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Abstract

This is a report about a project in robust multivariable control. In the

project we investigated how to decrease the computational complexity of

calculating the gradient and Hessian of coe�cients of the characteristic

polynomial of the matrix I −XY that often appear in H-in�nity controller

synthesis. Compared to a straight-forward implementation, our new im-

plementation managed to decrease the number of operations required to

calculate the gradient and Hessian by several orders of magnitude by uti-

lizing the structure of the problem.

Keywords: Characteristic polynomial, derivatives, complexity, structure

utilization
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Abstract

This is a report about a project in robust multivariable control. In the

project we investigated how to decrease the computational complexity of

calculating the gradient and Hessian of coe�cients of the characteristic

polynomial of the matrix I−XY that often appear in H-in�nity controller

synthesis. Compared to a straight-forward implementation, our new im-

plementation managed to decrease the number of operations required to

calculate the gradient and Hessian by several orders of magnitude by uti-

lizing the structure of the problem.

Project formulation

The project goal is to e�ciently implement the calculations of gradient and
Hessian of the coe�cients of the characteristic polynomial the matrix I −XY ,
as is described in [Helmersson, 2009]. This should be implemented in Mex (C
code) in order to speed up the calculations.

Goals

1. Implement the calculations of the coe�cients, i.e., implement the code in
berkowitz.m, which is described in [Helmersson, 2009].

2. Implement the calculations of the gradient of a speci�ed coe�cient.

3. Implement the calculations of the Hessian of a speci�ed coe�cient. (If
there is still time left.)

The �speci�ed coe�cient� shall be given as an input to the function.

Time plan

The available time is equivalent to 3ECTS = 2p = 80 h.
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1 The characteristic polynomial

Let X ∈ Sn and Y ∈ Sn and Z = I −XY ∈ Rn×n. Then let the characteristic
polynomial of Z be written as

det(λI−Z) =

n∑
i=0

ci(X,Y )λn = λn+cn−1(X,Y )λn−1+. . .+c1(X,Y )λ+c0(X,Y )

(1)
where ci(X,Y ) is the ith coe�cient of the characteristic polynomial. The struc-
ture of Z is a key component to creating an e�cient implementation of the
calculations, hence we speci�cally declare that each coe�cient is a function of
both X and Y .

De�ne the operator vech(A) by

a = vech(A1,1, . . . , An,1, A2,2, An,2, . . . , An-1,n−1, An,n−1, An,n)T ,

i.e., vech extracts the elements column-wise of the lower triangular part of the
matrix A and stacks them in the column vector a.

With this de�nition, let

x = (vech(X)T vech(Y )T )T . (2)

2 Berkowitz's algorithm

Implementing the algorithm (berkowitz.m in [Helmersson, 2009, page 5] in C
code is quite straight-forward. The last line is a matrix-vector multiplication
where the matrix is a Toeplitz matrix. A Toeplitz matrix is a matrix where
each diagonal contains equal elements, therefore a Toeplitz can be de�ned by
a column vector and a row vector as it is done in the toeplitz command in
Matlab. In this case the Toeplitz matrix is a lower triangular matrix and the
matrix-vector multiplication can be made without actually creating a matrix
since all unique elements are in a vector.

3 Gradient calculations

The gradient calculations are derived in [Helmersson, 2009, page 6] but are
stated below for convenience. Let Ci ∈ Rn×n, then

Cn = 0,

Cn−1 = I,

Cn−1 = Z + cn−1(Z)I,

...

Ck = Ck+1Z + ck+1(Z)I,

...

C0 = C1Z + C1(Z)I, (3)
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and the �rst-order derivatives of ck(Z) can now be computed as

∂ck
∂xp

= − trCkZp, (4)

where xp is an element in x as in (2) and

Zp =

{
−XpY, w.r.t. an element in X

−XYp, w.r.t. an element in Y

Since Xp and Yp are the derivatives w.r.t. an element in themselves, we have

∂Z

∂Xij
= −lirTj Y,

− = rj l
T
i Y, if i 6= j

∂Z

∂Yij
= −XlirTj ,

− = Xrj l
T
i , if i 6= j

(5)

where the elements in li ∈ Rn×1 and rj ∈ Rn×1 are zero except the ith and j th
element respectively, which are 1. The notation (− =) means that we add a
term if the condition is satis�ed. Pre-calculate ¯Y Ck = Y ·Ck and ¯CkX = Ck ·X.
By using (5) we can write the right hand side of (4) as

− trCkXpY = rTj Y Ckli = ¯Y Ck(j, i),

+ = lTi Y Ckrj = ¯Y Ck(i, j), if i 6= j

− trCkXYp = rTj CkXli = ¯CkX(j, i),

+ = lTi CkXrj = ¯CkX(i, j), if i 6= j

(6)

where colon means all rows or columns, respectively. The calculations can be
performed by doing a double loop and letting 1 ≤ j ≤ n and j ≤ i ≤ n. What
remains now is to map (i, j) to p, i.e., which calculations (indexed with i and
j) belong to which element in the gradient vector. The mapping is

p = i+ j × n− co+ ns, (7)

where co is a cumulative o�set that is dependent on j while ns is simply an
o�set to reach the elements that belongs to Y which is ns = n(n+ 1)/2 or zero
if calculating values that belong to X.

4 Hessian calculations

The expression we start from here is taken from [Helmersson, 2009, page 7]

∂2ck
∂xp∂xq

= (trCn−1Zq)(trZn−k−2Zp)− trCn−1ZqZ
n−k−2Zp

+ . . .

+ (trCk+2Zq)(trZZp)− trCk+2ZqZZp

+ (trCk+1Zq)(trZp)− trCk+1ZqZp

− trCkZpq (8)

3



where Zpq = −XpYq if the derivative is taken cross-wise, i.e., XY or Y X,
otherwise it is zero. How many lines this expression will be is dependent on k.
For k = n− 1 we will only get the last line, which corresponds to searching for
a zeroth-order controller while k = n− 2 corresponds to a �rst-order controller.
One also realizes that the higher order of the controller, the more calculations
we need to do. For each time the loop runs, we have to calculate

∂2ck
∂xp∂xq

+ = (trC(∗)Zq)︸ ︷︷ ︸
A

(trZ∗Zp)︸ ︷︷ ︸
B

− trC(∗)ZqZ
∗Zp︸ ︷︷ ︸

C

= A ·B − C (9)

where (+ =) means that each time the loop runs, we add something to the
element (p, q) in the Hessian. Also the indices (∗) and exponents ∗ should be
replaced with appropriate values. The values A, B and C are sums of calcula-
tions that depend on the indices of the nonzero elements of Zp and Zq, but we
will come back to details later.

We have divided the calculations into three parts that we call XX, YY and
XY which refers to the blocks in the Hessian matrix. The XX-block and the
YY-block are symmetric while the XY-block is not. However, the transpose of
the XY-block becomes the YX-block. This is illustrated as follows

H(X,Y ) =

(
HXX HXY

HY X HY Y

)
(10)

whereHT
XX = HXX , HT

Y Y = HY Y andHT
XY = HY X . The following subsections

will deal with each block in turn.

4.1 HXX

Here, let Zp = lir
T
j Y and Zq = lsr

T
t Y . For each value of k in the loop, pre-

calculate ¯Y C = Y · C(∗) and ¯Y Z = Y · Z∗. With (9) in mind, we have

Ax = tr(Clsr
T
t Y ) = rTt

¯Y Cls = ¯Y C(t, s), all

+ = tr(Crtl
T
s Y ) = lTs ¯Y Crt = ¯Y C(s, t), if s 6= t

Bx = tr(Z∗lir
T
j Y ) = rTj

¯Y Zli = ¯Y Z(j, i), all

+ = tr(Z∗rj l
T
i Y ) = lTi

¯Y Zrj = ¯Y Z(i, j), if i 6= j

Cx = tr(Clsr
T
t Y Z

∗lir
T
j Y ) = rTj ¯Y Cls · rTt ¯Y Zli = ¯Y C(j, s) · ¯Y Z(t, i), all

+ = tr(Crtl
T
s Y Z

∗lir
T
j Y ) = rTj ¯Y Crt · lTs ¯Y Zli = ¯Y C(j, t) · ¯Y Z(s, i), if s 6= t

+ = tr(Clsr
T
t Y Z

∗rj l
T
i Y ) = lTi ¯Y Cls · rTt ¯Y Zrj = ¯Y C(i, s) · ¯Y Z(t, j), if i 6= j

+ = tr(Crtl
T
s Y Z

∗rj l
T
i Y ) = lTi ¯Y Crt · lTs ¯Y Zrj = ¯Y C(i, t) · ¯Y Z(s, j),

if i 6= j and s 6= t

Since HXX is symmetric, we only need to do the above calculations for 1 ≤
q ≤ p ≤ n and then mirror the elements so that HXX(q, p) = HXX(p, q). The
mappings from i, j, s, t to p and q are as follows.

p = i+ j × n− jco+ ns

q = s+ t× n− tco+ ns
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where jco and tco are cumulative o�sets that depend on j and t respectively.
The o�set ns is n(n + 1)/2 if the corresponding index points to values that
belongs to Y , otherwise it is zero.

4.2 HY Y

The scalars Ay, By and Cy are built analogously to how it is done for the
XX-block, but here we can save time by pre-calculating C̄X = C(∗) · X and

¯ZX = Z∗ · X. Let Zp = Xlir
T
j and Zq = Xlsr

T
t . This will result in the

same equations and indices as in the XX case, except that the matrices will be
di�erent. Here Ay = C̄X(t, s), By = ¯ZX(j, i) and Cy = C̄X(j, s) · ¯ZX(t, i) are
the �rst terms that should be added regardless of the indices i, j, t, s.

Similarly as for HXX , HY Y is symmetric, we only need to do the above
calculations for 1 ≤ j ≤ i ≤ n and then mirror the elements so that HY Y (j, i) =
HY Y (i, j).

4.3 HXY

Here Axy = Ay and Bxy = Bx so we do not have to calculate these, while Cxy

is calculated as follows. Pre-calculate ¯Y ZX = Y · Z∗ ·X.

Cxy = tr(C(∗)lsr
T
t Y ZXlir

T
j ) = rTj C(∗)ls · rTt ¯Y ZXli = C(j, s) · ¯Y ZX(t, i), all

+ = tr(C(∗)rtl
T
s Y ZXlir

T
j ) = rTj C(∗)rt · lTs ¯Y ZXli = C(j, t) · ¯Y ZX(s, i),

if s 6= t

+ = tr(C(∗)lsr
T
t Y ZXrj l

T
i ) = lTi C(∗)ls · rTt ¯Y ZXrj = C(i, s) · ¯Y ZX(t, j),

if i 6= j

+ = tr(C(∗)rtl
T
s Y ZXrj l

T
i ) = lTi C(∗)rt · lTs ¯Y ZXrj = C(i, t) · ¯Y ZX(s, j),

if i 6= j and s 6= t

Additionally, the last term in (8) will appear here, but outside of the loop over
k.

tr(C(∗)Zij) = tr(C(∗)lir
T
j lsr

T
t ) = rTt C(∗)li · rTj ls, all

+ = tr(C(∗)lir
T
j rtl

T
s ) = lTs C(∗)li · rTj rt, if s 6= t

+ = tr(C(∗)rj l
T
i lsr

T
t ) = rTt C(∗)rj · lTi ls, if i 6= j

+ = tr(C(∗)rj l
T
i rtl

T
s ) = lTs C(∗)rj · lTi rt, if i 6= j and s 6= t

Note here that HXY is not symmetric which implies that the loops shall run
for 1 ≤ i ≤ n and 1 ≤ j ≤ n, but that HY X = HXY , i.e., the (1,2) block is the
transpose of the (2,1) block so that the whole Hessian matrix is symmetric.

5 Computational complexity

I this section we investigate the complexity of the algorithm and compare it
to the old implementation in terms of the number of operations required. One
should however keep in mind that Matlab might recognize structure, e.g. that
a matrix contains mostly zeros, and exploit that to speed up the calculations in
some cases. Anyway, the approximate number of operations is still a measure
of complexity that is useful when comparing algorithms.
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5.1 Old implementation

5.1.1 Gradient

The calculations in (3) involves k matrix multiplications which is O(kn3) oper-
ations. Then each run of the n(n+ 1)/2 loop we did two matrix multiplications
which resulted in O(n5) operations, which was the dominating cost.

5.1.2 Hessian

We had a much more straightforward approach in the old implementation of
(8) than what is described in this report. Instead of changing the order of the
loops, we had two nested loops, where each is O(n2). In each run of these loops
we ran a loop over k where a matrix exponential of approximate cost of O(kn3)
was calculated. This results in a total of O(k2n7) operations. Basically, you
can say that we calculated all the terms in (8) for each run in the two nested
loops of O(n2).

5.2 New implementation

5.2.1 Gradient

The calculations in (3) involves k matrix multiplications which is O(kn3) op-
erations. In (6) we do two matrix pre-multiplications which is approximately
O(n3) operations. In total we then have O(kn3).

5.2.2 Hessian

Since we can pre-calculate the matrix products Y C(∗), Y Z
∗, C(∗)X, Z∗X,

Y C(∗)X and the matrix exponential Z∗ := ZZ∗, we can save some precious
complexity and some vector multiplications will be replaced by simple extract-
ing an element in the pre-calculated matrix. Still we need to do 7k matrix
multiplications which results in approximately O(kn3) operations. Then we are
doing four nested loops in which we only do scalar multiplications and addi-
tions. This results in approximately O(kn4) operations since these four loops
are inside the k loop.

5.3 Complexity result

All in all, we can conclude that the number of calculations required was low-
ered from O(n5) to O(kn3) when calculating the gradient and from O(k2n7) to
O(kn4) when calculating the Hessian.

Some examples of computation times when comparing the old and newMat-

lab code versions for di�erent n and k can be found in Table 1, and a plot over
the required time versus n for the case k = 1 can be seen in Figure 1. The
value k = 1 was chosen because then all parts of the code are run at least once.
The thin lines show O(n4) and O(n7). We can see that the old implementation
does not approach O(n7) until n ≥ 40 while the new implementation approaches
O(n4) for n ≥ 20. (The reason why the highest dimension for the old implemen-
tation was 60 while the new one was 90 due to the fact that at higher dimensions
the respective algorithms run out of memory.) One likely reason why the old
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Table 1: The table shows the required computation time for di�erent values of
n and k for the old and new version of the implementation in Matlab code.

n k told [s] tnew [s]
20 10 120 0.38
20 5 48 0.16
20 1 9.6 0.047
20 0 3.0 0.018
10 9 4.0 0.026
10 5 2.2 0.018
10 1 0.50 0.0055
10 0 0.16 0.0021

version does not approach O(n7) until higher dimensions might be thatMatlab

carries out the matrix multiplications of the sparse matrices e�ciently.
Another conclusion that can be drawn from this is that the new implementa-

tion is not only more computationally e�cient, but also more memory e�cient.

6 Project results

The gradient and Hessian calculations were implemented in a computationally
e�cient way. The number of calculations required was lowered from O(n5)
to O(kn3) when calculating the gradient and from O(k2n7) to O(kn4) when
calculating the Hessian.

All the goals were implemented in Matlab code, but the time constraint
did not admit an implementation of the Hessian calculations (goal 3) in Mex
(C code). The calculation of the coe�cients (goal 1) and the calculations of the
gradient of a speci�ed coe�cient (goal 2) were however implemented in Mex.
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