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Abstract

Stresses and impurities may influence elastic properties, phase stability and mag-
netic behavior of metals and their alloys. A physical understanding of this influence
is of great importance to both fundamental science and technological applications.
The diverse methods used in this work allowed us to shed light on the various
aspects of the problem. In particular, in this work the thermodynamic, mag-
netic and elastic properties of Fe and Fe-Ni alloys at Earth’s inner core conditions
were investigated by means of the ab initio theory. The main features of these
calculations are on one side the extreme pressure-temperature conditions; on the
other side the strong-correlation effects, which at these conditions may play an
unexpected role. That is why I used different approaches, ranging from molecular
dynamics to the dynamical mean field theory.

Interesting possibility for the effect of non-hydrostatic stresses on the stability
of the body-centered cubic (bcc) phase of iron was observed. If detected, it could
allow for an explanation of striking contradictions in high-pressure experiments.
The influence of the alloying with Ni on the stability of Fe was studied. It was
shown that the observed reverse of the stability trend under pressure is associated
with the suppression of ferromagnetism at conditions of Earth’s inner core.

The strong correlation effects were observed in Fe3Ni by means of the dynamical
mean field theory, revealing that the local environment of iron atoms is crucial for
the strength of the on-site electronic correlations.



There is also an exciting experimental finding of our colleagues indicating that
magnetism in pure nickel survives at very high pressures up to 260 GPa, i.e. up to
the highest pressure at which magnetism in any material has ever been observed.
Our calculations of the pressure dependence of the effective exchange interaction
parameter and the hyperfine field support the picture of the ordered ferromagnetic
state in Ni at multimegabar pressures.

Further, hydrogen is believed to be an important light impurity in Earth’s core.
Thereupon the hydrogen containing FeOOH was also investigated. The prediction
of the effect of symmetrization of the hydrogen bond under pressure was made.

The universality of applied methods allowed us to study the elastic constants of
TiN, which is of high relevance to the industry of cutting tools. The importance
of taking into account the finite temperature effects in the calculations of the
elastic properties was demonstrated. Another case of practical interest is the Fe-Cr
system, a prototype of many industrial steels. For instance, it is used in cooling
pipes of pressure vessel reactors. We studied the effect of hydrostatic pressure
on the phase stability of Fe-Cr alloys and revealed intriguing differences in the
ordering tendencies depending on the Cr concentration and magnetic state of the
alloy. We showed how variation of the ordering tendency between the Fe and Cr
atoms emerges due to suppression of the local magnetic moment on the Cr atoms.

Noteworthy, hydrogen is not only the basic material playing fundamental role
on and in the Earth, it is also a very promising source of fuel, which does not
pollute the environment. In this sense the problem of hydrogen storage in Pd is
of separate but related interest and it was theoretically investigated in the present
work. The effect of vacancies on the energetically preferable position of hydrogen
in the Pd cell was addressed. My theoretical results supported the experimental
suggestion of multiple occupation of Pd vacancies by hydrogen.

Department of Physics, Chemistry and Biology (IFM)
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Abstract

Stresses and impurities may influence elastic properties, phase stability and mag-
netic behavior of metals and their alloys. A physical understanding of this influence
is of great importance to both fundamental science and technological applications.
The diverse methods used in this work allowed us to shed light on the various
aspects of the problem. In particular, in this work the thermodynamic, mag-
netic and elastic properties of Fe and Fe-Ni alloys at Earth’s inner core conditions
were investigated by means of the ab initio theory. The main features of these
calculations are on one side the extreme pressure-temperature conditions; on the
other side the strong-correlation effects, which at these conditions may play an
unexpected role. That is why I used different approaches, ranging from molecular
dynamics to the dynamical mean field theory.

Interesting possibility for the effect of non-hydrostatic stresses on the stability
of the body-centered cubic (bcc) phase of iron was observed. If detected, it could
allow for an explanation of striking contradictions in high-pressure experiments.
The influence of the alloying with Ni on the stability of Fe was studied. It was
shown that the observed reverse of the stability trend under pressure is associated
with the suppression of ferromagnetism at conditions of Earth’s inner core.

The strong correlation effects were observed in Fe3Ni by means of the dynamical
mean field theory, revealing that the local environment of iron atoms is crucial for
the strength of the on-site electronic correlations.

There is also an exciting experimental finding of our colleagues indicating that
magnetism in pure nickel survives at very high pressures up to 260 GPa, i.e. up to
the highest pressure at which magnetism in any material has ever been observed.
Our calculations of the pressure dependence of the effective exchange interaction
parameter and the hyperfine field support the picture of the ordered ferromagnetic
state in Ni at multimegabar pressures.

Further, hydrogen is believed to be an important light impurity in Earth’s core.
Thereupon the hydrogen containing FeOOH was also investigated. The prediction
of the effect of symmetrization of the hydrogen bond under pressure was made.

The universality of applied methods allowed us to study the elastic constants of
TiN, which is of high relevance to the industry of cutting tools. The importance
of taking into account the finite temperature effects in the calculations of the
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elastic properties was demonstrated. Another case of practical interest is the Fe-Cr
system, a prototype of many industrial steels. For instance, it is used in cooling
pipes of pressure vessel reactors. We studied the effect of hydrostatic pressure
on the phase stability of Fe-Cr alloys and revealed intriguing differences in the
ordering tendencies depending on the Cr concentration and magnetic state of the
alloy. We showed how variation of the ordering tendency between the Fe and Cr
atoms emerges due to suppression of the local magnetic moment on the Cr atoms.

Noteworthy, hydrogen is not only the basic material playing fundamental role
on and in the Earth, it is also a very promising source of fuel, which does not
pollute the environment. In this sense the problem of hydrogen storage in Pd is
of separate but related interest and it was theoretically investigated in the present
work. The effect of vacancies on the energetically preferable position of hydrogen
in the Pd cell was addressed. My theoretical results supported the experimental
suggestion of multiple occupation of Pd vacancies by hydrogen.



Populärvetenskaplig
sammanfattning

Temperatur, tryck och orenheter kan p̊averka s̊aväl elastiska och magnetiska som
strukturella egenskaper hos metaller och metallegeringar. En fysikalisk först̊aelse
för s̊adan p̊averkan är av stor betydelse för b̊ade grundforskning och tekniska
tillämpningar.

Vi tar oss an denna fr̊ageställning med hjälp av olika metoder baserade p̊a s̊a
kallade grundprincipsberäkningar. Detta innebär att vi endast utg̊ar ifr̊an kvant-
mekanikens lagar och information ifr̊an det periodiska systemet om de ing̊aende
atomslagen, utan justerbara parametrar fr̊an experiment. Genom s̊adana beräk-
ningar gör vi v̊ara egna experiment, men inte i laboratoriet utan snarare i datorn.
Detta l̊ater oss göra studier vid förh̊allanden som är sv̊ara att reproducera i ett
laboratorium.

Järn och järn-nickellegeringar utgör de huvudsakliga materialen i Jordens inre
kärna, där temperaturen stiger till extrema 5000− 7000 ◦C samtidigt som trycket
är 3,600,000 g̊anger högre än p̊a Jordens yta.

Det visar sig att vid s̊adana förh̊allanden förändras egenskaperna hos dessa
material drastiskt. Vi upptäcker en mycket spännande inverkan p̊a stabiliteten
hos den kubiska fasen av järn d̊a den utsätts för tryck och spänningar som inte är
jämnt fördelade. Detta kan förklara varför flera till synes lika högtrycksexperiment
verkar motsäga varandra.

Genom att använda sofistikerad dynamisk medelfältsteori visar vi att den
starka korrelationen mellan elektronerna, som i allmänhet tros förstöras vid höga
tryck och temperaturer, kvarst̊ar i järn-nickellegeringar i Jordens kärna. Följaktli-
gen kan järn i Jordens kärna ha magnetiska moment och bidra till Jordens geody-
namik. Det visar sig att den lokala omgivningen runt järnatomerna är avgörande
för styrkan i dessa korrelationer och för magnetism.

Inuti Jordens kärna kan järn ocks̊a inneh̊alla lätta orenheter. Därför är väte-
inneh̊allande järnhydrid och järnhydroxid intressanta att utforska. V̊ara undersök-
ningar pekar p̊a en ovanlig symmetri av vätebindning under höga tryck.

Eftersom de utvecklade metoderna är universellt tillämpbara har vi ocks̊a
möjlighet att studera elastiska egenskaper hos titannitrid, vilket är av stor be-
tydelse för skärverktygsindustrin. Vi visar p̊a vikten av att ta hänsyn till temper-
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atureffekter d̊a man simulerar elastiska egenskaper.
Ett annat fall av praktiskt intresse är järn-kromsystemet, en prototyp för

många industriella st̊altyper. Exempelvis används det i kylrör i tryckkärl p̊a reak-
torer. Vi studerar effekten av tryck p̊a stabiliteten hos järn-kromlegeringar och
avslöjar spännande skillnader i tendenserna för järn- och krom-atomer att ordna sig
i kristallgittret, beroende p̊a kromkoncentrationen och det magnetiska tillst̊andet
för legeringen.

Vätgas spelar inte bara en avgörande roll som grundämne för Jorden, men
är ocks̊a en mycket lovande källa för bränsle, som inte förorenar miljön. Därför
är det relaterade problemet med vätelagring i palladium av särskilt intresse, och
detta undersöks teoretiskt i detta arbete. Vi undersöker effekten av vakanser, de
tomma utrymmen som skapats av temperaturen p̊a de platser där atomer annars
skulle sitta, och hur dessa p̊averkar möjligheten att lagra väte i palladium. De
teoretiska resultaten stöder experimentella observationer av ett ovanligt beteende
hos väteatomer i palladium, och är därför av direkt relevans för forskning som
syftar till avancerad teknik för vätgaslagring.
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Chapter 1

Introduction

1.1 Overview

People were always curious about the planet they live on. Why are there magnetic
poles, what is the reason behind earthquakes and volcano eruptions, how the
interior of the Earth may affect the life on the surface? Answers to these and other
related questions were sought for centuries as the corresponding knowledge could
substantially influence the human life and perspectives of the development of the
human nation. Thereupon the investigation of the unexplored areas of our planet
became drastically important. Furthermore there is a continuous search for novel
and reliable energy sources caused by the exhaustibility of the known ones. In the
present work some important issues related to Earth’s core (consisting mainly of
iron), i.e. elastic properties, thermodynamic and mechanical stability of iron and
its alloys, as well as hydrogen behavior as a new fuel source have been considered.

The first example is the elasticity of Earth’s core. Here theoretical studies are
especially important due to the lack of available knowledge in the area, as well
as asperities of the experiments dealing with the deep interior of the Earth. The
pressure-temperature conditions of the deepest part of the Earth, its inner core,
are temperature T ∼ 5000− 7000 K and pressure P ∼ 300− 360 GPa. The exact
structure and composition are by now unknown (see Fig. 1.1 ). The only available
data comes from the meteorites and geophysical observations. They suggest that
Earth’s core consists of iron alloyed with 10-15 at. % of Ni and some unknown
light impurities.

The experimental parameters, which can be used for comparison, are the veloc-
ities of sound propagation through the core, whose values are known via detection
of the impact of earthquakes or nuclear tests. As the propagation velocities of
sound are connected with the elastic properties of the material, the knowledge of
the elastic constants gives us a possibility to model Earth’s inner core theoretically
and predict its structure and properties. Though the advanced experimental tech-
niques have been drastically improved over the past decades and now can approach
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4 Introduction

Fe + ?

Figure 1.1. Schematic representation of Earth’s structure. This figure is
an adopted version of the image by Colin Rose and Dorling Kindersley from
http://library.thinkquest.org

rather high pressures and temperatures, some specific behavior and properties of
materials can appear just at extreme conditions, still unreachable experimentally.
Therefore theory, which is only limited by its own approximations, plays very im-
portant role in high-pressure – high-temperature science. One of the most powerful
techniques, which allows for theoretical studies at extreme conditions, is molec-
ular dynamics. Talking about the extreme conditions there are some important
factors, which need to be taken into account. Some properties of the material,
such as trends in stability of different phases, might even be changed to the op-
posite ones with increase of pressure or temperature. For instance, the influence
of the alloying elements can dramatically modify characteristic properties of the
system. As it was shown in my work, alloying of iron with nickel can result in
diverse phase stabilization depending on pressure. Further, for studies of the Fe-Ni
alloy constituting Earth’s core, the knowledge of the behavior of pure nickel is also
of interest. That is why the survival of the local magnetic moment in Ni under
extreme conditions was considered in my work.

In order to get the information on what is the phase of some material at
given conditions, one needs to deal with the problem of phase stability. Using the
knowledge of the elastic properties theoretical calculations can give an answer to
the problem of mechanical stability at given conditions, i.e. to shorten the list of
all possible phases, which can be stable. Therefore in order to be able to predict
stable phases, a complex study involving all the conditions and even different
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approaches, taking into account all the relevant factors, is particularly important.
Elastic behavior bears very characteristic information about any material and
could possibly help in the solution of many problems; some of them are described
in this work. For instance, a possibility of the saw-toothed effect in the dependence
of stresses on finite distortions is discussed. The stability of iron phases at Earth’s
core conditions is considered and the range of this stability is addressed. The
suggestion is that in different materials close to mechanical instability stresses may
have crucial importance for determination of the equilibrium phase boundaries. In
experiments on iron at Earth’s core conditions there are not only difficulties in the
creation of the conditions, i.e. extremely high temperature and pressure, but also
non-hydrostatic stresses, which are often neglected in the analysis. One could think
that if pressure and temperature of Earth’s core could be achieved experimentaly,
the measured properties would be absolutely similar to those of the core. But in
reality, the deviatoric stresses which appear in experiments, as well as some other
seemingly irrelevant factors may substantially alter the situation compared with
the one in the core. However, theoretically it should be possible to investigate
phases without stresses and thus to see the “real” stability conditions.

As iron is one of the most abundant elements and it is generally presumed to
be the main component of Earth’s core, a big amount of Fe could also be found on
Earth’s surface and for centuries people were looking for new and new application
of this material. In this connection the investigation of iron as a base component
for different steels can provide help to improve applications, especially as steels are
indispensable in the modern industry. Therefore a part of my work is concentrated
on the consideration of the binary Fe-Cr alloys, the prototype for many important
industrial steels. The alloys containing more than 10 at.% of Cr are of the greatest
practical interest due to their good corrosion resistance. As these steels might be
used at conditions such as high pressure and temperatures (as details of planes,
cooling pipes of pressure vessel reactors etc.), the understanding of the pressure-
temperature influence on these alloys is important. At about 800 K, these alloys are
subject to the so-called spinodal decomposition occurring for alloy concentrations
close to 20 at.% of Cr and leading to the degradation of mechanical properties.

Further, in my work I address the role of the electronic correlations at extreme
pressure-temperature conditions, the topic which has been hardly taken seriously
until now. In many publications, the theoretical studies dedicated to the crystal
structure and properties of Earth’s core presume Fe, and therefore Fe-based alloys,
to be non-magnetic metals with insignificant electronic correlations. However,
in my work it was shown on the example of Fe3Ni that the existing electronic
correlations in iron are very sensitive to the crystal phase and local environment
of Fe atoms and in particular the presence of Ni influences the magnetic behavior.

Another material relevant to the Earth structural studies, FeOOH compound,
was considered. One notices that the hydrogen bond plays a crucial role in a wide
variety of chemical and physical processes ranging from functioning of organic life
to dynamics of planetary bodies. Under high pressures the hydrogen bonds in
FeOOH were predicted to transform from a highly asymmetric soft O–H···O to
a symmetric rigid configuration in which the proton is symmetrized between the
two oxygen atoms. My finding suggests that the hydrogen bond symmetrization
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may occur in crystalline materials, such as minerals in the Earth and planetary
interiors, at relatively low pressures if electronic transformations, such as spin
crossover, result in volume reduction.

I notice that theoretical models we develop for extreme high-temperature high-
pressure conditions can also be used for studies of technological materials under-
going temperature/pressure. In this connection, in my work the temperature de-
pendence of the elastic constants of the industrially important material TiN was
studied. The physical and mechanical properties of transition metal nitrides such
as chemical stability, high hardness, high melting point, excellent electrical and
thermal conductivity, make them good candidates for technological applications.
In particular, nitrides of early transition metals, like Ti, can be used as the build-
ing blocks for wear resistant coated cutting tools. The elastic properties of TiN
may influences many important phenomena, which determine the hard coating
performance. Furthermore, the elastic anisotropy is essential for understanding
and modeling the spinodal decomposition, which occurs in some alloys of transi-
tion metal nitrides and it is believed to be the main reason for the age hardening
effect.

Further, all the materials are known to have certain amount of defects, like
vacancies, in the crystal structure. However, concentration of most of these defects
in materials is very low at ambient conditions. At higher temperatures the defect’s
concentration can grow substantially. That is why when one tries to investigate
the properties of the material such factors as temperature, pressure, other defects,
alloying elements, as well as their synergetic effects should be taken into account.

Searching for a good material for the hydrogen storage and for new sources
of energy is of vital importance. The Pd system is of particular interest because
Pd can absorb large amounts of hydrogen and therefore can be used as a cata-
lyst in heterogeneous catalysis as well as in isolating membranes. Thin palladium
membranes have excellent hydrogen permeability and exhibit very high hydrogen
selectivity. However, the presence of hydrogen in metals influences their mechani-
cal and thermodynamic properties. Hydrogen possesses high diffusion ability and
can permeate under high hydrogen pressure into the crystal even at room tem-
peratures. It also exhibits high chemical activity and can interact with different
defects of the crystal structure. Interaction of hydrogen with vacancies in Pd
was addressed in my work and possible presence of hydrogen-vacancy clusters was
elucidated.

1.2 Methods

In order to take into account different aspects of various systems considered in
my work different methods were used. Starting from those suitable for simula-
tions of random alloys, like EMTO-CPA, going through the techniques for the
high temperature description, like AIMD, and finally the techniques, which allow
considering strong correlations in the materials, like DMFT.
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1.3 Outline

The thesis is organized as follows. In Chapter 2 first-principles techniques used
for the calculations are introduced. In Chapter 3 studies of elements and ordered
compounds are described. Chapter 4 discusses the problem of alloy description.
The influence of external conditions on the phase stability problem is highlighted
in Chapter 5. In Chapter 6 the AIMD technique is described. In Chapter 7 the
elastic properties of materials and the developed technique of their calculation are
considered. In Chapter 8 the description of my results and discussion are given.
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Chapter 2

Theoretical Background

2.1 Density Functional Theory

2.1.1 Schrödinger equation

The density functional theory (DFT) was formulated in order to replace the prob-
lem of finding a many-body wave function by a problem with just one variable,
ground state density. The Schrödinger equation allows one to describe materials
on the atomic level within the non-relativistic quantum mechanics. Originally we
are dealing with a system of many particles, electrons and ions, interacting with
each other. The formulation of the Schrödinger equation states that the wave
function Ψ of the system is given via the linear operator equation

ĤΨ = EΨ, (2.1)

where E is the energy. The Hamiltonian operator of such a system is expressed as

Ĥ =−
∑
i

∇2
i −

1

Mk

∑
k

∇2
k +
∑
i �=j

1

|ri − rj |

+
∑
k �=l

ZkZl

|Rk −Rl| − 2
∑
i,k

Zk

|ri −Rk| . (2.2)

In Eq. 2.2 Mk is the mass of the nucleus at site k, ri the electron position, and
Rk the nucleus position. The first term represents the kinetic energy of elec-
trons, second term the kinetic energy of ions, third term the electron-electron
interactions, fourth the ion-ion interactions and the last one the electron-ion in-
teractions. Notice that in Eq. 2.2 and in the following I use atomic Rydberg units

(� = 2me = e2

2 = 4πε0 = 1, where � is the reduced Planck constant ( h
2π ), me the

electron mass, and ε0 vacuum permittivity), so e and me as well as � are omitted
in the formulas.

9
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To simplify such a complex problem the Born-Oppenheimer approach was in-
troduced [1]. In this approximation nuclei which are much heavier than the elec-
trons and therefore much slower are considered as frozen particles for the electrons,
which are fast enough to attain the ground state distribution for any positions of
the nuclei in no time. Thus the potential energy for nuclei is defined as a con-
stant external potential. The electron-ion interaction term is then treated as for
electrons in the external field. This is an important simplification but alone it is
insufficient to treat real systems from first principles.

2.1.2 Hohenberg and Kohn theorems

Density functional theory was formulated by Hohenberg and Kohn in 1964 [2].
The electron density rather than the many-electron wave-function was considered
as the basic variable allowing one to completely describe the ground state prop-
erties of matter. This way many-electron problem is substituted by the effective
one-electron problem, therefore making feasible very complex calculations. All the
properties of the system can be formulated as the functionals of the ground-state
density. Hohenberg and Kohn formulated DFT as an exact theory of many-body
systems using two theorems.

Theorem 1
For any system of interacting particles in an external potential Vext(r), the po-
tential Vext(r) is determined uniquely, except for a constant, by the ground state
particle density n0(r).

Theorem 2
A universal functional for the energy E[n] in terms of the density n[r] can be
defined, valid for any external functional Vext(r). For any particular Vext(r), the
exact ground state energy of the system is the global minimum value of this func-
tional, and the density n(r) that minimizes the functional is the exact ground state
density n0(r).

2.1.3 Kohn-Sham equations

The main idea of the approach is that in order to resolve the difficult interacting
many-body problem, one can substitute it by the auxiliary system, which is easier
to calculate. So in practice it means that all the non-interacting terms in the
equation which can be solved exactly are separated from the other terms (i.e.
exchange and correlations, which bear all the many-body effects). By solving
these equations the accuracy of method is limited by the accuracy of the exchange
and correlation approximations. These equations are taking form [3](−∇2 + Veff (r)

)
φi(r) = εiφi, (2.3)

where the effective Kohn-Sham potential is

Veff (r) = Vext + 2

∫
n(r′)
|r− r′|dr

′ +
δExc[n(r)]

δn(r)
, (2.4)
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where δExc[n(r)]
δn(r) = μxc is the exchange-correlation potential, φi(r) and εi are the

Kohn-Sham eigenstates and eigenvalues, respectively. The density is calculated as

n(r) =
occ∑
i

|φi(r)|2, (2.5)

where summation is over all occupied states. The energy in this approximation
will look like

EKS = TS [n] +

∫
drVext(r)n(r) + EHartree[n] + EII + Exc[n], (2.6)

where Ts[n] = −∑occ
i 〈φi|∇2|φi〉 is the kinetic energy functional, Vext(r) the exter-

nal potential, EHartree the so-called Hartree energy (static Coulomb interaction

of the electron density, i.e.
∫ ∫ n(r)n(r′)

|r−r′| drdr′), EII the ion-ion energy, and Exc is

the exchange-correlation functional.

2.1.4 Exchange-correlation functional

The Exc could not be found exactly, but it is possible to approximate it. Therefore
different forms of this functional are possible. Here we discuss just two of them,
both were used in the present work.

Local density approximation (LDA)

During the formulation of the Kohn-Sham approach, the authors suggested to
replace the real electron density by the density of the homogeneous electron gas
when describing the exchange-correlation [4]. They proposed that the exchange-
correlation energy at each point of space is the same as in the homogeneous electron
gas of the same density. Then the expression for the energy looks like

ELDA
xc =

∫
drεhomxc (n(r))n(r). (2.7)

Generalized Gradient approximation (GGA)

After the LDA introduction, a number of other approximations to the exchange
and correlation energy were suggested. One of the developments led to the Gener-
alized Gradient approximation (GGA) (see, for example, [5]), which is supposed to
be an improvement of the LDA approximation. The idea of GGA is quite natural,
namely to make the exchange-correlation part to depend not only on the density
but also on the density gradients. Accordingly,

EGGA
xc =

∫
drεxc(n(r),∇n)n(r). (2.8)

The parameterization of the gradient correction could be chosen differently.
Some approaches try to use known quantum mechanical constrains to fix the cor-
responding parameters and control extrapolation away from known limits. Some
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try to fit parameters to reproduce known properties of atoms and molecules, mini-
mizing errors for known and similar systems. There are pluses and minuses in both
types of approaches and improvements in both directions are the ongoing process.
The diverse forms of the GGA correction lead to the creation of the different GGA
potentials, which are used for different cases with different degree of success.

2.2 Strong correlations

2.2.1 LDA+U method

The standard GGA or LDA approaches, being mean-field approximations (i.e.
an electron feels all other electrons on average and not individually) cannot in
principle describe the systems where strong correlations are present and individual
electron interactions are of importance. The simplest way to fix the problem in this
case is to couple the LDA or GGA with the ad hoc term taking care of the orbital-
dependent interaction [6, 7, 8]. This approach, so-called LDA+U (or GGA+U)
is usually considered for the systems with highly localized atomic-like orbitals on
the same site and comes from the Hubbard models known in many-body physics.
“U” stands for the Hubbard parameter describing the on-site repulsion between
two electrons.

The effect of the added term is the shift in energy of the localized orbitals
relative to the other orbitals for the cases where standard GGA or LDA approxi-
mations are known to give big errors [9]. In principle, the U parameter could be
obtained from the constrained density functional calculations and therefore could
be not adjustable, but calculated. In practice it is often chosen ad hoc to better
reproduce electronic and thermodynamic properties of the system. The U term
increases the gap between the filled and empty states when it is small or even
absent. The energy of the system in the LDA+U in a general form is

ELDA+U = ELDA − U

2
N(N − 1) +

U

2

∑
i �=j

ninj , (2.9)

where ELDA stands for the LDA total energy, N for the total number of electrons
residing in localized orbitals, and ni for the corresponding orbital occupancies.
The eigenvalues of the system are the following:

εi = εLDA
i + U

(
1

2
− ni

)
. (2.10)

This means that the occupied states shift U/2 down in energy and the empty
states shift by the same amount in the opposite direction.

2.2.2 Dynamical Mean Field Theory

DFT is a standard method in the electronic structure theory. It allows calculating
the ground state properties of most solids. However, in its practical applications a
limit of a nearly uniform density is used for the exchange and correlation energy. In
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result, it typically fails in the case of localized electron states. In order to properly
deal with such systems the Dynamical Mean Field Theory (DMFT) technique has
been developed. It is not just a fix of the problem in a way the LDA+U does.
DMFT offers a non-perturbative treatment of local interactions between electrons.
[10, 11, 12, 13, 14, 15]

In the description of the DMFT I follow [11]. In an ordinary metallic system
the valence electrons are delocalized over the whole solid, i.e. could travel through
it and do not bind to the particular atoms. The physical properties of such a
system can be described in the approximation of non-interacting electrons, whose
movement is only weakly renormalized due to the electron-electron Coulomb re-
pulsion. However, in some materials valence electrons spend longer time around
particular atoms. In this case the physical properties of electrons cannot be de-
scribed assuming the picture of independent particles. The localized electrons
experience a strong mutual local Coulomb repulsion, and correlations between
motions of different localized electrons become important. In the case when the
Coulomb repulsion dominates over the electronic kinetic energy the inter-site hop-
ping of electrons becomes completely suppressed and the metallic solid undergoes
a transition to the so-called Mott insulator state. This formation mechanism for
an insulator is obviously different from the one for a standard (band) insulator
where the valence band is fully occupied and separated from the conduction band
by the band gap.

However, when the Coulomb interaction is not sufficiently strong to suppress
the inter-site hopping completely, the solid remains in a metallic, though strongly
correlated, state. The strong electronic correlations usually emerge in materials
with narrow bands associated with partially filled d- or f - shells, namely 3d and
4d transition metals (3d-shell: from Ti to Cu and 4d-shell from Zr to Ag), rare
earth metals (4f -shell from Ce to Yb) and actinide elements (5f -shell from Th
to No). For instance, in the case of a partially filled 3d shell, the 4s orbitals
extend much further from the nucleus than the 3d orbitals and overlap rather
strongly, forming dispersive itinerant bands in solids. The 3d wavefunctions are
situated more closely to the nuclei and their direct overlap is small. Because of
that 3d-bands are narrower, and 3d electrons are often rather strongly correlated
even in elementary metals (e.g. iron). The overlap between orbitals L and L′

on neighboring atomic sites R and R′ is a key parameter controlling the kinetic
energy. The estimation of this overlap t could be obtained in the following way

tLL′
RR′ ∼

∫
drχ∗

L(r−R)
�
2∇2

2m
χL′(r−R′), (2.11)

where χ∗
L(r−R) stands for a Wannier-like wave function of the orbital character

L centered on the atomic site R. The other key parameter is the strength of
the Coulomb repulsion between electrons in the localized orbitals. The Hubbard
repulsion U is the repulsion between the electrons occupying the same site (it is
a scalar in the one-band case and a matrix otherwise). It can be estimated as
follows

U ∼
∫
drdr′|χL(r−R)|2Us(r− r′)|χL(r

′ −R)|2. (2.12)
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In this expression Us is the interaction between electrons including the screening
effects by other electrons in the solid. Often the Hubbard-U term for the correlated
electrons is added ad hoc.

The LDA+DMFT method supposes that the correlation effects on the sp states
can be treated within the LDA, and the DMFT is used for the more localized states.
So one can define the subspace of orthogonal and normalized “correlated states”.
Usually the correlated states are defined as atomic-like d or f orbitals represented
by localized in the real space Wannier-like functions.

In the LDA+DMFT method the solid is usually represented with an effective
multiband Hubbard Hamiltonian. However, here for the sake of simplicity I give
the description of a system using the single tight-binding band Hubbard model
[16, 17, 18]. This model describes the single level atoms with the Wannier orbitals
centered on the sites of the crystal lattice. The Hamiltonian of this system can be
written as

Ĥ = −
∑
ij,σ

tijc
+
iσcjσ + U

∑
i

ni↑ni↓ + ε0
∑
iσ

niσ. (2.13)

where i and j are the lattice sites, σ the spin, tij describes hopping between i and
j when an electron is created on one orbital and annihilated on the other (c+ and c
are the creation and annihilation operators, respectively). As we employ the single
orbital model, the Hubbard U is a single number here. The last term represents
the energy of non-interacting particles summed up over the orbitals, where ε0 is
the energy of the corresponding bare atomic level. The DMFT formalism uses the
Green’s function approach.The basic quantity of the DMFT is the local Green’s
function at a given lattice site

Gσ
ii(τ − τ ′) = −〈Tciσ(τ)c+iσ(τ ′)〉, (2.14)

which describes the local behavior of electrons on the site and is time-dependent.
T stands for time ordering operator. At time τ an electron comes from the external
bath to the site and returns back to the bath at time τ ′. In the DMFT theory
the problem of correlated electrons on a lattice described above is mapped to an
auxiliary problem of a single site coupled to a self-consistent bath representing
all other sites in the solid. This auxiliary problem is the well-known Anderson
impurity model, which is then solved by a chosen many-body approach. The
Hamiltonian of this model will look like

Ĥ = Ĥatom + Ĥbath + Ĥcoupling, (2.15)

with interaction U turned on the impurity site

Ĥatom = Unc
↑n

c
↓ + (ε0 − μ)(nc↑ + nc

↓), (2.16)

where μ is the chemical potential, nc
σ = c+σ cσ is the number operator for the

correlated orbital c of a given spin.

Ĥbath =
∑
lσ

ε̃la
+
lσalσ, (2.17)
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where al is the set of non-interacting fermions of the bath.

Ĥcoupling =
∑
lσ

Vl(a
+
lσcσ + c+σ alσ), (2.18)

is the coupling between the impurity and the bath with Vl being the amplitude of
the electron transition from the impurity site to the bath state l and back. One may
show that the coupling of the impurity to the bath is given by the hybridization
function defined (e.g. on the Matsubara grid) through the parameters ε̃l and Vl
as follows

Δ(iωn) =
∑
l

|Vl|2
iωn − ε̃l

, (2.19)

where iωn are imaginary Matsubara frequencies. In the DMFT the hybridization
function can be considered as a dynamical mean field, an analogue of the static
Weiss field in the mean-field theory of magnetism. It is then chosen in such a way
that impurity Green’s function coincides with the local Green’s function of the
lattice Hubbard model. The bath Green’s function is given by

G−1
0 (iωn) = iωn + μ− ε0 −Δ(iωn). (2.20)

By solving the effective impurity model we obtain the impurity Green’s function
and then the corresponding self-energy is calculated as follows

Σimp(iωn) = G−1
0 (iωn)−G−1(iωn) = iωn + μ− ε0 −Δ(iωn)−G−1(iωn). (2.21)

On the other hand the self-energy of the lattice is connected with Green’s function
of the lattice

G(k, iωn) =
1

iωn + μ− ε0 − εk − Σ(k, iω)
, (2.22)

where Σ(k, iωn) is the self-energy of the lattice. The only approximation made in
the single-site DMFT scheme is the assumption that the lattice self-energy is the
momentum-independent (i.e. local) quantity

Σ(k, iωn) ≡ Σimp(iωn). (2.23)

From the last three equations summing over the k-vectors, we can obtain the
self-consistency condition:∑

k

1

Δ(iωn) +G(iωn)−1 − εk
= G(iωn). (2.24)

This condition relates for each frequency the dynamical mean-field hybridization
function Δ(iωn) and local Green’s function G(iωn). This equation is then solved
iteratively in course of the so-called DMFT cycle (see Fig. 2.1). The self-consistent
DMFT cycle is carried out as follows. One starts from the initial guess for the
quantum generalization of the Weiss effective field (Green’s function of the bath),
impurity Green’s function is calculated by using an appropriate solver for the
impurity model. The impurity self-energy is calculated from Σimp = G−1

0 (iωn) −
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Figure 2.1. Self-consistent DMFT cycle. See the text for details.

G−1
imp(iωn). This self-energy is then used to obtain on-site Green’s function of

the lattice model by performing the k-summation. An updated Weiss function is
then obtained, which is injected again into the impurity solver. The procedure is
repeated until the convergence is reached.

While the whole lattice problem is hardly solvable, the impurity model is usu-
ally solvable with help of different schemes. There exist a number of algorithms
called impurity solvers, which allow solving the impurity problem numerically. A
typical solver gets bath Green’s function and U as the input and provides new
impurity Green’s function self-energies as the output. These solvers have been
implemented in the DMFT framework. For instance in my work I used the CT-
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QMC (continuous time quantum Monte Carlo) solver [19]. The DMFT-cycle is
usually carried out within the DFT cycle and is solved self-consistently for a given
charge density, which is then regenerated at the next DFT iteration. Then the
many-body Hamiltonian looks like

Ĥ = ĤKS − ĤDC + ĤU , (2.25)

where the ĤKS is standard DFT Kohn-Sham term, ĤU is the many-body term
acting in the subset of correlated orbitals. ĤDC is the double-counting term.
The latter needs to be introduced into the Hamiltonian of the system, as the
contribution of the local interactions between the correlated orbitals to the total
energy is already partially included in the exchange-correlation potential.

2.3 Magnetism

Magnetic properties of materials are of great importance. In particular, the phase
stability can depend on the magnetic state. Among many of the magnetic prop-
erties most interesting in my work are the magnetic moments, types of magnetic
ordering, and the ordering temperature. In practice in the theoretical calculations
in order to find the stable magnetic phase we need to take into account all possi-
ble magnetic structures and compare their energies [10]. The necessary calculation
of the spin moments can be done within a spin-polarized calculation, where one
finds a solution to the Kohn-Sham equation for spin-up and spin-down states, in
which the effective Kohn-Sham potential is constructed separately for each spin
projection through the different spin-up and spin-down exchange-correlation part.

2.4 Equation of State

The equation of state (EOS) is a thermodynamic equation describing the state of
matter under a given set of physical conditions. It provides the relation between
state variables of a system, like volume and pressure, and plays an extremely im-
portant role in high-pressure physics. Our calculations give a possibility to obtain
the total energy as a function of volume and therefore to extract the pressure-
volume dependence from that. The EOS can be chosen differently depending on
the external conditions. Typical examples of the widely used equations are the
Murnaghan and Birch-Murnaghan equations. Murnaghan equation of state [20]
comes from the assumption that the bulk modulus is a linear function of pressure,
i.e. B = B0 + PB′

0, where P is pressure, B the bulk modulus, B0 its equilibrium
value and B′

0 the equilibrium pressure derivative. Using this approximation the
relations for pressure of such a system can be arranged

P (V ) =
B0

B′
0

[(
V0
V

)B′
0

− 1

]
, (2.26)
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where V and V0 are volume and equilibrium volume, respectively. Accordingly the
energy can be written as

E(V ) = E0 +
B0V

B′
0

(
(V0/V )B

′
0

B′
0 − 1

+ 1

)
− B0V0
B′

0 − 1
. (2.27)

The Birch-Murnaghan equation of states is more flexible [21]. It is often used for
the description of systems at high pressure conditions

P (V ) =
3

2
B0

[(
V0
V

) 7
3

−
(
V0
V

) 5
3

]{
1 +

3

4
(B′

0 − 4)

[(
V0
V

) 2
3

− 1

]}
, (2.28)

and

E(V ) =E0 +
9

16
B0V0

×
{[(

V0
V

) 2
3

− 1

]3
B′

0 −
[(

V0
V

) 2
3

− 1

]2 [
4

(
V0
V

) 2
3

− 6

]}
. (2.29)

There are many more forms of the EOS suggested by different authors, which we
do not use in this work and accordingly do not discuss in the thesis.



Chapter 3

Studies of elements and ordered
compounds

To be able to study particular materials in the framework of the DFT one needs
good methods to solve the actual Kohn-Sham equations. In the case of elements
and ordered compounds one can make full use of the periodicity of the crystals.
The famous Bloch’s theorem [22] states that the wavefunction of an electron within
a perfectly periodic potential may be written as

ψj,k(r) = uj(r)e
ik·r, (3.1)

where uj(r) is a function that possesses the periodicity of the potential, i.e. uj(r+
an) = uj(r), where an is any integer number of periods of the unit cell. Here j
is the band index, and k is a wavevector, which is confined to the first Brillouin
zone. That is instead of unfeasible attempts to treat 1023 number of electrons in a
typical crystal, it is only necessary to consider the number of electrons within one
unit cell. With help of Bloch’s theorem one can solve the Kohn-Sham equations
and the standard way is to do it by expanding the one-electron wavefunctions, i.e.
solutions to the Kohn-Sham equations, with respect to some basis set of known
functions. In principle it does not matter how the set looks like if it is complete,
so any possible wavefunction can be expanded exactly. In practice one cannot deal
with the basis sets of infinite size and some truncation is always needed.

There are two big groups of the widely used basis sets. The first one deals with
local atomic-like orbitals and has advances in naturally capturing the atomic-like
features in the crystals. The difficulties usually lie in the convergence issues and
necessity to use non-smooth all electron wavefunctions all the way. The latter
makes the corresponding methods rather time-consuming unless some additional
approximations (like the use of spherical potentials) are introduced. The second
group deals with the plane-wave basis set. Due to simplicity of plane-waves they
are very suitable for efficient numerical schemes basically at every stage of the
calculations. The difficulty lies in the convergence issue as the plane-wave basis

19
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set with reasonable truncation of the number of the plane waves is appropriate only
for smooth functions. The solution of the smoothness problem is done elegantly
in the pseudopotential-based approaches.

3.1 Pseudopotential approach

The all electron wave functions of atoms in the whole system may be divided into
two regions. In the so-called core region the wave function oscillates and beyond
that (the so-called valence electron region) the wave function is rather smooth.
The valence electron region provides the most important information about the
system properties such as bonding etc. So the essential idea of the pseudopotential
approach is to substitute the oscillating part of the wavefunction with a smooth
one, which at the same time preserves the properties of the system and is connected
with the valence electron part at the border of the core region in a continuously
differentiable way. To get a good pseudopotential the wavefunction should be
as smooth as possible but not at the cost of accuracy. The core states do not
contribute much to the bonding and are not affected by it. From the point of view
of the computation time, to treat each additional electron is time consuming. The
pseudopotential approach was suggested by Hellmann [23, 24] and developed by
Phillips and Kleinman in 1959 [25]. The pseudopotential transformation [25] is
the basis for pseudopotential approaches. One goes from the original equation for
the valence eigenstates ψv

j

[−∇2 + V (r)]ψv
j (r) = εvjψ

v
j (r) (3.2)

to the one for the smooth wavefunction ψ̃v
j

[−∇2 + Ṽ ]ψ̃v
j (r) = εvj ψ̃

v
j (r), (3.3)

where V (r) is the total effective potential and Ṽ = V + V ′, where V ′ψ̃v
j (r) =∑

i(ε
v
j −εci )〈ψc

i |ψv
j 〉ψc

i (r) with superscript ”c” standing for the core states. Though

Ṽ is non-local, it is much weaker than V (r). The new constructed wave functions
are eigenstates of the same Kohn-Sham equation, but with added potential term
used to treat the system and give the same eigenvalues. It is very important
that the shape of the constructed pseudopotentials is not unique and different
approximation of the potential could be used. Great success was achieved with the
invention of so-called ”norm-conserving” and later ”ultrasoft” pseudopotentials.
There are plenty of books devoted to pseudopotentials and a nice overview can be
found in [9].

The following conditions of norm-conserving potentials construction make them
accurate and very useful: i) all-electron and pseudo valence eigenvalues agree for
the chosen atomic reference configurations, for which all-electron calculations are
performed; ii) all-electron and pseudo valence wavefunctions are the same beyond
a chosen core radius; iii) the logarithmic derivatives of the all-electron and pseudo
wavefunctions are the same at the chosen core radius; iv) the integrated charge
inside the chosen core radius agrees for all-electron and pseudo wavefunctions; v)
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the first energy derivative of the logarithmic derivatives of the all-electron and
pseudo wavefunctions agrees at the chosen core radius. It is the last point which
makes the norm-conserving pseudopotentials transferable, i.e they can be used in
different systems with different local environment around the particular atoms for
which the match between the all-electron atomic and pseudo wavefunctions was
done. It turns out that point (v) is a direct consequence of the norm-conservation
condition (iv). One should notice that norm-conserving pseudopotentials definitely
achieve the goal of accuracy but usually it is accompanied by some sacrifice of
smoothness of the pseudo wavefunctions and therefore for some elements may
require rather large basis sets.

The ultrasoft pseudopotential approach [26] reformulates the problem in terms
of a smooth function and an auxiliary function around the core that represents
rapidly varying part of the density. The norm-conservation condition is lifted
but one keeps track of the difference in norm (i.e. the integrated charge inside
the chosen core radius) from the norm-conserving wavefunction and therefore can
calculate the proper valence electron density and total energy. The method was
proved to be fast and accurate for crystals composed of basically any elements.

3.2 Projector Augmented Wave Technique

This approach similarly to the ultrasoft pseudopotential method introduces pro-
jectors and auxiliary localized functions. All the electrons are treated but in the
fast oscillating region all integrals are represented as a combination of integrals of
smooth functions plus localized contributions evaluated by the radial integration
over muffin-tin spheres [9, 27].

All-electron valence functions are linearly transformed into the smooth func-
tions

ψv = τψ̃v, (3.4)

where τ is some linear projector operator. The transformation is assumed to be
unity except with a sphere centered on the nuclei. The full wavefunction in all
space looks like

|ψ〉 = |ψ̃〉+
∑
m

cm{|ψm〉 − |ψ̃m〉}, (3.5)

the coefficients are given by the following form

cm = 〈p̃m|ψ̃〉, (3.6)

where p̃m is the set of corresponding projectors. As for the pseudopotentials there
are many possible choices for the PAW potentials. Most important is that in
the PAW method the calculations can run basically as fast as in the ultrasoft
pseudopotential approach due to the use of smooth pseudowavefunctions during
the actual calculations. However, thanks to the projectors the all electron valence
wave function is always restored at the end of the calculation, so the accuracy of
the method is as good as the accuracy of standard all-electron techniques.
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3.3 Implementation in VASP

Here I would like to briefly discuss the particular implementation of the above
discussed methods in Vienna Ab-initio Simulation Package (VASP), the main tool
of my research. With the aid of this program I was able to use the molecular
dynamics approach to fully take temperature into consideration and in particular
address anharmonic atomic vibrations. VASP is used for both the static ab-initio
quantum-mechanical simulations and the ab-initio molecular dynamics (AIMD).

The code is based on the DFT (density functional theory). For the descrip-
tion of the interactions between the ions the projector-augmented wave (PAW)
technique is used with the plane wave basis set. The approach implemented in
VASP makes use of the (finite-temperature) local-density approximation (or other
density functionals appeared in the past years) with the free energy of electrons as
variational quantity. VASP allows calculating forces and the full stress tensor and
uses them to relax atoms into ground-state. Concerning the time which is required
for the calculations, as in any plane wave program it is roughly proportional to the
N3, where N is the number of ions in the system. However, the proportionality
coefficient is essentially optimized in VASP.

For the calculations of the electronic ground-state VASP uses the self-consistency
cycle, which allows to quickly find the solution of the Kohn-Sham functional. The
self-consistency loop in VASP is slightly different from the standard ones often ap-
pearing in textbooks, so I give it in Fig. 3.1 and below focus on these differences.
The details can be found on the VASP homepage (https://www.vasp.at/). The
description below follows the official VASP guide. Most of the efficient algorithms
implemented in VASP use an iterative matrix-diagonalization schemes, such as
the conjugate gradient scheme [28, 29], block Davidson scheme [30], and residual
minimization scheme [31]. For the mixing of the charge density an efficient Broy-
den/Pulay mixing scheme[32, 33] is used. Let us look at Fig. 3.1. Input charge
density and wavefunctions in VASP are independent quantities. Within each self-
consistency loop the charge density is used to set up the Hamiltonian, then the
wavefunctions are optimized iteratively to get them as close to the exact wavefunc-
tions of this Hamiltonian as possible. From the optimized wavefunctions a new
charge density is calculated, which is then mixed with the old input charge density.
The conjugate gradient and the residual minimization scheme do not recalculate
the exact Kohn-Sham eigenfunctions but an arbitrary linear combination of the
bands of lowest eigenfunctions. Therefore it is necessary to further diagonalize
the Hamiltonian in the subspace spanned by the trial-wavefunctions, and then to
perform a unitary transformation of the wavefunctions, so that the Hamiltonian
is diagonal in the subspace spanned by the transformed wavefunctions. This step
is called subspace diagonalization in Fig.3.1. The subspace diagonalization can be
performed before or after the conjugate gradient or residual minimization scheme
(as reflected in Fig. 3.1). In general all iterative algorithms used in VASP work
in the way that the target quantity is the residual vector

|Ri〉 = (Ĥ − E)|φi〉, (3.7)
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Figure 3.1. Self-consistency cycle in VASP.

where Ĥ is the Hamiltonian and

E =
〈φi|Ĥ|φi〉
〈φi|φi〉 . (3.8)

This residual vector is added to the wavefunction φi and different algorithms, which
are available in VASP, differ in the way used to achieve the residual minimization.
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Chapter 4

Studies of Alloys

Methods described in Chapter 3 allow one to calculate different properties of pure
elements and ordered compounds, i.e. systems where the atomic distribution in
the unit cell is translated over the whole cell. However, not only the presence of
impurities affects the electronic and structure properties of a given material but
also their distribution. The particular atomic arrangement may also influence the
thermodynamic and mechanical properties of a system. Clearly, the distribution
of atoms in the lattice can be changed by external factors, such as temperature.
To be able to deal with any atomic distribution one should at least know how to
tackle the disordered (or random) alloy, i.e. the alloy whose atomic distribution
on the lattice does not translate over the whole crystal and is different for each
unit cell. In this case one has equal probability to encounter any atomic config-
uration in the cell. Though such a system would formally exist only at infinite
temperature, destroying any short-range order, it is a very good model to describe
high-temperature behavior of alloys. Different methods of modeling random al-
loys were developed. In my work two of the most successful approaches were used.
One is based on the construction of big cells (so-called supercells), which help to
address the proper concentrations of components of the alloy and make their dis-
tribution in the lattice close to reality as much as the size of the supercell allows.
The second one is based on the analytical averaging over the disordered config-
urations and involves the concept of effective medium. In the effective medium
approximation the real structure with diverse types of atoms is substituted with
an effective potential medium describing the average properties of the given alloy
structure.

4.1 Supercell Approach

The idea of the supercell approach is different from that of the effective medium
approaches. The attempt is to reproduce the random structure by the periodic
structures of increased size. In this approach each atom of different sort occupies
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the exact position in the lattice. The proper concentration of the alloy components
is reached by the corresponding increase of the unit cell. This so-called supercell,
which consists of several unit-cells, is than translated using the periodic boundary
conditions. So the “randomness” of the random alloy depends on the particular
atom placing. In the case of a binary system with N sites, there are 2N possible
atomic configurations. So depending on the configuration, different values of the
total energy may be obtained. To deal with this problem, Zunger et al. introduced
the special quasirandom structures (SQS’s) [34].

4.1.1 Special Quasirandom Structures

In the SQS approach [34] the disordered alloy is represented by a supercell, i.e. a
periodic structure, but with specially designed occupation of lattice sites by atoms
of different types to mimic the alloy disorder. The construction principle of SQS’s
is the close reproduction of the random-alloy-like distribution of atoms in the first
few coordination shells around any given lattice site. Therefore deviations from
the random-alloy-like atomic distribution (which are inevitable due to periodicity
of the supercell) are deliberately accumulated at more distant coordination shells,
whose impact on the calculated property (like total energy) is expected to fall off
with increasing distance from the given site. Such a supercell is called a “special
quasirandom structure”.

In these structures with finite number of sites the correlation functions, corre-
sponding to those of an infinite random alloy, are reproduced for several nearest
coordination shells better than in the case of random occupation of lattice sites
with help of a random number generator. This gives a possibility to study alloy
properties for which the convergence with respect to the number of ”randomized”
coordination shells (and therefore the size of the supercell) can be achieved within
the limits allowed by the computer facilities at hand. In principle, to be able to
construct the SQS one needs to study the so-called effective atomic interactions
and find the convergence criteria, which may depend on the calculated physical
property, system and crystal structure [35].

As in this method the alloy is substituted by a periodic structure, any method
for calculating of ordered compounds may be used. In particular, forces can be
calculated and atomic relaxations can be performed. However, one should keep in
mind that alloy properties which explicitly depend on the non-periodicity of the
system (like transport properties) cannot be tackled by this approach.

4.2 Coherent Potential Approximation

The CPA is the best single-site approximation which assumes that an alloy can
be substituted by some ordered effective medium, parameters of which have to be
determined in a self-consistent manner. The CPA was originally introduced by
Soven [36] to deal with the electronic structure and by Taylor [37] to deal with
phonons of disordered alloys. The CPA was combined with the multiple scattering
theory by Gyorffy [38], and since then it was widely used.
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Ab initio implementations of the CPA usually relied on spherical potentials and
the main problem used to be the accuracy of calculations. However, the accuracy
of the CPA can be drastically improved if implemented within the basis set of the
so-called exact muffin-tin orbitals (EMTO), the theory invented and developed by
Andersen [39, 40]. The EMTO-CPA method [41] combined with the full charge
density (FCD) formalism [42] allows one to calculate thermodynamic and elastic
properties of a disordered alloy with high precision. In the description of the
EMTO-CPA method I follow [43]. More details can be found in [44].

4.2.1 The EMTO theory

The Exact Muffin-Tin Orbital (EMTO) method belongs, as its predecessors, to
the class of approaches which make use of the spherical potential approximation.
However, it achieves excellent balance between the accuracy and efficiency. At
nearly the same precision the EMTO is computationally inexpensive with respect
to typical full-potential methods. It is also naturally combined with the CPA. The
obvious reason for me to use it was the possibility to simulate the disordered alloys
in an elegant way involving minimal computational efforts.

The central idea of the EMTO method is sketched in Fig. 4.1. The effective
one-electron potential is constructed in the so-called muffin-tin approximation, i.e.

v(r) ≈ vmt(r) ≡ v0 +
∑
R

[vR(rR) − v0] . (4.1)

Here R runs over the lattice sites and rR ≡ r−R. vR(rR) are spherical potentials
and they become equal to v0 outside potential spheres of radii sR, shown by large
unfilled circles in Fig. 4.1. It has been shown that for accurate representation of
the full potential v(r) the potential spheres should overlap [45].

The one-electron wave functions, Ψj , are expanded in terms of the exact muffin-
tin orbitals (EMTO’s) [39, 45, 46], ψ̄RL, i.e.

Ψj(r) =
∑
RL

ψ̄RL(εj , rR) vRL,j , (4.2)

where the expansion coefficients vRL,j have to be found. The EMTO’s are con-
structed from the screened spherical waves, ψRL(κj , r), shown as thick blue line
in Fig. 4.1. They are solutions of the Helmholtz equation[∇2 + κ2j

]
ψRL(κj , r) = 0, (4.3)

for κ2j = εj − v0, with boundary conditions given in conjunction with non overlap-
ping so-called ”hard spheres” with radii aR [39] (shown by filled circles in Fig. 4.1).
These boundary conditions require that the screened spherical waves behave like
a pure real spherical harmonic YL(r̂R) on their own a-spheres, while the YL′(r̂R′)
projections on all the other hard spheres vanish. Inside the potential spheres the
low l (l ≤ lmax, usually lmax=3) projections of the EMTO’s onto the spherical
harmonics YL(r̂) are substituted by the partial waves, φRl(εj , rR), shown as thick
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Figure 4.1. Central idea of the EMTO method. See the text for details.

red line in Fig. 4.1. They are obtained from the radial Schrödinger equation

∂2[rRφRl(εj , rR)]

∂r2R
=

[
l(l + 1)

r2R
+ vR(rR)− εj

]
rRφRl(εj , rR). (4.4)

The matching between them is realized by backwards extrapolated free-electron
solutions ϕRl(ε, rR) (shown as thin dashed black line in Fig. 4.1), which join con-
tinuously and differentiably onto the partial waves at the boundary of the potential
sphere, and continuously but not differentiably onto the screened spherical waves
at the boundary of the hard sphere. Therefore a kink is produced.

The expansion coefficients vRL,j and the one-electron energies εj in Eq. (4.2)
are determined from the condition that Ψj(r) should be a solution of the Kohn-
Sham equation in the entire space. This condition leads to the kink cancellation
equation∑

RL

aR′
[
SR′L′RL(κj ,k) − δR′RδL′L DRl(εj)

]
vRL,j(k) = 0, (4.5)

where l′, l ≤ lmax. SR′L′RL are the elements of the slope matrix [39], and they
represent the expansion coefficients of ψRL(κj , r) around site R′. With properly
chosen energy independent boundary conditions and for κ2j , SR′L′RL have short
range and weak energy dependence [39]. In Eq. (4.5) DRl(εj) is the logarithmic
derivative of ϕRl(ε, rR) at rR = aR [46, 45]. For periodic systems the slope matrix
and the expansion coefficients depend on the Bloch vector k from the first Brillouin
zone, and the summation in Eq. (4.5) runs therefore only over lattice vectors R
that belong to a unit cell. In practice, Eq. (4.5) is solved using the Green function
formalism.
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The full nonspherical charge density, and the full potential are constructed
inside the Wigner-Seitz cells. At the last iteration of the DFT self-consistency
loop they are used for the total energy calculations in the framework of the full
charge density method [46].

4.2.2 CPA combined with EMTO

Within CPA the multiple-scattering problem for an alloy is solved by substituting
the original disordered alloy (an example of the disordered binary alloy AcB1−c

is schematically shown in the left upper panel in Fig. 4.2) by an ordered lattice
of effective scatterers, or the so-called effective medium (see right upper sketch in
Fig. 4.2). The effective medium is described by a site U (but not an atomic type
i) dependent coherent potential. Thus the effective medium has the symmetry
of the underlying crystal lattice. This is different from any supercell, which even
with proper concentrations of atomic types would be of limited size and therefore
the underlying crystal symmetry would be broken in most of the cases. In the
single site approximation the properties of the effective atoms are to be calculated
self-consistently by satisfying the condition that the scattering of electrons off real
atoms embedded in the effective medium vanish on the average. The coherent
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Figure 4.2. Schematic representation of the general idea of CPA approximation for a
disordered binary alloy AcB1−c. See the text for details.
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potential in the EMTO formalism is introduced with help of the site-diagonal log-
arithmic derivative D̃UL′UL(z) for the effective scatterers, and, therefore, coherent
Green’s function or the so-called scattering path operator g̃ is calculated from Eq.
4.5 as [41]

∑
U ′′L′′

aU ′
[
SU ′L′U ′′L′′(κ,k) − δU ′U ′′D̃U ′L′U ′L′′(z)

]
g̃U ′′L′′UL(z,k) = δU ′UδL′L,

(4.6)
where every l, l′, l′′ ≤ lmax. The average of the on-site (UU) elements of Green’s
function for the alloy component i, giULUL′ , is obtained as impurity Green’s func-
tion of the i’th alloy component embedded in the effective medium (see lower panel
of Fig. 4.2) by solving the real space Dyson equation

giULUL′(z) = g̃ULUL′(z) +
∑

L′′L′′′
g̃ULUL′′(z)×

×
[
Di

Ul′′(z)δL′′L′′′ − D̃UL′′UL′′′(z)
]
giUL′′′UL′(z). (4.7)

The required vanishing of scattering on average within the CPA gives

g̃ULUL′(z) =
∑
i

ciU giULUL′(z). (4.8)

Equations (4.6),(4.7) and (4.8) are solved self-consistently and this self-consistency
cycle is nested into the DFT self-consistency loop.

One important notice should be made. giUL,UL(z) is known from Eq. 4.7 and
therefore one can construct one-electron charge density for alloy component i at
site U in the same way as for conventional EMTO calculations [43]. However,
the impurity problem in the CPA is treated within the single site approximation
and one does not actually take into account the fact that spheres of particular
alloy components may contain a non-zero net charge due to the charge transfer
between the alloy constituents. A simple way to take into account the effect of
the charge misfit on the spherical potential is to use the screened impurity model
(SIM) [47, 48, 49]. The main idea of this model is the following. Each atom of
the alloy is treated as an impurity in the effective CPA medium. The net charge
of this atom is screened completely by the first shell of nearest neighbor effective
scatterers. The screening charge is assumed to distribute uniformly among the
nearest neighbors. The model is further improved by making use of large supercell
calculations with explicit distribution of atoms in the lattice, which helps to lift
the approximation that the screening charge is accumulated exactly in the first
coordination shell (for details see [49, 50].

Within the SIM the additional shift of

ΔvCPA,i
R = −2αc

w

(
Qi,s

R − Qs
R

)
, (4.9)

is added to the spherical part of the full-potential around site R. Supercell calcu-
lations suggest that αc ≈ 0.6 (see [49] for more details). Qi,s

R (net charge of atomic
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component i at site R) and Qs
R are connected as

Qs
R =

∑
i

ciR Qi,s
R (4.10)

Obviously, in the case of an ordered system ΔvCPA,i
R = 0 and the SIM correction

disappears.
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Chapter 5

Influence of external conditions on
phase stability

The problem of phase stability, when solved, leads to the prediction of phases
of materials (including new ones) at given external conditions. The well devel-
oped theory is especially important for the description of phases at the conditions
which are not reachable experimentally but may be present in nature. The ex-
ample is Earth’s inner core where pressure and temperature are 5000 − 7000 K
and ∼ 300 − 360 GPa, respectively. Another good example is FeOOH, which
was scanned experimentally via the XRD technique, but the hydrogen positions
were not determined as they are badly seen by the suitable experimental tech-
nique. Theoretical calculations allow predicting the stable phase and accordingly
elucidating the positions of all the atoms in the structure.

In the frame of this work two different stability types will be discussed. The
phase is mechanically stable when it is in principle possible to stabilize it at given
conditions and it will not transform to other phases by itself via the no-energy-
barrier change of the shape and/or atomic positions. The phase is thermody-
namically stable if its thermodynamic potential at given conditions is minimal
comparing with those of other mechanically stable phases. It is worth mentioning
that, in particular, the phase could be stabilized or destabilized due to changes in
the environment (like, for example, oxygen or nitrogen pressure), as well as when
stresses are applied to the structure.

In terms of the thermodynamic potentials, the thermodynamic stability of the
system at zero pressure-temperature conditions is defined by its internal energy,
Eint. When temperature is not zero, i.e. at finite temperatures, the phase stability
at a given volume could be obtained with the aid of the free energy

F = Eint − TS. (5.1)

If pressure is not equal to zero but temperature is, we discuss enthalpy

H = Eint + PV. (5.2)
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And finally in order to treat the system under pressure and temperature we need
to use the Gibbs free energy

G = F + PV = Eint − TS + PV. (5.3)

5.1 Finite Pressures

The enthalpy calculation at T = 0 K or Gibbs free energy calculation at T > 0K
allows predicting the phase transitions from one stable phase into another and
obtain the transition pressure. The phase transition pressure could be obtained
from the difference between the formation enthalpies (or formation Gibbs free
energies) of two competing phases. The transition occurs at a pressure where the
difference passes zero.

5.2 Finite Temperatures

In practice theoretical calculations straightforwardly provide information about
the internal energy as well as about volume. Pressure could also be extracted.
However, to calculate the entropy term, S, is not that simple.

Talking about the phase stability of the system at finite temperatures one
should deal with thermodynamic stability. This means that different phase candi-
dates have to be considered and any of them could be the proper one if its thermo-
dynamic potential corresponding to the external conditions (like Gibbs free energy
at fixed pressure and temperature) is minimal.

There is also mechanical stability condition, which implies that the energy
change upon any small deformation of the lattice is positive. Thus the criteria of
the mechanical stability determination are connected with the elastic properties.
Namely, the calculations of stress-strain dependence allow to explicitly observe
the mechanical stability. For the stable phase the stress-strain relation is subject
to Hooke’s law and stress depends on strain linearly with the coefficients which
are called the elastic constants. This basically means that studying the stress vs
distortion curve allows one to draw a conclusion concerning the mechanical stabil-
ity. The negative slope of the stress-strain curve corresponds to the mechanically
stable phase, while the positive one illustrates the unstable phase. The deviations
from the linear behavior in Hooke’s law might be explained in terms of the elastic
constants of higher orders, which should be treated separately.

In studies of thermodynamic stability the free energy is often divided into three
contributions, Eint, harmonic, and anharmonic parts. The harmonic contribution
can be treated via the calculations of harmonic lattice vibrations or phonons. To
deal with the anharmonic term special techniques are needed. The molecular
dynamics I use to treat anharmonic systems takes care of both harmonic and
anharmonic parts of vibrations on equal footing but does not provide us with
explicit free energy.



Chapter 6

Molecular Dynamics

6.1 Aspects of high presure – high temperature
calculations

In my work I studied various materials at different external conditions, in particular
at extreme pressures and temperatures. Dealing with such conditions is rather
specific and not always the methods applied at ambient conditions are suitable.
Sometimes one can just modify them but in some cases different approaches should
be used. I would like to briefly discuss important points of calculations at high-
pressure – high-temperature conditions.

6.1.1 Ultra-high pressure calculations

In real experiment there are always limitations of what can be studied with the
experimental equipment. Further, one can just achieve the accuracy of measure-
ments allowed by the particular method. In practice any material can be put, say
in a diamond anvil cell, and undergo the maximal possible pressure allowed by the
experimental facilities. However, the real situation in nature can be different from
the conditions the experiments can offer. For instance, iron, the main constituent
of Earth’s inner core is believed to be compressed there till ∼ 360 GPa. Such
pressure is so high that one may instead need to use theoretical simulations. The
advantage of the theory is that it is in principle non-limited in the sense the ex-
periment does, so one can, for example, compress the material even till pressures
at which it would never exist in reality. The theory, on the other hand, is limited
by its own approximations. Therefore understanding of the methodology of the
ultra-high pressure calculations is very important.

35



36 Molecular Dynamics

6.1.2 Ultra-high temperature calculations

Molecular dynamics (MD) technique is a well-established way to describe the
many-body system properties at finite temperatures. It takes into account thermal
vibrations of the ions, both harmonic and anharmonic. Therefore this technique is
extremely useful for the high temperature calculations. It is especially true for the
situations where the temperature is really high and the anharmonic contribution
might be substantial, like in the case of Fe in Earth’s inner core. In many cases
the MD simulations are similar to the experiment in a way that the real atomic
movements are treated. The needed property of the material cannot be extracted
immediately, but just as an average over some time. The statistical noise is, of
course, also present. Further, one needs the equilibration of the system to be done
to get the right temperature. There are many reviews and books devoted to MD
simulations. My favorite is [51], which I use for the following description.

In standard molecular dynamics the atoms move, the forces acting on all the
atoms are collected and then the Newton’s equations of motion are integrated at
each step of the MD (for each atomic configuration). Atomic configurations come
from the following situation. We place atoms in the initial positions, calculate
forces on them, then move them according to the forces and get the next atomic
configuration at the next time step. Then we calculate forces again and re-iterate
the process as many times as we need. Using this procedure we can collect all
the data from all the steps. As already mentioned above, in order to obtain the
needed average value of some property we can average its momentarily values over
all the time steps after the system has been equilibrated. The particle positions are
chosen to be compatible with the structure we want to calculate and no overlaps of
the positions are possible. To get the required temperature, one could in principle
just rescale the atomic velocities. The usual statistical-mechanical definition of
temperature for a classical many-body system uses equipartition of energy over
all degrees of freedom that enter quadratically in the Hamiltonian of the system.
Accordingly one can express velocity from the average kinetic energy per degree
of freedom and get

〈υ2α〉 = kBT/M, (6.1)

whereM is the mass and υα is the α component of the velocity for a given particle
and averaging is done over all the particles in the system. Then temperature at
time t, T(t), can be described as following

kBT (t) =

N∑
i=1

Miυ
2
i (t)

Nf
, (6.2)

with the sum over all N particles. Here Nf is the number of degrees of freedom
(Nf = 3N − 3 for a system with N particles and fixed total moment). Therefore
to get some given temperature we need to rescale the velocities with the factor
(T/T (t))1/2.

In the actual calculations we do not calculate the velocities directly rather we
use the positions at each time step as well as forces, F , acting on the ions. Some
algorithm to integrate the Newton’s equations of motion has to be applied. The
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widely used is the Verlet algorithm, which is derived from a Taylor expansion of
the coordinate of the particle near time t. This is the simplest algorithm, which is
suitable for most of the cases. As the r(t+Δt) reflects the position of the atom at
the next step, in order to obtain it one needs to have information about the two
previous steps, i.e.

r(t+Δt) + r(t−Δt) = 2r(t) +
F (t)

m
Δt2 +O(Δt4). (6.3)

The velocity can be found as the derivative of the position with respect to time

υ(t) =
r(t+Δt)− r(t−Δt)

2Δt
. (6.4)

6.2 Temperature in MD simulations

In the molecular dynamics simulations the very important factor, which influ-
ence the various properties of the system, is temperature. To create the desired
temperature is not that simple as may look at first glance.

In MD the total energy, E, and total linear momentum are constants of motion.
Therefore molecular dynamics measures time averages using standard equations
of motion, which one needs to integrate, with ensemble averaging close to the
microcanonical ensemble. The state is fixed with E, V (volume), and N con-
served and therefore it is also called NVE-ensemble. As averaging over states
and control of the temperature is not trivial in this ensemble, it is more convenient
to choose an ensemble with other parameters conserved. The NV T or canonical
ensemble conserves values of T , V and N . This is a better choice but in this
case one needs a second system, which is in thermodynamic equilibrium with the
considered system (then its temperature is the same as the temperature of the
considered) and allows measuring the temperature. It could be done using a ther-
mostat. As the properties of the system do not depend on how we measure the
temperature, we have different possibilities to choose the thermostat system. The
temperature is related to time averaged kinetic energy as

T =
3

2kB

1

N − 1

N∑
i

〈Miυ
2
i

2
〉. (6.5)

The simplest way to proceed is the above mentioned velocity scaling. One scales
the velocities every n’th timesteps to match the kinetic energy and therefore gets
the required temperature. However, to properly reproduce the canonical ensemble
one has to do scaling at every timestep and the large number of particles is also
needed. All this may be difficult in ab-initio molecular dynamics (AIMD).

As the energy of the system consisting of N particles should fluctuate at con-
stant temperature, the mechanism for introducing the energy fluctuations can be
different. Nosé suggested [52] that instead of using stochastic collisions on the
simulated system one can couple the equations of motion to an external system
with fictitious mass, coordinates and velocities. This approach is usually used in
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the formulation of Hoover [53] and is called the Nosé-Hoover thermostat. It
is well suited even for relatively small systems and it is the thermostat which is
mainly used in this work.



Chapter 7

Elastic Properties

7.1 Basic definitions

Elastic properties of materials are of great importance to both fundamental and
applied sciences. They reflect in numbers how the materials react to external
stresses, which are sufficiently high to change the shape of the sample but too low
to change it irreversibly. Extensive calculations of elastic properties started with
the advent of first-principles methods offering the possibility to get total energies
and their derivatives with respect to volume changes or strains. Tons of data were
produced during the past years. However, most of them were obtained for the zero
temperature conditions. Such conditions are, of course, quite an idealization of
the reality. To properly take temperature effects into account is not a trivial task.
One should keep in mind that atomic vibrations in the same system can behave in
a rather different way depending on temperature. In particular they may stabilize
or destabilize selective crystal lattices dynamically or mechanically under heating
or cooling. In my work I developed a methodology to study elastic properties
of materials at basically any external conditions (including extreme temperatures
and pressures). Before proceeding to the description of the developed technique,
let me start with the basic definitions (see [54] and references therein).

In first-principles calculations at T = 0 K pressure of the system can be ob-
tained as the negative derivative of energy

P (V ) = −∂E(V )

∂V
. (7.1)

Bulk modulus is then calculated from the volume derivative of pressure or from
the second derivative of energy

B(V ) = −V ∂P
∂V

= V
∂2E(V )

∂V 2
. (7.2)

One can also calculate the pressure derivative of the bulk modulus, B′, which is
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often used in EOS’s. The elastic constants describe the reaction of the system to
the external deformation such as compression, stretching, and changing of angles
between the lattice vectors. Thus the elastic properties allow estimation of the
mechanical stability of the system relative to the shape deformation of the cell.
The adiabatic elastic constants are calculated as the second order derivatives of
the internal energy with respect to the components of the strain tensor, εij

cijkl =
1

V

∂E

∂εijεkl
, (7.3)

In the case of a linear stress-strain dependence the elastic constants can also be
obtained from Hooke’s law (via the first order derivatives of stress with respect to
strain)

σij =
∑
kl

cijklεkl. (7.4)

The elastic constants form a fourth rank tensor, which can be represented as a 6x6
matrix with maximum 21 non-equivalent elements. The number of non-equivalent
elements depends on the symmetry of the lattice. For instance, for cubic lattices
there are just three non-equivalent elastic constants. The Voigt notation replaces
any pair of indices ij in c (as well as, in principle in ε and σ) by index α according
to α=1,2,3 for ij=11,22,33, respectively; α=4 for ij=23 or 32, α=5 for ij=13 or
31, and α=6 for ij=12 or 21. Hence, for the cubic crystal this relation can be
rewritten in the matrix form as

⎛⎜⎜⎜⎜⎜⎜⎝
σ11 	→ σ1
σ22 	→ σ2
σ33 	→ σ3
σ23 	→ σ4
σ13 	→ σ5
σ12 	→ σ6

⎞⎟⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎜⎝
c11 c12 c12 0 0 0
c12 c11 c12 0 0 0
c12 c12 c11 0 0 0
0 0 0 c44 0 0
0 0 0 0 c44 0
0 0 0 0 0 c44

⎞⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎝
ε11 	→ ε1
ε22 	→ ε2
ε33 	→ ε3
2ε23 	→ ε4
2ε13 	→ ε5
2ε12 	→ ε6

⎞⎟⎟⎟⎟⎟⎟⎠ , (7.5)

where c11, c12 and c44 are the three non-equivalent elastic constants. Basically, the
elastic constants are proportionality coefficients between the strain applied to the
system and the following stress as a reaction of the system to the deformation. To
extract the elastic constants one needs to apply a certain strain to the system and
calculate the stress dependence on the value of the distortion. The other way is to
extract the elastic constants directly from the energy of the distorted system via
differentiation. As the energy change due to elastic distortion is ΔE ∼ V cijklεijεkl,
the mechanical stability condition implies that ΔE is positive upon any small
deformation. For example, for the cubic lattice the stability criteria in terms of
the second-order elastic constants are the following [54]

c44 > 0, c11 > 0, c11 − c12 > 0, c11 + 2c12 > 0. (7.6)

The initial deformation tensor is chosen depending on what elastic constants one
wants to obtain. In practice, there are many different possible variations of the cor-
responding matrix construction. The assigned matrices can be volume-conserving
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or non-volume conserving. For cubic crystals, maximum number of the distortion
matrices, which is needed to extract all three independent elastic constants, is,
of course, three. However, it is possible to decrease the number of the distortion
matrices to two for volume-conserving and even further, to extract all the elastic
constants from one non-volume conserving distortion. For the time-consuming
calculations (for instance, MD) non-volume conserving matrix construction allows
to drastically reduce the number of calculations and correspondingly dramatically
reduce the computational efforts. As the total energy usually depends on volume
(i.e. uniform strain) much stronger than on other types of strain, the application of
the volume conserving matrices is important in the case one wants to calculate the
elastic constants from the energy dependence, like it is done with the EMTO-CPA
code. However, the different ways to extract the elastic constants (from energy
and from stresses) are formally equivalent. For cubic crystals in order to obtain
the c11 and c12 elastic constants the volume conserving tetragonal or volume con-
serving orthorhombic distortion are often used. The tetragonal volume-conserving
distortion is given by

E =

⎛⎝1 + δ 0 0
0 1 + δ 0
0 0 1

(1+δ)2

⎞⎠ . (7.7)

If this distortion is applied to the cubic lattice, the elastic constants could be find
from calculated stresses via Hooke’s law as

σ11 ≈ (c11 − c12)δ. (7.8)

To extract c11 and c12 separately one can use the bulk modulus relation

B =
1

3
(c11 + 2c12). (7.9)

An orthorhombic volume-conserving distortion is given by

E =

⎛⎝1 + δ 0 0
0 1− δ 0
0 0 1

1−δ2

⎞⎠ , (7.10)

It allows to extract elastic constants c11 and c12 via

σ11 ≈ (c11 − c12)δ. (7.11)

The third elastic constant, c44 can be extracted from the volume-conserving mon-
oclinic distortion

E =

⎛⎝1 δ 0
δ 1 0
0 0 1

1−δ2

⎞⎠ . (7.12)

In this case c44 is calculated from

σ11 ≈ c44δ. (7.13)
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The non-volume conserving matrix allows to substitute two volume conserving
calculations, together with calculations done at different volumes for the bulk
modulus extraction, with just one matrix giving simultaneously c11, c12 and c44.
I found the most suitable choice for such a matrix to be

E =

⎛⎝1 + δ δ/2 0
δ/2 1 0
0 0 1

⎞⎠ , (7.14)

Here the elastic constants could be extracted as

σ11 ≈ c11δ, (7.15)

σ22 ≈ c12δ, (7.16)

σ12 ≈ c44δ. (7.17)

7.2 Acoustic velocities

The determination of single crystal elastic constants allows obtaining the acoustic
velocities using the Christoffel equation [44]

det(cijklnjnk − ρv2δil) = 0, (7.18)

where ni and v are the components of sound wave propagation direction and
sound wave phase velocity, respectively, and ρ is the density of the crystal. For
high symmetry directions the equation has two transverse and one longitudinal real
roots, which are the components of the sound wave velocity. One can introduce
an acoustic anisotropy which should reflect the ratio between the maximum and
minimum velocities along different propagation directions. For cubic crystals the
acoustic anisotropy could be, for instance, estimated following Every [55]

AE =
c11 − c12 − 2c44

c11 − c44
, (7.19)

or Zener [56]

AZ =
2c44

c11 − c12
. (7.20)

In the limiting case of an isotropic cubic crystal c′ = 1
2 (c11 − c12) = c44 and

accordingly AE = 0 and AZ = 1.

7.3 Polycrystalline elastic constants and averag-
ing methods

The polycrystalline material is the material consisting of the randomly oriented
monocrystalline grains (here we do not address their possible preferred orienta-
tions). In principle, such material is not isotropic but can be considered as isotropic
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on the average over the whole sample. For such quasi-isotropic materials the sound
velocity is isotropic but different for the longitudinal and transverse branches. The
longitudinal (or ”primary”) and transverse (or ”secondary”) velocities are given
via the polycrystalline bulk modulus, B, and shear modulus, G

vp =

√
B + 4

3G

ρ
, (7.21)

vs =

√
G

ρ
, (7.22)

where ρ is the crystal density. One should notice that for liquid materials the
shear modulus is equal to zero and therefore there are no transverse components
of the sound velocity. For the isotropic materials the Young modulus, E, and the
Poisson ratio ν are expressed via B and G as

E =
9BG

3B +G
, (7.23)

ν =
3B − 2G

2(3B +G)
. (7.24)

In the Voigt averaging method the uniform strain is assumed in the sample, while
in the Reuss method the uniform stress is considered. The resulting expressions
for the bulk and shear moduli of cubic crystals in the Voigt approach are

BV =
c11 + 2c12

3
, (7.25)

GV =
c11 − c12 + 3c44

5
. (7.26)

For the Reuss approach BR = BV and the GR modulus is

GR =
5(c11 − c12c44)

4c44 + 3(c11 − c12)
. (7.27)

One can introduce a measure of the elastic anisotropy as

AV−R =
GV −GR

GV +GR
, (7.28)

which is, of course, equal to zero for the isotropic crystals.
Using the expressions for the bulk and shear modulus it is possible to extract

the velocities of sound waves propagating through the polycrystalline cubic mate-
rial. For example, in the Voight approach

vp =

√
3c11 + 2c12 + 4c44

5ρ
, (7.29)

vs =

√
c11 − c12 + 3c44

5ρ
. (7.30)
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7.4 Methodology of stress-strain treatment in stud-
ies of elasticity

During the work on my projects I developed the methodology for the studies of
elastic properties of materials at conditions of high pressure and temperature. I
would like to briefly review some aspects which are of importance for such studies.
There are many technical details and most of them are rarely discussed in liter-
ature. Therefore the following part is rather technical but contains information
which is sufficient to directly start actual calculations of elastic constants. Further
I discuss some interesting peculiarities among different approaches to the studies
of high-temperature elasticity of cubic crystals close to mehanical instabilities.

7.4.1 Practical use of tensors

As it was written above, in order to connect the strain tensor ε with the stress
tensor σ using Hooke’s law, one needs to be able to properly operate with the
tensor. In the beginning it is important to properly apply the distortion to the
undistorted crystal, which is mathematically represented by its basis lattice vectors
�a,�b, and �c or in matrix form ⎛⎝ax ay az

bx by bz
cx cy cz

⎞⎠ . (7.31)

The general form of the strain tensor, which is applied to the system is⎛⎝ε11 ε12 ε13
ε21 ε22 ε23
ε31 ε32 ε33

⎞⎠ . (7.32)

Its diagonal components describe the shrinkage or expansion of the crystal and
leave the angles between the axes unchanged. The non-diagonal components are
responsible for the change of the angles but keep the length of the basis vectors
intact. The tensor is symmetrical, i.e. εij = εji. In order to apply it to the system
one, of course, needs to add the unitary matrix, which keeps the undistorted lattice
in case all the components of the strain tensor are zeros. So the matrix representing
the distortion looks like ⎛⎝1 + ε11 ε12 ε13

ε12 1 + ε22 ε23
ε13 ε23 1 + ε33

⎞⎠ . (7.33)

This matrix is ready to be applied to the system. The new basis lattice vectors of
the distorted crystal are obtained via the matrix multiplication⎛⎝a′x a′y a′z

b′x b′y b′z
c′x c′y c′z

⎞⎠T

=

⎛⎝1 + ε11 ε12 ε13
ε12 1 + ε22 ε23
ε13 ε23 1 + ε33

⎞⎠×
⎛⎝ax ay az
bx by bz
cx cy cz

⎞⎠T

, (7.34)
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where T stands for matrix transposition. I notice that though due to the symmetry
the matrix transposition plays no role for cubic crystals, it should not be forgotten
for other symmetries, like, for example, hexagonal. Next, the distorted lattice can
be used as the input for first-principles calculations with target output being the
stress tensor. This allows one to extract the elastic constants using Eq.(7.4) as
described above. Accordingly, one can obtain the final results. For instance, for
the orthorhombic distortion of the cubic crystal one gets

ε11 = δ, (7.35)

ε22 = −δ, (7.36)

ε33 = 1− 1

1− δ2
∼ 1 + δ2, (7.37)

ε23 = ε13 = ε12 = 0, (7.38)

and correspondingly

σ11 = c11ε11 + c12ε22 + c12ε33 = c11δ − c12δ +O(δ2) ∼ (c11 − c12)δ. (7.39)

Similarly, from the monoclinic distortion one can get

ε11 = 0, (7.40)

ε22 = 0, (7.41)

ε33 = 1− 1

1− δ2
∼ δ2, (7.42)

ε23 = ε13 = 0, ε12 = 2δ, (7.43)

and correspondingly
σ12 = 2c44ε12 = c44δ. (7.44)

7.4.2 Calculation of elastic constants at high temperatures

In order to properly describe the elastic constants of the cubic crystal we need
to apply stress, which will provoke the distortion of the structure or vice versa,
as we do in calculations, one applies strain and calculates the resulting stress. In
practice, it is possible to apply different strain components, say responsible for
the change of the angle between the lattice vectors or for the change of the vector
lengths separately. In this case the volume of the cell remains constant, but the
shape changes. If this change is small, of the order of few percent, the cell is still
treated as cubic with small deviations. From the stress tensor of such cell the
information concerning the elastic constants can be obtained.

For the cubic lattice, in order to describe all kinds of elastic constants, two
volume-conserving distortions are usual, as described above. The orthorhombic
and tetragonal distortions provide information about c′ = (c11 − c12)/2 and the
monoclinic one gives information about c44. It is also possible to create the distor-
tion, which involves all independent constants at once, allowing for extraction of all
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of them simultaneously. However, this distortion has to be volume non-conserving.
It was very useful when the time consuming molecular dynamics simulations came
into the stage. The application of such distortion decreases the time of calculations
by a factor of two (one calculates one matrix instead of two). For the standard
case of a stable structure at the considered conditions, the normal behavior of
the stress depending on the applied distortion is linear or slightly deviates from
linearity if the elastic constants of higher orders become important. However, in
the case when the structure is close to mechanical instability or the range of the
stability is narrow, the results, which are obtained from the different distortions,
may look different. It is very important to understand these results properly.

For instance in the case of bcc Fe, which was found to be stable the pressures
and temperatures corresponding to those of Earth’s core the stress vs distortion
pictures look rather different depending on the applied distortion. However, in re-
ality the results are similar. Let us discuss them in more detail. The non-volume
conserving distortion matrix allows extracting the c11 and c12 elastic constants
separately from σ11 and σ22, respectively. The volume-conserving distortion ma-
trices allow one to extract just the combination of the elastic constants, c11 − c12,
i.e. 2c′. In this sense the non-volume conserving distortion seems to be more
convenient, and this turns out to be true. However, for the systems with the lim-
ited range of mechanical stability (close to the instability region) sometimes it is
easy to overlook some important effects. Such calculations were done many times
previously [57]. Usual result is the linear dependences of σ11 and σ22 on δ and the
negative slope of the curve. Together with the obtained c11 < c12 this means that
the system is stable with just elastic constants of second order being important
and others being negligible. In fact, this happens because all the coming infor-
mation about c11 and c22 is from separate calculations. In Fig. 7.1a σ11 and σ22

0.1 0.05 0 0.05 0.1
290

300

310

320

 (G
Pa

)

orthorhombic

11

22

0.04 0.02 0 0.02 0.04
302

304

306

308

310
tetragonal

11

22

0.04 0.02 0 0.02 0.04
250

300

350

400
volume non conserving

11

22

a b c

Figure 7.1. Calculated σ11 and σ22 dependence on δ caused by the a) orthorhombic, b)
tetragonal, and c) non-volume conserving (see Eq. 7.14) lattice distorions of the 3×3×3
bcc Fe supercell at T = 5500 K.

for the orthorhombic lattice distortion are given. For σ11 one can clearly see that
the linear region with the negative slope of the curve exists in the δ interval from
-0.02 to 0.02, then the slope of the curve is changed to opposite and this means
that in the area of -0.02 to 0.02 the phase is mechanically stable, while outside this
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region the phase is unstable. So we are dealing with the phase close to the area of
mechanical instability. σ22 in the picture is plotted just for comparison. Due to
the construction of the distortion matrix it should give similar results as σ11 but
reflected across the x-axis at σ = P . The tetragonal distortion matrix constructed
with the same values of δ at first sight seems to give a different result, Fig. 7.1b.
It also has the negative slope, but the range of stability is smaller, from δ ∼ -0.01
to 0.01. Actually, it is just a feeling that the distortion changes with δ similarly
to the case of the orthorhombic matrix. In reality it goes twice as fast. This is so
because the distortion of the z axis goes as

1

(1 + δ2)
=

1

1 + 2δ + δ2
≈ 1− 2δ +O(δ2). (7.45)

It means that if we neglect the term O(δ2), applying to the system the distortion of
order of δ, we actually apply the strain of order of 2δ along the z axis. Obviously,
the effect of mechanical instability appears when the δ ∼ 0.02 is used, so for the
tetragonal distortion in the z-direction we achieve this value earlier, at δ ∼ 0.01.

Talking about the volume non-conserving distortion, from the first sight it
seems that there is no similar effect at all (see Fig. 7.1c). In fact, it is hidden in
the two almost linear curves for separated dependencies of σ11 and σ22 on δ. In
order to obtain c′, one needs to calculate the difference between σ11, which allows
to extract c11, and σ22, which allows to extract c12. It is clearly seen in Fig. 7.2b
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Figure 7.2. σ dependence on δ; a) σ11 giving c11, σ22 giving c12 and b) difference
between them corresponding to c′.

that the result of this subtraction looks exactly like the c’ dependence for the case
of the orthorhombic deformation. Therefore this shows that all the three types
of distortions give the same result. The considered phase is stable. However, the
range of stability is limited by the distortion of δ ∼ 0.02 along any axis.
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7.4.3 Thermodynamic integration

Thermodynamic integration is a method to calculate differences of free energies
between two given states, which cannot be calculated directly (as in MD simula-
tions not providing explicit entropy). Integration of the difference is done over a
defined thermodynamic path, which in principle can be rather artificial.

I developed a method to perform thermodynamic integration in the case of
the orthorhombic distortion of the bcc structure. It is similar to the approach
suggested for the tetragonal distortion by Ozolins [58]. I chose the bcc phase
as the reference state and considered a cubic volume element V0 of side length
a0 and cube faces that are perpendicular to the Cartesian axes i (i = x, y, z or
equivalently 1, 2, 3). Upon the orthorhombic deformation (Eq. 7.10) this cube
becomes an orthorhombic parallelepiped, and the areas of faces orthogonal to axis
i, Ai, vary as A1 = a20/(1 + δ), A2 = a20/(1 − δ), and A3 = a20(1 − δ2). The
free energy change due to an infinitesimal orthorhombic deformation is given by
dF =

∑
iAiσiidεi, where σii are the diagonal elements of the stress tensor and dεi

are the distortions given by dε1 = a0dδ, dε2 = −a0dδ, and dε3 = a0(2δ+O(δ3))dδ.
Integrating over δ, one obtains the following expression for the free energy change
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Figure 7.3. Calculated change of σ11 (a,c,e) and the free energy (b,d,f) due to the
orthorhombic distortion of bcc Fe at T = 5500 K (a,b), fcc (c,d) and bcc (e,f) Fe at
T = 0 K.

ΔF (δ) = V0

δ∫
0

[(〈σ11〉 − 〈σ22〉)− (〈σ11〉+ 〈σ22〉 − 2〈σ33〉)δ′ +O(δ
′3)]dδ′, (7.46)
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where 〈σii〉 is the time average of the internal stress tensor, calculated at or-
thorhombic deformation defined by δ′. The developed thermodynamic integration
technique helps to straightforwardly elucidate and analyze mechanical stability or
instability of the system.

Some results of the thermodynamic integration can be found in Fig. 7.3. Notice
that for a mechanically stable structure and small distortions σ11 depends linearly
on δ and ΔF vs. δ curve is parabolic, see Fig. 7.3(c,d). For a mechanically unstable
structure (see Fig. 7.3(e,f)) the picture is similar, but the sign of the slope of σ11(δ)
is negative and the parabolic ΔF features a maximum rather than minimum. In a
complex high-temperature case like in Fig. 7.3(a,b) the thermodynamic integration
allows one to reveal a local minimum in ΔF indicating the possibility for the
structure to exist in the limited region of distortions (see Paper [II]).
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7.4.4 Estimation of statistical errors in MD simulations

Dealing with MD simulations it is very important to be sure that the results are
converged with respect to the number of MD iterations and that the statistical
errors are small. It basically means that the further increase of the simulation
time should not influence the obtained results. Why is it important? In reality
when atoms move in the system at some temperature, their positions change in a
rather uncorrelated way to the previous times.

When we simulate this process with an MD-program, at each time-step atoms
are moved according to the forces acting on them. Each MD configuration at a
particular time is described by the positions of the atoms and forces. We obtain
the new atomic configurations following the Verlet algorithm. Hence in the MD
run all the time steps are correlated with the previous and the next ones.

As it was explained above, in order to obtain the averaged value of, say, stress
components one needs to make their averaging over the time steps. Simulation
averages are taken over runs of finite time, and this might become the reason of
statistical imprecision of the averaged values. Furthermore, the correct result can
be obtained only if one averages over non-correlated configurations, i.e. over the
time-steps which are far enough from each other. Then the intermediate steps,
which do not give the right contribution to the averaging, can be thrown out.
The result is that from the total number of MD steps, which were calculated by
the researcher, the number of the important ones is much smaller. Therefore the
real convergence may be reached at longer simulation times. There is a statistical
inefficiency estimation technique, which allows one to obtain the number of inde-
pendent MD steps in the run, as well as to estimate the statistical MD errors. In
the description below I follow [59].

If our simulation contains τrun steps, the average of the system property A can
be calculated using formula

〈A〉run =
1

τrun

τrun∑
τ=1

A(τ). (7.47)

If A(τ) is statistically independent from its values at other time steps, then the
standard deviation is given by formula

σ2(〈A〉run) = σ2(A)/τrun, (7.48)

where

σ2(A) = 〈δA2〉run =
1

τrun

τrun∑
τ=1

(A(τ)− 〈A〉run)2. (7.49)

However, in the case when A values are correlated among each other we can
artificially split the whole run into the blocks of constant number of time steps.
These blocks should contain values, which are non-correlated with the values from
other blocks, i.e. when A1(t1) from the first block is independent from A2(t1) from
the second block etc. Then

σ2(〈A〉run) = 2τAσ
2(A)/τrun. (7.50)
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Figure 7.4. The calculation of the statistical inefficiency s using the inverse-τb plot.

Accordingly one can take just one value from each block and make the average
of the required system property. This analysis was suggested by Jacucci and
Rahman [60]. The problem is, of course, that we do not know the proper length
on the block until we have started the analysis of the already calculated data. To
handle this problem one can split the MD run into blocks of length τb and average
the value in each block separately

〈A〉b = 1

τb

τb∑
τ=1

A(τ). (7.51)

Then the results of averaging for all the blocks allow one to estimate the standard
deviation with respect to the average over the whole run

σ2(〈A〉b) = 1

nb

nb∑
b=1

(〈A〉b − 〈A〉run)2. (7.52)

Its value is expected to be inversely proportional to the τb. According to Friedberg
and Cameron [61] the statistical inefficiency can be defined as the limiting ratio
of the observed standard deviation to the limit expected on the assumption of
uncorrelated Gaussian statistics

s = lim
τ→∞

τbσ
2(〈A〉)b
σ2(A)

. (7.53)

The meaning of s is that only about one configuration out of s contributes com-
pletely new information to the average. To get this value one can plot the obtained
ratio as a function of τ−1

b and the value of this function at τ−1
b → 0 will correspond
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to the required statistical inefficiency value (see Fig. 7.4, where s ∼ 150). Using
this value the statistical error can be calculated

σ(〈A〉run) = (s/τrun)
1/2 × (σ2(A))1/2. (7.54)

This methodology was used to estimate statistical errors in my calculations of
elastic properties of Fe and Fe-Ni alloys at extreme conditions.



Chapter 8

Results and Discussions

8.1 Influence of Ni on lattice stability of Fe at
T=0 K

In Paper [I] the effect of Ni and pressure on the lattice stability of Fe-Ni alloys
was studied. Under high pressure and due to alloying the properties of the system
may change substantially. This paper also illustrates the importance of taking
into account alloying even if the concentration of the alloying element is low. The
EMTO-CPA technique is perfectly suitable for the purpose of the study. The three
phases of iron, namely bcc, fcc and hcp, were considered at pressures up to P ∼ 300
GPa, which corresponds to the one of Earth’s core. The main comparison was done
between the results of the simulations at 0 and 300 GPa. In order to investigate the
aspects of thermodynamic stability in the case of zero K temperature the formation
enthalpies of competing phases should be inspected in the whole pressure interval.
The stability of the system is determined by the Gibbs free energy

G = E − TS + PV = H − TS. (8.1)

If temperature is equal to zero, the enthalpy defines the stability of the system.
To find the thermodynamically stable system at given pressure one needs to plot
the dependence of enthalpy differences of the competing phases on pressure. The
place where this curve will cross the zero line corresponds to the phase transition
pressure.

In Fig.8.1 the formation enthalpies of the bcc, fcc and hcp phases of Fe-Ni
alloy are plotted depending on the Ni content. The enthalpies of the phases are
compared with the enthalpy of the paramagnetic hcp phase calculated in the dis-
ordered local moment (DLM) approximation [62], which corresponds to the zero
level line in Fig. 8.1. For P = 0 GPa the ferromagnetic (FM) bcc phase has the
lowest enthalpy up to 45 at. % of Ni, then at higher Ni concentrations the FM
fcc phase becomes more stable. The important there is the tendency indicated
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Figure 8.1. Formation enthalpies of the ferromagnetic (FM) bcc (red line), nonmagnetic
(NM) bcc (green line) and FM fcc (black line) phases of Fe-Ni alloys as a function of
Ni content at pressure 0 GPa (left panel) and at pressure ∼ 300 GPa (right panel).
Enthalpies are given in comparison with the one of the paramagnetic hcp (modeled in
the disordered-local-moment (DLM) approximation), which is taken as the zero level line.

by the enthalpy behavior. From Fig. 8.1 it is clearly seen that the addition of
Ni tends to destabilize the bcc structure comparing with the fcc and hcp ones
(the distance between the bcc and hcp enthalpy curves shrinks with the increase
of Ni concentration). This is shown with the arrows in Fig. 8.1. However, at
P ∼ 300 GPa the trend is opposite, i.e. the difference between the enthalpies of
the non-magnetic NM-bcc and DLM-hcp phases is reduced with the increase of
Ni concentration. This basically means that the effect of Ni on the stabilization
of the bcc phase of Fe-Ni alloys reverses with pressure increase. This behavior
is associated with the suppression of ferromagnetism of Fe when going from the
ambient conditions to the conditions of Earth’s core. The bcc structure of iron is
known to be unstable at higher pressures, however it is believed to stabilize due
to the anharmonic vibrations at sufficiently high temperature. The reversed trend
phenomenon was explained in terms of the canonical band model [63, 64, 65, 66].

The canonical band model provides an element independent description of the
relative crystal structure stability. It states that the canonical energy difference
among different structures can be determined from a sum of all band energies
up to the Fermi energy. The Fermi energy is defined by the number of electrons
with all azimuthal quantum numbers l, so the crystal structure stability may be
represented as a function of the occupation of the l states. In transition metals
like Fe and Ni to neglect all but the d-bands (l = 2) is known to be a rather
good approximation. Therefore one can deduce the atomic number independent
estimate of the band contribution to the cohesive energy in terms of the first-order
moment canonical state density [63, 64, 67]. The canonical band theory in case of
Fe-Ni is a nice tool to analyze and explain trends of the lattice stability upon the
change of the band filling, as the latter is the main effect of alloying of Fe with
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Ni. Because the model is derived from the fundamental principles of quantum
mechanics, its conclusions do not depend on details of calculations and they are
rather insensitive to numerical inaccuracies typical of first-principles calculations.
One should keep in mind that the model is not supposed to be used for quantitative
prediction of a specific crystal structure at particular pressures and temperatures
but it is very useful from the qualitative point of view.

Figure 8.2. Schematic representation of the canonical band model description of the
lattice stability of transition metals. The canonical d-band energies are given for the fcc
and bcc crystal structures relative to the hcp structure as a function of the d-occupation
of the spin-down band.

In Fig.8.2 one can see the schematic representation of the energies of the com-
peting phases relative to the energy of the hcp one. The shape of the curve is
connected with the stability tendency. At zero pressure iron has bcc structure
and ferromagnetic ordering. The number of its valence electrons in the spin-down
band per atom is approximately 1.8 what is close to the minimum of the bcc curve
in Fig.8.2. As Ni has more valence electrons then Fe the addition of Ni into the
Fe lattice changes the number of electrons and overcomes the minimum. It means
that the tendency changes to the opposite one. The addition of more Ni and cor-
responding increase in the concentration of electrons will destabilize the structure
even more. However, at pressure of about 300 GPa ferromagnetism in iron should
be suppressed. The number of valence electrons in the spin-down band is then
almost doubled. This situation corresponds to the maximum of the curves in Fig.
8.2. In this case the addition of extra electrons coming from Ni will move the bcc



56 Results and Discussions

structure away from the maximum and create the tendency to its stabilization.
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8.2 Fe and Fe-Ni alloys at extreme conditios

Elucidation of Earth’s core content and structure is crucial for understanding
of Earth’s behavior influencing human life, from geodynamics to earthquakes.
Though cosmochemical and geochemical studies strongly suggest that solid Fe
alloyed with 10-15 at. % of Ni is the main constituent of Earth’s core, its exact
content and crystal structure are still a matter of debate. Recent theoretical and
experimental studies are not in agreement on what is the stable phase of iron and
iron-nickel alloy at conditions of Earth’s core (temperature about 5000 − 7000 K
and pressure around ∼ 300 − 360 GPa). While previously it was assumed that
at these conditions body-centered cubic (bcc) Fe is thermodynamically and me-
chanically unstable, molecular dynamics simulations indicate that it may stabilize
due to anharmonic lattice vibrations and impurities. Experimental data on pos-
sible formation of the bcc phase of Fe and Fe-Ni alloys at extreme conditions are
controversial. Interestingly, the influence of stresses on the stability of candidate
phases is seldom discussed in literature. This is why in Paper [II] I studied the
mechanical stability of the bcc phase of Fe and Fe0.89Ni0.11 alloy at Earth’s core
conditions using ab initio finite-temperature molecular dynamics. Applying vari-
ous distortions (volume-conserving orthorhombic, tetragonal, and monoclinic, as
well as non-volume-conserving) to the considered system I calculated the average
stress dependence on the applied distortion. I have found that the bcc phase may
indeed be mechanically stable at considered pressure-temperature conditions.

However, I have revealed a possibility of the effect in the dependence of stresses
on finite distortions, which allows one to explicitly determine the range of mechan-
ical stability of the phase (see Fig. 8.3). My results also provide a possibility to
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Figure 8.3. Calculated change of the stress component σ11 (a) and the free energy (b)
due to the orthorhombic distortion of bcc Fe at T = 5500 K and ρ = 13155 kg/m3.
Statistical errors are calculated according to Sec. 7.4.4. For the description of the ΔF
calculations see Sec. 7.4.3
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estimate the value of non-hydrostatic stresses, which, if present, may destabilize
the bcc crystal structure. The effect is robust with respect to increase of temper-
ature up to 6000 K, as well as to alloying with 10 at. % Ni (see Fig. 8.4). The
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Figure 8.4. Calculated average stress in the bcc-Fe and bcc-Fe0.89Ni0.11 alloy with
ρ = 13155 kg/m3 as a function of the orthorhombic lattice distortion at temperatures
5500 K and 6000 K. a) The σ11 change with the temperature increase. Black triangles
show the stress under the distortion of pure bcc-Fe at temperature 5500 K, the red circles
show the same stress in pure iron at 6000 K. b) The σ11 change with Ni addition. 11
at.% of Ni was added to the system. The black triangles show the stress in pure Fe at
5500 K. Red squares show the effect of the Ni addition at the same temperature.

calculated region of mechanical stability of the bcc iron modeled with a 3× 3× 3
supercell under non-hydrostatic stress at Earth’s core conditions is narrow, and
stresses of the order of 5 GPa may destabilize it. While it is unlikely that stresses
present in Earth’s core are sufficient to mechanically destabilize bcc iron, experi-
mental controversies and puzzling stabilization of diverse phases could be explained
if the observed saw-toothed stress effect would be present. Moreover, if exists it
might be common for different materials close to mechanical instability.
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I am currently running the convergence tests for bigger supercells, the plan is
to go up to 6×6×6 size. The tests are extremely time-consuming and incomplete
for now. However, they are needed to fully clarify the problem.
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8.3 Fe3Ni: effect of strong correlations

In most of theoretical studies high-pressure Fe is presumed to be a non-magnetic
metal with insignificant electronic correlations. However, electronic correlations
are known to be present in iron. Furthermore, there are some suspicions that even
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Figure 8.5. (a). The inverse magnetic susceptibility in paramagnetic state as a function
of temperature for the hcp phase, with the dashed and solid lines corresponding to the
Fe1 and the Fe2 types, respectively. (b). The same data for the bcc and fcc phases of
Fe3Ni. Dashed and solid red lines with squares correspond to the Fe1 and Fe2 types of
bcc iron atoms, respectively. The dashed-dotted black line shows the Fe atoms of the fcc
phase. The error bars show the stochastic CT-QMC error.
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the combined effect of extremely high pressure and temperature, like in Earth’s
core, may not be sufficient to suppress significant electronic correlations in param-
agnetic Fe [68]. However the effect of Ni which is known to be present in Earth’s
core was not considered so far. Therefore, in Paper [III] I calculated the bcc, fcc
and hcp phases of Fe3Ni alloy within an ab initio LDA+DMFT approach in order
to elucidate the possible effect of strong correlations. Due to the differences in the
local environment there are two non-equivalent Fe atoms in the constructed Fe3Ni
alloy in the cases of the bcc and hcp phases. Fe1 type corresponds to the iron atom
whose nearest neighbors are both iron and nickel atoms. The second iron atom
of Fe2 type is surrounded by exclusively iron atoms in the first coordination shell.
For the fcc cell all the three Fe atoms are equivalent, so one deals only with the
case where the local environment of Fe atoms contains Ni. I calculated the inverse

1000 2000 3000 4000 5000 6000
T (K)

0.4

0.6

0.8

1

1.2

1.4

!-1
 (e

V
/µ

B2 )

bcc Ni
fcc Ni
hcp Ni

Figure 8.6. The inverse magnetic susceptibility of the paramagnetic state as a function
of temperature for the Ni atom in the bcc, fcc and hcp phases of Fe3Ni. The solid red
line corresponds to the Ni atoms in the bcc structure of Fe3Ni, the dashed-dotted black
line shows the Ni atoms in the fcc structure and the blue dashed line corresponds to the
Ni atoms in the hcp structure. The error bars show the stochastic CT-QMC error.

magnetic susceptibility of the competing Fe3Ni phases and plotted its tempera-
ture dependence for temperatures in the range from 1000 K to 5800 K (see Fig.
8.5). The calculations demonstrated strong sensitivity of electronic correlations
and magnetism to the crystal structure and local atomic environment in Fe3Ni.

In the bcc-based phase the Fe2 sites having exclusively Fe in the first coordi-
nation shell feature a Curie-Weiss uniform susceptibility corresponding to a local
magnetic moment of 2.6 µB , while the Fe sites with Ni in the local environment
exhibit a weakly temperature-dependent Pauli-like susceptibility. The tempera-
ture evolution of the local susceptibility also clearly depends on the phase and
environment. It ranges from a strong inverse-temperature dependence observed in
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the bcc phase for the Fe sites with Fe only nearest neighbors to an almost constant
Pauli-like behavior for the corresponding Fe sites in the hcp phase. The suscepti-
bility of Ni atoms is Pauli-like for all structures and environments (see Fig. 8.6).
The sensitivity to the local environment was explained by broadening of the Fe
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Figure 8.7. The LDA+DMFT partial DOS of iron for the bcc, fcc and hcp phases of
Fe3Ni. The dashed black and solid red lines are the partial DOS of the Fe1 type and Fe2
types, respectively.

partial density of states (DOS) in Ni reach environment at the Fermi level (see Fig.
8.7) due to mixing with itinerant states of its Ni neighbors, which remain weakly
correlated (see Fig. 8.8). On the contrary, Fe atoms in iron reach environment
are strongly correlated (see Fig. 8.8). Correspondingly, in real iron-rich Fe-Ni bcc
alloys, if they are stable at the inner Earth core conditions, one may expect strong
variations in the correlations’ strength between different Fe sites due to variations
in the local environment. In contrast to the bcc phase, the Fe3Ni fcc and hcp
phases behave as rather weakly-correlated Fermi liquids. However, the inter-site
antiferromagnetic correlations in hcp are also significantly affected by the local
environment.
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8.4 Magnetism in highly compressed Ni

Magnetic and elastic properties of Ni under pressure were studied experimentally
up to 260 GPa. The observed magnetic hyperfine splitting indicates that Ni is
ferromagnetic in the whole pressure interval. This means that the highest pressure,
at which magnetism in any material had ever been observed, was recorded.

The ab initio calculations (Paper [IV]) revealed that the pressure evolution of
the hyperfine field, which features a maximum in the range of 100 to 225 GPa,
should be a relativistic effect. In order to confirm this effect and to understand
its origin theoretical calculations of the hyperfine field were performed within the
framework of DFT in the local spin density approximation (LSDA). The most im-
portant result is that the fully relativistic treatment, which explicitly includes the
spin-orbit coupling, reproduces all the qualitative features of the measurements,
i.e. large hyperfine splitting in Ni existing up to highest experimental pressure
reached.

Further I studied the pressure dependence of the magnetic moment. The cal-
culated magnetic moment, shown in Fig. 8.9 indeed persists up to the volumes
corresponding to P∼300 GPa. However, magnetic moments calculated at zero
temperature do not directly explain the experiments since they do not answer the
question if the ordered magnetic moments are present at room temperature. Since
in our case the hyperfine field was measured at room temperature, it unambigu-
ously shows that Ni is in the ordered ferromagnetic state and that, probably, the

Figure 8.9. Dependence of the calculated magnetic moment M and the effective ex-
change interaction parameter J0 on the unit cell volume V normalized with respect to the
equilibrium volume V0 of ferromagnetic fcc Ni. The experimental value of the magnetic
moment of Ni at zero pressure is shown for comparison
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critical pressure where it becomes paramagnetic at room temperature is at least
higher than 300 GPa. To calculate TC in an itinerant magnet such as Ni is a
highly non-trivial task [69]. Therefore, in order to confirm the experimental ob-
servation that TC still remains above room temperature at ultrahigh pressure, I
calculated the so-called effective exchange parameter, J0, of the model Heisenberg
Hamiltonian [70]

Hex = −
∑
i �=j

Jijeiej , (8.2)

where ei is a unit vector in the direction of the magnetic moment at site i. Jij
are the so-called pair exchange parameters, whose physical meaning is the energy
cost of a simultaneous rotation of two spins at sites i and j by angles −θ/2 and
θ/2 from the original directions, while all moments at other sites are fixed. If
Jij is positive this is an indication of the ferromagnetic spin alignment. If Jij is
negative, a tendency towards antiferromagnetic alignment is present. The effective
exchange parameter

J0 =
∑
j �=0

J0j (8.3)

measures the energy cost of the rotation of one spin at site i = 0 by small angle
θ from its original alignment while all other moments are fixed, for example, in
the ferromagnetic state. Single-site EMTO-CPA allows to directly calculate J0
using methodology of [70, 71]. In principle, J0 can provide an estimation of the
Curie temperature within the classical mean-field model as TC = (2/3)J0/kB but
at ambient pressure it is known to seriously underestimate TC in Ni [70]. Thus, we
focused on the pressure dependence of J0 itself, keeping in mind that in this way
we should obtain qualitative understanding of the pressure dependence of TC (the
mean-field approach should provide an estimated lower bound). Fig. 8.9 shows the
calculated J0 as a function of pressure. One may see that the pressure dependence
is very weak, indicating that the Curie temperature of Ni remains above the room
temperature all the way up to ∼ 300 GPa. Our calculations therefore support the
picture of the ordered ferromagnetic state in Ni at multimegabar pressures.
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8.5 Hydrogen bond in α-FeOOH under pressure

The hydrogen bond plays a crucial role in a wide variety of chemical and physical
processes ranging from functioning of organic life to dynamics of planetary bod-
ies. Under high pressures the hydrogen bonds were predicted to transform from
the highly asymmetric O–H···O configuration to a symmetric state in which the
hydrogen atom is placed midway between the two oxygen atoms. In spite of ex-
tensive research on water and hydroxyl containing compounds, pressure induced
hydrogen bond symmetrization has been established only in Ice X (H2O) [72].
Symmetrization of hydrogen bonds assuming their strengthening is expected to
have significant effect on the behavior of materials. In Paper [V] I theoretically
studied the hydrogen bond behavior in goethite, α-FeOOH structure. In this com-
pound at ambient conditions the configuration O–H···O is highly asymmetric (see
top panel of Fig. 8.10). I was looking for an answer whether higher compression
should lead to a formation of the symmetric O-H-O with equal O-H distances. The
experimental methods dealing with such compounds have their limitations, mostly
connected with low pressure intervals available or inability to observe hydrogen
directly. In this sense a theoretical study, allowing to explicitly consider hydrogen

Figure 8.10. The unit cell of the α-FeOOH goethite at pressures 0 GPa (upper panel)
and ∼ 60 GPa (lower panel). The red balls correspond to the oxygen atoms, the small
white balls represent the hydrogen atoms, and the iron atoms are sketched by the big
balls. Lower panel shows the symmetrization when hydrogen attains the position at the
equal distance from both nearest oxygen atoms.
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Figure 8.11. Dependence of the total energy as a function of the unit cell volume of
orthorhombic FeOOH. The afm HS solution (black symbols) is most stable from 0 to ∼57
GPa. At ∼57 GPa (see insert) it transforms to the afm LS phase (red symbols).

in the system can be of great help.

The experimentally observed α-phase of the FeOOH compound was studied
theoretically in the pressure interval from 0 to ∼ 70 GPa. Ab initio spin-polarized
calculations were carried out in the framework of the DFT with the GGA for the
exchange-correlation potential and energy. The effect of strong correlations was
included via the GGA+U approach. The anti-ferromagnetic (afm) high-spin (HS)
state with a local magnetic moment µ(Fe3+) ∼ 4.2 µB was found to have the
lowest total energy (see Fig. 8.11), namely, to be the most stable configuration
in the 0 - 57 GPa range. Above 57 GPa (inset in Fig. 8.11) most stable config-
uration is the low-spin (LS) phase (see lower panel of Fig. 8.10) with µ ∼ 1.1
µB , in good agreement with experimental results regarding the structural and the
electronic states of FeOOH. Further theoretical analysis showed (see Fig. 8.12)
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that the hydrogen bonds become nearly symmetric in the high-pressure FeOOH
phase as a consequence of the HS to LS transition. Thus two phenomena, the
electronic spin transition in Fe3+ and changes in the nature of the hydrogen bond
are closely connected. Our findings combined with the experimental study suggest
that the hydrogen bond symmetrization may occur in other inorganic transition
metal species at relatively low pressures if the pressure-induced electronic process,
such as spin crossover, occurs. This effect may be common for crystalline materials
and minerals containing water and transition metals, particularly for components
of the Earth and planetary mantles. Indeed, water is expected to be carried into
Earth’s interiors by ferric iron bearing oxides and silicates and changes in hydro-
gen bonding, induced by spin transition in iron, at conditions of the middle lower
mantle, may significantly affect water balance and dynamics.
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Figure 8.12. Asymmetry of the hydrogen bond, D, in FeOOH as a function of pressure.
The asymmetry is characterized by the difference in length between O1–H and O2···H.
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8.6 Hydrogen-Vacancy complexes in Pd

An important example of possible applications of considered theoretical methods
is the Pd-H system. Searching for the new source of fuel, hydrogen attracts atten-
tion as possible energy resource. It is an abundant element, it oxidizes easily and
the product of its reaction with oxygen is just water. As hydrogen is a gas it is not
possible to conserve it as it is without some reservoir. The first step for efficient
hydrogen conservation will be to find the membrane, which allows hydrogen to
permeate inside. In this sense the Pd system is very interesting due to its ability
to absorb large amounts of hydrogen. Due to this feature Pd can also be used as
a catalyst in heterogeneous catalysis as well as in isolating membranes. However,
hydrogen is very active chemically and when added to the crystal structure it can
influence the mechanical and thermodynamical properties of the system. One of
the interesting aspects of the hydrogenization process was studied in Paper [VI].
A real sample has defects, however, their concentration is small. Being chemically
active hydrogen may interact with crystal defects like vacancies. Further it was
shown that the large number of vacancies (up to 16 at. %) permeates into the
Pd crystal during the process of hydrogenization. Experiments indicated the pres-
ence of the clusters of vacancies though the position of hydrogen relatively to the
vacancies was not known. That was the motivation for a theoretical study of the
vacancy-hydrogen interactions. In this work the vacancy-hydrogen interaction in

According to the Bader analysis total electron count re-
lated to hydrogen in fcc Pd is close to 1 in the calculated
energetically favorable position of H and decreases on the
path to the vacancy site, where it attains its minimum value
of !0.9 electrons. Therefore we conclude that within the
LDA approximation the most energetically preferable posi-
tion for hydrogen in Pd in the presence of a vacancy corre-
sponds to the neutral rather than ionized state of hydrogen.

C. Multiple hydrogen occupancy

As it has been discussed above, the calculated vacancy
formation energy Ef in palladium is equal to 1.52 eV for the
32 atom supercell. We have also calculated, using Eq. "3#,
the vacancy formation energy in the presence of hydrogen
"Ef

H=1.301 eV#. The difference between these two numbers
comes to !Ef =0.22 eV and shows that the process of hy-
drogen absorption into palladium reduces the energy re-
quired for the vacancy formation.

As mentioned above, a vacancy in an fcc metal is coordi-
nated by six octahedral positions. In order to check the pos-
sibility for multiple hydrogen occupancy of the vacancy in
Pd, which has been predicted experimentally and in semiem-
piric calculations,12 we study in this section multiple hydro-
gen absorption process into the vacancy. Following our pre-
vious results we have studied interactions between the single
vacancy and up to six hydrogen atoms in different possible
configurations. We have defined, using Eq. "5#, the interac-
tion energy of mH-v "m=1, . . . ,6# complexes, where m is
the number of hydrogen atoms.

We have examined several possible hydrogen complexes
with different shapes and containing different number of at-
oms "Fig. 2#. Hydrogen atoms occupied the calculated ener-
getically preferable positions, that is, where coordinates were
optimized for all occupations similar to the case of a single
hydrogen occupation discussed in the previous section. We
have considered two possible constructions of the 2H-v clus-
ter, first, the one where the hydrogen atoms occupy positions
1 and 2 "see Fig. 2# near the vacancy "the compact cluster#
and, second, with the hydrogen atoms at positions 1 and 3
"the linear cluster#. Also we have compared our total energy
calculation of the linear 2H-v cluster with the cluster H2-v
containing the hydrogen molecule placed in one of the hy-
drogen sites "H2 situated on the line 1–3, with the center of
mass in 1, with the initial distance between the H atoms
corresponding to the equilibrium distance in a freestanding
H2 molecule#. In the 3H-v cluster the H atoms occupy posi-
tions 1-2-3 "triangle# or 1-2-5 "tetracluster#.

Further we have increased the number of atoms up to 6
"the 4H-v cluster with the hydrogen atoms in positions 1-2-
3-4, the 5H-v cluster with the hydrogen atoms in positions
1-2-3–4-5 and the 6H-v cluster with the hydrogen atoms in
positions 1-2-3-4-5-6#. The results are collected in Tables II
and III.

From Table II one can see that two hydrogen atoms and a
vacancy prefer to form the linear rather than compact cluster
configuration. The presence of the hydrogen molecule in pal-
ladium bulk is unfavorable being more than 1 eV higher in
energy than the linear cluster with H atoms in positions 1 and
3 in Fig. 2. For the 3H-v cluster the tetrahedral shape turns
out to be more energetically preferable.

One may see from Table III the calculated trapping energy
for a mth hydrogen atom by the "m!1#H-v cluster "!Etr

mH!v#

TABLE II. Total energy difference between different vac-2H
and vac-3H clusters. See text for the description of particular
systems.

System
!Etot
"eV#

Pd-2H-v-linear-Pd-2H-v-compact !0.044
Pd-2H-v-linear-Pd-H2-v-molecule !1.053
Pd-3H-v-tetra-Pd-3H-v-triangle !0.02

FIG. 2. "Color online# Vacancy-nH complex in fcc Pd. Dark
circles represent Pd atoms, small light circles represent hydrogen
positions. In 1H-v cluster hydrogen occupies position 1. For 2H-v
there are two different possible configurations: two hydrogen atoms
in positions 1 and 2 "the compact cluster# or in 1 and 3 "the linear
configuration#. For 3H-v cluster three hydrogen atoms are placed in
positions 1-2-3 or 1-2-5.

TABLE III. Calculated trapping energy for a mth hydrogen
atom by the "m!1#H-v cluster "!Etr

mH!v# as well as the cumulative
trapping energy for trapping m hydrogen atoms in a vacancy
"Etr

mH!v#.

System
!Etr

mH!v

"eV#
Etr

mH!v

"eV#

Pd-1H-v !0.23 !0.23
Pd-2H-v !0.24 !0.47
Pd-3H-v !0.16 !0.63
Pd-4H-v !0.16 !0.79
Pd-5H-v !0.19 !0.98
Pd-6H-v !0.18 !1.16

VEKILOVA et al. PHYSICAL REVIEW B 80, 024101 "2009#

024101-4

Figure 8.13. Vacancy-nH complex in fcc Pd. Dark circles represent Pd atoms, small
light circles represent hydrogen positions. In 1H-v cluster hydrogen occupies position 1.
For 2H-v there are two different possible configurations, two hydrogen atoms in positions
1 and 2 the compact cluster or in 1 and 3 the linear configuration. For 3H-v cluster three
hydrogen atoms are placed in positions 1, 2 and 3 or 1, 2 and 5.

fcc Pd was studied by means of ab initio first-principles calculations. The LDA
approximation was used for the 32 and 64 atoms supercells of Pd with hydrogen
atoms resided in the octahedral sites and one Pd atom substituted with the va-
cancy (Fig. 8.13). The formation energy of the monovacancy was calculated. The
hydrogen diffusion path from an octahedral site into the vacancy was studied 8.14.
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It was shown that the hydrogen atom was trapped within the vacancy and its posi-
tion was moved towards the center of vacancy. The process of filling vacancy with
hydrogen (i.e. occupying the position of the removed Pd atom) was found to be
energetically unfavorable. Further, it was shown that in the presence of a vacancy
it is preferable for the hydrogen atoms to reside near the vacancy and move to-
wards it. As around each site in the fcc system there are 6 nearest octahedral sites,
the appearance of vacancy-6H clusters is possible (see Fig. 8.13). Also this possi-
bility was indicated in the experimental and semiempirical studies. The addition
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Figure 8.14. Variation in the total energy in the 32-site supercell with one vacancy and
1 interstitial H atom as a function of hydrogen distance to the vacancy. Hydrogen atom
is moved from the octahedral site, whose position is marked with a dashed line, toward
the vacancy center.

of hydrogen to the system was shown to decrease the vacancy formation energy
what basically meant that the more hydrogen one adds to the system, the more
vacancies might appear. The different possible forms of vacancy-hydrogen clusters
were considered (see Fig. 8.13) and it was shown that energetically preferable is
the linear rather than triangle cluster shape. The presence of hydrogen molecule
inside Pd was found to be unfavorable. For the vacancy-3H system the tetrahe-
dral shape turned out to be more preferable. So to conclude, in the presence of
vacancies the hydrogen atoms in the Pd structure exhibit the tendency towards
clusterization. The multiple trapping of hydrogen atoms by a vacancy is possible.
According to the Bader analysis it is preferable for hydrogen to be neutral rather
ionized.
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8.7 Elastic properties of TiN at high tempera-
tures

Our theoretical methods developed for calculations of elastic constants at extreme
pressure-temperature conditions gave us a possibility to study the influence of tem-
perature on the materials, which are of high importance for industry. Transition
metal nitrides are known to exhibit very attractive physical and mechanical prop-
erties. These properties are chemical stability, high hardness and melting point,
excellent electrical and thermal conductivity. In Paper [VII] the temperature de-
pendence of the elastic constants of TiN, the material which is widely used for ap-
plications like wear resistant coated cutting tools. Elasticity of TiN may influence
the phenomena determining the hard coating performance. The elastic anisotropy
is also important for understanding of the spinodal decomposition process, which
is assumed to be the reason of the age hardening effect. The elastic behavior of
TiN attracted a lot of attention. However, the experimental information about
the elastic properties of TiN was basically limited by the data for Young’s modu-
lus. Until now the elastic constants of TiN were studied theoretically just at low
temperatures, though it is known that during the cutting process the temperature
can reach 1000 K and the stress of several GPa can occur at the cutting edge. This
motivated us to study the temperature effect on the elastic constants of TiN at
extreme temperature conditions.The elastic properties of the B1 structure of TiN
were calculated at temperatures from 0 to 1800 K using the ab initio molecular
dynamics (AIMD) and methodology for extraction of elastic constants described
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Figure 8.15. Calculated single-crystal elastic constants of TiN in the B1 structure as a
function of temperature. The results of AIMD simulations are shown with filled circles.
Static calculations at T = 0K are shown with open circles. The error bars correspond to a
standard deviation, calculated from the variance of five independent molecular dynamics
simulations.
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in this thesis, see Ch. 7. The values of elastic constants (Fig. 8.15) and the sound
wave velocities were obtained, and consequently the anisotropy of sound waves
was estimated. The corresponding anisotropy maps were plotted (see Fig. 8.16).

The accuracy of our calculations was demonstrated, in particular, by good
agreement between our calculated Young’s modulus and the experimental data.
We showed that the effect of temperature on elastic behavior of TiN should be
substantial and might be as strong as the effect of N off-stoichiometry or alloying
with Al. The obtained elastic moduli in B1 TiN decrease nearly linearly with
temperature, indicating normal temperature dependence caused by anharmonic-
ity. The strong dependence of c11 on temperature was observed. The bulk and
shear moduli, as well as Young’s modulus decrease by 20% to 25% in the consid-
ered temperature interval. The conclusion is that for the correct description of
the elastic properties of TiN, as well as of other materials used for technological
applications where the extreme conditions may occur, it might be necessary to
take into account temperature effects.



8.7 Elastic properties of TiN at high temperatures 73

Figure 8.16. Single-crystal longitudinal and transverse sound velocities for B1 TiN at
temperatures T = 300 K: (a) Vp, (b) Vs1, and (c) Vs2 and T = 1500 K: (d) Vp, (e) Vs1,
and (f) Vs2 as a function of propagation direction. All velocities are given in (km/s).
The deformed spheres show the directional dependency of the sound velocities. The
radius and color are proportional to the sound velocity in the corresponding direction.
White and black spheres indicate the direction of the minimum and maximum velocity,
respectively.
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8.8 Stability problem in FeCr

Iron and its alloys are widely used in industry for steel production. The steels with
more than 10 at. % of Cr are used in the cooling pipes of pressure vessel reactors
as well as in pressure vessels themselves. However, it is known that at Cr con-
centration close to 20 at.% the spinodal decomposition influencing the mechanical
properties occurs at temperature about 800 K. Though very low, pressure increase
may also be expected, so its effect should in principle be studied. The influence
of pressure on the stability of Fe-Cr alloys in the PM-DLM and FM bcc phase
was addressed in Paper [VIII] using the EMTO-CPA code to deal with completely
disordered (random) alloy.

We studied the stability dependence on the concentration of the alloy and also
calculated the mixing enthalpy at different pressures. The mixing enthalpy for the
competing phases was obtained via the enthalpy of the alloy, HFe1−cCrc , and its
constituting elements, HFe and HCr, as

∆H = HFe1−cCrc − (1− c)HFe − cHCr (8.4)

In the case of temperature equal to zero K, the energy of the system can be
described using the enthalpy instead of the Gibbs free energy. In Fig. 8.17 one
can see that the ∆H curve for the DLM phase lowers with pressure increase in
the whole concentration region. It means that pressure reduces the tendency
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valence s,p,d, and f orbitals, whereas the core states were
recalculated at each iteration of the self-consistency loop. In
our CPA calculation, we included the screening contribution
to the electrostatic potential and energy to take into account
the effect of charge transfer between the alloy components. We
used screening constants obtained in Ref. 11. In Fe-Cr alloys,
the on-site screening constants are different for the ferromag-
netic (FM) and disordered local-moment (DLM) states, which
we use to represent the magnetic ground state and the high-
temperature paramagnetic state, respectively.7,8,11,12 Their val-
ues exhibit a pronounced concentration dependence in the FM
state of Fe-rich alloys11 because of strong correlation between
the magnitude of the magnetic moment and the screening.

It has been established earlier that CPA is fully adequate
for the description of configuration-averaged quantities in
disordered transition metal alloys in general,26 and their
magnetic properties in particular, including magnetic moments
and exchange interactions.27,28 For Fe-Cr alloys, this has been
demonstrated explicitly by a comparison with the experimental
concentration dependence of the net magnetization7 as well as
with supercell calculations.8,11

Details about the ground-state properties and electronic
structure of random Fe-Cr alloys at ambient pressure can be
found in Refs. 7,8,11, and 12.

III. THERMODYNAMIC ANALYSIS
OF PRESSURE EFFECT

As suggested by Alling et al.16 the influence of hydrostatic
pressure on phase stability in an alloy system can be predicted
from a simple thermodynamic consideration by looking at
deviations of the lattice parameters from Vegard’s law at
ambient pressure. We write the pressure derivative of the free
energy of mixing

!G = GFe1-cCrc ! (1 ! c)GFe ! cGCr, (1)

where G is Gibb’s free energy and c denotes Cr concentration
at fixed temperature.

!
d!G

dp

"

T

= !V (2)

and

!V = VFe1-cCrc ! (1 ! c)VFe ! cVCr, (3)

where !V is the deviation of the solid solution volume from
Zen’s law.29 From Eq. (2), we see that if !V > 0, the pressure
derivative of the free energy of mixing is positive and one
should observe increasing tendency toward a phase decom-
position of the alloy with increasing pressure. In the opposite
case, then !V < 0, the pressure increase should lead to
reduction of the free energy of mixing and increasing stability
of the alloy.

The insets in Fig. 1 show the calculated lattice parameters
of Fe-Cr alloys as a function of Cr concentration for different
magnetic states of the alloy together with its average value
given by Vegard’s law. Note that our results are similar to those
obtained in Refs. 7,8, and 11, and differ by less than 1% from
experimental values. The concentration dependence of the
lattice parameter in the FM state exhibits oscillating behavior
with positive deviations from the Vegard’s (or Zen’s) law
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FIG. 1. (Color online) (a) Calculated mixing enthalpy of para-
magnetic (DLM) and (b) ferromagnetic Fe-Cr alloys as a function
of Cr concentration for different pressures between P = 0 and
10 GPa. The insets in upper and lower panels show the concentration
dependence of the calculated lattice parameter in bcc Fe-Cr alloys in
paramagnetic (DLM) and ferromagnetic states, respectively. Dashed
lines correspond the lattice parameter predicted from Vegard’s rule.

(!V > 0) for Fe-rich compositions and negative deviations
(!V < 0) for the intermediate and Cr-rich compositions. The
lattice parameters of random Fe-Cr alloys in the DLM state
are always less than the average one, given by the Vegard’s
law. Therefore just from Eq. (2) we predict that the pressure
produces different effects on the alloy stability in the FM or
DLM state; the pressure will reduce the tendency toward de-
composition in the DLM state, while in the FM state it actually
should promote the phase separation of Fe-rich Fe-Cr alloys.

In order to verify the prediction of the thermodynamic
model, we have calculated the mixing enthalpy !H at different
pressures for the DLM and FM states of Fe-Cr alloys. The
mixing enthalpy is defined as

!H = HFe1-cCrc ! (1 ! c)HFe ! cHCr. (4)

Note that the standard states of bcc Fe HFe in the FM and DLM
cases are different, while the reference state of bcc Cr HCr is
considered to be nonmagnetic in both cases.

Let us note that our results for !H at P = 0 GPa are in good
agreement with the results obtained by Olsson et al.7,8 and
Korzhavyi et al.11 At the same time, as one can see in Fig. 1, the
pressure reduces the phase-separation tendency in the whole
concentration interval in the DLM state and for a wide range of
compositions, in FM state. The alloy stabilization is weakened
in the case of Fe-rich alloys. With increasing pressure the depth
and width of the !H minimum in the FM state decreases.
Although the enthalpy is still negative at pressures up to
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Figure 8.17. (a) Calculated mixing enthalpy of paramagnetic (DLM) and (b) ferro-
magnetic Fe-Cr alloys as a function of Cr concentration for different pressures between
P = 0 and 10 GPa. The insets in upper and lower panels show the concentration de-
pendence of the calculated lattice parameter in bcc Fe-Cr alloys in paramagnetic (DLM)
and ferromagnetic states, respectively. Dashed lines correspond to the lattice parameter
predicted from Vegard’s rule.
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towards the phase separation. In the case of the FM phase at Cr concentrations
30-90 at.% the pressure increase reduces the tendency in a similar way. However,
at lower concentrations of Cr the tendency is opposite. The ∆H curve is getting
higher with pressure increase. This indicates that the stability of the alloy reduces.
Comparing the Gibbs free energies (or mixing enthalpies in our case) of the alloy
and competing phases one can extract the information on what state is more
preferable. Energetically preferable state, which usually corresponds to the stable
phase at these conditions, is the one with lower enthalpy. I notice that even the
structure with higher enthalpy may exist at these conditions as a metastable one.
The condition of the metastability of the phase is that the second derivative of
the Gibbs free energy with respect to the concentration has to be positive. If this
derivative becomes negative any fluctuation of the composition should initiate the
spinodal decomposition. In the case of zero temperature one might look at theEFFECT OF PRESSURE ON PHASE STABILITY IN Fe- . . . PHYSICAL REVIEW B 84, 094422 (2011)
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FIG. 5. (Color online) The concentration dependence of the
second derivatives of the mixing enthalpy for pressures P = 0, 10,
and 20 GPa.

the local scale. In the macroscopic limit, the metastability
requires that the second derivative of the Gibbs free energy
has to be positive (d2G/dc2 > 0).

When the second derivative is negative, any fluctuation of
the composition should initiate the phase separation. At the
boundary between these two limits, where the second deriva-
tive of the Gibbs free energy is zero, an alloy undergoes the
so-called spinodal decomposition. Thus the knowledge of this
boundary is very important in providing (meta)stable alloys
for industrial applications. In general, the spinodal boundary
is a function of temperature. However, at low temperatures, the
mixing enthalpy gives dominating contribution to the Gibbs
free energy and thus it can be used to check the effect of the
pressure on the qualitative level.

In Fig. 5, we plot the second derivative of the mixing
enthalpy as a function of Cr concentration at different
pressures. The predicted limit for spinodal decomposition
at P = 0 GPa is about 17 at.%. The calculated data are
in good agreement with the results obtained in Ref. 7 and
with Mössbauer spectroscopy measurements.40 From Fig. 5,
one can see that at pressure P = 20 GPa the concentration
of Cr corresponding to the onset of spinodal decomposition
decreases from 17 to 14 at.%. Thus when pressure increases,
the concentration boundary on the Fe-rich side of the phase
diagram at T = 0 K shifts to the left, i.e., a region of spinodal
decomposition becomes wider.

Finally, in Fig. 6, we represent the structural enthalpy
differences !H =Hfcc ! Hbcc in random Fe-Cr alloys as a
function of Cr concentration at P = 0 and 10 GPa. We consider
both the FM and PM states of bcc iron and only the PM state
of fcc iron (" phase). The latter restriction is reasonable due
to low Nèel temperature of fcc Fe. We can see that at ambient
pressure, bcc FM alloys are more stable as compared to fcc
DLM alloys in the whole concentration range, while the bcc
structure in the DLM state becomes less stable with respect
to PM fcc alloys at low Cr concentration. These results are in
qualitative agreement with the available Fe-Cr phase diagram1

and a theoretical study considering the #-" phase transition
in this alloys.41 With increasing pressure, the FM bcc phase
(at P = 10 GPa) is still more stable than the PM fcc structure

FIG. 6. (Color online) Calculated structural enthalpy differences
!H in random Fe-Cr alloys as a function of Cr concentration at P =
0 GPA and P = 10 GPa.

but the stability of the FM bcc phase decreases, whereas the
paramagnetic fcc phase becomes more stable compared to
the PM bcc alloys in the Fe-rich part of the phase diagram.
This means that applied pressure should extend the range of
existence of the " phase. Note, however, that the hpc phase
was not considered in this study.

VI. CONCLUSIONS

Using the EMTO-CPA method, we have studied the effect
of hydrostatic pressure on the phase stability of Fe-Cr alloys
in the FM state and the PM state described within the
DLM model. We find that in the PM state, the pressure
decreases the tendency toward phase separation, while it
promotes the phase separation in the Fe-rich alloys in the
FM state. To analyze the effect of pressure on the phase
stability, we use a simplified model in which the effective
pair interactions are split into chemical and magnetic terms.
This model shows that the effect of pressure on the phase
stability in this system comes mostly through the decrease
of the magnetic moment on Cr, and consequently, Fe-Cr
exchange interaction, which dictates the anomalous stability
of the alloy at ambient conditions. We predict that the region of
spinodal decomposition should become wider with increasing
pressure. Further, our calculations show that under pressure,
the paramagnetic fcc phase becomes more stable compared to
the PM bcc alloys in the Fe-rich part of the phase diagram.
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Figure 8.18. The concentration dependence of the second derivative of the mixing
enthalpy for pressures P = 0, 10, and 20 GPa.

behavior of the second derivative of the enthalpy over the concentration (Fig.
8.18). As one may see from Fig. 8.18, for all the considered pressures up to Cr
concentration around 10 at.% the considered bcc phase can be metastable. At
concentration 17 at. % for zero pressure and at 14 at. % at pressure equal to 20
GPa the spinodal decomposition occurs. It means that pressure increase induces
the spinodal decomposition at smaller concentrations of Cr.

Pressure decreases the tendency toward the phase separation in the paramag-
netic state of the bcc phase of Fe-Cr alloys. However, in the FM state pressure
reduces the alloy stability at low Cr concentration, but increases the stability at
higher Cr concentrations. This effect can be explained by the suppression of the
local magnetic moment on Cr atoms.

Structural enthalpy difference between the considered bcc and fcc phases is
plotted in Fig. 8.19. The upper region of Fig. 8.19 represents the region of the
bcc phase stability, while the region under the dashed black line corresponds to
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the region of the fcc phase stability. One can see that at low Cr concentrations
the FM bcc phase is more stable than the fcc one at all considered pressures.
However, the DLM bcc phase is less stable than the fcc one at these concentrations
of Cr. The fcc-bcc transition for the DLM bcc phase depends on pressure. The
increase of pressure stabilizes the fcc phase and the transition occurs at higher Cr
concentrations. In the FM bcc phase pressure increase also decreases the relative
stability of the bcc phase but it is still more stable than the fcc one. In the Cr-rich
region of Fig. 8.19 pressure induces stabilization of the bcc phase.EFFECT OF PRESSURE ON PHASE STABILITY IN Fe- . . . PHYSICAL REVIEW B 84, 094422 (2011)
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the local scale. In the macroscopic limit, the metastability
requires that the second derivative of the Gibbs free energy
has to be positive (d2G/dc2 > 0).

When the second derivative is negative, any fluctuation of
the composition should initiate the phase separation. At the
boundary between these two limits, where the second deriva-
tive of the Gibbs free energy is zero, an alloy undergoes the
so-called spinodal decomposition. Thus the knowledge of this
boundary is very important in providing (meta)stable alloys
for industrial applications. In general, the spinodal boundary
is a function of temperature. However, at low temperatures, the
mixing enthalpy gives dominating contribution to the Gibbs
free energy and thus it can be used to check the effect of the
pressure on the qualitative level.

In Fig. 5, we plot the second derivative of the mixing
enthalpy as a function of Cr concentration at different
pressures. The predicted limit for spinodal decomposition
at P = 0 GPa is about 17 at.%. The calculated data are
in good agreement with the results obtained in Ref. 7 and
with Mössbauer spectroscopy measurements.40 From Fig. 5,
one can see that at pressure P = 20 GPa the concentration
of Cr corresponding to the onset of spinodal decomposition
decreases from 17 to 14 at.%. Thus when pressure increases,
the concentration boundary on the Fe-rich side of the phase
diagram at T = 0 K shifts to the left, i.e., a region of spinodal
decomposition becomes wider.

Finally, in Fig. 6, we represent the structural enthalpy
differences !H =Hfcc ! Hbcc in random Fe-Cr alloys as a
function of Cr concentration at P = 0 and 10 GPa. We consider
both the FM and PM states of bcc iron and only the PM state
of fcc iron (" phase). The latter restriction is reasonable due
to low Nèel temperature of fcc Fe. We can see that at ambient
pressure, bcc FM alloys are more stable as compared to fcc
DLM alloys in the whole concentration range, while the bcc
structure in the DLM state becomes less stable with respect
to PM fcc alloys at low Cr concentration. These results are in
qualitative agreement with the available Fe-Cr phase diagram1

and a theoretical study considering the #-" phase transition
in this alloys.41 With increasing pressure, the FM bcc phase
(at P = 10 GPa) is still more stable than the PM fcc structure

FIG. 6. (Color online) Calculated structural enthalpy differences
!H in random Fe-Cr alloys as a function of Cr concentration at P =
0 GPA and P = 10 GPa.

but the stability of the FM bcc phase decreases, whereas the
paramagnetic fcc phase becomes more stable compared to
the PM bcc alloys in the Fe-rich part of the phase diagram.
This means that applied pressure should extend the range of
existence of the " phase. Note, however, that the hpc phase
was not considered in this study.

VI. CONCLUSIONS

Using the EMTO-CPA method, we have studied the effect
of hydrostatic pressure on the phase stability of Fe-Cr alloys
in the FM state and the PM state described within the
DLM model. We find that in the PM state, the pressure
decreases the tendency toward phase separation, while it
promotes the phase separation in the Fe-rich alloys in the
FM state. To analyze the effect of pressure on the phase
stability, we use a simplified model in which the effective
pair interactions are split into chemical and magnetic terms.
This model shows that the effect of pressure on the phase
stability in this system comes mostly through the decrease
of the magnetic moment on Cr, and consequently, Fe-Cr
exchange interaction, which dictates the anomalous stability
of the alloy at ambient conditions. We predict that the region of
spinodal decomposition should become wider with increasing
pressure. Further, our calculations show that under pressure,
the paramagnetic fcc phase becomes more stable compared to
the PM bcc alloys in the Fe-rich part of the phase diagram.
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Chapter 9

Conclusions and Outlook

The present thesis is focused on the application of diverse ab-initio techniques, in-
cluding CPA- and supercell-based treatment of alloys, DMFT treatment of strong
correlations and MD treatment of temperature effects in simulations of materials
properties. Methodology of calculations of elastic constants at high pressures and
temperatures was introduced. In particular, the technique for practical calcula-
tions of elastic constants from stresses rather than energies was developed.

I used the developed methods for studies of properties of Fe-based systems
at Earth’s core conditions. The effect of reversed stabilization of different crystal
structure (bcc and fcc) of Fe alloyed with Ni at low and high pressures was revealed.
It was further explained in terms of the canonical band model by the high-pressure
suppression of the magnetic moments.

The possible importance of the non-hydrostatic stress for the stability of the
bcc phase of iron at Earth’s core conditions was observed. If detected, it could
allow for an explanation of striking contradictions in high-pressure experiments.

The influence of strong correlations on the magnetic properties of Fe3Ni was
also studied. I showed that the behavior of magnetic susceptibility of Fe in the
bcc phase should be influenced by the local environment of Fe atoms, what was
explained by the broadening of the Fe partial DOS due to the mixing with Ni
states.

I studied the behavior of the hydrogen bond O-H. . . O and observed an excit-
ing tendency of hydrogen position to symmetrize with respect to the neighboring
oxygen ions under pressure. This effect is connected with the high-spin to low-spin
transition taking place at pressures around 57 GPa.

My calculations of the pressure dependence of the effective exchange inter-
actions suggest that the ordered ferromagnetic state in Ni exists even at multi-
megabar pressures. They therefore support indications of the recent experiment.

Universality of the methods was demonstrated in their application for tech-
nologically relevant materials. The effect of temperature on the elastic constants
of TiN was investigated and demonstrated to be important. Moreover the effect
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of pressure on the properties of the FeCr alloys, the basic materials for nuclear
energy applications, was elucidated. I showed that pressure can destabilize steels
with low Cr content. These results should be taken into account in construction
of the fourth generation of nuclear reactors.

The problem of hydrogen storage in Pd was also addressed. My theoretical re-
sults supported the experimental suggestion of multiple occupation of Pd vacancies
by hydrogen.

Now I would like to give a short version of the outlook for my future research.
Basically all the problems I considered in the thesis are deep enough to deserve
a separate book. I just scratched the surface. Many things can be improved and
further developed, from optimization and tuning of different parts in molecular
dynamics simulations to new density functionals, which could raise the accuracy
of calculations. The fully quantum-mechanical treatment of hydrogen would be
of interest. The recently developed techniques, like the temperature-dependent
effective potential approach [73], allowing one to extract hidden information on
atomic vibrations from MD simulations, would be useful to apply, especially to
the Fe-based systems relevant to Earth’s core studies. For these systems I would
further make a step away from the ideal systems toward studies of defects. In
particular, I suspect that vacancies and possibly other point defects should play
an important role in Earth’s core. Nevertheless, the main subject I would like to
focus on (at least if I would live in an ideal world) is the new method for global
structure optimization which I invented during the last year of my thesis work and
did not have time to complete its implementation. I would like to conclude by
saying one thing. My field of research is beautiful and is limited only by nature
and imagination of people working in it.
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