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Abstract
Using insights gained from the robust MPC design of (Rosander et al.,
2011) an explicit robustly optimal controller is derived using the Euclidean
norm as measure of flow smoothness. The derived controller gives a lower
bound on the achievable filtering performance for any controller that mimic
the behavior of the robust MPC controller.
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1 Introduction

This report mainly serves as an appendix to the paper (Rosander et al., 2012b)
and might thus appear somewhat brief in terms of describing the considered
problem as well as in terms of some of the derivations.

In (McDonald et al., 1986) the control law, that filters an inlet flow step
optimally in terms of the maximum rate of change of the outlet flow was derived.
The filtering performance of the optimal controller does, however, deteriorate
quite significantly if inlet flow upsets are frequent. In (Rosander et al., 2011)
robust MPC was used to obtain a controller that achieves optimal filtering
for frequent inlet flow upsets. Using insights gained from the robust MPC
design, a robustification of the optimal averaging level controller was proposed
in (Rosander et al., 2012a).

In this report a similar approach as in (Rosander et al., 2012a) is taken, with
the difference that the norm used to quantify “good flow filtering” now is the
Euclidean norm. The Euclidean norm has previously been used by Ogawa et al.
(2002) and the derivation in this report more or less follows theirs.

2 System Description

We assume a cylindrical buffer tank with level x and inlet and outlet flows
qin and qout respectively. Furthermore we assume that the outlet flow can be
directly manipulated, u = qout. Using mass balance the continuous time model

ẋ(t) = kv (qin(t)− u(t)) (1)

can be derived. Furthermore, it is assumed that all quantities are given in
percent and that the outlet and inlet flow have equal range

xmin ≤ x ≤ xmax

qmin ≤ qin, u ≤ qmax

(2)

Here qmin = xmin = 0% and qmax = xmax = 100% if no extra safety limitations
are put on the tank level. The parameter kv describes how one percent of flow
imbalance per time unit relates to change in tank level. It is also assumed that
the inlet flow can be measured directly.

3 Robust Averaging Level Control

The robust MPC approach to averaging level control taken in (Rosander et al.,
2011) will be briefly described.

By first discretizing the model (1), optimal flow filtering while directly ac-
counting for future inlet flow upsets is achieved by, in every sample instant,
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solving the optimization problem

min
u(0:N)

max
qin(1:N)

||u(k)− u(k − 1)||∞ (3a)

subject to

x(k + 1) = x(k) + Tskv (qin(k)− u(k)) (3b)

y(0), qin(0), u(−1) known (3c)

y(1 : N) ∈ [xmin, xmax] ∀qin(1 : N) ∈ [qmin, qmax] (3d)

qin(1 : N), u(1 : N) ∈ [qmin, qmax] (3e)

where y(0) and qin(0) are the current tank level and inlet flow respectively and
u(−1) is the actuated control signal from the previous sampling instant. Note
that the only requirement put on the tank level is that it must stay within
bounds (3d). The controller is thus allowed to “decide” the optimal tank level.

The behavior of the robust MPC controller differs from most previous ap-
proaches (apart from the P controller) as it does not return the tank level to
a fixed set-point, but instead the steady state tank level depends on the actual
level of the inlet flow. This is illustrated in Figure 1 for a sample feed where
both the robust MPC controller as well as a standard PI controller is used to
control the tank. The nature of the mapping from inlet flow to steady state tank
level depends on the prediction horizon, but for prediction horizons that capture
the transient response of the system, the mapping stays almost constant, see
Figure 2. In Figure 2 also the approximation, the affine mapping, used in this
paper is shown.

4 Optimal Control Theory

In this report, the optimal control solved will have free final time and constraints
on the state for the initial and final time. Therefore, we will only present the
theory for that type of problem. Optimal control theory deals, however, with
many more problem classes, see (Bertsekas, 2005). Consider the optimal control
problem

min

∫ T

0

f0(x(t), u(t))dt (4a)

subject to

ẋ(t) = f(x(t), u(t)) (4b)

x(0) = x0, x(T ) = xT (4c)

u(t) ∈ U, T ≥ 0 free (4d)
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Figure 1: Simulation of closed loop robust MPC with N = 20, shown in solid
black. For comparison purposes a standard PI-controller with Kc = −1.5 and
TI = 10 is also shown in gray.
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Figure 2: The steady state tank level as a function of the inlet flow for different
prediction horizons and kv = 1

3 . Shown is also the affine mapping that will be
used in this paper.
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As presented in (Bertsekas, 2005), the optimal open-loop input then satisfies

λ̇ = −Hx(x
∗(t), u∗(t), λ(t)) (5a)

H(x∗(t), u∗(t), λ(t)) = min
v∈U

H(x∗(t), v(t), λ(t)) = 0 ∀t ∈ [0, T ] (5b)

λ0 = const ≥ 0 (5c)

where λ = (λ0, λ1, . . . , λn)
T and n is the dimension of the state vector and the

Hamiltonian is given by

H(x, u, λ) = λT
(
fo(x, u)

f(x, u)

)
(6)

5 Robust Optimal Averaging Level Control

Using the insights gained from the robust MPC design an explicit optimal con-
trol law can be derived. The steady state mapping of the robust MPC is approx-
imated by an affine one, as shown in Figure 2. Robustly optimal smoothing, in
terms of the Euclidean norm, is obtained by solving

min

∫ T

0

u̇(t)2 dt (7a)

subject to

ẋ(t) = kv (qin(t)− u(t)) (7b)

qin(t) =

{
q0, t ≤ 0

q1, t > 0
(7c)

x(0) = KSP q0 + bSP (7d)

x(T ) = KSP q1 + bSP (7e)

u(0) = qin(0), u(T ) = qin(T ) (7f)

u̇(0) = 0, u̇(T ) = 0 (7g)

T free (7h)

The robustness towards future inlet flows is obtained by fixing the steady state
tank levels according to (7d) and (7e). From Figure 2 it follows that

KSP =
ymax − ymin

qmax − qmin
(8a)

bSP =
qmaxymin − qminymax

qmax − qmin
(8b)

The constraints (7f) and (7g) is equivalent to assuming that the system initially
is in steady state and that it after T time units again should have reached steady
state.

4



6 Solution of (7)

First we note that (7) is not on the standard form (4). This can be obtained
by introducing an artificial input v = u̇ and augmenting the state vector. The
new state vector is thus x = (x1, x2)

T , where x1 is the tank level and x2 is the
actual outlet flow. The optimal control problem (7) is then equivalent to

min

∫ T

0

v(t)2 dt (9a)

subject to

ẋ(t) = Ax(t) +Bqinqin(t) +Bvv(t) (9b)

qin(t) =

{
q0, t ≤ 0

q1, t > 0
(9c)

x(0) = x0, x(T ) = xT (9d)

v(0) = 0, v(T ) = 0 (9e)

T free (9f)

where

A =

(
0 −kv
0 0

)
, Bv =

(
0

1

)
, Bqin =

(
kv
0

)
(10)

and

x0 =

(
KSP q0 + bSP

q0

)
, xT =

(
KSP q1 + bSP

q1

)
(11)

6.1 The case λ0 ≥ 0

Without loss of generality, (Bertsekas, 2005), we assume that λ = 1. This gives
the Hamiltonian

H = v2 + λ1(−kvx2 + kvqin) + λ2v (12)

The adjoint equation (5a) then gives that{
λ̇1 = 0

λ̇2 = −kvλ1
⇒

{
λ1 = c1

λ2 = −kvc1t+ c2
(13)

Minimizing the Hamiltonian

min
v, v(0,T )=0

H = v2 + c1kv(−x2 + qin) + (c2 − kvc1t)v

=

(
v − kvc1t− c2

2

)2

−
(
kvc1t− c2

2

)2

+ c1kv(−x2 + qin)
(14)
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gives the optimal input

v(t) =


0, t ≤ 0
c1kvt− c2

2
, 0 < t < T

0, t ≥ T

(15)

Inserting this into the system equations

x2(t) =q0 +

∫ t

0

(
c1kvτ − c2

2

)
dτ = q0 +

c1kvt
2 − 2c2t

4
(16a)

x1(t) =KSP q0 + bSP + kv

(∫ t

0

qin(τ)− x2(τ)dτ
)

=

=KSP q0 + bSP + kvt(q1 − q0)−
k2vc1t

3

12
+
kvc2t

2

4
(16b)

Using that the Hamiltonian for x∗ and v∗ should equal zero for all t ∈ [0, T ] we
evaluate it for t = T

H(x∗(T ), v∗(T ), λ) = −
(
kvc1T − c2

2

)2

+ c1kv(−q1 + q1) = 0⇔ c2 = kvc1T

(17)
The value of the state vector at t = T then evaluates to

x1(T ) = q0 +
c1kvT

2 − 2c1kvT
2

4
= q0 −

c1kvT
2

4
(18a)

x2(T ) = KSP q0 + bSP + kvT (q1 − q0)−
k2vc1T

3

12
+
k2vc1T

3

4

= KSP q0 + bSP + kvT (q1 − q0) +
k2vc1T

3

6
(18b)

and using the end-value constraint x(T ) = xT gives

− c1kvT
2

4
= q1 − q0 (19a)

kv(q1 − q0) +
k2vc1T

3

6
= KSP (q1 − q0) (19b)

Rewriting (19b) accordingly

kvT (q1 − q0)−
2Tkv
3

(
−kvc1T 2

4

)
︸ ︷︷ ︸

=q1−q0

= KSP (q1 − q0)⇔

kvT

3
(q1 − q0) = KSP (q1 − q0)⇔T =

3KSP

kv

(20)

The constant c1 can then be found by inserting this into (19a)

− 9K2
SP c1
4kv

= q1 − q0⇔ c1 =
−4kv(q1 − q0)

9K2
SP

(21)
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The optimal outlet flow is thus given by

x2(t) = q0 +
c1kvt

2 − 2c2t

4
= q0 +

kv(q1 − q0)(6KSP − kvt)t
9K2

SP

(22)

Ultimately, the objective evaluates to∫ 3KSP

kv

0

(
2kv(q1 − q0)

3KSP
− 2k2v(q1 − q0)t

9K2
SP

)2

dt =
4kv(q1 − q0)2

9KSP
(23)

6.2 The case λ0 = 0

With λ0 = 0 the Hamiltonian evaluates to

H = λ1(−kvx2 + kvqin) + λ2v (24)

and the optimal input is thus given by

v(t) =


0, t ≤ 0

α, 0 < t ≤ t′

β, t′ < t < T

0, t ≥ T

(25)

where α and β are of opposite sign and t′ is the time when c2 − kvc1t changes
sign (if that happens at all). Since H(x∗, v∗, λ) = 0∀t ∈ [0, T ] it holds for t = t′

H = c1kv(−x∗2(t′) + q1) + (c2 − c1kvt)︸ ︷︷ ︸
=0

α = 0⇔

x∗2(t
′) = q1

(26)

If we consider the case q1 > q0 (q1 < q0 follows analogously), it then follows
that α > 0 and β < 0 since ẋ2 > 0 is needed initially to obtain x2(t′) = q1. If
then β is deployed for t ∈ (t′, T ], x2 will decrease. But since ẋ2(t′) = q1 already,
the only possibility that the constraint x2(T ) = q1 will be fulfilled is if t′ = T .
Consequently, the optimal input is

v(t) =


0, t ≤ 0

α, 0 < t < T

0, t ≥ T
(27)

Recognizing this expression from (McDonald et al., 1986) and (Rosander et al.,
2012a), or by inserting it into the system equations, it follows that

α =
kv(q1 − q0)

2KSP
(28a)

T =
2KSP

kv
(28b)
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The outlet flow is then given by

u(t) = q0 +
kv(q1 − q0)

2KSP
t (29)

and the performance criterion evaluates to

∫ 2KSP

kv

0

(
kv(q1 − q0)

2KSP

)2

dt =
kv(q1 − q0)2

2KSP
(30)

which obviously is larger than (23).

7 Conclusions

The Euclidean norm optimal averaging level controller, using the mapping the
affine mapping in Figure 2 to specify the steady state tank level, has been
derived. Its performance provides a lower bound for other controllers that also
uses the affine mapping.
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