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In order to understand the migration patterns of migrating birds, it is necessary to understand when
and where to they migrate. Many of these birds are very small and thus cannot carry heavy sensors;
hence it is necessary to be able to perform positioning using a very small sensor. One way to do this is
to use a light-intensity sensor. Since the sunrise and sunset times are known given time and position on
the earth, it is possible to determine the global position using light intensity. Light intensity increases
as the sun rises.

Data sets from several calibration sensors, mainly from different locations in Sweden, have been exam-
ined in different ways in order to get an understanding of the measurements and what affects them. In
order to perform positioning, it is necessary to know the solar elevation angle, which can be computed
if the time and position are known, as is the case for the calibration sensors. This has been utilized to
identify a mapping from measured light intensity to solar elevation angle, which is used to compute
pseudo-measurements for target tracking, described below.

In this thesis, positioning is performed using methods from the field of target tracking. This is done
both causally (filtering) and non-causally (smoothing). There are certain problems that arise; firstly,
the measured light intensity can be attenuated due to weather conditions such as cloudiness, which is
modelled as a time-varying offset. Secondly, the sensor can be shadowed causing outliers in the data.
Furthermore, birds are not always in a migratory state, they oftentimes stay in one place. The latter
two phenomena are modelled using an Interacting Multiple Model (IMM) where they are represented
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Abstract
In order to understand the migration patterns of migrating birds, it is necessary to under-
stand when and where to they migrate. Many of these birds are very small and thus cannot
carry heavy sensors; hence it is necessary to be able to perform positioning using a very
small sensor. One way to do this is to use a light-intensity sensor. Since the sunrise and
sunset times are known given time and position on the earth, it is possible to determine
the global position using light intensity. Light intensity increases as the sun rises.

Data sets from several calibration sensors, mainly from different locations in Sweden,
have been examined in different ways in order to get an understanding of the measure-
ments and what affects them. In order to perform positioning, it is necessary to know
the solar elevation angle, which can be computed if the time and position are known,
as is the case for the calibration sensors. This has been utilized to identify a mapping
from measured light intensity to solar elevation angle, which is used to compute pseudo-
measurements for target tracking, described below.

In this thesis, positioning is performed using methods from the field of target tracking.
This is done both causally (filtering) and non-causally (smoothing). There are certain
problems that arise; firstly, the measured light intensity can be attenuated due to weather
conditions such as cloudiness, which is modelled as a time-varying offset. Secondly, the
sensor can be shadowed causing outliers in the data. Furthermore, birds are not always in a
migratory state, they oftentimes stay in one place. The latter two phenomena are modelled
using an Interacting Multiple Model (IMM) where they are represented as discrete states,
corresponding to different models.
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Sammanfattning

För att bättre kunna förstå flyttfåglars liv är det nödvändigt att förstå när och vart de flyttar.
Många fåglar är små och kan därmed inte bära tunga sensorer. Därför är det nödvändigt att
kunna positionera dem med lättviktiga sensorer, så som ljusintensitetsloggare. Eftersom
det är möjligt att bestämma tider för soluppgång och solnedgång givet tid och position på
jorden så är det också möjligt att bestämma position givet ljusintensitet. Ljusintensiteten
ökar då solen går upp.

Mätningar från olika kalibreringssensorer, främst från olika ställen i Sverige, har under-
sökts på olika sätt för att få förståelse för mätningarna och vad som påverkar dem. För
att kunna utföra positionering är det nödvändigt att känna till solhöjdsvinkeln, vilken kan
bestämmas om tid och position är kända, vilket är fallet för kalibreringssensorerna. Detta
har utnyttjats för att identifiera en avbildning från uppmätt ljusintensitet till solhöjdsvin-
kel, vilken sedan används för att beräkna pseudomätningar som används för målföljning,
vilket beskrivs nedan.

I detta examensarbete har positionering utförts med målföljningsmetoder. Detta har gjorts
både kausalt (filtrering) och icke-kausalt (glättning). Vissa problem uppstår; för det första
så dämpas den uppmätta ljusintensiteten av väderförhållanden så som molnighet, vilket
har modellerats som en tidsvarierande offset. För det andra kan sensorn skymmas, exem-
pelvis om en fågel sitter under ett träd, vilket ger upphov till avvikare i data. Dessutom
befinner sig flyttfåglar inte alltid i ett tillstånd där de förflyttar sig, under stora delar av
året stannar de på ungefär samma plats. De två senare fenomenen har modellerats med
en Interagerande Multipel Modell (IMM), där de representeras av diskreta tillstånd, som
härrör till olika modeller.
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Notation

CONVENTIONS

Denotation Meaning
xk Generic quantity x (e.g. state vector) at sample k
x̂k|j Estimate of generic quantity xk (e.g. state vector) using sam-

ples 1, 2, . . . , j − 1, j, where j ∈ {1, 2, . . . , N}.
x̂1|0 Initial guess of state vector x1

P1|0 Covariance matrix of x1|0

ABBREVIATIONS

Abbreviation Meaning
EKF Extended Kalman Filter

RTSKS Rauch-Tung-Striebel Kalman Smoother
RTSEKS Rauch-Tung-Striebel Extended Kalman Smoother

JMNL Jump Markov Non-Linear model
JML Jump Markov Linear model
PDF Probability Density Function
PMF Probability Mass Function
IMM Interacting Multiple Model
MSE Mean Square Error
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xii Notation

MODELLING AND ESTIMATION

Denotation Meaning
x State vector
X Longitude
Y Latitude
P Covariance of state vector
z Solar elevation angle
y Light intensity
t Time
T Non-uniform sample time
T0 Uniform sample time

MATHEMATICS AND STATISTICS

Denotation Meaning
AT Transpose of matrix A

detA Determinant of matrix A
χI Characteristic function of set I
|x| Absolute value of scalar x
f ′x Jacobian (or, specifically, gradient) of function f w.r.t. x
ẋ Derivative of quantity x with respect to time

E(x) Expected value of stochastic variable x
Cov(x) Covariance of stochastic variable x
p(x|y) Probability density function of x, conditioned on y

x ∼ N (µ,Σ) Stochastic variable x is distributed according to the (multi-
variate) normal distribution with expected value µ and co-
variance matrix Σ.

N (x;µ,Σ) det((2π)kΣ)−
1
2 e−

1
2 (x−µ)T Σ−1(x−µ), where k is the dimen-

sion of x, (Multivariate) normal distribution PDF with ex-
pected value µ and covariance matrix Σ, as a function of
x.

x ∼ U(a, b) Stochastic variable or process x is uniformly distributed on
the interval [a, b].

U(x; a, b) 1
b−aχ[a,b](x), PDF of the uniform distribution, as a function
of x.



1
Introduction

The purpose of this thesis is to understand the migration patterns of small birds by perform-
ing global positioning using light-intensity sensors. It has previously not been possible
to conduct studies on small birds due to the limitations of size and weight of the instru-
ments. For larger birds it is possible to attach a GPS-receiver for positioning; however,
GPS receivers require too much power, and thereby too heavy batteries, for many smaller
birds, such as Common Swifts and Common Murres. They cannot take off with a GPS
receiver attached to their backs; and even if they can take off, it impairs their ability to fly
properly.

In order to determine the migration patterns of these small birds a new type of technology
has emerged, light loggers. This technology utilizes light-intensity measurements to com-
pute sunrise and sunset time, and thereby calculating times of midday. By knowing the
time of midday, the longitude can be computed. Knowing the time of the sunrise and sun-
set, as well as the longitude, the latitude can be computed. A problem with this approach,
however, is how to define the times of sunrise and sunset. What is typically done, is to
define them as the times when the measured intensity intersects a chosen value, which is
somewhat ad-hoc.

In Figure 1.1 [14] a typical manifold of the light intensity on Earth is shown. The position
of the sensor is somewhere along the border between the dark and the light region. If
this manifold occurs during sunrise, one with the same shape, but mirrored, occurs during
sunset. The position is then in the point of intersection between these manifolds.

Light logging is suitable for small birds because of the small mass of the sensors, weighing
less than two grams. A Common Swift with a light logger attached to its back can be seen
in Figure 1.2 [14]. A Common Murre can be seen in Figure 1.3 [9]. These birds can
fly without impairment with light loggers attached. This technology is also suitable for
marine animals, such as whales; water attenuates radio signals, rendering GPS useless

1



2 1 Introduction

there as well. However, those are not addressed in this thesis.

In Figure 1.4, a typical trajectory is displayed, which has been estimated with the methods
presented in this thesis. This particular trajectory is for a Common Swift, which starts and
finishes in Lappland, Sweden.

The work in this thesis is based on target tracking. This approach is model-based, motion
models and measurement models are vital. The motion describes how the quantities that
are tracked, the state vector, vary over time, and the measurement model describes how
the measurements depend on the state vector. An Interacting Multiple Model (IMM) is
used, which utilitzes the concept of mode parameters; each mode has a corresponding
model. Two different mode parameters are used, whether a measurement is an inlier or an
outlier, and whether a bird is migrating or stationary. The Inlier/Outlier mode affects the
measurement model; if a measurement is considered to be an outlier, it is discarded, and
otherwise used. The Migratory/Stationary mode affects the motion model, having high
position covariance in migratory mode, and low position covariance in stationary mode.

Firstly, an Extended Kalman Filter (EKF) is used, using only one of the models mentioned
above. This is a causal estimator, which means it only utilizes measurements up to the
point in time for which it estimates the states. An Extended Kalman Smoother (EKS)
is developed, which estimates the position in each sample point using all data points
and thereby improving results. Finally, an Extended Kalman Filter Bank (EKF Bank)
is developed which utilizes all the different mode parameters, performs updates for each
possible mode and then discards updates that are not consistent with the measurements.
It computes a centre-of-mass for the state vector, depending on how well the estimates
agree with the measurements.



3

Figure 1.1: Manifold of light. The shape and position of the manifold depend on the
time of year and on the time of day. This particular manifold occurs during winter in
the northern hemisphere. The light area has a shorter horizontal width in the northern
hemisphere. (Source: [14])

Figure 1.2: A male Common Swift with a light logger attached to its back. (Source:
[14])
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Figure 1.3: A Common Murre swimming in Iceland. (Source: [9])
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Figure 1.4: A typical estimated trajectory of one individual Common Swift. The
journey of this individual bird begins and ends in Lappland, Sweden.



6 1 Introduction

1.1 Problem Formulation

The subject of this thesis is what is called geolocation by light, which means estimat-
ing longitude and latitude of a sensor using light-intensity measurements. This can be
done using a number of different techniques. In this thesis, a model of the mapping from
measured light intensity to solar elevation angle has been estimated. Using this mapping,
pseudo-measurements of the solar elevation angle are computed. The solar elevation an-
gle can be computed, given known time and position on the earth. These are used as
measurements in order to perform target tracking.

One of the objectives of this thesis is to eliminate the need for a number of manual steps,
that have previously been necessary. Target tracking is performed directly from light-
intensity measurements, instead of computing sunset and sunrise times. Furthermore,
measurements can contain a large number of outliers. A method will be presented, which
detects and discards outliers.

Also, smoothing will be performed in order to improve estimates. Since this is inherently
an offline application, smoothing is an obvious step to improve geolocation estimates.

To summarize, the objective of this thesis is to provide a method for robust tracking using
light-intensity measurements which improves results from previous work.

1.2 Related Work

The field of target tracking has received a vast amount of research attention over the last
several decades. Target tracking using EKF and IMM is very well-understood, with lots
of publications and books published on the subject, such as [3]. Thus, it is particularly
difficult to summarize all the related work developing these techniques.

Moreover, the concept of curve-fitting by using least-squares optimization is also a very
well-understood principle, dating back several centuries. This section will therefore focus
more on work specifically related to geolocation by light.

Geolocation by light has previously been performed without the use of target tracking. To
the author’s knowledge, only one conference article has been published on the subject,
namely [14]. In this paper, estimates of sunrise and sunset times, as well as times of
midday, are used as measurements for target tracking. The target tracking is performed
using a marginalized particle filter [3]. This paper, in some sense, serves as a proof-of-
concept for tracking birds using light-intensity measurements. However, there are several
possible improvements, which are aimed to be done in this thesis. Defining sunrise and
sunset times could possibly discard useful information, such as the fact that the sun rises
and sets slower in some locations than others. Therefore, using every sample instead of
defining these times is a way of possibly improving performance. Since the tracking in
this application is inherently performed offline (the sensors used cannot communicate), an
obvious step to improve estimates is to perform smoothing. The particle filter is a causal
estimator, whereas a smoother is a non-causal one.

Examples of geolocation by light without target tracking include, not extensively, [6],
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[12], [1] and [16]. In [6], the migratory patterns of Common Swifts are investigated.
These studies suffer from singularities in latitude estimates that occur during equinoxes.
Common practice has been to omit 30 days around the equinoxes [12]. These singularities
were dealt with in [14], and are not a problem to the same extent in this thesis, which is
a consequence of the fact that target tracking is used, instead of localization in each point.
Data sets from Common Swifts, Apus Apus, are the main field data used in this thesis.

Furthermore, light-intensity measurements can be attenuated by a number of environmen-
tal factors, such as vegetation, weather conditions and topography. The impact on accu-
racy and precision due to these phenomena are examined in [8]. The accuracy of geolo-
cation by light is addressed in [5] and compared to GPS. The accuracy was found to be
approximately one degree in longitude and latitude. It has been shown that it is possible
to improve results by using other sensors [10]. In this paper, accuracy of geolocation of
marine animals is improved by encompassing for sea surface temperature.

1.3 Thesis Outline
• In Chapter 2, everything related to how this specific problem (tracking longitude

and latitude using light-intensity measurements) is modelled, is presented and ex-
plained. This involves the measurements and the dynamic model; no used parame-
ters are shown here, only the general structure. The parameters are instead shown
where they are estimated or used, in the following chapters.

• In Chapter 3, the calibration data is examined in different ways, to motivate the
choice of modelling. Furthermore, a final model is estimated and presented.

• In Chapter 4, results from target tracking are displayed along with used parameters.
The results are split into sections, according to which species of bird they corre-
spond to. Moreover, they are split into subsections according to methods used.

• In Appendix A, the underlying theory on which the work in this thesis is based
upon is presented and briefly explained.





2
Modelling

In this chapter, the modelling decisions which the work in this thesis is based upon, are
presented and explained. The general structure is presented and explained, however, pa-
rameters that are not globally used are omitted here, and left for Chapter 3 and Chapter 4.

2.1 Measurements

The only sensor used in this thesis is a light sensor. All information about this sensor can
be found in [2].

2.1.1 Sensor, Sample Times

The raw measurements from this sensors are light-intensities, which can take integer
values 0, 1, 2, . . . , 19, 20, 22, 24, . . . , 58, 60, 64, thus they are non-uniformly quantized.
These measurements are sampled uniformly in time, with sensor-dependent sample times.
The sample time for these measurements will be referred to as uniform sample time, de-
noted T0. For the sensors used in this thesis,

T0 ∈ {2, 5, 10}[min]. (2.1)

This sensor is heavily saturated; the only time the measurements are not saturated is
during sunrises and sunsets, and since there is not much information in saturated mea-
surements, these points are discarded. The index k will be used to label non-saturated
measurements. Since these datapoints are not uniformly sampled, the sample time varies
with k, and needs to be computed according to Tk = tk+1 − tk, where tk denotes the
Greenwich time in whole days at sample k. This will be referred to as nonuniform sample
time, denoted Tk.

However, the sensor collects measurements every minute, and saves the highest one as

9



10 2 Modelling

13 Jun 00:00 14 Jun 00:00 15 Jun 00:00 16 Jun 00:00
0

10

20

30

40

50

60

70

Time [days]

y
(i
.e
)

Figure 2.1: Measured intensity as a function of time for a calibration sensor. The
sensor is saturated with limits 0 and 64. Each non-saturated sample is marked with
an x. The sample time is 5 minutes.

output [2]. Therefore, the time for each measurement in a sunrise is generally correct,
since the highest intensity is the latest one. For a sunset on the other hand, the light
intensity is decreasing in time, and therefore the highest intensity is generally the first
one. In accordance with the manufacturers instructions [2], the uniform sample time was
therefore subtracted from measurements in a sunset curve, i.e.

tk := tk − T0, if tk − btkc > 0.5. (2.2)

As one can see in (2.2), whether a sample is in a sunset or a sunrise was determined by
using the fact that sunsets occur in the later half of the day. This step is also motivated by
the fact that it resulted in a lower Mean Square Error (MSE) when tracking a calibration
sensor, seen in Table 4.2.

In Figure 2.1, measurements over the course of several days are shown. The points marked
with crosses are the measurements that are used.

2.1.2 Outliers

Several phenomena affect the measurements. Firstly, weather conditions such as cloudi-
ness attenuates the light intensity, and secondly, the sensor can be occluded by e.g. vege-
tation and topography, which blocks the sunlight. This strongly attenuates the measured
light intensity, much more so than weather conditions. Weather conditions are in this
thesis modelled as an offset in the measurements, whereas occlusions perturb the data so
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Figure 2.2: Measurements y < 64 not occuring during a sunrise or sunset are re-
moved. They are here marked with crosses. This is data from a Common Murre.

much that they must be considered outliers, and be discarded.

An easy way of removing obvious outliers is to find the earliest and latest data points
in a day where the intensity is equal to 64, and remove all points in between. This is
motivated by the fact that once the sensor has reached 64, that means that the sun is
up, and any points in between the earliest and latest point in a day where the measured
intensity is lower than 64 is an outlier. This has been done to all used measurements.

As one can see in Figure 2.2, the measurements contain many outliers that do not occur
during a sunrise or sunset. These outliers are easily detected and discarded. However, as
seen in Figure 2.3, outliers can also occur during sunrises or sunsets, which makes them
more difficult to detect.

2.1.3 Solar Elevation Angle Mapping

The interesting quantities to estimate are latitude and longitude. These are defined as
angles on Earth’s sphere. Latitude is defined, for a point on Earth as the angle from the
equator, which has latitude zero to the point, positive if the point is north of the equator.
Longitude is defined as the angle from the zero-meridian, the great circle that intersects
Greenwich, UK, and the poles. Furthermore, altitude is defined as the orthogonal distance
from Earth’s surface to a point in the air. An interesting quantity used in this thesis is the
solar elevation angle, which is defined as the angle from the horizon to a point on the
celestial sphere [13], positive above the horizon. Solar elevation angles, over the course
of two days, for a given position is seen in Figure 2.4. As one can see in these graphs,
the solar elevation angle varies in a shape closely resembling a sinusoid function over
the course of a day. However, the mean value varies throughout the day. The angles are
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Figure 2.3: Curves containing outliers that occur during a sunrise or sunset. These
are not as easy to detect and remove as those seen in Figure 2.2. This is data from
Common Swift A283.

computed for Latitude 60.270842◦ North and Longitude 0.

There is a known mapping from longitude, latitude, altitude and time to solar elevation
angle. This mapping is rather complex and is therefore not written here. It is denoted as

z = s(X,Y, a, t). (2.3)

where z,X, Y, a and t denote solar elevation angle, longitude, latitude, altitude and time,
respectively. In this thesis, a numerical algorithm [7] for computing this has been used.
The algorithm was modified slightly before it was used in this thesis. Values of a, of vastly
different orders of magnitude were used, with negligible impact on the solar elevation
angle. Therefore the altitude was assumed to be equal to zero. The mapping is therefore
henceforth written

z = s(X,Y, t). (2.4)

In order to estimate the latitude and longitude, (2.4) can be used, if the solar elevation
angle is known. However, since the measurements provided were light intensities, it was
necessary to estimate a mapping from measured light intensity to solar elevation angle.
The mapping, dependent on a number of parameters, is denoted
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Figure 2.4: Solar elevation angle over the course of two days. z = s(X,Y, t)

z = g(y). (2.5)

The details of the estimation of said mapping can be seen in Chapter 3. Sets of calibration
data were used, where the position and time are known.

A polynomial form of the function g(z; θ) is proposed,

z = g(y; θ) =

n∑
l=0

θly
l. (2.6)

Here, θ0 corresponds to the solar elevation angle where the light intensity increases from
zero. The parameters are estimated in a least-squares sense

θ̂ = arg min
θ
Vn(θ) = (2.7)

= arg min
θ

N∑
k=1

|zk − g(yk; θ)|2 = (2.8)

= arg min
θ

N∑
k=1

|zk −
n∑
l=0

θly
l
k|2 (2.9)

where N denotes the total number of non-saturated samples used for curve fitting.

Finally, in order to use the measurements for target tracking, the non-saturated light inten-
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Figure 2.5: Typical pseudo-measurements used for target tracking. Saturated points
are removed, and remaining points are mapped to solar elevation angles, z = g(y; θ̂).

sities yk are mapped to solar elevation angles as zk = g(yk; θ̂). These are the measure-
ments used in the different estimators, e.g. EKF. Typical curves used for target tracking
are seen in Figure 2.5. However, in computations, these angles are represented in radians.

2.2 Dynamic System

In this thesis, a linear motion model has been used. The measurement model, however,
is nonlinear. The state vector used is xk =

(
Xk Yk bk

)
, where Xk, Yk and bk de-

note longitude, latitude and solar-elevation-angle offset, respectively. The dynamics are
represented using a state-space model as

xk+1 = Fkxk +Gkvk,

zk = h(xk, tk) + ek
(2.10)

An offset state, bk, modelling weather conditions e.g. cloudiness, which attenuates the
light intensity and, in turn, translates the solar elevation angle, is included. This state is
then subtracted from the solar elevation angle in the measurement equation as h(xk, tk) =
s(Xk, Yk, tk) − bk. The dynamics of the offset are such that they tend to not undergo
massive changes during a sunrise or sunset, due to the fact that weather conditions tend
to be relatively constant during the course of a few minutes. However, over the course of
a day they can change drastically. Therefore, the best prediction between two points on
the same curve, should logically be that it is unchanged, whereas between two curves the
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best guess should be zero, but with a larger noise variance. Therefore the dynamics were
chosen as exp

(
T0−Tk

10T0

)
. If Tk = T0 the term becomes one, whereas the term decays

rapidly towards zero as Tk increases, and if Tk � To then the term is close to zero. The
factor of 10 in the denominator was chosen as a tuning parameter, in an ad-hoc fashion.
Here we see the constant-position model used in the EKF:

xk+1 = Fkxk +Gkvk, vk ∼ N (0, Q) (2.11a)
zk = h(xk, tk) + ek, ek ∼ N (0, R) (2.11b)

h(xk, tk) = s(Xk, Yk, tk)− bk (2.11c)
Tk = tk+1 − tk (2.11d)

Fk =

1 0 0
0 1 0

0 0 exp
(
T0−Tk

10T0

)
 (2.11e)

Gk =

Tk 0 0
0 Tk 0
0 0 Tk

 (2.11f)

xk =
(
Xk Yk bk

)T
(2.11g)

A problem with this specific application is that the light sensor, attached to the back of a
bird, is sometimes occluded by e.g. vegetation. Therefore the measurements can contain
a lot of outliers. How often this occur is dependent on species. Furthermore, it is known
that migrating birds tend to move swiftly (no pun intended) during migration periods, and
remain in one place throughout long periods of the year.

One way to model this, as has been done in this thesis, is by introducing a Jump Markov
Nonlinear model (JMNL), which is a simple generalization of a Jump Markov Linear
model (JML) [3]. The JMNL used in this thesis can be seen in (2.12). The transition
probabilities can be seen in Table 2.1. The dynamics of the mode parameters constitute
a Markov chain, which is visualized in Figure 2.6. Here, pi(Tk) is the probability to
switch between two modes. This is a function of the sample time Tk, because of the
big difference in non-uniform sample time, it can vary between 2 minutes and half a day.
Furthermore, the notation M,S, IL and OL denote the different modes of the system,
Migratory (µk = 1), Stationary (µk = 0), Inlier (ωk = 0) and Outlier (ωk = 1), respec-
tively. As can be seen, the switching probabilities depend on the current sample time; the
longer the time between two samples the less is known about the state in the next sample.
Furthermore, they are assumed to be independent, rendering it possible to model them as
two separate Markov chains.

Here, the mode parameter represents four modes; whether a measurement is an inlier or
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Figure 2.6: Markov chain for mode parameters.

an outlier, and whether a bird is migratory or stationary.

xk+1 = Fkxk +Gkvk (2.12a)
zk = h(xk, tk) + ek if ωk = 0 (Inlier) (2.12b)
zk ∼ U(−7◦, 2◦) if ωk = 1 (Outlier) (2.12c)

vk ∼ N (0, Qδk) (2.12d)
ek ∼ N (0, R) (2.12e)

Qδk =

{
QM

QS

if µk = 1

if µk = 0

(Migratory)

(Stationary)
(2.12f)

p(δk|δk−1) = Π
δk,δk−1

k (2.12g)
δk = (ωk, µk) (2.12h)

In order to differentiate between the ’migratory’ and ’stationary’ mode, two process noise
covariance matrices have been used, seen in (2.12f). QM is chosen such that its variance
for latitude and longitude is much larger than those ofQS . The variance for the offset state,
however, remains the same since being migratory or stationary does not affect weather
conditions. The reason for the limits in (2.12c) is that none of the measurements from the
calibration sensors were outside of those values, which can be seen in Figure 3.4.

ωk−1 = 0 ωk−1 = 1
ωk = 0 0.9 0.1
ωk = 1 0.1 0.9

ωk−1 = 0 ωk−1 = 1
ωk = 0 0.9 0.9
ωk = 1 0.1 0.1

µk−1 = 0 µk−1 = 1
µk = 0 1 0
µk = 1 0 1

µk−1 = 0 µk−1 = 1
µk = 0 0.8 0.2
µk = 1 0.2 0.8

Table 2.1: Conditional PMF, Π
δk|δk−1

k = Π
ωk|ωk−1

k ·Πµk|µk−1

k , for close-by and non-
close-by samples respectively. δk = (ωk, µk). ω and µ are assumed independent.
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2.3 Discussion
There are several things that could be modelled in more than one way, and that is what
will be discussed here; the possible effects of the model choices.

Regarding the mapping from measured light intensity to solar elevation angle, the choice
made was not so obvious. Another possibility would have been to estimate a function
from solar elevation angle to intensity, and use the intensities as measurements. However,
theoretically it should yield the same results, given that the offset is modelled as a state.

One not so obvious choice was how to model the dynamics of the offset parameter, seen
in (2.11e). It is chosen such that when the sample time is large, i.e. the time between
two samples is long, it has expected value approximately equal to zero, and high variance.
This seemed like the most physically valid approach. However, this makes it crucial that
the mean value that is added when computing the pseudo-measurements, seen in (3.1), is
such that the offset from it truly has mean value zero. Otherwise there will be a constant
offset from the pseudo-measurements inducing a bias in the estimation of latitude and
longitude. If this were a problem, a possible remedy would be to add a state for the mean
value of the offset.

In this thesis work, the outlier detection has been performed online, using the JMNL seen
in (2.12). Another possibility would be to do this offline, to find a way to remove all
outliers from the data, and then perform measurement updates for all the measurements.

The motion models used are constant-position models. The reason for this is firstly that it
is the simplest model suitable for target tracking. It can be seen as a first step, in order to
validate the other chosen methods, and let virtually all the movement be explained by the
measurements, to show that it is possible to track migrating birds using this general model
structure. Furthermore, it can be seen as future work, to develop a more sophisticated
motion model.





3
Calibration

In order to estimate a parametric sensor model, needed for updating the filter, calibration
data was provided. This was examined in different ways, described in Section 3.2, and
then curves were fitted to that data, described in Section 3.3.

3.1 Result

In this chapter, a model of the mapping from light intensity to solar elevation angle has
been identified. The model is displayed as a graph in Figure 3.1 along with the data used
to estimate it. The curve that is shown here is, for all possible measured intensities,

zk =

3∑
i=0

θiy
i
k (3.1)

θ0 =

M∑
i=1

θi0 (3.2)

where θi, i ∈ {0, 1, 2, 3} are the estimated parameters seen in Table 3.1, M denotes the
total number of curves used in the curve fitting, and θi0 denotes the estimated offset of
curve i. This is the mapping used to compute the pseudo-measurements used for target
tracking.

19
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θ3 θ2 θ1 θ0

Parameter 1.6553 · 10−5 −0.0020306 0.10276 −5.3712
Std.dev. 2.0091 · 10−7 1.6781 · 10−5 0.00037892 0.044819

Table 3.1: Estimated parameters θi, i ∈ {0, 1, 2, 3} for cube, square and linear terms
respectively, using Algorithm 1 with all data points in one model.

−5.5 −5 −4.5 −4 −3.5 −3
0

10

20

30

40

50

60

in
te
n
si
ty

Solar elevation angle [◦]

Data
Model
90 conf

Figure 3.1: Estimated global model of the mapping from light intensity to solar ele-
vation angle along with the used data with subtracted offsets and a 90 % confidence
band.

3.2 Calibration Data
For calibration, six stationary sensors have been logging data throughout the autumn of
2012. These sensors are described in Table 3.4. All the sensors have sample time T0 = 5
minutes.

Furthermore, the curves contained a number of outliers, which were removed from the
data by applying a threshold to the solar elevation angles. Points that do not correspond
to saturated measurements, with angles outside a certain interval were removed. The
chosen thresholds can be seen in Table 3.5 and the resulting altitude-intensity plots can
be seen in Figure 3.8.

In order to get a better understanding of the mapping from solar elevation angle to light
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intensity, the data shown in Figure 3.8 was divided into individual curves, one for each
sunrise/sunset by splitting the data set into 12 hour intervals. The result can be seen in
Figure 3.2.
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Figure 3.2: Intensities vs solar elevation angles, separate curves, with time offset
compensated for and outliers removed as described earlier.

Furthermore, the solar elevation angles for each intensity, which ideally, in clear weather
condition etc. should all be equal were compared in different ways. They were plotted
as functions of time, which can be seen in Figure 3.3. Here it can be seen that, for this
sensor located in Barkö there is a correlation between time and solar elevation angle.
In late 2012, there is an increase in angle for most intensities, which is likely due to
weather conditions. Reportedly, snow was falling heavily in that time and region, up to 1
metre, rendering measured intensities lower than they would be if the weather was clear.
Correlation coefficients were computed, for each sensor and intensity, and the mean and
minimum etc. for each sensor can be seen in Table 3.3. These were far enough from
zero for the correlation between time of the year and measured intensity (due to weather
conditions etc.) to be considered statistically significant.
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Figure 3.3: Solar elevation angles for each intensity as functions of time, for cali-
bration sensor MK10B554 in Barkö. The colours of the graphs become darker with
increasing intensity. The mean value of the solar elevation angle increases during the
winter due to heavy snow occlusion.

The solar elevation angles were also compared by computing their standard deviations for
fixed intensities. Given clear conditions, ideally these should be the same, however there
is some variation. The mean and minimal standard deviation along with the minimizing
intensity can be seen in Table 3.2.

The distribution of intensities and solar elevation angles, given fixed intensities were ex-
amined. This can be seen in Figure 3.9, Figure 3.5 and Figure 3.4. In the histograms in
Figure 3.5, the solar elevation angle is shown were the light intensity intersects a chosen
intensity. If there is no point where the intensity takes that value, interpolation is used
between the two surrounding points. If there are no surrounding points, extrapolation is
used.

The first observation when looking at Figure 3.4 is that all of the solar elevation angles are
within the borders -7 and +2 degrees. Furthermore, examining Figure 3.5, one can see that
the distribution of the solar elevation angle does not look quite like the normal distribution;
it is somewhat positively skewed. This is likely due to the offset in solar elevation angle;
the light intensity is attenuated, inducing a positive offset in solar elevation angle, which
explains the positive skewness.
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Figure 3.4: Histogram for solar elevation angles, zik = s(Xi, Y i, tk), for all inten-
sities yik. Xi and Y i are the longitude and latitude of calibration sensor i.
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Figure 3.5: Histogram for solar elevation angles for a number of chosen intensitites.
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3.3 Curve Fitting

The model of the mapping from light intensity to solar elevation angle, described in Sub-
section 2.1.3 was estimated using the least-squares method. Initially, the mapping was
thought to be from solar elevation angle to light intensity. However, to facilitate computa-
tion of the estimated parameters, the problem was reformulated to find the inverse, i.e. the
mapping from intensity to solar elevation angle. This makes the offset enter the expres-
sion linearly, and therefore a normal equation can be used to compute the estimates. One
can note that the approach used neglects variations over each curve, and instead variations
between different days are encompassed for, because one offset is used for each curve. It
does, however, encompass for variations between sunrise and sunset in one single day.

The equations used can be seen in (3.4). Here, i enumerates the curves, and M is the
number of curves, whereas j enumerates the samples in each curve, j = 1, . . . , Ni for
each Ni and, finally, Ni denotes the number of samples in curve i. Initially, a second
order polynomial was used, although results were not good enough. Therefore a third
order polynomial was used, which yielded satisfactory results. The estimated parameters
can be seen in Table 3.8. Important to note here, is that the curves used are not the raw
measurements, they have an estimated offset subtracted. As one can see in Figure 3.2, the
actual solar elevation angles vary more than those seen in Figure 3.6, due to this offset.
This is motivated by the fact that it is the shape of the curve that is interesting here, and
not the offsets.

By assuming that the noise affecting all the rows have the same distribution, the variance
σ2 of the noise can be estimated by computing σ̂2 = Var(Aϕ−Z). The covariance matrix
of the parameter vector is then computed according to (3.3), from which the standard
deviations are easily computed by taking the square root of the diagonal elements.

Cov(ϕ̂) = σ̂2(ATA)−1 (3.3)

A problem, however, is that the curves can contain a number of outliers. As seen in
Figure 3.11 and Figure 3.12 the curves do contain a number of outliers, which makes the
loss function large for these points. Here we can also see that certain curves have higher
effect on the loss function than others. These curves are marked in the figures. To find
these curves, mean errors for each curve were computed, and then compared to thresholds,
seen in Table 3.6. The mean value is then marked with a colour corresponding to the curve
either hitting the max threshold, the mean threshold or both. Because of these outliers, an
approach was made to estimate the parameters more robustly. This approach is described
in Algorithm 1. The results are shown in Figure 3.6 and Figure 3.10. The max thresholds
seen in Table 3.6 were also used for the robust estimation.



26 3 Calibration

−2 −1 0 1 2 3 4 5
0

10

20

30

40

50

60

Solar elevation angle [◦]

in
te
n
si
ty

lsqIter
lsqAll
used
discarded

Figure 3.6: Fitted intensity-solar elevation angle curve using and not using Algo-
rithm 1 along with used curves and discarded points. Individual points, and not en-
tire curves, are removed, and therefore the blue curves might look somewhat strange
at first sight, due to linear interpolation. lsqIter is the resulting model when using the
algorithm, and lsqAll is the resulting model when using all the data points.
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Figure 3.7: Offsets for each sunrise/sunset curve, estimated when fitting to a curve
and using Algorithm 1.
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Algorithm 1 Robust parameter estimation using loss-function threshold
Choose threshold τ .
Initialization: Set εk =∞,∀k.
while ‖ε‖∞ ≥ τ

1. Form Z,A,Θ, Θ̂ according to (3.4).
2. Form εk = |zk − ẑk|, where ẑ = AΘ̂.
3. Remove all points such that εk ≥ τ

In order to determine whether the estimated curves had decent qualities the estimated
offsets were compared. Plots of the estimated offsets as functions of time (for each curve)
can be seen in Figure 3.13 and Figure 3.7. Clearly, the offsets from the same sensor are
strongly correlated, which is advantageous. If these offsets were not so strongly correlated
they would likely be due to differences between the individual sensors. The weather is
clearly the same in one single location, so this motivates the choice of modelling weather
conditions as an offset state.

Finally, a global model was estimated, in which data from all the sensors were used. For
this, Algorithm 1 was used, and the resulting parameters along with standard deviations
can be seen in Table 3.1.

3.4 Discussion

An observation regarding the calibration data used is that most of the datasets are from
sensors located in Sweden, hence on a fairly high latitude. A good approach for validation
of the estimated model is to use data from a sensor much closer to the equator. In Table 3.8
and Table 3.7, one can see that the estimated model parameters are approximately equal
for the sensors in Sweden and the one in Senegal. Since this is on a much lower latitude,
much closer to the equator, the sensor model is considered to be globally valid on Earth.
One can note that, since the data set MK10B597 has so much fewer data points, the
standard deviations are notably larger for this sensor.

Regarding the estimated model, examining the parameters and their respective standard
deviations in Table 3.8 and Table 3.7, it is clear that all the parameters are statistically
significant; the standard deviations are about two orders of magnitude smaller that the
parameters themselves.

The method used to robustify the estimation is dependent on the fact that most of the data
points are inliers. If most points would be outliers it would be likely that inliers are re-
moved, instead of outliers. Particularly since the square error, and not the absolute error is
minimized, outliers could potentially have a high impact on the estimated parameters, par-
ticularly so if all outliers are on the same side of the curve, this might induce an unwanted
offset. However, in the used datasets the outliers seems to be fairly evenly distributed
on both sides of the estimated curve. A more robust method could be used, however the
method used yields satisfactory results.

Something more to note is that the curves before and after outlier removal are very similar
for smaller solar elevation angles, but they diverge for larger values. After removal it
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seems that the curves are less inclined for higher values.

Examining Figure 3.13 and Figure 3.7, one can see that the estimated offsets are strongly
correlated, for each position (Barkö and Lund). This is an indication that an offset in solar
elevation angle given an intensity is a good method to detect shadowing, or cloudiness.
The weather is obviously the same for all the sensors at a certain position. However, as
one can see in these figures, for the Barkö sensors around December, the offsets are not
as strongly correlated. A likely explanation for this is, since snow was reportedly falling
in this region at the time, the different sensors have different amounts of snow on them.



Appendix

3.A Graphs, Figures and Equations

In this appendix, all the information about the calibration data and calibration sensors is
available in tables and figures. Furthermore, results and algorithms used in curve fitting
are presented.

3.A.1 Calibration Data
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Figure 3.8: Intensity as functions of solar elevation angles, y is measured and z =
s(X,Y, t), outliers removed by means of thresholding, time offset compensated for.
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Figure 3.9: Histogram for the distribution of non-saturated intensities, for all cali-
bration sensors.

minimal std minimizing intensity mean std
MK10B554 0.74354 3 0.80448
MK10B556 0.63399 1 0.72836
MK10B557 0.70867 4 0.77004
MK10B559 0.75281 1 0.85096
MK10B561 0.70179 2 0.76929
MK10B558 0.6591 5 0.70438
MK10B560 0.75906 4 0.84995
MK10B562 0.66612 1 0.74016
MK10B597 0.59428 6 0.63297

Table 3.2: Standard deviations in altitude for fix intensities, mean, minimal and
minimizing intensity
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Mean Min Max
MK10B554 0.28378 0.27257 0.36322
MK10B556 0.10225 0.080457 0.15604
MK10B557 0.24999 0.2331 0.32073
MK10B559 0.309 0.29359 0.36902
MK10B561 0.28545 0.25778 0.4106
MK10B558 0.097607 0.065887 0.18816
MK10B560 0.25357 0.21284 0.28716
MK10B562 0.11804 0.077278 0.25188
MK10B597 -0.06628 -0.083512 -0.038436

Table 3.3: Correlation coefficients between time and solar elevation angle, individ-
ually, for each intensity and sensor.

Label Location Latitude [◦] Longitude [◦] Start Date End Date
MK10B554 Barkö 60.270842 18.277035 2012-06-12 2013-01-13
MK10B556 Barkö 60.270842 18.277035 2012-06-12 2013-01-13
MK10B557 Barkö 60.270842 18.277035 2012-06-12 2013-01-13
MK10B559 Barkö 60.270842 18.277035 2012-06-12 2013-01-13
MK10B561 Barkö 60.270842 18.277035 2012-06-12 2013-01-13
MK10B558 Lund 55.714187 13.207903 2012-06-05 2012-11-28
MK10B560 Lund 55.714187 13.207903 2012-06-05 2012-11-28
MK10B562 Lund 55.714187 13.207903 2012-06-05 2012-11-28
MK10B597 Senegal 16.360133886 -16.27542897 2013-01-14 2013-02-07

Table 3.4: Calibration sensors with their latitude, longitude and time active.

Lower Limit Upper Limit
MK10B554 -8.098 0
MK10B557 -20 20
MK10B561 -13.43 20
MK10B558 -20 4.6
MK10B560 -20 20
MK10B562 -20 3

Table 3.5: Limits used to remove outliers. Non-saturated points corresponding to
solar elevation angles outside the limits were removed.
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3.A.2 Curve Fitting

Z = AΘ + E, where
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i.e. zi,j = θi0 +

3∑
l=1

θly
l
i,j + ei,j , ei,j ∼ N (0, σ2)

Estimate: Θ̂ = (ATA)−1ATZ

(3.4)
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Figure 3.10: Absolute value of error, |z − ẑ|, versus time for robust curve fitting
using Algorithm 1, along with used threshold.
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Figure 3.11: Fitted intensity-solar elevation angle curve along with used curves and
curves that hit set thresholds. lsq is the least-squares fit. The legend entries both,
mean, max and none denote whether curves hit the mean or max threshold, both or
none.
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Figure 3.12: Absolute value of error, |z− ẑ| versus time for curve fitting, along with
points that hit set thresholds and the thresholds themselves. lsq is the least-squares
fit. The legend entries both, mean, max and none denote whether curves hit the mean
or max threshold, both or none.
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Figure 3.13: Offsets for each sunrise/sunset curve, estimated when fitting to a curve.
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Mean Max
MK10B554 0.2 0.4
MK10B556 0.2 0.4
MK10B557 0.2 0.4
MK10B559 0.2 0.4
MK10B561 0.2 0.4
MK10B558 0.2 0.4
MK10B560 0.2 0.4
MK10B562 0.2 0.4
MK10B597 0.2 0.4

Table 3.6: Mean and max thresholds used for each sensor. Both thresholds are used
for comparison, and max threshold is used for robust estimation.

θ3 θ2 θ1

MK10B554 1.6048 · 10−5 −0.0019855 0.10135
std 6.166 · 10−7 5.1355 · 10−5 0.0011566
MK10B556 1.6019 · 10−5 −0.0019697 0.10071
std 5.5627 · 10−7 4.7021 · 10−5 0.0010722
MK10B557 1.7706 · 10−5 −0.002151 0.10652
std 5.5978 · 10−7 4.6555 · 10−5 0.001047
MK10B559 1.6594 · 10−5 −0.0020273 0.10432
std 6.2534 · 10−7 5.2306 · 10−5 0.0011809
MK10B561 1.7265 · 10−5 −0.0021331 0.10636
std 5.8408 · 10−7 4.9069 · 10−5 0.0011112
MK10B558 1.6628 · 10−5 −0.0020597 0.10437
std 7.6859 · 10−7 6.4528 · 10−5 0.0014635
MK10B560 1.7283 · 10−5 −0.0021281 0.10741
std 8.0639 · 10−7 6.7569 · 10−5 0.0015306
MK10B562 1.6532 · 10−5 −0.0020403 0.10421
std 7.2485 · 10−7 6.083 · 10−5 0.0013837
MK10B597 1.6731 · 10−5 −0.0020245 0.098113
std 1.3437 · 10−6 0.00010733 0.0023315

Table 3.7: Estimated parameters θi, i ∈ {1, 2, 3} for cube, square and linear terms
respectively, using Algorithm 1.
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θ3 θ2 θ1

MK10B554 1.663 · 10−5 −0.0020233 0.10329
std 8.848 · 10−7 7.3851 · 10−5 0.0016656
MK10B556 1.4365 · 10−5 −0.0018415 0.099979
std 1.0178 · 10−6 8.609 · 10−5 0.0019649
MK10B557 1.8748 · 10−5 −0.0022266 0.10939
std 8.6715 · 10−7 7.2151 · 10−5 0.0016218
MK10B559 1.6498 · 10−5 −0.0020093 0.10551
std 9.3007 · 10−7 7.8089 · 10−5 0.0017702
MK10B561 1.8227 · 10−5 −0.0022004 0.1087
std 8.4367 · 10−7 7.0916 · 10−5 0.0016054
MK10B558 1.4657 · 10−5 −0.0018879 0.10193
std 1.1684 · 10−6 9.8084 · 10−5 0.0022268
MK10B560 1.7064 · 10−5 −0.0020664 0.1076
std 1.7481 · 10−6 0.00014679 0.003336
MK10B562 1.4956 · 10−5 −0.0019017 0.10298
std 1.2215 · 10−6 0.00010249 0.0023324
MK10B597 1.6731 · 10−5 −0.0020245 0.098113
std 1.3437 · 10−6 0.00010733 0.0023315

Table 3.8: Estimated parameters θi, i ∈ {1, 2, 3} for cube, square and linear terms
respectively.



4
Target Tracking Results

This chapter displays the result from target tracking. The EKF is evaluated on the cali-
bration data in Section 4.1, as a way of validating all the models used. Thereafter, all
the methods are evaluated on Common Swifts in Section 4.2, and finally the filter bank is
evaluated on Common Murres in Section 4.3. The estimation methods used are explained
in Appendix A.

4.1 Calibration Data

In this section validation results are shown, from applying the EKF to calibration data,
described in Table 3.4, when the position as well as offset is known. The motion model
described in Section 2.2, along with the same covariance matrices used for common swifts,
seen in Section 4.2, was used. As one can see in Figure 4.6, for some data points, the
offsets estimated by the EKF are very similar to the ones estimated using linear regression.
However, the very clear peak seen in December earlier, is not seen here. The reason for
this is likely the fact that the motion model used in the EKF forces the offset state to
have mean value zero, for big jumps in time (such as between a sunset and a sunrise). In
Figure 4.13 one can see that even with a very faulty initial guess, the position converges
to a position quite close to the true one. Furthermore, as one can see in Figure 4.3 the
estimate converges quickly. In Table 4.1 the standard deviations of the stationary error,
that is the error after converging to a stationary point, are shown. Here, one can see that
the standard deviation attained when using an offset state is slightly lower than when not
using one. The resulting estimates can be seen in Figure 4.2.

It was known from [2] that the light loggers perform a number of measurements for each
sample, and keeps the one with the highest intensity. This means that the measurements
for sunrises are correct, however the ones in a sunset are skewed, maximally with one

37
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sample time. Therefore the time was shifted for samples that occur during sunsets. Per-
formance was compared, and the results can be seen in Table 4.2 and Figure 4.1. Here it
looks advantageous to shift the time, the standard deviations are hardly affected, however
the bias of the longitude estimate is substantially reduced.

std offs std orig bias offs bias orig rmse offs rmse orig
Longitude [◦] 0.73177 0.83176 0.53462 0.53155 0.90626 0.9871
Latitude [◦] 1.0865 1.3498 0.51115 0.3824 1.2007 1.4029

Table 4.1: Standard deviations of estimates after converging. The data used are
estimates from 10 days after initialization and forward.

std orig std shifted bias orig bias shifted rmse orig rmse shifted
Lon [◦] 0.84377 0.85178 -0.37603 0.2509 0.92376 0.88797
Lat [◦] 1.3598 1.096 0.48198 0.35534 1.4426 1.1521

Table 4.2: Standard deviations of estimates after converging. The data used are
estimates from 10 days after initialization and forward.

May 31 Jun 20 Jul 10 Jul 30 Aug 19 Sep 08 Sep 28 Oct 18 Nov 07 Nov 27 Dec 17

20

40

60

Time

MK10B558: without shifted time

Lon
Lat
True Lon
True Lat

May 31 Jun 20 Jul 10 Jul 30 Aug 19 Sep 08 Sep 28 Oct 18 Nov 07 Nov 27 Dec 17

20

40

60

Time

MK10B558: with shifted time

Lon
Lat
True Lon
True Lat

Figure 4.1: Estimated longitude and latitude with and without offset state. The red
triangle marks the point 10 days after initialization.
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Figure 4.2: Estimated longitude and latitude with and without offset state. The red
triangle marks the point 10 days after initialization.

May 11 Jun 30 Aug 19 Oct 08 Nov 27 Jan 16
−120

−100

−80

−60

−40

−20

0

20

40

60

80

time

L
a
t/
lo
n
[◦
]

MK10B557

Lon
Lat
True Lon
True Lat

Figure 4.3: Estimated longitude and latitude for calibration data set MK10B557.
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Figure 4.4: Estimated longitude and latitude for calibration data set MK10B597.
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Figure 4.5: Estimated longitude and latitude for calibration data set MK10B560.
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Figure 4.6: Estimated offset state for calibration data set MK10B557. EKF marks
the estimated offset using the EKF and linreg marks the estimated offsets from the
linear regression in Section 3.3
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Figure 4.7: Estimated offset state for calibration data set MK10B560. EKF marks
the estimated offset using the EKF and linreg marks the estimated offsets from the
linear regression in Section 3.3
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Figure 4.8: Estimated offset state for calibration data set MK10B597. EKF marks
the estimated offset using the EKF and linreg marks the estimated offsets from the
linear regression in Section 3.3
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Figure 4.9: Residuals for calibration data set MK10B557.



4.1 Calibration Data 43

2013−01−20 2013−01−27 2013−02−03 2013−02−10
−1.5

−1

−0.5

0

0.5

1

1.5

time

re
si
d
u
a
ls

[◦
]

MK10B597

Figure 4.10: Residuals for calibration data set MK10B597.
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Figure 4.11: Residuals for calibration data set MK10B560.
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Figure 4.12: Estimated trajectory for calibration data set MK10B560. The green
star marks the initial guess, x̂1|0, the red triangle marks the true position and the red
star marks the mean estimate after convergence.
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Figure 4.13: Estimated trajectory for calibration data set MK10B557. The green
star marks the initial guess, x̂1|0, the red triangle marks the true position and the red
star marks the mean estimate after convergence.
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MK10B554

 40° W  20° W 

 20° S 

  0°   

 20° N 

Figure 4.14: Estimated trajectory for calibration data set MK10B597. The green
star marks the initial guess, x̂1|0, the red triangle marks the true position and the red
star marks the mean estimate after convergence.

4.1.1 Discussion

In the figures one can see that most of the results are satisfactory. However, in Figure 4.4
it is clear that the latitude of this calibration sensor is biased; it does not converge to the
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true latitude. A possible explanation for this is that the estimated offset, seen in Figure 4.8
also has an offset from the offsets estimated in the linear regresssion. As one can see in
(2.11e) the dynamics of the offset in the EKF is such that it has a mean value of zero.
However, since the estimated offset from the linear regression has a different mean value,
this does not work correctly. This is probably due to the fact that so few data points were
available for use. However, it could also be due to the fact that the latitude of this sensor
is so much smaller than the rest of the sensors. Another possible explanation is the short
time span of these measurements. All the measurements were collected in approximately
one month during January to February, and thus variations depending on the time of the
year are not included in this dataset.
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4.2 Common Swift
In this section, results from target tracking of Common Swifts (Apus Apus) are presented.
The parameters used are shown here:

Q =

0.0061457 0 0
0 0.0061457 0
0 0 0.0020592


P It

1|0 =

2.1154 · 10−8 0 0
0 2.1154 · 10−8 0
0 0 0.0012185


P Sw

1|0 =

5.8761 · 10−12 0 0
0 5.8761 · 10−12 0
0 0 0.0012185


x̂It

1|0 =
(
0.1914 0.77464 0

)T
x̂Sv

1|0 =
(
0.37655 1.1684 0

)T
R = 0.00017306

Here, "It" denotes "Italy", the swifts that were released from Italy, and "Sw" denotes
"Sweden", the swifts that were released from Sweden. These parameters were used in
all tracking methods, apart from Q which was only used for the EKF and the RTSEKS
and not for the filter bank. x̂1|0 and P1|0 are the initial state vector and corresponding
covariance matrix. The first two terms in the state vector were known; the position from
where the birds were released was known, with a certain accuracy. The locations in Italy
and Sweden were known with an accuracy of arcminutes and arcseconds, respectively.
The offset state is modelled such that its mean value is zero, and therefore the initial
guess of this state was chosen as zero. The initial variance was chosen to be of a physically
valid order of magnitude. Q denotes the process noise covariance, and was tuned until
satisfactory results were obtained. R, which denotes the measurement noise variance, was
estimated from calibration data. All these parameters are put into the framework in (2.11).

4.2.1 Extended Kalman Filter

In this subsection, a trajectory from tracking a Common Swift using an EKF is shown.
Since the EKF is not the best method used (it neither encompasses for outiers nor is non-
causal), only one data set is considered. In Figure 4.15, the trajectory is shown. It has a
jagged shape, resembling sawteeth. It also shows substantial detours, such where it travels
from sub-Saharan Africa up almost to the mediterranean, which is not very likely to have
happened. The jaggedness is dealt with using a smoother, and results are displayed in the
Subsection 4.2.3. Furthermore, the detour is dealt with using an Extended Kalman Filter
Bank, and those results are displayed in Subsection 4.2.2.
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21349

  0°    30° E   0°   

 30° N 

Figure 4.15: Estimated trajectory for Common Swift 21349 using a constant-
position model. The green star marks the estimated starting point and the red star
marks the estimated end point.
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4.2.2 Rauch-Tung-Striebel Extended Kalman Smoother

Here, results from tracking using a Rauch-Tung-Striebel Extended Kalman Smoother (RT-
SEKS) of Common Swifts are presented. The final estimate is forced to be the same as
the initial guess, since the position of the start and finish are known, and are the same.
The estimated trajectories, along with 90% confidence ellipses for some of the points, are
displayed on maps in Figure 4.16, Figure 4.17, Figure 4.18, Figure 4.19, Figure 4.20 and
Figure 4.21. Ellipses were not drawn for all the points, due to the points lying too densely
on the map. The trajectories are also displayed with 90% confidence bands in Figure 4.22.
The estimated solar-elevation-angle offset is displayed in Figure 4.23, standard deviations
for the state estimates can be seen in Figure 4.24 and the measurements residuals can be
seen in Figure 4.25. It is clear that the jagged shape of the estimates seen when using an
EKF is mitigated. However, there are still some detours that are clearly not realistic, such
as the trip to Svalbard, seen in Figure 4.19.
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21349
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Figure 4.16: Estimated trajectory for Common Swift 21349 using a constant-
position model. The star marks the point of start and finish. 90% confidence ellipses
are shown in some of the points.
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21344
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Figure 4.17: Estimated trajectory for Common Swift 21344 using a constant-
position model. The star marks the point of start and finish. 90% confidence ellipses
are shown in some of the points.
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21340
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Figure 4.18: Estimated trajectory for Common Swift 21340 using a constant-
position model. The star marks the point of start and finish. 90% confidence ellipses
are shown in some of the points.
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Figure 4.19: Estimated trajectory for Common Swift A283 using a constant-position
model. The star marks the point of start and finish. 90% confidence ellipses are
shown in some of the points.
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Figure 4.20: Estimated trajectory for Common Swift A295 using a constant-position
model. The star marks the point of start and finish. 90% confidence ellipses are
shown in some of the points.
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Figure 4.21: Estimated trajectory for Common Swift A306 using a constant-position
model. The star marks the point of start and finish. 90% confidence ellipses are
shown in some of the points.
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Figure 4.22: Estimated trajectories for Common Swifts 21349, 21344, 21340, A283,
A295 and A306, with 90% confidence bands.
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Figure 4.23: Estimated offsets for Common Swifts 21349, 21344, 21340, A283,
A295 and A306
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Figure 4.24: Estimation standard deviations for Common Swifts 21349, 21344,
21340, A283, A295 and A306
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Figure 4.25: residuals z − h(x̂) for Common Swifts 21349, 21344, 21340, A283,
A295 and A306. Crosses mark large residuals.
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4.2.3 Extended Kalman Filter Bank

The parameters used are mostly the same as those in the EKF. The ones that are specific
to the filter bank approach are shown here:

QM =

0.018437 0 0
0 0.018437 0
0 0 0.0020592


QS =

0.00030728 0 0
0 0.00030728 0
0 0 0.0020592


L = 4

The covariance matrices of the migration mode parameter, QM and QS , are defined in
(2.12). The memory length, L represents how far back in time the mode parameters are
saved. More details of how this is done can be seen in Algorithm 4 in Appendix A.

The estimated trajectories are displayed on maps in Figure 4.26, Figure 4.27, Figure 4.28,
Figure 4.29, Figure 4.30 and Figure 4.31. The trajectories are also displayed with 90%
confidence bands in Figure 4.32. The estimated solar-elevation-angle offset is displayed
in Figure 4.33 and the measurements residuals can be seen in Figure 4.35. Centre-of-mass
for the mode parameters are seen in Figure 4.34.
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21349
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Figure 4.26: Estimated trajectory for Common Swift 21349 using a filter bank. The
green star marks the estimated starting point and the red star marks the estimated end
point.
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Figure 4.27: Estimated trajectory for Common Swift 21344 using a filter bank. The
green star marks the estimated starting point and the red star marks the estimated end
point.
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Figure 4.28: Estimated trajectory for Common Swift 21340 using a filter bank. The
green star marks the estimated starting point and the red star marks the estimated end
point.
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Figure 4.29: Estimated trajectory for Common Swift A283 using a filter bank. The
green star marks the estimated starting point and the red star marks the estimated end
point.
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Figure 4.30: Estimated trajectory for Common Swift A295 using a filter bank. The
green star marks the estimated starting point and the red star marks the estimated end
point.
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Figure 4.31: Estimated trajectory for Common Swift A306 using a filter bank. The
green star marks the estimated starting point and the red star marks the estimated end
point.
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Figure 4.32: Estimated trajectories for Common Swifts 21349, 21344, 21340, A283,
A295 and A306. Black circles mark points where the outlier hypothesis contributes
to more than 90% of the weight.
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Figure 4.33: Estimated offsets for Common Swifts 21349, 21344, 21340, A283,
A295 and A306.
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Figure 4.34: Centres-of-mass of the mode parameters for Common Swifts 21349,
21344, 21340, A283, A295 and A306. ω = 1 means outlier and µ = 1 means
migratory.
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Figure 4.35: residuals z − h(x̂) for Common Swifts 21349, 21344, 21340, A283,
A295 and A306, where to outlier hypothesis contribute to less than 90% of the
weight.
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4.2.4 Discussion

In Figure 4.20, one can see that when using measurements that do not contain many
outliers, both the EKF and the RTSEKS perform well; they yield realistic trajectories.
However, as can be seen in Figure 4.19, if the curves do contain a considerable number of
outliers, the trajectories can be strongly impaired; it is not strikingly realistic that a bird
that migrates south due to cold weather would travel to Svalbard for warmth. Examining
Figure 2.3, one can see that the light measurements are affected, and these measurements
are to be considered outliers. This clearly demonstrates the need to encompass for outliers.
The EKF bank does encompass for outliers rather effectively. Examining Figure 4.29, it
is clear that the measurements giving rise to the detour to Svalbard have been discarded,
since the detour is not there.

As can be seen in Figure 4.19, the estimated trajectory contains a lot of detours. This is
due to the fact that this data set contains a lot of outliers. As seen in Figure 4.34, the
filter bank detects many of these outliers, in many of the points, the centre-of-mass of
the outlier-mode parameter is equal to or close to one, which means all of the most likely
branched used are in the outlier mode. However, as seen in Figure 4.28 and Figure 4.26,
the estimated trajectories do not end in the starting point as they should. As seen in
Figure 4.34, the filter consideres many of the final measurements to be outliers. Because
of this, the measurements are discarded; no measurement updates are performed, only
time updates. Since constant-position models are used, the estimate then becomes the
same as the prediction, which is why the estimates do not end in the starting point. It is
not quite clear why the filter bank considers these measurements to be outliers.

Furthermore, the migration-mode parameter is for extended periods of time close to zero,
which means the most likely branches used are mainly in the stationary mode. This seems
reasonable, seeing as how these birds do remain in one place for a long time, and then
migrates relatively fast.

4.3 Common Murre

In this section, results from tracking Common Murres are presented, along with the pa-
rameters used that are unique to these data sets. Only the filter bank has been used, due
to the high prevalence of outliers, which the filter bank encompasses for.

4.3.1 Extended Kalman Filter Bank

The parameters used are mostly the same as those in the EKF. The ones that are specific
to this method (filter bank) and these data sets (Murres) shown here:
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QM =

0.018437 0 0
0 0.018437 0
0 0 0.0020592


QS =

0.00030728 0 0
0 0.00030728 0
0 0 0.0020592


L = 4

The estimated trajectories are displayed on maps in Figure 4.36, Figure 4.37, and Fig-
ure 4.38. The trajectories are also displayed with 90% confidence bands in Figure 4.39.
The estimated solar-elevation-angle offset is displayed in Figure 4.41, centres-of-mass for
the mode parameters are seen in Figure 4.40 and the measurements residuals can be seen
in Figure 4.42.



74 4 Target Tracking Results
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Figure 4.36: Estimated trajectory for Common Murre AAK968 using a filter bank.
The green star marks the estimated starting point and the red star marks the estimated
end point.
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Figure 4.37: Estimated trajectory for Common Murre AAK969 using a filter bank.
The green star marks the estimated starting point and the red star marks the estimated
end point.
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Figure 4.38: Estimated trajectory for Common Murre AAK970 using a filter bank.
The green star marks the estimated starting point and the red star marks the estimated
end point.
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Figure 4.39: Estimated trajectories for Common Murres AAK968, AAK969 and
AAK970. Black circles mark points where the outlier hypothesis contributes to more
than 90% of the weight.
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Figure 4.40: Centres-of-mass of the mode parameters for Common Murres
AAK968, AAK969 and AAK970. ω = 1 means outlier and µ = 1 means migratory.
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Figure 4.41: Estimated offsets for Common Murres AAK968, AAK969 and
AAK970.
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Figure 4.42: residuals z − h(x̂) for Common Murres AAK968, AAK969 and
AAK970, for which the outlier hypothesis contribute to less than 90% of the weight.
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4.3.2 Discussion

The measurements from the Common Murres are from a time-span of approximately two
years. In Figure 4.36 all three individual birds remain in northern Europe throughout the
entire time. As seen in Figure 4.40, the filter bank remains mainly in the stationary mode
throughout all the data sets, which is consistent with the estimated trajectories.

Furthermore, for extended periods of time, the curves contain a huge number of outliers.
As seen in Figure 4.40, the mode parameter is often close to 1 during certain time intervals.
This is likely a breeding period or something similar, when the birds remain in one place
and do not fly.

4.4 General Discussion

In this section the results are discussed, encompassing for all the data sets. The prob-
lem of parameter sensitivity will be addressed, as well as discussing which parameters
are considered globally known and which ones are to be considered individual tuning
parameters.

When examining the raw data used for the Common Swifts, versus the Common Murres,
it is very clear that for extensive periods of time the data from the murres contains a lot
of outliers, the sensor is shadowed often. This is likely due to the fact that the birds are in
a breeding period or something similar. It is known that Common Swifts spend the vast
majority of their lifetime in the air. This is a very clear reason for this difference in outlier
occurence. Therefore, there is prior knowledge of how often outliers occur, depending on
what species are tracked, and just examining the data. Therefore, the predicted probability
of the next measurement to be an outlier, when the sample time is large, is very low for
Common Swifts, since the curves contain very little outliers. For Common Murres, how-
ever, outliers are very common, and therefore the predicted probability is much higher for
this species, in fact it is set to 50%, which corresponds to not having any prior knowledge
of wether the next measurement is an outlier or an inlier. Therefore, the conditional PMF,
p(δk+1|δk) is, in some sense to be regarded as a tuning parameter.

Furthermore, comparing the estimated trajectories for the Common Swifts, it is clear that
one of the data sets, A283, contains substantially many more outliers than the rest, and
therefore the estimated trajectory is less smooth. Logically, more outliers makes tracking
more difficult, which is clearly the case. There are some very obvious outliers that the
filter bank encompass for, the trip to Svalbard is not in the final estimate. However, less
obvious outliers are not always found by the filter bank.

4.4.1 Tuning Parameters

In this section the different parameters are discussed in the sense that it is interesting
to know which ones are estimated, and which ones are seen as tuning parameters. The
most obvious tuning parameters are the process and measurement noise covariances. The
measurement noise covariance, however, is estimated using the calibration data, and is
therefore not considered a tuning parameter. The process noise covariance on the other
hand, is.
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As discussed earlier, the conditional PMF of the mode parameter is also considered a
tuning parameter, however not for different individuals of the same species.

Furthermore, for the filter bank, the memory length is an obvious tuning parameter.

The initial and final position is known, along with accuracy. Therefore, this is not to be
considered a tuning parameter.

The tuning parameters are summarized here:

• Process noise, Q,QM , QS

• Mode parameter conditional PMF, p(δk+1|δk)

• Filter bank memory length, L



5
Conclusions and Future Work

This chapter summarizes the results from this thesis as well as describes possible improve-
ments that are left as future work.

5.1 Conclusions

Firstly, a mapping from light intensity has been identified. Data sets from calibration
sets at different position on Earth have been used, and they all yield the same shape of
the curve. Modelling weather conditions as an offset in solar elevation angle is a sound
approach and has proven to be successful. In fact, the only difference between the curves
for different sunrise and sunset curves is the offset. Offsets for one single position are
strongly correlated. This mapping is now well understood.

Encompassing for the aforementioned offset in solar elevation angle has been shown to
improve results, lowering the MSE in the stationary case of tracking a calibration sensor.
Furthermore, due to the design of the sensor the sample time should be subtracted from
the times of measurements in a sunset. This has also been shown to improve results when
tracking a calibration sensor.

The measurements contain a lot of outliers, which have been encompassed for by introduc-
ing a mode parameter and using different corresponding models for inliers and outliers.
As seen in the results chapter, this approach is successful, removing many of the unrealis-
tic detours that occur when all measurements are used as inliers. However, sometimes the
EKF bank discards measurements that are inliers. Because of this, some of the estimated
trajectories end unrealistically far from where they began.

Performing target tracking using solar elevation angles as measurements is a sound ap-
proach, and results are good.
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When performing filtering, the estimated trajectories become very jagged, resembling
sawteeth. This is likely due to the fact that a constant-position model is used, and the
estimate becomes the projection of the previous estimate onto the manifold. Since the
manifold is mirrored between sunrises and sunsets this should induce this effect. This
phenomenon is mitigated using smoothing.

This application of tracking longitude and latitude using measurements of light intensity
has proven to be sensitive to a number of tuning parameters; one set of parameters that
worked well for all the data sets, was not found. The process noise covariance, transition
probabilities of the mode parameter and the memory length of the filter bank are consid-
ered tuning parameters. Increasing the memory length, however, only improves results at
the cost of longer computation time.

The performance of the outlier detection is dependent on the chosen probabilities for the
outlier mode. It does discard a few inliers, and fails to detect a few outliers, however,
most outliers are discarded and most inliers are kept. Furthermore, when tracking Com-
mon Murres it was necessary to use a higher probability of outliers than when tracking
Common Swifts, in order to get adequate results.

Another difficulty is the offset state. A change in solar elevation angle can be explained
either by the offset or by a a change in longitude and latitude, however, it is shown to
improve results in the stationary case.

5.2 Future Work

The motion models used in this thesis are very simple; constant-position models. if one
knows more about how specific species migrate that is knowledge that could be utilized
to develop a more sophisticated model. One possibility is to saturate the velocity, given
that no bird can fly arbitrarily fast.

Furthermore, as mentioned above, the problem is quite sensitive to the tuning parameters,
mentioned in Section 4.4. Therefore, a possible future assignment is to estimate the noise
covariances, in a robust way.

Moreover, since the number of possible mode parameters are 4, the complexity of the
filter bank grows exponentially w.r.t. the memory length as 4L, which means it quickly
becomes practically impossible to increase the memory length. Therefore, a more clever
way of pruning the branches of the filter bank is a possible way of decreasing the complex-
ity, allowing for a higher memory length and thereby improving target tracking results.

Another possible improvement would be to generalize the IMM with prior knowledge of
how often outliers occur. Examining the data, one can see that during some periods the
outliers occur much more frequently than in other periods. It is also dependent on what
species are analyzed. Therefore, increasing the probability of the outlier mode during
these periods could possible improve results. However, this does require some manual
work.

Finally, in order to substantially improve results, an IMM smoother should be developed.
This in order to encompass for both all the different modes, and compute estimates using
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all measurements. This should be the best way to estimate the trajectories.





A
Estimation Theory

In this appendix, the basic concepts of estimation theory used in this thesis are presented.
This mainly includes explaining the concept of target tracking, along with the specific
methods used.

A.1 State Space

The general model used in the framework of this thesis is a discrete-time state-space
model. However, state-space models are not necessarily discrete-time; in many cases,
a discrete-time model is obtained by discretizing a continuous-time state-space model.
State-space models often have an input signal, however in this thesis the input signal is
omitted. This is due to the fact that the system at hand does not have a measureable input
signal. A general way of expressing a continuous-time state-space model is

ẋ = f(x, v) (A.1)
z = h(x, e), (A.2)

where x is the state vector, z is the measurement, v is process noise and e is measurement
noise. (A.1) is called the dynamic equation of the state-space model, since it describes
the temporal dynamics of the system, and f is the function that defines the dynamics.
(A.2), on the other hand, is called the measurement equation, since it describes how the
measurements, z, depend on the state vector, x, and h is the function that describes this
dependency. Either by discretizing the expressions above, or by directly modelling a
system in discrete-time, the following expressions are obtained:
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xk+1 = f(xk, vk), (A.3)
zk = h(xk, ek). (A.4)

It is Important to note that the functions f and h in the discrete-time model are not the
same as those in continuous-time. However, for sake of convention, they have been given
the same denotation. The state-space models used in this thesis are exclusively time-
discrete, and therefore continuous-time descriptions will not be considered from this point
and onwards.

In many cases, the noise terms enter the expressions linearly, and the expressions can then
be written

xk+1 = f(xk) + g(vk) (A.5)
zk = h(xk) + d(ek), (A.6)

where f(xk) = f(xk, 0), h(xk) = h(xk, 0), g and d are some linear functions.

In this thesis, as is done in most cases, the process and measurement noise are assumed
to be additive white Gaussian noise [11], which is independent of the states and measure-
ments. Furthermore, in some cases the functions f and/or h are linear. It is a well-known
result from linear algebra that for a linear map f : Rn → Rm, f can be expressed as a
matrix product, f(x) = Fx,∀x ∈ Rn for some m × n matrix F . Therefore, if all the
functions in (A.5) are linear, the equations can be expressed as

xk+1 = Fkxk +Gkvk (A.7)
zk = Hkxk +Dkek (A.8)

A.2 Estimation

In this thesis, estimation utilizes state-space models, as described earlier. The states are
considered to be stochastic processes, and the measurements to be realizations of stochas-
tic processes. In this thesis, the states are denoted x and the measurements are denoted z.
The PDF for the measurements given the states, p(z|x) is called the likelihood function or,
simply, likelihood. In most cases, including this thesis, this is assumed to be the normal
distribution function with expected value zero and covariance matrix R, that is

zk|xk ∼ N (h(xk), R), (A.9)

or, expressed slightly differently,
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zk = h(xk) + ek, ek ∼ N (0, R) (A.10)

The objective of estimation theory is to estimate x in way that explains z.

The work in this thesis is an offline application. That is, all measurements are available
when estimating. The number of measurements will be denoted N , that is, all the mea-
surements are

z1, . . . , zN (A.11)

There are different ways of estimating the state at sample k, xk. Depending on what
measurements are used it is called prediction, filtering or smoothing. Another word for
smoothing is retrodiction. Prediction is performed using only previous measurements, to
estimate xk using z1, . . . , zk−M , where M > 0. This is called M -step-ahead prediction.
Filtering is doing the same thing, but using exatly the same number of measurements, esti-
mating xk using z1, . . . , zk. Finally smoothing means estimating xk using both previous
and future measurements, z1, . . . , zj where j > k. Furthermore, smoothing can be either
fixed-lag or fixed-interval. Fixed-lag smoothing means that there is a constant time-lag,
xk is estimated using measurements z1, . . . , zk+L,∀k, for some L. This is suitable when
the number of samples is increasing over time. Fixed-interval smoothing on the other
hand means that given a fixed number of data points, xk is estimated using all data points,
z1, . . . , zN . All the different sets of data used to estimate xk are visualized in (A.12).
An estimate of xk given measurements up to sample j will be denoted x̂k|j , e.g. x̂k|k−1

denotes the one-step-ahead prediction of xk.

Fixed-interval smoothing︷ ︸︸ ︷
Fixed-lag smoothing︷ ︸︸ ︷

z1, . . . , zk−M︸ ︷︷ ︸
Prediction

, . . . , zk

︸ ︷︷ ︸
Filtering

, . . . , zk+L, . . . , zN (A.12)

In this thesis, a scalar measurement has been used, and three states, which renders the
Jacobian (or in this case more specifically, gradient) the expresssion seen in (A.13). This
is the expression used in Algorithm 2 and Algorithm 4.

h′(x) =

(
∂h

∂x1
, · · · , ∂h

∂xm

)
(A.13)

For a linear, Gaussian state-space model, i.e.
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xk+1 = Fkxk +Gvk, vk ∼ N (0, Q) (A.14)
zk = Hkxk +Dkek, ek ∼ N (0, R) (A.15)

the Best Linear Unbiased Estimator (BLUE), with respect to the variance of the prediction
error, is the Kalman filter [4]. That is, the Kalman filter minimizes

Cov(xk − x̂k|k) (A.16)

An estimator is said to be unbiased if

E(xk − x̂k|k) = 0 (A.17)

However, if nonlinear motion and measurement models are used, then the Kalman Filter
cannot be used. However, it can be generalized, since all nonlinear functions can be Taylor
expanded. This yields the Extended Kalman Filter [3]. The Extended Kalman Filter of
order 1, which uses a Taylor expansion of order one, can be seen in Algorithm 2. It is
straightforward to show that for a linear model, the Jacobian becomes the matrix. The
mapping f : Rn → Rm can be written

f(x) = Fx =

f1,1, · · · f1,n

...
. . .

...
fm,1 . . . fm,n


x1

...
xn


=

f1,1,x1 · · · f1,nxn
...

. . .
...

fm,1x1 . . . fm,nxn

 .

where fi,j is the element on row i and column j in F .

Then the Jacobian becomes

f ′(x) =


∂
∂x1

(f1,1x1) · · · ∂
∂xn

(f1,nxn)
...

. . .
...

∂
∂x1

(fm,1x1) . . . ∂
∂xn

(fm,nxn)



=

f1,1, · · · f1,n

...
. . .

...
fm,1 . . . fm,n

 = F

The Jacobians f ′x, f
′
v, h
′
x and h′e can then be replaced for F , G, H and D, respectively. If
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this is done for all Jacobians, the Kalman Filter is obtained. The Kalman Filter is often
derived directly using linear models. In this thesis, however, the Extended Kalman Filter
is used, with a linear motion model, and therefore it is presented as a special case of the
Extended Kalman Filter.

Here, the expressions are simplified, using the fact that a linear motion model has been
used in this thesis.

Algorithm 2 Extended Kalman Filter
Initialization: Choose P1|0 and x̂1|0.

For k = 1, 2, . . . , N

Sk = h′e(x̂k+1|k)Rk(h′e(x̂k+1|k))T + h′x(x̂k|k−1Pk|k−1(h′x(x̂k|k−1))T

Kk = Pkk−1(h′x(x̂k|k−1))TS−1
k

εk = yk − h(x̂k|k−1)

x̂k|k = x̂k|k−1 +Kkεk

Pk|k = Pk|k−1 − Pk|k−1(h′x(x̂k|k−1))TS−1
k h′(x̂k|k−1)Pk|k−1

x̂k+1|k = f(x̂k|k)

Pk+1|k = f ′v(x̂k|k)Qk(f ′v(x̂k|k))T + f ′x(x̂k|k)Pk|k(f ′x(x̂k|k))T

One form of fixed-interval Kalman smoother is the Rauch-Tung-Striebel Kalman Smoother
(RTSKS) [3]. In this thesis, however, that algorithm has been modified such that the EKF
is used in the forward iteration instead of the KF, and hence the RTSEKS is obtained,
seen in Algorithm 3. This is the smoother that minimizes the variance in (A.16), for
linear, Gaussian models. However, for nonlinear models it is suboptimal.

Algorithm 3 Rauch-Tung-Striebel (Extended) Kalman Smoother
1. Run the EKF described in Algorithm 2. Store both time updates and measurement

updates, x̂k|k−1, x̂k|k, Pk|k−1, Pk|k, k = 1, . . . , N .
2. Initialize x̂N |N and PN |N . Choose the measurement updates that coincide with the

notation.

For k = N,N − 1, . . . , 3, 2

x̂k−1|N = x̂k−1|k−1 + Pk−1|k−1F
T
k−1P

−1
k−1(x̂k|N − x̂k|k−1)

Pk−1|N = Pk−1|k−1 + Pk−1|k−1F
T
k−1P

−1
k|k−1(Pk|N − Pk|k−1)P−1

k|k−1Fk−1Pk−1|k−1

It is not possible to linearize discrete parameters. Therefore when discrete parameters
are included, Interacting Multiple Model (IMM) or Jump Markov Non-Linear models
(JMNL) can be used to describe a system. Then, a filter bank can be applied, which is
described in Algorithm 4.

All possible permutations of the mode parameter can be thought of as a tree, whose num-
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ber of branches grows exponentially over time. Therefore it is rarely possible to compute
all possible permutations for an entire dataset. Some branches are cut off (pruned), in
order to decrease complexity, and thus it is necessary to know which branches to keep
and which to discard. This will be addressed later. There are different methods for doing
this, with different levels of sophistication. In many cases, a fixed memory length, L is
used. This means that only differernt permutations from time k − L to k are considered.
Branches that correspond to different permutations for time < k − L are then effectively
thought of as one.

Each branch pertains to a model, and then time and measurement updates are performed
accordingly. As a consequence, M estimates are available at any point in time. Therefore,
in order to obtain one single estimate, the branches are assigned different weights. The
weights are computed such that the branches whose estimates are compatible with the
measurements (high likelihood), contribute to the estimate, whereas those that are not
compatible (low likelihood) do not contribute. This is obtained by using the likelihood to
compute the weights and then compute the centre of mass of all estimates.

Furthermore, branches with high weights are kept in the pruning step, and branches with
low weights are discarded. This can be done in diffferent ways, the simplest being to sort
the weights in descending order and keep those with the highest weights.

The splitting step is performed in order to evalute all new combinations of the mode
parameter for the next step.

The IMM used in the EKF bank can be seen in (A.18).

xk+1 =fδkk (xk, vk) (A.18a)

zk =hδkk (xk, ek) (A.18b)

vk ∼N (0, Qδkk ) (A.18c)

ek ∼N (0, Rδkk ) (A.18d)

p(δk|δk−1) =Π
(δk|δk−1)
k (A.18e)

In Algorithm 4, the simplified denotation fδk(xk) := fδk(xk, 0) and, analogously, hδk(xk) :=
hδk(xk, 0) are used.
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Algorithm 4 EKF bank part 1: Measurement updates
Given a bank of M filters for the JMNL model (2.12) each filter matched to a sequence
δi1:k, i = 1, 2, . . . ,M .
Choose the memory length L, and the size of the filter bank becomes SL, where S is the
number of mode parameters.

For k = 1, 2, . . . , N

1. Weight measurement update for i = 1, 2, . . . ,M :

ẑik|k−1 =hδ
i
k(x̂ik|k−1, tk)

Sik|k−1 =(hδ
i
k)′e(x̂k+1|k)R

δik
k ((hδ

i
k)′e(x̂k+1|k))T

+(hδ
i
k)′x(x̂ik|k−1, tk)P ikk−1((hδ

i
k)′x(x̂ik|k−1, tk))T

w̄ik|k =wik|k−1

p(zk|δi1:k, z1:k−1)

p(zk|z1:k−1)
(A.19a)

Normalize:

wik|k =
w̄ik|k∑M
j=1 w̄

j
k|k

(A.19b)

2. Pruning

Sort the weights in descending order, w1
k|k ≥ . . . ≥ wMk|k. Keep the M/S most

likely sequences, i.e. keep the sequences corresponding to w1
k|k, . . . , w

M/S
k|k , and

discard wM/S+1
k|k , . . . , wMk|k.

3. State measurement update using the EKF1 for i = 1, 2, . . . ,M :

Sik =(hδ
i
k)′e(x̂k+1|k)R

δik
k ((hδ

i
k)′e(x̂k+1|k))T (A.19c)

+(hδ
i
k)′x(x̂ik|k−1, tk)P ikk−1((hδ

i
k)′x(x̂ik|k−1, tk))T (A.19d)

Ki
k =P ik|k−1((hδ

i
k)′(x̂k|k−1, tk))T (Sik)−1 (A.19e)

εik =zk − hδ
i
k(x̂ik|k−1, tk) (A.19f)

x̂ik|k =x̂ik|k−1 +Ki
kε
i
k (A.19g)

P ik|k =P ik|k−1 − P
i
k|k−1((hδ

i
k)′x(x̂ik|k−1, tk))T (Sik)−1 (A.19h)



92 A Estimation Theory

Algorithm 5 EKF bank part 2: Time updates
Continuation of Algorithm 4.

4. State time update for i = 1, 2, . . . ,M/S

x̂ik+1|k =fδ
i
k(x̂ik|k) (A.20a)

P ik+1|k =(fδ
i
k)′x(x̂k|k)P ik|k((fδ

i
k)′x(x̂k|k))T (A.20b)

+(fδ
i
k)′v(x̂k|k)Qδ

i
k((fδ

i
k)′v(x̂k|k))T (A.20c)

5. Splitting: Let each sequence split for i = 1, 2, . . . ,M/S according to:

δi1:k+1 = (δi1:k, 0) (A.20d)

δ
i+M/S
1:k+1 = (δi1:k, 1) (A.20e)

... (A.20f)

δ
i+(S−1)M/S
1:k+1 = (δ1:k, S − 1) (A.20g)

6. Weight time update for i = 1, 2, . . . ,M

wik+1 = wik|kΠ
(δik+1,δ

i
k)

k (A.20h)
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