A 32 can also be 

seen here, where the green cluster seems to fit the vein data more poorly than the other model 

solutions.  

 

 

 

 


