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Abstract

A promising method for estimation of the time-delay in continuous-time

linear dynamical systems uses the phase of the allpass part of a discrete-time

model of the system. We have discovered that this method can sometimes

fail totally and we suggest a method for avoiding such failures.
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Abstract

A promising method for estimation of the time-delay in continuous-time linear dynamical systems uses the phase of the
allpass part of a discrete-time model of the system. We have discovered that this method can sometimes fail totally and we

suggest a method for avoiding such failures.
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1 Introduction

Estimation of time-delays (or dead-times) in linear dy-
namical systems with additive noise is a common engi-
neering problem, e.g. in control performance monitor-
ing of industrial processes, in design and tuning of con-
trollers, in range estimation in radar and in direction
finding in signal intelligence. It is also a necessary part
in all system identification.

In Horch (2000); Isaksson et al. (2001) a time-delay es-
timation method is described: A discrete-time model of
a continuous-time system is identified using a Laguerre
basis. The discrete-time non-minimum phase zeros of
the model constitute the allpass part of the model and
directly represent the time-delay. The time-delay is es-
timated by studying the slope at low frequencies of the
phase of the allpass part. The method shows very good
results in both open loop and closed loop for input and
reference signals in the form of steps in Horch (2000);
Isaksson et al. (2001). This method is in this paper called
LaguerreDAP. The part of the method from the discrete-
time model to the time-delay estimate is here called the
DAP (Discrete-time Allpass part Phase) method.

In this paper we show that the DAP method is non-
robust and we improve the method to also handle some
cases where it otherwise totally fails. A more thorough
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description of the work underlying this paper is given
in Björklund (2002).

2 The DAP method

2.1 The principles of the DAP method

Assume the true continuous-time system is Ḡ(s) =
Ḡ1(s) · e−sTd = Ḡ1(s) · Ḡap(s). The system Ḡ1(s) is a
SISO (single-input single-output) time-invariant linear
rational transfer function. A discrete-time rational lin-
ear model G(z) of Ḡ(s) is estimated and factorized into
a minimum-phase system G1(z) and an allpass system
Gap(z) as G(z) = G1(z)Gap(z). Then, Gap(e

iωTs) is
considered to be an approximation of the time-delay
system Ḡap(iω) = e−iωTd (Horch, 2000; Isaksson et al.,
2001), which should agree well for low frequencies since
the frequency function of a sampled system agrees well
with its continuous counterpart for low frequencies
(Ljung and Glad, 1994). Ts is the sampling interval.
The allpass part Gap(z) of G(z) is formed by the non-
minimum phase (positioned outside the unit circle)
zeros of G(z) and with poles added to Gap(z) which are
these zeros mirrored in the unit circle.

The time-delay estimate T̂d (in number of sampling in-
tervals) is given by an approximation of the derivative of
the phase ϕ(ω) = argGap(e

iωTs) at the frequency zero
and with addition of 1 because of the extra time delay
that is created by the sampling:

T̂d = −
arg Gap(e

iω1Ts)

ω1Ts

+ 1; ω1 ≪ 1 (1)
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This is the DAP method. Of course, (1) cannot be eval-
uated for ω1 = 0. In Horch (2000); Isaksson et al. (2001)
ω1 = 10−4 is suggested since it“has been found to be suf-
ficiently small when using typical industrial data”. This
value is also used in this article.

Other approximations of the derivative should also be
possible. In Horch (2000); Isaksson et al. (2001) a La-
guerre model (Wahlberg, 1991) was used. Other linear
model structures, for example FIR, ARX or OE (output
error) model structures (Ljung, 1999) can also be used.

2.2 A problem with the DAP method

First, an example of when the DAP method works well
is given. The linear continuous-time system G2(s) =
e−9s ¯·G2(s), where Ḡ2 had poles −1 & -10 and no zeros
(a fast second order system), was simulated in Matlab

by the function lsim CSTB (4.2.1) with an input con-
sisting of a narrowband (most energy between 10% and
30% of the Nyquist frequency) random binary signal of
length 500 samples. This input signal type is common in
system identification if the signal can be chosen freely.
To the output signal, white Gaussian noise was added
and the signal-to-noise ratio (SNR) was 10. The SNR
was defined as the ratio of the powers of the input sig-
nal and of the output noise. The sampling interval was
Ts = 1 time units. A discrete-time Laguerre model with
pole α = 0.8 and Nl = 10 coefficients was identified
from the input-output data and the DAP method was
used to estimate the time-delay. The simulation resulted
in the poles and zeros of the identified Laguerre model
depicted in Figure 1. The time-delay estimate became
9.7114 sampling intervals, which is a good estimate since
the true time-delay is 10.

Now we turn to a case when the time-delay estimation
failed. The only difference to the successful trial in the
setup was a different noise realization. The zeros and
poles of the identified Laguerre model are shown in Fig-
ure 2. We note that the zero on the real axis just inside
the unit circle in the successful simulation has moved
to just outside the unit circle. The time-delay estimate
became 1321.86 sampling intervals, which is completely
wrong. If we remove the moved zero, the time-delay es-
timate will be 11.6586, which is an acceptable estimate.

The simulation in Figure 2 was one of only 3 out of 1024
simulations with failing time-delay estimation for SNR
= 10. With a lower SNR the percentage of failing estima-
tions is much higher. Compare with Figure 3. In Björk-
lund (2002, 2003) simulations indicated that the failure
rate depends on the model structure (e.g. Laguerre, OE,
ARX and FIR), the input signal type (e.g. steps or ran-
dom binary signals with different bandwidths) and the
SNR. For example, Laguerre models with step input sig-
nals gave a low failure rate while narrowband random
binary input signals gave a high.
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Figure 1. Poles (x) and zeros (o) plot of an identified Laguerre
model (10 coefficients, pole at 0.8) for a subsequent successful

time-delay estimation (T̂d = 9.7114 sampling intervals). The
Laguerre model was identified from the input-output data.
No zero guarding was used (see section 2.3). The poles of the
model should all be located at α = 0.8 but due to well-known
numerical problems with multiple poles they are somewhat
spread in the figure.
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Figure 2. Pole-zero plot of an identified Laguerre model for

a subsequent failing time-delay estimation (T̂d = 1321.86
sampling intervals). The simulation setup is the same as in
Figure 1. Only the noise realization differs.

2.3 A solution for the DAP method

The reason for zeros falling on the incorrect side of the
unit circle is the noise. Figure 3 shows an example of the
spread of zeros and poles due to the noise. Figure 4 dis-
plays the time-delay estimate for different locations of
the zero closest to the point +1. The maximum estima-
tion error will occur for the smallest error in the posi-
tion of a zero that is incorrectly outside the unit circle.
See Björklund (2002, 2003) for an explanation of how
the estimated time-delay values are created.
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Figure 3. Pole-zero plot of a Laguerre model (10 coefficients,
pole at 0.8) with estimated uncertainty regions (3 standard
deviations) and with zeros and poles from 1024 simulated
trials for SNR = 1. As can be seen, the risk of a zero falling on
the wrong side of the unit circle is significant. The simulation
setup is as in Figure 1 and 2.

Figure 4. The graph covers an area close to the point +1.
The dots are locations of the zero closest to the point +1
for some simulations with different noise realizations. The
numbers above the dots are the time-delay estimate corre-
sponding to the zero location below it. It can be shown that
the maximum possible estimate in this case is 31416 (Björk-
lund, 2002, 2003). A Laguerre model was estimated. The
true time-delay is 10 sampling intervals.

It appears that moving zeros located close to but out-
side the unit circle (back) to the inside of the unit circle
is a solution to the problem with the DAP method. The
motivation is that we assume that these zeros actually
should be located inside the unit circle. Since we only
need the allpass part in the DAP methods, we just re-
move some zeros outside the unit circle without putting
them somewhere else. We give the name zero guarding
to the technique of removing the incorrect zeros of the
allpass part of the estimated system.

We have conducted simulations (Björklund, 2002) and
tried zero guarding on the Laguerre model structure
(pole= 0.8, order= 10) with two types of non-minimum
phase zeros to remove (ZType): close to only the point
+1 or close to the whole unit circle (which includes the
point +1). We tried seven different distances (ZSize) to
be considered as “close”. We also tested different max-
imum number (ZNo) of zeros to remove: 1 to 4. The
closest zeros were removed first. The simulations were
conducted in open loop with 1024 trials, three different
input signals and four different systems. The SNR was 1.

We utilized the statistical method ANOVA (Analysis

of Variance) and confidence intervals (see Montgomery
(1997)) to discover statistically significant differences
between the different combinations of the levels of the
factors ZType, ZSize and ZNo. ANOVA uses the model
(here for just two factors):

xijk = µ + τi + βj + (τβ)ij + ǫijk, (2)

where xijk is the response variable (the observation), µ

is the overall mean effect, τi is the main effect of the ith

level of the first factor, βj is the main effect of the jth

level of the second factor, (τβ)ij is the ijth interaction
effect of the first and second factors and ǫijk are ran-
dom errors . There are k replicates or number of observa-
tions. Hypothesis tests are performed to test all τi = 0,
all βj = 0 and all (τβ)ij = 0 against the opposite cases.
With the aid of ANOVA, we can say whether there are
statistically significant differences between the levels. In
our analysis xijk was an estimate of the RMS error of
the time-delay estimate. The 1024 trials were split into
four replicates with each 256 trials which were used to
estimate the RMS error. For the factors and interactions
with significant differences we computed confidence in-
tervals with a simultaneous confidence level of 95%. If
the intervals are non-overlapping there is a significant
difference between the levels and we can see which level
is the “best”. If the intervals are overlapping we cannot
say which level, if any, is the best.

The result showed that there were several “good” com-
binations of ZType, ZSize and ZNo with no significant
differences. It was, however, clear that removing zeros
close to +1 is better than removing zeros close to the
unit circle. It was also clear that removing more than one
zero is often necessary, probably because complex val-
ued zeros come in complex conjugated pairs. However,
there were no significant differences between removing
2, 3 or 4 zeros but there was a non-significant trend that
more zeros are better. If we allow many zeros to be re-
moved, the number of removed zeros will still be limited
by the distance ZSize. It is unclear if we can remove too
many zeros within the allowed distance. There were sig-
nificant differences between different distances ZSize. It
is not clear what determines the optimal distance. Our
advice it that the distance should be optimized by the
user for each new application, e.g. with simulations and
confidence intervals as in Björklund (2002). It is possi-
ble that the optimal distance depends on the speed (the
zeros and poles) of the continuous-time system and the
sampling interval. This thought is motivated by the re-
lation between the poles λ̄i of a continuous-time system
and the poles λi of its sampled version: λi = exp(λ̄iTs)
if the two systems are controllable and observable (Glad
and Ljung, 2000). Then, for example, the optimal dis-
tance should be k1 exp(k2Ts), where k1 and k2 are some
constants.

We chose one of the good combinations of ZType (+1),
ZSize (0.15) and ZNo (3) and used it in open loop and
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closed loop simulations with good results (Björklund,
2002, 2003; Björklund and Ljung, 2003). The same
ZType, ZSize and ZNo worked for different systems and
SNRs and for several model structures and input sig-
nals (Björklund, 2003). This value of ZSize, 0.15, is a
suggestion to start with.

3 Discussion

As said, the method Laguerre DAP (without zero guard-
ing) showed very good results in Horch (2000); Isaksson
et al. (2001) for both open loop and closed loop for input
and reference signals in the form of steps. They have,
however, only tested with step signals and not discov-
ered that the DAP method sometimes fails. In Björklund
(2003); Björklund and Ljung (2003), where an exten-
sive evaluation of several time-delay estimation methods
was conducted, some results were that DAP methods
(with zero guarding) are among the better regarding es-
timation quality and that the Laguerre model structure
is suitable for DAP methods. Another advantage with
DAP methods is that they can estimate sub-sample de-
lays, which is necessary in many applications.

If an upper bound exists on the time-delay of the system
to investigate, an alternative or complement to the above
zero guarding would be to remove those zeros which give
a DAP estimate that is less than the bound. The bound
can often be chosen high, as the example in Figure 4
shows. A second alternative would be to remove those
zeros that makes the DAP estimate closest to the esti-
mate of another time-delay estimation method. Also, if
the number of correct zeros in the allpasspart is known,
the excess zeros closest to the point +1 could be removed.
These three alternatives can still be called “zero guard-
ing”. They can also be used to choose the distance ZSize.

4 Conclusions

We draw the following conclusions:

• DAP (Discrete-time Allpass part Phase) methods are
non-robust and can totally fail in some cases. The rea-
son is the noise moving zeros across the unit circle.

• The failure probability of a DAP method depends on
the used model structure, the input signal type and
the SNR.

• In failing cases, DAP methods can be made more ro-
bust by zero guarding, which means removing incor-
rect zeros in the estimated allpass system.

• An appropriate choice of zero guarding appears to be
robust and work for different systems and SNRs and
for several model structures and input signals, in both
open loop and closed loop.

• For zero guarding of Laguerre DAP, removing zeros
outside the unit circle close to +1 works better than

removing zeros outside but close to the whole unit cir-
cle. We must also allow more than one zero to be re-
moved. There are significant differences between dif-
ferent distances from the point +1 within which to
remove zeros.

• We give the following practical advice on how to use
zero guarding of Laguerre DAP: Remove zeros close to
+1 . Allow up to 4 zeros to be removed. The distance
within which to remove zeros, ZSize, should be opti-
mized in each application. Start with the value 0.15.

• Laguerre DAP with zero guarding seems to be a reli-
able time-delay estimation method for open loop and
closed loop with good estimation quality and the pos-
sibility to estimate subsample delays.
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