
Technical report from Automatic Control at Linköpings universitet

A unified approach to identification of
linear SISO models subject to missing
output data and missing input data

Ragnar Wallin, Anders Hansson
Division of Automatic Control
E-mail: ragnarw@isy.liu.se, hansson@isy.liu.se

25th May 2011

Report no.: LiTH-ISY-R-3014
Submitted to Automatica

Address:
Department of Electrical Engineering
Linköpings universitet
SE-581 83 Linköping, Sweden

WWW: http://www.control.isy.liu.se

AUTOMATIC CONTROL
REGLERTEKNIK

LINKÖPINGS UNIVERSITET

Technical reports from the Automatic Control group in Linköping are available from
http://www.control.isy.liu.se/publications.

http://www.control.isy.liu.se/~ragnarw
http://www.control.isy.liu.se/~hansson
mailto:ragnarw@isy.liu.se
mailto:hansson@isy.liu.se
http://www.control.isy.liu.se/publications/?type=techreport&number=3014&go=Search&output=html
http://www.control.isy.liu.se
http://www.control.isy.liu.se/publications


Abstract

When output data is missing in a system identi�cation scenario, it is not

the Euclidean norm of the prediction error vector per se that should be

minimized. Doing so will almost always yield biased parameter estimates.

Two algorithms for estimation of the parameters, which can handle both

missing output data and missing input data, are presented. The criterion

minimized in the algorithms is the Euclidean norm of the prediction error

vector scaled by a particular function of the covariance matrix of the ob-

served output data. The algorithms yield a maximum likelihood estimate

of the parameters under certain conditions.

Keywords: System identi�cation, Maximum likelihood estimation, Missing

data
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Abstract

When output data is missing in a system identification scenario, it is not the Euclidean norm of the prediction error vector per
se that should be minimized. Doing so will almost always yield biased parameter estimates. Two algorithms for estimation of
the parameters, which can handle both missing output data and missing input data, are presented. The criterion minimized
in the algorithms is the Euclidean norm of the prediction error vector scaled by a particular function of the covariance matrix
of the observed output data. The algorithms yield a maximum likelihood estimate of the parameters under certain conditions.
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1 Introduction

Missing data is a commonly occurring phenomenon in in-
dustrial applications. As identification experiments are
often both time consuming and expensive it is usually
not an option to discard data sets containing missing
measurements. Instead, people frequently use different
ad hoc methods to fill in the missing data. This will most
often result in biased parameter estimates, see [9] for ex-
amples of methods used and the effect they cause. The
more data that is missing the more harmful influence the
use of these ad hoc methods has. This explains the great
interest in algorithms that can handle missing data.

Data can be missing at random time instants or accord-
ing to periodical patterns. Examples of randomly miss-
ing data are outliers and random sensor failures. Period-
ically missing data appear for example in time sharing
of sensors, radar scans and multi-rate sampling. When
the input is sampled at a faster rate than the output a
periodic missing output data problem results [5], [22].

Missing data does not only occur in industrial applica-
tions. Much work has been done in statistics and econo-
metrics where time series are considered. A very good
survey of the work done in statistics is presented in the
book [13]. Other references also considering time series
are [7], [15], [16],[17] and [18] where AR models are stud-
ied and [1], [3], [10] and [21] where ARMA models are
studied. Some approaches, based on the EM method [2]
or the Kullback-Liebler information measure, for differ-

ent model types include [8], [25] and [27]. In [5] and [22]
least squares methods are used for periodic ARMAX and
ARX models respectively. In [24] neural networks are
used and in [19] a Bayesian learning approach is taken for
ARMAX models. Frequency domain methods are used
in [20]. This is not a complete reference list. However,
to the authors knowledge no unified treatment of sys-
tem identification with missing data has previously been
carried out.

The algorithms presented in this article can handle all
the commonly used models in system identification, such
as Box-Jenkins, ARMAX, ARX, FIR, OE, ARMA, AR
and MA models. Both data missing at random time in-
stants and data missing according to periodic patterns
can be taken care of. Moreover, both missing output data
and missing input data is treated. However, the algo-
rithms cannot handle cases when the missing data pat-
tern is dependent on the signal. If for example all output
data with a magnitude greater than two is missing the
algorithms may fail.

The approach to solve the problem is based on linear al-
gebra. This is the vehicle to a unified treatment, and it
is the opinion of the authors that this approach simpli-
fies the presentation of the theory and adds insight into
the problem. Of course, the algorithms can be imple-
mented using state-space models, fixed-interval Kalman
smoothers et cetera. It is hinted throughout the article
what matrix multiplication, data estimation et cetera
corresponds to in other frameworks. It is straightforward



to extend the results to multiple-input multiple-output
systems.

The rest of the article is organized as follows. In Sec-
tion 2 the models considered are presented. Section 3 re-
capitulates how system identification is performed when
all data is observed. Missing output data and how it can
be estimated, when the model parameters are known, is
discussed in Section 4. The correct criterion to minimize
when only output data is missing is introduced in Sec-
tion 5 and two ways to handle missing input data are
presented in Section 6. How to actually solve the result-
ing optimization problems is shown in Section 7. In Sec-
tion 8 expressions for the covariance matrices of the esti-
mated parameters are given. Some illustrative numerical
examples can be found in Section 9. Finally, conclusions
are drawn in Section 10.

2 Models

Assume that input data and output data from a system
is collected from time k = 1 to time k = n and that all
signals are zero for times k ≤ 0. The output and input
data are stacked into the vectors y = [y1, y2, · · · , yn]T

and u = [u1, u2, · · · , un]T respectively. Then a gen-
eral model, linear in data, describing the relationship
between the input signal and the output signal can be
written as

Ay − Bu = e (1)

whereA andB can have a complex nonlinear dependence
on the model parameters. The zero mean random vector
e has uncorrelated entries and covariance matrix λIn
where In is the n× n identity matrix. In this article the
matrices A and B are either restricted to be on the form

A = A1 = A1C
−1
1 D1 (2)

B = B1 = BC−11 D1F
−1Snk

N . (3)

or the model has B = 0 and A is on the form

A =

A1 B1
0n A2

 =

A1C
−1
1 D1 BC

−1
1 D1F

−1Snk

N

0n βA2C
−1
2 D2



where 0n is the n× n zero matrix and β is a scalar. The
matrix Sn is the n× n shift matrix

Sn =



0 0 0 0 0 0

1 0 0 · · · 0 0 0

0 1 0 0 0 0
...

. . .
...

0 0 0 0 0 0

0 0 0 · · · 1 0 0

0 0 0 0 1 0


and nk is the time delay between the input signal and
the output signal. The matrices Ai, B, Ci, Di and F are
defined as

Ai =

nai∑
k=1

aikS
k
n + In i = 1, 2 (4)

B =

nb∑
k=1

bkS
k−1
n (5)

Ci =

nci∑
k=1

cikS
k
n + In i = 1, 2 (6)

Di =

ndi∑
k=1

dikS
k
n + In i = 1, 2 (7)

F =

nf∑
k=1

fkS
k
n + In (8)

where S0
n is defined to be In. This is general enough to

describe the models commonly used in system identifi-
cation such as Box-Jenkins, ARMAX, ARX, FIR, OE,
ARMA, AR and MA models. They have A and B as in
(2)-(3) and the choices of A1, B, C1, D1 and F for these
special cases are given in Table 1.

The matrices defined in (4)-(8) are banded lower trian-
gular Toeplitz matrices. This class of matrices has sev-
eral interesting properties. Multiplication of two lower
triangular Toeplitz matrices is commutative and the re-
sulting matrix is also lower triangular Toeplitz. The in-
verse of a lower triangular Toeplitz is lower triangular
Toeplitz. Both Ci, i = 1, 2, and F can be written as the
sum of the identity matrix and a strictly lower triangu-
lar matrix L. The matrix L is linear in the parameters
and as it is strictly lower triangular it is nilpotent. It is
easy to show that the inverse of such a matrix is

(In + L)−1 = In +

n−1∑
k=1

(−L)k

and hence both the inverse matrix and the entire model
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Model A1 B C1 D1 F

Box-Jenkins In free free free free

ARMAX free free free In In

ARX free free In In In

FIR In free In In In

OE In free In In free

ARMA free 0n free In In

AR free 0n In In In

MA In 0n free In In

Table 1
Special cases of the model in (1). When a matrix is listed as
free the parameters in (4)-(8) for that matrix are not fixed.
Note how choosing a filter to be one or zero, when system
identification is treated in a filtering framework, corresponds
to choosing a matrix to be the identity matrix or the zero
matrix.

are polynomial in the parameters. Multiplication of two
lower triangular Toeplitz matrices corresponds to the
convolution of two linear filters. The filter coefficients are
the entries of the first column of the matrices. Filtering
a signal vector is done by multiplying it with a lower
triangular Toeplitz matrix. Inverse filtering corresponds
to multiplication with the inverse of a lower triangular
Toeplitz matrix. Later the derivatives of Ai, i = 1, 2,
and B1 with respect to the parameters will be needed.
They are

∂Ai
∂aik

= A−1i AiS
k
n, k = 1, 2, . . . , nai (9)

∂A1

∂bk
= 0, k = 1, 2, . . . , nb (10)

∂Ai
∂cik

= −C−1i AiS
k
n, k = 1, 2, . . . , nci (11)

∂Ai
∂dik

= D−1i AiS
k
n, k = 1, 2, . . . , ndi (12)

∂A1

∂fk
= 0, k = 1, 2, . . . , nf (13)

∂B1
∂a1k

= 0, k = 1, 2, . . . , na1 (14)

∂B1
∂bk

= B−1B1Sk−1n , k = 1, 2, . . . , nb (15)

∂B1
∂c1k

= −C−11 B1Skn, k = 1, 2, . . . , nc1 (16)

∂B1
∂d1k

= D−11 B1Skn, k = 1, 2, . . . , nd1 (17)

∂B1
∂fk

= −F−1B1Skn, k = 1, 2, . . . , nf . (18)

Note that multiplying a signal by these derivatives also
corresponds to linear filtering. Also time-varying models
can be written as (2)-(3). The matrices will still be lower
triangular but as the parameters vary they will no longer

be Toeplitz.

3 Prediction error method estimates of the pa-
rameters

When all data is observed, the parameters of the models
listed in Table 1 can be estimated with a prediction error
method [14], [23]. The estimate is obtained by finding
the parameters that minimize the Euclidean norm of the
prediction error vector. This is equivalent to solving the
nonlinear least squares problem

min
θ
‖Ay − Bu‖22 (19)

where θ are the parameters that appear in the definitions
of the matrices in (4)-(8). Prediction error methods yield
the maximum likelihood estimate of the parameters if
the random vector e is Gaussian.

4 Missing output data

Let Tm be a matrix containing entries that are either one
or zero. The entries in Tm are chosen such that they pick
out the missing data in y. The transpose of Tm will then
pick out the columns in A that are multiplied with the
missing output data. Similarly, let To be a matrix that
picks out the observed data in y. Such matrices have the
property that TTmTm + TTo To = In. Then the model (1)
can be written as

Ay − Bu = ATTm︸ ︷︷ ︸
Am

Tmy︸︷︷︸
ym

+ATTo︸ ︷︷ ︸
Ao

Toy︸︷︷︸
yo

−Bu

= Amym +Aoyo − Bu.

This form is convenient when missing output data is to
be estimated.

4.1 Estimation of missing output data

If the parameters are known the missing output data
can be estimated by minimizing the Euclidean norm of
the prediction error vector with respect to the missing
output data. This is equivalent to solving the linear least
squares problem

min
ym
‖Ay − Bu‖22 = min

ym
‖Amym +Aoyo − Bu‖22.

The solution is

ŷm = −A†m(Aoyo − Bu), (20)

where A†m is the Moore-Penrose pseudoinverse of Am.
This is the best linear unbiased estimate of the missing
output data and it is the optimal estimate if the random
vector e is Gaussian. Estimating missing output data as
in (20) is equivalent to fixed-interval Kalman smoothing.

3



5 Identification when only output data is miss-
ing

The most common case in applications is that only out-
put data is missing. Knowing how to estimate parame-
ters when all data is observed and how to estimate miss-
ing output data when the parameters are known makes
it very tempting to combine those steps to an algorithm
for estimation of both the parameters and the missing
output data. However, this is most often not a very good
idea.

5.1 A simple, plausible and deceitful algorithm

It is very easy to be seduced by the simplicity and plau-
sibility of the following algorithm for identification when
output data is missing.

(1) Make an initial guess of the parameters.
(2) Iterate until convergence between

(a) estimation of the missing output data using
(20) and

(b) estimation of the parameters using (19).

This algorithm is a block-coordinate descent solution of
the separable nonlinear least squares problem

min
θ,ym
‖Ay − Bu‖22. (21)

Unfortunately, parameter estimates that are computed
by minimizing (21) will be biased except when FIR mod-
els and OE models are considered. Why solving (21)
yields unbiased estimates for those models will be ap-
parent at the end of Section 5.2.

5.2 The correct criterion to minimize

For a model linear in data (1) the correct criterion to
minimize when output data is missing is not (21) but

min
θ,ym

∥∥∥∥ Ay − Bu
det(ATo P⊥Am

Ao)
1

2no

∥∥∥∥2
2

(22)

where P⊥Am
is the projection matrix

P⊥Am
= In −AmA†m (23)

and no is the number of observed output data points.
See [6] for a derivation of this result. Note that, for the
models listed in Table 1, (22) reduces to (19) when all
output data is observed. The residual of the separable
nonlinear least squares problem in (22) is proportional to

the determinant of the covariance matrix of the observed
output data which is

E(yoy
T
o ) = λ(ATo P⊥Am

Ao)−1.

In [6] a relationship between the covariance matrix of all
output data

E(yyT ) = λ(ATA)−1,

the covariance matrix of the missing output data

E(ymy
T
m) = λ(ATmAm)−1,

and the covariance matrix of the observed output data
is given. The relationship is

det(ATA) = det(ATo P⊥Am
Ao) det(ATmAm).

Thus, (22) can be written as

min
θ,ym

∥∥∥∥(det(ATmAm)

det(ATA)

) 1
2no

(Ay − Bu)

∥∥∥∥2
2

(24)

As det(ATA) = 1 for the models listed in Table 1 the
criterion (24) can be further simplified to

min
θ,ym
‖det(ATmAm)

1
2no (Ay − Bu)‖22. (25)

Solving this separable nonlinear least squares problem
yields the maximum likelihood estimate of the parame-
ters if the random vector e is Gaussian [6].

For FIR and OE models A is the identity matrix. The
matrix Am consists of selected columns of A. Hence,
det(ATmAm) = 1 for those models. Consequently, (25) is
equivalent to (21) and will not result in biased parameter
estimates.

6 Identification when also input data is missing

In some applications also input data is missing. Missing
input data is not as common as missing output data but
two possible ways to handle such cases are presented be-
low to make the treatment of missing data complete. In
the first approach the missing input data is considered
to be deterministic and in the second approach it is con-
sidered to be stochastic.

6.1 Deterministic approach

One way of handling missing input data is to treat it as
parameters and minimize the criterion

min
θ,ym,um

‖ det(ATmAm)
1

2no (Ay − Bu)‖22 (26)
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where um is the missing input data. However, it should
be noted that missing input data can only be considered
being parameters in a true sense when the number of
missing input data points do not tend to infinity when
the total number of data points tend to infinity [13]. If
this is not the case the covariance matrix of the esti-
mated input data does not tend to zero as the number
of observed data points tends to infinity. Hence, the pa-
rameter estimate is not a maximum likelihood estimate
even if the random vector e is Gaussian.

6.2 Stochastic approach with model for the input signal

Another way to handle missing input data is to take a
similar approach as was done in [8] for ARX models and
augment the model (1) with a model for the input signal.
The result is a model on the formA1 −B1

0n A2

y
u

 =

e1
e2

 (27)

where e1 has covariance matrix λ1In and e2 has covari-
ance matrix λ2In. The matricesA1 and B1 can represent
any of the models listed in Table 1 that include an input
signal andA2 can represent an AR model, an MA model
or an ARMA model. The model (27) is a multivariate
time series with y and u as output signals. To make this
model fit in the framework used earlier the rows in (27)

that describe the input model are scaled by β =
√

λ1

λ2
.

The result is the modelA1 −B1
0n βA2


︸ ︷︷ ︸

A

y
u


︸︷︷︸
z

=

 e1
βe2


︸ ︷︷ ︸

e

, (28)

which is on the form (1) with B = 0. The random vector
e has zero mean uncorrelated entries and covariance ma-
trix λ1I2n. Thus, the criterion to minimize is on the form
(24). For the model (28) det(ATA) = β2n and hence
(24) can be written as

min
θ,β,zm

∥∥∥∥(
√

det(ATmAm)

βn

) 1
no

Az
∥∥∥∥2
2

. (29)

Solving this separable nonlinear least squares problem
yields the maximum likelihood estimate of the parame-
ters if the random vector e is Gaussian [6].

The advantage of the stochastic approach over the de-
terministic one is that, if the input is indeed well mod-
eled by an AR, MA or ARMA model, the variance of the
estimated parameters in A1 and B1 can be lower than
when missing input data is treated as parameters. The

advantage of the deterministic approach is that it can be
used even when the input signal cannot be well modeled
by a time series.

7 Solving the two separable nonlinear least
squares problems

The two optimization problems to solve are (26) and (29)
as (25) is only a special case of (26). First it is recapit-
ulated how to solve a separable nonlinear least squares
problem and then the formulas needed for solving the
specific problems (26) and (29) are given.

7.1 Separable nonlinear least squares with approximate
gradient

For a separable nonlinear least squares problem

min
θ,x
‖Gx+ h‖22 (30)

where G and h are nonlinear in θ it is possible to do
as is suggested in [4] and first optimize over x and then
substitute the optimal x, which is

x(θ) = −G†h,

into (30) and solve the problem

min
θ
‖Gx(θ)+h‖22 = min

θ
‖(I−GG†)h‖22 = min

θ
‖P⊥G h‖22.

The solution can be found by a standard nonlinear least
squares solver supplied with a function that computes
the residual

r = Gx(θ) + h = P⊥G h (31)

and the gradient of the residual defined by

∂r

∂θk
=
∂P⊥G
∂θk

h+ P⊥G
∂h

∂θk
.

However, it has been observed in many studies that the
solution is obtained faster if an approximate gradient

g = P⊥G

(
∂G

∂θk
x(θ) +

∂h

∂θk

)
, (32)

due to Kaufman [11], is supplied to the nonlinear least
squares solver. As this agrees with the experiences from
[6], where parameters of ARMAX models subject to
missing data were estimated, it is the approach used also
in this article. Using this approximate gradient often re-
duces the computational time with 25% or more. Fur-
thermore, the error between the real gradient and the
approximate one is

∂r

∂θk
− g =

∂P⊥G
∂θk

r

5



which is small close to the optimum if ‖r‖2 is small.

7.2 Solving the problem without input model

Similarly to what is done in Section 4, let Tm be the
matrix that picks out the missing data in y, let To be the
matrix that picks out the observed data in y, let Rm be
the matrix that picks out the missing data in u and let
Ro be the matrix that pics out the observed data in u.
This results in

Am = ATTm
Ao = ATTo
Bm = BRTm
Bo = BRTo

and

ym = Tmy

yo = Toy

um = Rmu

uo = Rou.

Define γ1 as

γ1 = det(ATmAm)
1

2no . (33)

The derivatives of γ1 with respect to the parameters are

∂γ1
∂θk

=
γ1
no

trace

(
A†m

∂Am
∂θk

)
. (34)

For the separable nonlinear least squares problem (26)
the matrices and vectors in (31) are

G = γ1

[
Am −Bm

]
h = γ1(Aoyo − Bouo)

P⊥G = P⊥
[Am −Bm]

= In −
[
Am −Bm

] [
Am −Bm

]†
x(θ) =

ym(θ)

um(θ)

 = −
[
Am −Bm

]†
(Aoyo − Bouo)

and by defining

y(θ) = TTmym(θ) + TTo yo

u(θ) = RTmum(θ) +RTo uo

the residual can be computed as

r = Gx(θ) + h = γ1(Ay(θ)− Bu(θ)),

and the approximate gradient of the residual is

g = P⊥
[Am −Bm]

[
∂γ1
∂θk

(Ay − Bu) + γ1

(
∂A
∂θk

y − ∂B
∂θk

u

)]
.

All necessary derivatives of A and B with respect to
the parameters are given in (9)-(18). When θ has been
estimated an estimate of the variance λ can be computed
as

λ(θ̂) =
‖A(θ̂)y(θ̂)− B(θ̂)u(θ̂)‖22

trace

(
P⊥

[Am −Bm]

) .

This algorithm has similarities with the one presented
in [26]. Output and input data was estimated in the
same way. However, the minimization with respect to θ
was done using a more or less ad hoc bias compensation
scheme in [26]. Moreover, the algorithm was only appli-
cable to ARX models.

7.3 Solving the problem with input model

Similarly to what is done in Section 4, let Tm be the
matrix that picks out the missing data in z and let To be
the matrix that picks out the observed data in z. This
results in

Am = ATTm
Ao = ATTo

and

zm = Tmy

zo = Toy.

If γ2 is defined as

γ2 =
γ1

β
n
no

the expressions in (33) and (34) can be reused. The
derivatives of γ2 with respect to the parameters are

∂γ2
∂θk

=
1

β
n
no

∂γ1
∂θk

∂γ2
∂β

= −nγ2
noβ

For the separable nonlinear least squares problem (29)
the matrices and vectors in (31) are

G = γ2Am
h = γ2Aozo

P⊥G = P⊥Am
= I2n −AmA†m

x(θ, β) = zm(θ, β) = −A†mAozo

6



and by defining

z(θ, β) = TTmzm(θ, β) + TTo zo

the residual can be computed as

r = Gx(θ, β) + h = γ2Az(θ, β),

and the approximate gradient of the residual is

gθk = P⊥Am

(
∂γ2
∂θk
Az(θ, β) + γ2

∂A
∂θk

z(θ, β)

)
gβ = P⊥Am

(
∂γ2
∂β
Az(θ, β) + γ2

∂A
∂β

z(θ, β)

)
.

All necessary derivatives of the blocks inA, with respect
to the parameters, except

∂A
∂β

=

0n 0n

0n A2


are given in (9)-(18). When θ and β are estimated, esti-
mates of the variances λ1 and λ2 can be computed as

λ1(θ̂, β̂) =
‖A(θ̂, β̂)z(θ̂, β̂)‖22

no

λ2(θ̂, β̂) =
λ1(θ̂, β̂)

β̂2
.

8 Fisher information matrices

It is well known that the estimates obtained from max-
imum likelihood estimation in most cases are unbiased
and has covariance matrix equal to the inverse of the
Fisher information matrix I assuming it exists. For
Gaussian maximum likelihood problems there is a closed
form expression for this matrix, [12]. The closed form
expressions for the entries of the Fisher information
matrix are given by

Ik,l =
∂µo
∂θ̄k

T

Σ−1o
∂µo
∂θ̄k

+
1

2
trace

(
Σ−1o

∂Σo
∂θ̄k

Σ−1o
∂Σo
∂θ̄l

)
where

Σo = E(yoy
T
o ) = λ(ATo P⊥Am

Ao)−1.
The two optimization problems that yield maximum
likelihood estimates when the noise is Gaussian are (25)
and (29). For (25) the parameter vector is

θ̄ =
[
λ θT

]T

and the derivatives needed to compute the Fisher infor-
mation matrix are

∂µo
∂λ

= 0

∂µo
∂θk

= ToA−1
(
∂A
∂θk
A−1B − ∂B

∂θk

)
u

∂Σo
∂λ

= (ATo P⊥Am
Ao)−1

∂Σo
∂θk

= − 1

λ
ΣoUΣo

where

U =
∂Ao
∂θk

T

P⊥Am
Ao +ATo

∂P⊥Am

∂θk
Ao +ATo P⊥Am

∂Ao
∂θk

.

This result it derived in [6]. For (29) the parameter vector
is

θ̄ =
[
λ θT β

]T
and the derivatives needed to compute the Fisher infor-
mation matrix are

∂Σo
∂λ

= (ATo P⊥Am
Ao)−1

∂Σo
∂θk

= − 1

λ
ΣoUΣo

∂Σo
∂β

= − 1

λ
ΣoV Σo

where

U =
∂Ao
∂θk

T

P⊥Am
Ao +ATo

∂P⊥Am

∂θk
Ao +ATo P⊥Am

∂Ao
∂θk

V =
∂Ao
∂β

T

P⊥Am
Ao +ATo

∂P⊥Am

∂β
Ao +ATo P⊥Am

∂Ao
∂β

.

The derivatives of µo with respect to all parameters are
equal to zero.

9 Numerical examples

All numerical examples have been solved using Mat-
lab’s nonlinear least squares solver lsqnonlin with the
options Algorithm = ’trust-region-reflective’,
TolFun = 1e-15 and TolX = 1e-6/sqrt(np), where np
is the number of estimated parameters.

9.1 Example 1

The purpose of this example is to show that minimizing
(21) does indeed yield biased parameter estimates but
minimizing (25) does not. The input to the ARX system

y(k) =
0.7

1 + 0.7q−1
u(k) +

1

1 + 0.7q−1
e(k)

7



where q−1 is the time-shift operator, was a sequence
of random variables equal to ±1 with equal probabil-
ity. The noise was Gaussian distributed with variance
0.5. The number of generated input sequences and noise
sequences was 1000. This system has two parameters,
a1 = 0.7 and b0 = 0.7. Data was generated from time
k = 1 to time k = 1000. The percentage of missing out-
put data was 40%. Data was missing at random time in-
stants. Initial guesses for the parameters were zero. The
results are shown in Figure 1, Figure 2 and Table 2.
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Fig. 1. Estimates of the parameters in Example 1 using (21).
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Fig. 2. Estimates of the parameters in Example 1 using (26).

Unbiased Biased

Mean a1 0.7003 0.7536

Standard deviation a1 0.0183 0.0162

Mean b1 0.7007 0.6907

Standard deviation b1 0.0285 0.0287

Table 2
Sample mean and sample standard deviation of the param-
eter estimates in Example 1.

The values of the sample standard deviations are similar
but the values of the sample means are not. A clear
bias is seen when the Euclidean norm of the prediction
error vector is minimized. Not a single one of the 1000
estimates is to the left of or on the line a1 = 0.7.

9.2 Example 2

The algorithm was derived for maximum likelihood es-
timation when the noise is Gaussian distributed. The
purpose of this example is to show how the algorithm
performs for noise that is not Gaussian distributed. The
input to the ARX system

y(k) =
0.7

1 + 0.7q−1
u(k) +

1

1 + 0.7q−1
e(k)

was a sequence of random variables equal to ±1 with
equal probability. The noise was uniformly distributed
with variance 0.5. The number of generated input se-
quences and noise sequences was 1000. Data was gener-
ated from time k = 1 to time k = 1000. The percentage
of missing output data was 40%. Data was missing at
random time instants. Initial guesses for the parameters
were zero. The results are shown in Figure 3 and Table 3.
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Fig. 3. Estimates of the parameters in Example 2 using (26).

Mean a1 0.6996

Standard deviation a1 0.0174

Mean b1 0.7000

Standard deviation b1 0.0283

Table 3
Sample mean and sample standard deviation of the param-
eter estimates in Example 2.

The resulting sample estimates of the mean and stan-
dard deviation are very similar to the ones for the case
with unbiased estimates and Gaussian noise in Exam-
ple 1.

9.3 Example 3

The purpose of this example is to show that it can pay
off, in terms of accuracy of the estimated parameters,
to introduce an input model if the input signal can be
well modeled using a time series model. The input to the
ARX system

y(k) =
0.7

1 + 0.7q−1
u(k) +

1

1 + 0.7q−1
e1(k)

8



was generated by the AR process

u(k) =
1

1 + 0.2q−1 − 0.64q−2
e2(k).

The variance of e1 and the variance of e2 were 0.5.
The number of generated input sequences and noise se-
quences were 1000. Data was generated from time k = 1
to time k = 500. The percentage of missing output data
was 20% and the percentage of missing input data was
20%. Data was missing at random time instants. The
results are shown in Figure 4, Figure 5 and Table 4.
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Fig. 4. Estimates of the parameters in Example 3 using (26).
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Fig. 5. Estimates of the parameters in Example 3 using (29).

Input model No input model

Mean a1 0.6999 0.6998

Standard deviation a1 0.0156 0.0218

Mean b1 0.6999 0.7001

Standard deviation b1 0.0145 0.0448

Table 4
Sample mean and sample standard deviation of the param-
eter estimates in Example 3.

The sample standard deviation decreases a little bit for
a1 and decreases significantly for b1. It should be noted
that it does not pay off as much to introduce an input
model when the percentage of missing inputs is small.

9.4 Example4

In this example the input to the ARMAX system

y(k) =
2q−1 − 1.7321q−2 + 0.5q−3

1 + 1.6899q−1 + 1.1830q−1 + 0.3430q−3
u(k)

+
1− 0.0657q−1 − 0.1228q−2 + 0.0800q−3

1 + 1.6899q−1 + 1.1830q−1 + 0.3430q−3
e(k)

was a sequence of random variables equal to ±1 with
equal probability. The noise was Gaussian distributed
with variance 0.5. The number of generated input se-
quences and noise sequences was 1000. Data was gener-
ated from time k = 1 to time k = 500. The percentage
of missing output data was 25%. Data was missing at
random time instants. The results are shown in Table 5.

Mean a1 1.6889

Standard deviation a1 0.0302

Mean a2 1.1815

Standard deviation a2 0.0434

Mean a3 0.3424

Standard deviation a3 0.0196

Mean b1 2.0016

Standard deviation b1 0.0404

Mean b2 -1.7341

Standard deviation b2 0.0725

Mean b3 0.5052

Standard deviation b3 0.0846

Mean c1 -0.0720

Standard deviation c1 0.0739

Mean c2 -0.1239

Standard deviation c2 0.0724

Mean c3 0.0811

Standard deviation c3 0.0682

Table 5
Sample mean and sample standard deviation of the param-
eter estimates in Example 4.

10 Conclusions

When output data is missing it is not the Euclidean norm
of the prediction error vector that should be minimized
but but rather the Euclidean norm of the prediction er-
ror vector scaled by a certain function of the covariance
matrix of the observed output data. Neglecting to choose
the right criterion will result in biased parameter esti-
mates except for OE and FIR models.

9



Missing input data can be considered as deterministic
or stochastic. The stochastic point of view results in a
lower variance of the parameter estimates when it is ap-
plicable. On the other hand the deterministic point of
view works also when the input signal cannot be well
modeled by a time series.

Two easy to implement algorithms were tested on some
numerical examples. The first one yields maximum like-
lihood estimates of the parameters when only output
data is missing and the noise is Gaussian. The other
yields maximum likelihood estimates of the parameters
also when input data is missing and the noise is Gaus-
sian. Fisher information matrices are also provided such
that the covariance matrix of the estimated parameters
can be computed.

It is straightforward to extend the theory to multivari-
able systems. The structure of the matrices depends on
how the signals are partitioned. One possibility is to have
blocks with lower triangular Toeplitz matrices.
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