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Abstract
Frequent inlet flow changes typically cause problems for averaging level
controllers. For a frequently changing inlet flow the upsets do not occur
when the system is in steady state and the tank level at its set-point. For
this reason the tuning of the level controller gets quite complicated, since
not only the size of the upsets but also the time in between them relative
to the hold up of the tank have to be considered.
One way to obtain optimal flow filtering while directly accounting for future
inlet flow upsets is to use closed-loop robust MPC, as proposed here. The
behavior of the robust MPC controller differs from earlier proposed level
controllers as it does not return the tank level to a fixed set-point following
an inlet flow upset. Guidelines on the tuning of the controller is presented
and its performance is compared to that of a previously proposed MPC
approach.

Keywords: Averaging level control, Robust MPC, Surge tanks
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Abstract

Frequent inlet flow changes typically cause problems for averaging level controllers. For a frequently
changing inlet flow the upsets do not occur when the system is in steady state and the tank level at its
set-point. For this reason the tuning of the level controller gets quite complicated, since not only the size
of the upsets but also the time in between them relative to the hold up of the tank have to be considered.

One way to obtain optimal flow filtering while directly accounting for future inlet flow upsets is to
use closed-loop robust MPC, as proposed here. The behavior of the robust MPC controller differs from
earlier proposed level controllers as it does not return the tank level to a fixed set-point following an inlet
flow upset. Guidelines on the tuning of the controller is presented and its performance is compared to
that of a previously proposed MPC approach.
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Introduction
Surge tanks are widely used within the process industry to prevent upstream flow variations from upsetting downstream

processes. The outlet flow is kept smooth by using the capacity of the tank to average out any inlet flow variations. Averaging
level control thus differs from most other control problems in the sense that the objective is not to obtain tight reference following
but rather to keep the control signal (the outlet flow) smooth.

Over the years many approaches to control surge tanks have been suggested. Luyben and Buckley (1977) proposed to control
the tank by a proportional part and a feed forward compensation from the inlet flow. Gain scheduled PI controllers which filter
small upsets slowly and large ones more rapidly were presented in (Shunta and Fehervari, 1976). Design charts for the tuning
of PI controllers were given by Cheung and Luyben (1979) to achieve optimal filtering for inlet flow step changes. A recent
contribution to the tuning of PI controllers is the optimization approach taken by Shin et al. (2008). A two-degree of freedom
controller which permits designing the disturbance attenuation and reference following separately was proposed by Wu et al.
(2001). The continuous-time optimal level controller, which minimizes the maximum rate of change of the outlet flow, was derived
in (McDonald et al., 1986). Its discrete-time counterpart as well as a formulation of the control problem in the model predictive
control (MPC) framework, was presented in (Campo and Morari, 1989).

The aforementioned controllers achieve averaging control by, following an inlet flow change, allowing the tank level to initially
deviate from its steady state set-point of (typically) 50% while smoothly adapting the outlet flow to match the new inlet flow and
eventually bringing back the tank level to the set-point. The various approaches do, of course, differ in exactly how this is performed
and also in what tuning knobs that are available. We have an application in one of Perstorp AB’s factories where the inlet flow
upsets are rather frequent, see Figure 1. This gives that, in general, the system might not have reached steady state when an inlet
flow upset occurs. Therefore the guidelines of previous contributions are not directly applicable (since the steady state assumption
is violated). Using historical data and some extra safety margin for future uncertainty it is possible to find a controller tuning which
will perform well for a specific surge tank. How to generalize the result or to give general guidelines is, however, not obvious.

By using the framework of robust model predictive control it is possible to obtain optimal flow filtering while directly
accounting for future inlet flow changes. This paper presents the controller design, some early results and discusses how the
insight gained from the design can be used to modify other control structures to improve their performance for frequent inlet
flows.

System Description
We assume a cylindrical buffer tank with level x and inlet and outlet flows qin and qout respectively. Furthermore we assume

that we manipulate the outlet flow directly, u = qout. Using mass balance we obtain the continuous time model
1 To whom all correspondence should be addressed.
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Figure 1. Inlet flow data from Perstorp AB second week of March 2011.

ẋ(t) = kv (qin(t)− u(t)) (1)

Under the assumption that the inlet and outlet flow is constant over a sampling instance of length Ts the discrete time model is

x(k + 1) = x(k) + kvTs (qin(k)− u(k)) (2)

Furthermore we assume that all quantities are given in percent and that the outlet and inlet flow have equal range

xmin ≤ x ≤ xmax

qmin ≤ qin, u ≤ qmax
(3)

where qmin = xmin = 0% and qmax = xmax = 100% if no extra security limitations are put on the tank level. The parameter kv
describes how one percent of flow imbalance per time unit relates to change in tank level. With the outlet being the manipulated
flow we could allow it to have greater range than the inlet flow, but for the scope of this paper that would only serve to obstruct the
view and complicate the notation. For the same reason we assume that the inlet flow is directly measurable. In any case, the linear
dynamics of the system allow for a straightforward estimation of the inlet flow using the Kalman filter as shown in (Khanbaghi
et al., 2001).

Model Predictive Control

Model predictive control use a prediction of the future response of the system to find the optimal control signal. In every sample
a control sequence that minimizes the optimization problem

min
u(0), u(1),..., u(N)

J(x(k), u(k))

subject to
x(k + 1) = Fx(k) +Gu(k)

x(0), u(−1) known
constraints on x(k) and u(k)

(4)

is found. The function J(x(k), u(k)) quantifies what we want to achieve and the initial conditions x(0), u(−1) are the current
state and the last control signal respectively. The first control signal, u(0), of the sequence u(0), u(1), . . . , u(N), is then actuated
and at the next measurement instant a new optimization problem with new initial conditions is solved. At every sample instant
the control policy employed is thus an open-loop one, but since the procedure is repeated, using fresh knowledge of the state, the
controller is indeed working in closed loop. A comprehensive description of MPC can be found in (Maciejowski, 2002).

The averaging level control problem can be formulated in the MPC framework as first reported in (Campo and Morari, 1989).
The presentation here follows their framework. To obtain a “smooth outlet flow” we minimize the maximum change of the outlet
flow

min
u(0)),..., u(N)

max
k
|u(k)− u(k − 1)| (5)

To ensure that the constraints (3) are fulfilled for the whole prediction horizon we note that the dynamics of the system yields

xmin ≤ x(k) ≤ xmax⇔xmin ≤ x(0) + kvTs

k∑
i=0

(qin(i)− u(i)) ≤ xmax (6)

where u(i), i = 0, . . . , N are the optimization variables and x(0) is the current state. Future inlet flows qin are assumed to be
constant and equal to the last known inlet flow value. If the inlet flow is directly measurable the last known value is qin(0) while
if it is estimated a delay of one sample is needed. The observer (the Kalman filter) is, however, not particularly computationally
demanding and is thus typically run at higher execution frequency than the MPC controller. It is thus a reasonable approximation
that qin(0) is available. This gives the optimization problem



min
u(0),...,u(N)

max
k
|u(k)− u(k − 1)|

subject to
x(k + 1) = x(k) + Tskv (qin(0)− u(k))

x(0), qin(0), u(−1) known
x(k) ∈ [xmin, xmax] , k = 0, 1, . . . , N

u(k) ∈ [qmin, qmax] , k = 0, 1, . . . , N

(7)

which, as shown in (Campo and Morari, 1989), can be reformulated as a linear program. The behavior of this formulation is
shown in Figure 2 where an inlet flow step from 20% to 50% occurring at t = 1 is simulated. This simulation as well as the
succeeding ones were performed using YALMIP, (Löfberg, 2004) and the Gurobi Mex interface, (Yin, 2009-2011). The optimal
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Figure 2. Simulation of model predictive control using kv = 1
3 h−1, a sampling interval of 1 hour and a prediction horizon of 20

hours.

control strategy is, as pointed out by (Campo and Morari, 1989) and (McDonald et al., 1986), a ramp that removes the flow
imbalance just as the tank reaches its limit. The performance criterion for the above formulation evaluates to 3.3.

The drawback with the above behavior should be rather obvious as a positive inlet flow change after t = 10, will have to be
directly transferred to the outlet flow to avoid tank overflow. That the tank level stays on the tank boundary is on the other hand
not surprising, since the controller is “told” that future inlet flows are constant and equal to qin(0). We know, however, that this
will not be the case and consequently must augment the controller with a mechanism that returns the tank level to, e.g., 50% to
prepare the system for the next upset. In the MPC formulation this can be achieved by augmenting (7) with the constraint

x(k +N) = 50% (8)
as suggested by Campo and Morari (1989). The control sequence u(0), u(1), . . . , u(N) found in every sample will thus bring back
the tank level to 50% in the open-loop prediction. To illustrate the effect of the end-value constraint we simulate the system for
three different prediction horizons 10, 20 and 60. The system response is shown in Figure 3 and the obtained performance criteria
are shown in Table 1. Note, that since only u(0) is actuated, the resulting settling time is greater than N and, according to Campo
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Figure 3. Simulation of model predictive control using kv = 1
3 h−1, a sampling interval of 1 hour. The different prediction horizon

are 10, 20 and 60 hours and drawn with solid, dashed and dash-dotted respectively.

and Morari (1989), often in the region between 2N and 2.5N sampling intervals. An effect of the end-value constraint is that the
prediction horizon’s importance as a tuning parameter is further increased compared to other MPC problems. In “normal” MPC



Table 1. Performance criteria for different prediction horizons for a step from 20% to 50%, kv = 1
3 and

using end-value constraint.

Pred. Horizon Objective
10 6.0
20 3.3
60 3.3

typically N should be chosen to capture the essential dynamic behavior (the transient) of the system and thus there is typically
no obvious disadvantage (apart from an increased computational burden) nor any major advantage in using large N -values. When
using (7) and (8) the selection of N does, however, become a delicate business since it affects the settling time of the system. We
see, for example, in Table 1 that both 20 and 60 give the same performance criterion, 3.3, (which is optimal) but from Figure 3 it is
clear that N = 60 gives a considerably longer settling time. A long prediction horizon does, however, filter more upsets (smaller
ones) optimally than what a short horizon does, as shown in (Campo and Morari, 1989). This connection gives the user a way of
tuning the controller. By specifying the smallest inlet flow upset, ∆qin, that should be filtered optimally the prediction horizon can
be calculated according to

N ≥ Ncrit =
1

2|u?|
(
2|∆qin|+

√
α
)

(9a)

where

α = (|u?| − 2|∆qin|)2 (9b)

u? =
2|∆qin|
k? + 1

− 100

kvTsk?(k? + 1)
(9c)

k? =

⌈
100

kvTs|∆qin|

⌉
(9d)

as derived by (Campo and Morari, 1989). The notation d e means rounding to the nearest larger integer. The above equations
assume that the system is in steady state. Another tuning procedure would be to specify a desired settling time and then select Ts
and N according to

NTs =
Settling time

2
(10)

In Figure 3 one of the drawbacks that might arise with this approach is visible. Even though the tank level eventually is returned
to 50% the tank level deviation is still rather large. If, for example, a second positive inlet flow change occurs at t ≈ 10 it would,
more or less, have to be directly transferred to the outlet flow since little tank volume remains to surge the upset.

Robust MPC
The MPC controller in the previous section shares one feature with other previously suggested level controllers. Following an

inlet flow step, there is a time interval when the available tank capacity to filter a subsequent upset is reduced. For example we
see that for t ∈ [5, 25] the tuning N = 20 will have less than 20% tank capacity available to surge a positive inlet flow step. To
improve the handling of frequently changing inlet flows the controller should typically be tuned more tightly. An example of this
can be seen in Figure 2 where N = 10 has considerably much more tank capacity available than N = 20.

By alternatively formulating the control problem in a robust MPC framework we can obtain a controller that achieves optimal
filtering while accounting for rapidly varying inlet flows. Analogously to the previous approach, flow smoothing is obtained
by minimizing max |u(k)− u(k − 1)| but future inlet flows qin(1), qin(2), . . . , qin(N) are treated as unknown but bounded
qin ∈ [qmin, qmax], instead of being assumed to be constant. The robust MPC framework then permits to find an open-loop
sequence u(0), u(1), . . . , u(N) that is robustly optimal. The control law which fulfills the aforementioned description is the
solution to the following optimization problem

min
u(0),...,u(N)

max
qin(1),...,qin(N)

max
k
|u(k)− u(k − 1)|

subject to
x(k + 1) = x(k) + Tskv (qin(k)− u(k))

x(0), qin(0), u(−1) known
x(k) ∈ [xmin, xmax] ∀ qin(k) ∈ [qmin, qmax]

qin(k), u(k) ∈ [qmin, qmax]

(11)

Note that the above formulation does not include any mechanism that promotes the return of the tank level to 50% but only assures
that the tank level stays within its limits.

The above formulation suffers, however, from severe conservativity which can even lead to lack of feasibility. The reason for
this is that the controller tries to find an open-loop solution u(0), u(1), . . . , u(N) that will keep the system feasible for every
possible inlet flow sequences qin(0), qin(1), . . . , qin(N). This problem arises since the MPC formulation only uses information
available at the present time when deciding the input signals N samples into the future. We know that in the “real world” new
information (future measurements) will become available gradually. To mitigate the conservativity, (11) can be augmented with an
artificial feedback mechanism, according to which, future control signals are decided. One simple policy is to assume that future



control signals are given by the affine control law u(k) = lkx(k) + v(k). The drawback with this policy is that the optimization
problem solved in every sample becomes bi-linear in the decision variables lk and v(k) and thus typically difficult to solve. An
alternative policy, proposed by Löfberg (2003), which gives a convex optimization problem is to allow every future input to be a
linear feedback of past disturbances

u(k) =
∑

i≤k−1

lk,iqin(i) + v(k) = Lkqin + v(k) (12)

where Lk = (lk,0, lk,1, . . . , lk,k−1, 0, . . . , 0) and qin = (qin(0), qin(1), . . . , qin(N))T . The set of admissible states using (12) is
ín fact equivalent to the one using u(k) = lkx(k) + v(k), as shown in (Goulart et al., 2006). We will, however, still assume that
qin(k) is available when u(k) is decided and thus use i ≤ k in (12). This yields the optimization problem

min
L0:N , v(0:N)

max
qin(1:N)

max
k
|(Lk − Lk−1)qin + v(k)− v(k − 1)|

subject to
x(k + 1) = x(k) + Tskv (qin(k)− u(k))

x(0), qin(0), v(−1) known
x(k) ∈ [xmin, xmax] ∀qin(k) ∈ [qmin, qmax]

qin(k), u(k) ∈ [qmin, qmax]

(13)

where the initial condition should be interpreted as v(−1) equal to u(0) from the last sample. Note that the control law used is still
receding horizon control and not the mapping (12), i.e., only u(0) is actually applied to the system . The mapping does, however,
influence the MPC controller since it is part of the optimization problem. The optimization problem (13) can be formulated as a
linear program as shown in (Löfberg, 2003) and solved by a standard LP-solver.

To illustrate the behavior of the robust MPC controller it is simulated on an artificial inlet flow which illuminates the overall
behavior of the controller. The inlet and outlet flows as well as the resulting tank level are shown in Figure 4. The controller was
initialized with x(0) = 50% and v(−1) = qin(0).
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Figure 4. Simulation of closed loop robust MPC with a sampling period of one minute, a prediction horizon of 60 minutes and
kv = 1

10 .

The controller does not return the tank level to 50% following an inlet flow upset but instead adapts the steady state tank level
to that of the inlet flow. For the case of qin = 0% and qin = 100% the steady state tank level is on the lower and upper boundary
respectively. This behavior is an effect of the assumption that the inlet and outlet flows having equal and known capacities. For a
real application any uncertainty of the capacity estimates could be handled by adding a safety margin to the tank level limits. That
qin = 100% does give a completely filled tank is, however, rather intuitive from filtering perspective. By assumption we know that
the next upset must be downwards and by having a completely filled tank, maximum capacity is available to filter the upset.

Implementation Issues
Up to a prediction horizon of approximately 40 the computational burden of the robust controller is not prohibitive. The

optimization is done in less than one second using YALMIP (Löfberg, 2004) and the Gurobi Mex interface of (Yin, 2009-2011)
on a 2.67 GHz processor. The parameter space is also of low dimension, x(0), qin(0) and v(−1) = u(−1), and thus it should also
be possible to obtain a very rapid explicit formulation, (Bemporad et al., 2002). The latter has, however, not yet been tested. All in
all it should be possible to use the controller in a real time implementation even with modest computational power.

Tuning Knobs
The controller has two tuning knobs, the prediction horizon, N and the sampling interval, Ts. The combination of these, NTs

(the actual prediction time), should, as with most MPC controllers, be chosen to capture the overall dynamic behavior of the
system. A small as possible sampling interval is of course preferred. With Ts fixed to 1, the effect N has on the mapping has been
investigated by using an inlet flow that does steps of size 2% and observing the steady state tank level. The result is shown in



Figure 5. The choice N = 10 is too short to capture the transient of the system which is in the region of 15 hours. Using N = 20
(enough to capture the essential step response) and N = 40 (more than twice as long the transient) does not give rise to any major
changes of the mapping. The controller is thus easy to tune, just choose NTs so that the transient of the system is captured.
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Figure 5. How the steady state tank level depends on the inlet flow for different prediction horizons using Ts = 1 and kv = 1
3 .

Which controller to use
The robustly optimal control strategy is not to return the tank level to 50% but rather to adapt the new steady state tank level

to the new inlet flow level. Previous approaches assume the inlet flow to be constant or at least to change very infrequently. Our
approach, on the other hand, assumes that the inlet flow can change in every sample. A real inlet flow typically ends up somewhere
in between these two extremas and one can expect that the inlet flow description which fits the considered process best will also
achieve the best filtering. One advantage with our approach is, however, that the controller will never run into problems even if
inlet flow changes are frequent.

Simulation Results
To give an indication of how the controller might work for Perstorp AB’s application we show the results of using the real

inlet flow data from Perstorp shown in Figure 1. This is, however, only data for one week and, admittedly, amongst the ones with
frequent upsets. The data is sampled every minute and the tank has roughly a hold up time of 3 hours. The MPC controllers (both
(13) and (7)) are executed every 30 minutes as it was a good compromise between limiting the simulation time and still gave fair
filtering results. For a real-time application it would probably be wise to execute the controllers more frequently. The robust MPC
controller was tuned with N = 40 to give a prediction time of 20 hours which captures the transient response. The tuning of the
controller by Campo and Morari (1989), hereafter denoted CM MPC, is more involved. The inlet flow performs steps in the range
[5, 80] and some upsets occur shortly after the previous one. Obviously we can not filter all upsets optimally since that would
give a controller with a very long settling time. One possibility is to say that upsets of magnitude ∆qin = 20 should be filtered
optimally. That means that steps like the ones at t ≈ 89, 107, 143, 146 and 155 will be filtered optimally. Inserting ∆qin = 20
and Ts = 30 into (9) gives the prediction horizon N = 62. Another approach on how to select N would be to use (10) and specify
a desired settling time. To have returned the tank level to 50% when the upsets occur the settling time must be short. A settling
time of 15 hours is probably too long to handle all upsets but should be enough for the major upsets at t ≈ 20, 50, 80, 140 and
159. With Ts = 30 we obtain N = 15. Both configurations have been tested and compared to the robust MPC controller.

The resulting filtering performances are shown in Table 2 while the simulated outlet flow and tank level is shown in Figure 6.
For comparison reasons we display both the maximum change of the outlet flow as well as the sum of the squared outlet flow
changes. Note that the tuning of the CM MPC controllers are customized for this specific inlet flow sequence. Their performance
on other inlet flows has not been investigated.

Table 2. Tuning and performance criteria for the different controllers.

Controller Tuning max |u(k)− u(k − 1)|
∑N

k=0
(u(k)− u(k − 1))2

CM MPC1 Ts = 30 min, N = 62 47.4 3795
CM MPC2 Ts = 30 min, N = 15 33.3 3318

Robust MPC Ts = 30 min, N = 40 7.7 1817
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Figure 6. Outlet flow and tank level for the robust MPC (solid), CM MPC1 (dashed) and CM MPC2 (dash-dotted).

Conclusions
By approaching the averaging level control problem via robust MPC a controller that can handle frequently changing inlet

flows was obtained. The behavior of the controller resembles that of the proportional only controller in that it does not return the
tank level to 50%. The steady state tank level is instead adapted to the current inlet flow level.

The robust MPC controller depends on accurate estimates of the minimum and maximum inlet and outlet flow levels. This
could be obtained by process knowledge and by investigating historical data. It was shown that the steady state tank level depends
on the prediction horizon, but this dependency is almost constant for horizons that capture the essential transient behavior of the
system. This makes the controller easy to tune compared to many other level control approaches.

One issue that remains to investigate is if it is possible to give guidelines for when it is optimal to use the robust MPC controller
and when it is indeed optimal to use a controller that returns the level to 50%. Given a typical time interval between upsets, the
size of the upsets and the hold-up of the tank it should be possible to give guidelines on which controller that is optimal to use.

The concept of not having a fixed set-point but rather letting the tank level depend on the inlet flow could be incorporated into
other control structures. One example would be to use a standard PI controller whose set-point is given by a mapping from the
inlet flow. Another possibility would be to use the optimal controller and replace the end-value constraint with one depends on the
current inlet flow level.
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Sammanfattning
Abstract

Frequent inlet flow changes typically cause problems for averaging level controllers. For a
frequently changing inlet flow the upsets do not occur when the system is in steady state and
the tank level at its set-point. For this reason the tuning of the level controller gets quite
complicated, since not only the size of the upsets but also the time in between them relative
to the hold up of the tank have to be considered.

One way to obtain optimal flow filtering while directly accounting for future inlet flow
upsets is to use closed-loop robust MPC, as proposed here. The behavior of the robust MPC
controller differs from earlier proposed level controllers as it does not return the tank level to
a fixed set-point following an inlet flow upset. Guidelines on the tuning of the controller is
presented and its performance is compared to that of a previously proposed MPC approach.
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