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We derive an exchange energy functional of generalized gradient form with a corresponding potential

that changes discontinuously at integer particle numbers. The functional is semilocal, yet incorporates key

features that are connected to the derivative discontinuity of Kohn-Sham density-functional theory. We

validate our construction for several paradigm systems and explain how it addresses central well-known

deficiencies of antecedent semilocal methods, i.e., the description of charge transfer, properly localized

orbitals, and band gaps. We find, e.g., an improved shell structure for atoms, eigenvalues that more closely

correspond to ionization energies, and an improved description of band structure where localized states

are lowered in energy.

DOI: 10.1103/PhysRevLett.111.036402 PACS numbers: 71.15.Mb, 31.15.E�

In Kohn-Sham (KS) density-functional theory (DFT)
[1,2] the fundamental limitation on the accuracy of
computationally predicted properties is set by the appro-
ximation used for the universal exchange-correlation (xc)
functional Exc½n� with nðrÞ the electron density. Currently
available approximations allow a high general accuracy
and low computational expense for applications through-
out physics, chemistry, and biology. Nevertheless, a reoc-
curring theme in the prior literature is a set of hallmark
deficiencies: an inaccurate description of charge transfer
and charge distribution in separated systems, too small
band gaps, and over-delocalized orbitals. There is a broad
multidisciplinary interest for understanding these deficien-
cies and addressing them.

These hallmark deficiencies are closely related to a set
of important exchange features completely omitted in nor-
mal semilocal approximations, e.g., the derivative discon-
tinuity (DD) [3] and the relative offset between potentials
for well-separated subsystems (cf., e.g., Ref. [4]). Such
features can be achieved with orbital functionals [5], but
at a considerable computational cost. It has so far been
unclear if it is at all possible to address these shortcomings
within semilocal DFT. In the present work we construct a
functional of generalized gradient approximation (GGA)
[6] form that includes the missing exchange features. Thus,
all of the listed hallmark deficiencies can be addressed in
DFT at the computational expense of a usual GGA
calculation.

Some prior works have modeled important exchange
features directly in the potential, rather than via the func-
tional derivative of an energy functional [7–13]. A recent
model potential of Becke and Johnson (BJ) [14] has with
various modifications shown improved polarizabilities
[15], band gaps [16,17], and atomic and molecular prop-
erties [18,19]. It was discovered that one of its decisive

positive aspects is that its asymptotic limiting value
outside a finite system depends on the eigenvalue of the
highest occupied orbital (HOMO), but not its occupation
number [14,15]. A postcorrective shift that makes the
potential asymptotically go to zero gives precisely the
type of discontinuous constant shift at integer particle
numbers that is associated with the DD [3,9,11,14,15].
However, no energy functional corresponding to the BJ
potential exists [13,20].
In the following we derive an expression for ESL

x that is
semilocal (SL) in the density and at the same time has a
functional derivative vSL

x that shows all of the attractive
properties of the BJ potential. We start from the GGA
form [6]

ESL
x ¼ Ax

Z
nðrÞ4=3FðsÞd3r; (1)

where FðsÞ is the exchange enhancement factor,

Ax ¼ �ð3=4Þð3=�Þ1=3 in Hartree atomic units, and s ¼
jrnðrÞj=ð2ð3�2Þ1=3n4=3ðrÞÞ. The asymptotic density far
outside a finite system is [7]

nðrÞ ! mICe
�2

ffiffiffiffiffiffiffiffiffi
�2�0I

p
r; (2)

where C is a system-dependent normalization constant, mi

is the occupation number of orbital i, and i ¼ I is the index
of the highest occupied orbital. To allow for the possibility
that the asymptotic potential of Eq. (2) may be nonzero, we
write �0I ¼ �I � limjrj!1vSL

x ðrÞ with �I the KS HOMO

eigenvalue. Using this density we get an expression for
the GGA potential in the long-range asymptotic limit
[Eq. (37) of Ref. [7]].
This long-range asymptotic limit is decisive for the

further considerations: in order to achieve the same posi-
tive features as the BJ potential, we have to mimic the
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asymptotic properties of the BJ potential; i.e., vx !
�

ffiffiffiffiffiffiffiffiffi
��0I

q
[15]. The first important step in our construction

is to note that the product n1=3s achieves this limit: when

Eq. (2) is inserted into n1=3s one finds n1=3s ¼ffiffiffiffiffiffiffiffiffiffiffiffi
�2�0I

q
=ð3�2Þ1=3. The second important step is that we

can now use this condition to derive a differential equation
for FðsÞ by equating the known GGA-form expression for

the asymptotic potential to the desired form �Axb1n
1=3s.

Here, a constant b1 that will be determined later was
introduced. Solving this differential equation to leading
order in s we find the solution

FðsÞ ¼ B1s lnðsÞ; (3)

with B1 ¼ 3b1. (The Supplemental Material [21] and
Refs. [22–24] present all the steps in detail.) This is a
main result of this Letter: a normal semilocal GGA-type
energy functional achieves the desired asymptotic behavior
for vSL

x if FðsÞ diverges as �s lnðsÞ.
To find an expression for FðsÞ that is reasonable for all s,

the term in Eq. (3) alone is too limited. It is not trivial to
extend the above formalism to add asymptotic terms with
system-independent prefactors (i.e., �1=r). However,
the leading term for the asymptotic behavior outside the
surface of a half-infinite bulk system is vx ! �c=z
with c a system-dependent prefactor and z the distance
to the surface [25]. For the asymptotic density in this

limit we find lnðsÞ ! constþ 2
ffiffiffiffiffiffiffiffiffiffiffiffi
�2�0I

q
z=3. Similar steps

as above, which equate the asymptotic potential to

�AxB2n
1=3s= lnðsÞ (i.e., to first order �

ffiffiffiffiffiffiffiffiffi
��0I

q
=z) give an-

other differential equation for FðsÞ with the solution

FðsÞ ¼ B2s lnð lnðsÞÞ: (4)

This term diverges more slowly than Eq. (3) in s and can be
used alongside that term. The resulting asymptote FðsÞ !
B1s lnðsÞ þ B2s lnð lnðsÞÞ can be turned into a well-behaved
FðsÞ for all s with a slight modification that recovers the
gradient expansion FðsÞ ¼ 1þ�GEs

2 with �GE ¼ 10=81
for small s [26,27]

FðsÞ ¼ 1þ B1s lnð1þ sÞ þ B2s lnð1þ lnð1þ sÞÞ; (5)

with B2 ¼ �GE � B1. Equation (7) further below reveals
that the remaining constant B1 sets the strength of the
derivative discontinuity. Similar parameters are present in
many schemes that address exchange deficiencies in func-
tionals, e.g., the mixing parameter for hybrid functionals
[28–32] and the U parameter in DFTþU [33–36].

Returning to the asymptote outside a finite system, an
asymptotic expansion of vSL

x has a constant leading term, a
term � lnðrÞ=r, a system-independent term �1=r, and
further system-dependent terms of the same order. We
can achieve that the system-independent term becomes
exactly �1=r by choosing

B1 ¼ ð3=5Þ�GE þ 8�=15: (6)

This choice is further corroborated by the tests below,
where it gives a reasonable size and behavior of the DD.
The resulting ESL

x fulfills uniform density scaling [37] and
the second order gradient expansion [26,27], but not the
local Lieb-Oxford bound (constraint ‘g’ of Ref. [38]).
In Fig. 1 we see how this FðsÞ stays close to the func-

tional by Perdew, Burke, and Ernzerhof (PBE) [38] for
small s, but increases more quickly beyond s * 0:4 to
achieve the necessary asymptote proportional to s lnðsÞ.
The divergence of FðsÞ, as opposed to most other semilocal
functionals with a vx ! 0, is an important feature of our
scheme.
We have thus finished the derivation of the functional

and now review the beneficial properties that we have
achieved by making the asymptotic potential depend on
the HOMO eigenvalue. First, we derive the value that our
potential asymptotically takes and find

lim
jrj!1

vSL
x ðrÞ ¼ ðA2

xQ
2
x=2Þð1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4�SLI =ðA2

xQ
2
xÞ

q
Þ; (7)

where Qx ¼ ð ffiffiffi
2

p
=ð3ð3�2Þ1=3ÞÞB1, and the minus sign in

front of the square root applies to the case �SLI < 0 (see the
Supplemental Material [21] for an expanded discussion).
With this knowledge we can construct a potential

v0
xðrÞ ¼ vSL

x ðrÞ þ vDD
x ; vDD

x ¼ � lim
jrj!1

vSL
x ðrÞ; (8)

that asymptotically goes to zero and has eigenvalues
f�0i g ¼ f�SLi þ vDD

x g. Note that for finding the self-
consistent Kohn-Sham orbitals it makes no difference
whether one uses vSL

x ðrÞ or v0
xðrÞ. However, due to the

dependence on �SLI the asymptotic limiting value of
vSL
x ðrÞ can change discontinuously and the realigned po-

tential v0
x then undergoes a uniform discontinuous shift. It

thus reproduces the feature associated with the DD in the
exact exchange (EXX) functional. The size of the DD �x

can be directly calculated as the difference in the two vDD
x
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FIG. 1 (color online). Exchange enhancement factor for
the functional in this work (black, solid) compared to PBE
functional (dashed, blue). The LDA enhancement factor is
identically 1.
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values. This mechanism is in perfect analogy to the dis-
continuities of the optimized effective potential [5], yet is
here reached with a semilocal functional.

The DD is closely related to a characteristic ‘step struc-
ture’ in the potential (e.g., a step in potential offset between
well separated subsystems with different chemical poten-
tials) [3,5]. In Fig. 2 we demonstrate that our potential has
this feature by plotting vSL

x and v0
x for a test density

obtained by filling (as noninteracting) the two bound states
in a system with two highly separated delta potentials of
asymmetric strength. This model represents two separated
‘clusters’ with different chemical potentials, i.e., atoms,
molecules, or any other clustering of atoms. One cluster is
‘stronger’ (i.e., a deeper delta potential giving a more
strongly bound state) and one is ‘weaker.’ This model
demonstrates many exchange features missing from typical
semilocal functionals. [Note: vDD

x is here 3 times Eq. (7),
which is the limiting value of the potential for a 1D
system.]

In close vicinity to the center of the delta potentials, vSL
x

for the double delta density and for the isolated delta
densities are the same, which is necessary for a vSL

x com-
pletely semilocal in the density. Since the asymptotic
potential for each cluster depends on the highest occupied

eigenvalue, there is a built-in offset between the two clus-
ters even in isolation, which is retained when the two
clusters are placed well separated in the same system.
The potential for the stronger cluster is higher due to theffiffiffiffiffiffiffiffiffi
��0I

q
dependence. The offset counteracts charge redistrib-

ution between the clusters, which should not be present at
large separation.
If the clusters are moved closer, the picture of two

isolated parts with individual eigenvalue spectra becomes
increasingly inaccurate. In the transition into one system
and a nonseparable set of eigenvalues, the relative offset
between the potentials becomes gradually smaller, and
there is a transfer of charge from the weaker to the stronger
cluster. However, part of the offset remains. This offset
keeps the orbital state that originated on the weak cluster
more localized compared to the corresponding computa-
tion using the LDA potential, which lacks any such offset.
A single global asymptotic limit is recovered on both

sides far away from the delta potentials, and there is a
potential peak between the separated clusters. Both these

FIG. 2 (color online). Exchange potentials from 1D model
densities. (a),(b) Exchange potentials from densities given by
individual delta potentials of strength 1 and 2 hartree.
(c) Exchange potentials from a density given by both the delta
potentials in the same system at, respectively, z ¼ 0 and 8 bohr.
The semilocal potential of this work vSL

x (blue, dashed) has a
natural absolute level built in regardless of whether the delta
potentials are handled separately, or as parts of a shared system.
The constant shift provided by vDD

x (black arrows) brings the
potential v0

x to zero for all cases but, since it is a constant
shift, the relative offset between the parts is retained in the
shared system. The LDA potential (red, dotted) provides no
such offset.

FIG. 3 (color online). Spin-up exchange potential v0
x for the

Nb atom as given by different exchange functionals. The inset
shows the difference between the functionals and the exact
exchange (EXX) potential. Note: the x scale is logarithmic and
chosen to show clearly the shell structure. The present func-
tional, like other GGAs, diverges at the atomic nucleus due to the
dependence on the Laplacian imposed by the GGA form.

FIG. 4. Spin-up exchange potential v0
x for a Mg ion. When a

small fraction of an electron is added to the Mgþ1 orbital, the
potential shifts discontinuously.
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features correspond closely to the exact potential
[4,20,39,40]. We emphasize that all these crucial potential
features are reproduced in this work with a normal semi-
local GGA-type expression using only the density and
density gradient. The only purpose of vDD

x is a final adjust-
ment of the zero of the potential such that the global
asymptotic limit v0

x ! 0.
We have implemented ESL

x and vSL
x in a code for atoms

originating from Ref. [41]. This code solves the KS equa-
tions on a logarithmic radial grid, which makes it possible
to reach a converged all-electron result without basis set
issues. We find that the functional strongly improves the
shell structure of atoms compared to usual semilocal func-
tionals, as shown for Nb in Fig. 3. The improved structure
is built into vSL

x , and the uniform shift vDD
x aligns the

asymptote to make v0
x ! 0.

We make a closer examination of the DD in an atomic
system in Fig. 4. As we take the charge of a Mg ion from
þ2 to þð2� �Þ, the zero-aligned potential v0

x makes a
discontinuous uniform shift. The shift is roughly 1=3 of
that found for EXX (not shown). Note that we do not need
to strive to reproduce the full DD of EXX, since semilocal
DFT relies on effectively including some static correlation
in the exchange functional [5,42] and the total DD is
known to be smaller than the one of EXX [43].

A further hallmark deficiency of usual semilocal func-
tionals is addressed in Table I. The HOMO eigenvalue
(relative to its proper zero, i.e., �SLI þ vDD

x ) from our
approach is much closer to the one of EXX and the
experimental ionization potential than found for usual
semilocal approaches. Total energies without correlation
contributions are of limited accuracy, yet it is noteworthy
that the agreement between the HOMO eigenvalue and the
difference between total energies of the neutral and ionized
system I�SCF

is much improved.

We have also implemented ESL
x in the computational

code Exciting, a full-electron linearized augmented plane
wave (LAPW) code [44,45]. We have calculated the band
structures for Si and Cu at experimental lattice constants,
shown in Fig. 5, and also for Ge (not shown) [46]. The Si
and Ge band structures reproduce well the general features
of EXX [43]. The band gap of functionals with a nonzero

contribution from the DD �xc needs careful consideration
[5,43,47], and there is no reason to expect the KS gap
�KS from vSL

x to accurately reproduce experimental 0 K
band gaps (for Si, � 1:17 eV and for Ge, � 0:74 eV),
given both the unclear contribution from �xc and that
our focus has been on reproducing features previously
not seen in this type of functional, rather than a complete
exchange-correlation functional optimized for accuracy.
Nevertheless, normal semilocal functionals have �xc¼0,
and the total value � ¼ �KS þ �xc tends to be much too
small. The present functional addresses this issue in a
similar way as EXX, with much increased KS gaps. We
find �Si

KS � 1:6 eV and �Ge
KS � 0:7 eV. It is especially

encouraging to find the functional to fully rectify the
qualitative deficiency of a vanishingly small gap for Ge
seen with many semilocal functionals.
Figure 5 also shows the band structure of Cu, a charac-

teristic example of incorrectly delocalized orbitals in semi-
local DFT. Localized orbitals, i.e., the d bands, move down
in energy and other bands change in accordance to GW
results, but with less magnitude [48]. Hence, the present
functional allows for a qualitative correction to band struc-
ture that has previously been unavailable within KS DFTat
the current level of computational expense.
In conclusion, this Letter has presented a closed-form

GGA-type semilocal functional that addresses over deloc-
alization, charge transfer, and the description of band
structure in semilocal DFT by reproducing exchange fea-
tures previously unavailable within KS DFTwithout using
orbital functionals.
R. A. acknowledges support from the Swedish Research

Council (VR), Grant No. 621-2011-4249 and the Linnaeus
Environment at Linköping on Nanoscale Functional
Materials (LiLi-NFM) funded by VR. S.K. acknowledges
support by the German-Israeli Foundation.

TABLE I. Energies in hartree related to the ionization of
atoms. (Note: the atomic code used only allows this investigation
for systems with spherical symmetry.)

LDAx EXX (�SLI ) (�SLI þ vDD
x )

Experimental

values

Mg, �HOMO 0.142 0.253 0.141 0.237 0.281

Mg, I�SCF 0.238 0.242 0.215 0.281

Ca, �HOMO 0.112 0.195 0.109 0.196 0.225

Ca, I�SCF 0.188 0.187 0.160 0.225

Kr, �HOMO 0.300 0.524 0.284 0.410 0.514

Cd, �HOMO 0.167 0.265 0.139 0.234 0.331

FIG. 5 (color online). Band structure of Si and Cu for the
functional in this work (black) compared to LDA (dashed red).
For Si the KS gap is 1.6 eV, i.e., much larger than the KS gap
from LDA. The Cu band structure shows a small but important
shift that brings the localized d orbitals down in energy relative
to other states (the flatter bands at �1 to �4 eV are the ones
dominated by d states). (Results using PBE at the same, experi-
mental, volume are virtually indistinguishable from LDA.)
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[15] R. Armiento, S. Kümmel, and T. Körzdörfer, Phys. Rev. B

77, 165106 (2008).
[16] F. Tran, P. Blaha, and K. Schwarz, J. Phys. Condens.

Matter 19, 196208 (2007).
[17] F. Tran and P. Blaha, Phys. Rev. Lett. 102, 226401 (2009).
[18] S. Pittalis, E. Räsänen, and C. R. Proetto, Phys. Rev. B 81,

115108 (2010).
[19] M. J. T. Oliveira, E. Räsänen, S. Pittalis, and M.A. L.

Marques, J. Chem. Theory Comput. 6, 3664 (2010).
[20] A. Karolewski, R. Armiento, and S. Kümmel, J. Chem.

Theory Comput. 5, 712 (2009).
[21] See Supplemental Material at http://link.aps.org/

supplemental/10.1103/PhysRevLett.111.036402 for more
details on the derivation of the functional and the results of
volume relaxation of bulk Al.

[22] T. Kreibich, S. Kurth, T. Grabo, and E.K. U. Gross, Adv.
Quantum Chem. 33, 31 (1998).

[23] http://www.wolfram.com/mathematica/.
[24] L. Pollack and J. P. Perdew, J. Phys. Condens. Matter 12,

1239 (2000).
[25] Z. Qian, Phys. Rev. B 85, 115124 (2012).
[26] P. R. Antoniewicz and L. Kleinman, Phys. Rev. B 31, 6779

(1985).

[27] L. Kleinman and S. Lee, Phys. Rev. B 37, 4634
(1988).

[28] A. D. Becke, J. Chem. Phys. 98, 1372 (1993).
[29] J. P. Perdew, M. Ernzerhof, and K. Burke, J. Chem. Phys.

105, 9982 (1996).
[30] M. Levy, N. H. March, and N. C. Handy, J. Chem. Phys.

104, 1989 (1996).
[31] A. Seidl, A. Görling, P. Vogl, J. A. Majewski, and M. Levy,

Phys. Rev. B 53, 3764 (1996).
[32] R. Neumann, R. H. Nobes, and N. C. Handy, Mol. Phys.

87, 1 (1996).
[33] V. I. Anisimov, J. Zaanen, and O.K. Andersen, Phys. Rev.

B 44, 943 (1991).
[34] V. I. Anisimov, I. V. Solovyev, M.A. Korotin, M. T.
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