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Abstract

Since the time of Cauchy, integration theory has in the main been
an attempt to regain the Eden of Newton. In that idyllic time [. . . ]
derivatives and integrals were [. . . ] different aspects of the same
thing. —Peter Bullen, as quoted in [24]

The theory of integration has gone through many changes in the past cen-
turies and, in particular, there has been a tension between the Riemann and
the Lebesgue approach to integration. Riemann’s definition is often the first
integral to be introduced in undergraduate studies, while Lebesgue’s inte-
gral is more powerful but also more complicated and its methods are often
postponed until graduate or advanced undergraduate studies. The integral
presented in this paper is due to the work of Ralph Henstock and Jaroslav
Kurzweil. By a simple exchange of the criterion for integrability in Riemann’s
definition a powerful integral with many properties of the Lebesgue integral
was found. Further, the generalized Riemann integral expands the class of
integrable functions with respect to Lebesgue integrals, while there is a cha-
racterization of the Lebesgue integral in terms of absolute integrability. As
this definition expands the class of functions beyond absolutely integrab-
le functions, some theorems become more cumbersome to prove in contrast
to elegant results in Lebesgue’s theory and some important properties in
composition are lost. Further, it is not as easily abstracted as the Lebesgue
integral. Therefore, the generalized Riemann integral should be thought of
as a complement to Lebesgue’s definition and not as a replacement.

Keywords: Measure and integration; Special integrals; Henstock-Kurzweil
integral, gauge integral, generalized Riemann integral; Denjoy and Per-
ron integrals; Integrals of Riemann, Stieltjes and Lebesgue type; Anti-
differentiation; One-variable calculus; Functions of bounded variation;
Functions of several variables; Absolute integrability; Convergence the-
orems
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Populärvetenskaplig sammanfattning

Ända sedan Cauchys tid har integrationsteori i huvudsak varit ett
försök att åter finna Newtons Eden. Under den idylliska perioden
[. . . ] var derivator och integraler [. . . ] olika sidor av samma mynt.
—Peter Bullen, citerad i [24]

Under de senaste århundradena har integrationsteori genomg̊att många för-
ändringar och framförallt har det funnits en spänning mellan Riemanns och
Lebesgues respektive angreppssätt till integration. Riemanns definition är of-
ta den första integral som möter en student p̊a grundutbildningen, medan
Lebesgues integral är kraftfullare. Eftersom Lebesgues definition är mer kom-
plicerad introduceras den först i forskarutbildnings- eller avancerade grund-
utbildningskurser. Integralen som framställs i det här examensarbetet ut-
vecklades av Ralph Henstock och Jaroslav Kurzweil. Genom att p̊a ett en-
kelt sätt ändra kriteriet för integrerbarhet i Riemanns definition finner vi
en kraftfull integral med många av Lebesgueintegralens egenskaper. Vidare
utvidgar den generaliserade Riemannintegralen klassen av integrerbara funk-
tioner i jämförelse med Lebesgueintegralen, medan vi samtidigt erh̊aller en
karaktärisering av Lebesgueintegralen i termer av absolutintegrerbarhet. Ef-
tersom klassen av generaliserat Riemannintegrerbara funktioner är större än
de absolutintegrerbara funktionerna blir vissa satser mer omständiga att be-
visa i jämförelse med eleganta resultat i Lebesgues teori. Därtill förloras vissa
viktiga egenskaper vid sammansättning av funktioner och även möjligheten
till abstraktion försv̊aras. Integralen ska allts̊a ses som ett komplement till
Lebesgues definition och inte en ersättning.
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Nomenclature

Most of the reoccurring symbols that are not presumed to be known by the
reader are described here.

Symbols

D A tagged division is consistently set in Fraktur letters.
E0 For a set E, E0 is the interior of E.
Ec The complement of a set E.
I0(E) For a set E, I0(E) is the collection of all open intervals on E.

R The extended real line.∫
The generalized Riemann integral.

L

∫
The Lebesgue integral.

R

∫
The Riemann integral.

P(E) The power set of a set E.
S(f,D) The Riemann sum with respect to the function f and the

tagged division D.
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Chapter 1

Introduction

Introducing this thesis, we will give some of the background and an outline
of the work ahead.

1.1 Chapter Outline

Chapter 1: Gives the historical background and the reasons for trying to
expand upon the standard integral in undergraduate studies, the Rie-
mann definition. Also gives a few advantages of the Lebesgue integral
and what its limitations might be. The purpose of the thesis is spelled
out.

Chapter 2: Establishes the preliminaries necessary for understanding the
integral concept. Basic topological questions are reviewed summarily,
measure theory is concisely and briefly presented to make some of the
later points understandable to the reader unschooled in measure theory,
though no exhausting treatment is to be expected. If the concepts are
familiar, this chapter can be skipped on reading. The reader unfamiliar
with concepts such as topology in metric space, variation of functions,
the extended real line, generalized intervals, lattice operations on func-
tions and measure will find these concepts elaborated here.

Chapter 3: The definition and properties of the Riemann integral are briefly
sketched for completeness, but no proofs are given.

Chapter 4: The definition and properties of measurable functions and the
Lebesgue integral are briefly sketched for completeness, but only one
proof is given.

Larsson, 2013. 1



2 Chapter 1. Introduction

Chapter 5: In this chapter we bring out step-by-step the necessary tools for
working with the generalized Riemann integral and also present some of
the interesting features of this integral definition. A focus is placed on
the fundamental theorems of calculus, the Straddle Lemma and Hen-
stock’s Lemma. Further properties elucidated are a characterization of
absolute integrability and the fact that in the theoretical frame we no
longer need to deal separately with so called “improper” integrals.

Chapter 6: Here we continue the investigation of the generalized Riemann
integral and give some of the more advanced theorems. We will cover
the convergence theorems for function sequences known from Lebesgue’s
integration theory and further how to generalize to Rn

. One of the
highlights is a characterization of Lebesgue integration in terms of the
generalized Riemann integral and through this characterization we give
a brief overview of the Lp-spaces and their completeness using the gen-
eralized Riemann integral. Furthermore, we show that if a function is
integrable, then it is a measurable function.

Discussion: We wrap up by giving a brief overview of the status of inte-
gration theory as presented in this paper and the advantages of using
the generalized Riemann integral, and also give a few suggestions for
further study and a warning against over-excitement.

1.2 Historical Background

The material in this historical background is largely taken from [6] and [9]
as well as [4], [10], [11], [15] and [23].

The problem of measurement goes back to the Greeks, as much of math-
ematics does. As a method they used a form of exhaustion by polygonal
figures to calculate the areas of more complex figures such as the circle. The
pioneers in this field were Eudoxus (c. 400–c. 347 B.C) and Archimedes (c.
287–212 B.C.), and their method was elaborated well into the seventeenth
century. Some other notions of exhaustion were presented by such figures
as Bonaventura Cavalieri (1598–1647) who wrote about the method of indi-
visibles and John Wallis (1616–1703) who wrote Arithmetica infinitorum on
arithmetic integration mostly based on intuition and a method, which was
later called incomplete induction—basically conclusion by analogy.

Not until the seventeenth century and the development of the graph by
René Descartes (1596–1650) and the discovery and development of calculus
by Isaac Newton (1643–1727), Gottfried Wilhelm Leibniz (1646–1716) and
the brothers Jakob and Johann Bernoulli (1654–1705 and 1667–1748) did the
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question of integration come to change orientation somewhat. In calculus
integration was equated with anti-derivation, and the calculus integral of
Newton (and in Bernoulli’s modified form of Leibniz’s integral) was simply
the formula known by most students of mathematics, namely∫ b

a

f ′(x) dx = f(b)− f(a).

The Bernoulli brothers and one of Johann Bernoulli’s protegés, the Marquis
de l’Hôpital (1661–1704), were together with Leonhard Euler (1707–1783)
probably the ones most responsible for the popular spread of calculus. But
the critique, leveled at the foundational issues of calculus by George Berke-
ley (1685–1753), showed quite a severe lack in the logical and philosophical
coherence of the system, where certain variables were sometimes considered
not to be zero and at other times were considered to be zero. The notion of
being able to get a quantity arbitrarily small had not yet entered the scene
and therefore posed serious questions regarding the integration techniques in
calculus. However, there was no serious discussion about the fact that the
answers were true, only that no one knew precisely how and why the methods
worked. It has been suggested that this was the Eden of Newton, which was
lost but then found again via the integral presented in this thesis; see [24].

In the eigteenth and nineteenth century the questions regarding the foun-
dations of calculus were given a prominent place and gradually resolved via
the works of—among others—Joseph-Louis Lagrange (1736–1813), Pierre-
Simon Laplace (1749–1827), Joseph Fourier (1768–1830), Augustin-Louis
Cauchy (1789–1857), Bernhard Riemann (1826–1866) and Karl Weierstrass
(1815–1897). The gradual progress made in the question of integration in
many respects came as an answer to Fourier’s introduction of what he called
’arbitrary functions’, that are more similar to the modern notion of mappings
x 7→ f(x) than the previous continuous or nearly-continuous functions made
up of algebraic rules. The response was first initiated by Cauchy, but his no-
tions were soon extended by Riemann. Their common denominator was that
their approach to integration came via summation of rectangles approximat-
ing the area under the curve and allowing the mesh, the largest allowed base
of the rectangles, to be arbitrarily small. With extensions to singularities
and unbounded domains this integral is presented, either in its original form
by Riemann or in a slightly modified but equivalent form by Jean-Gaston
Darboux (1842–1917), in most undergraduate studies in mathematics. Both
of these forms will be presented in this thesis as well.

After several mathematicians—among others the above mentioned Weier-
strass, Ulisse Dini (1845–1918) and the Swede Torsten Brodén (1857–1931)—
in the late nineteenth century gave examples of highly irregular functions,
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the question of the notion of area entered the discussion via Henri Lebesgue
(1875–1941), whose integration theory is at the center of any serious discus-
sion of the subject of measure and integration. The theory in question will
be brought out in the pages following. Even more general integrals were on
the way, even though that had seemed to be impossible at the close of the
nineteenth century. Among the first to tackle the difficulty of integration
beyond Lebesgue’s definition were Oskar Perron (1880–1975) and Arnaud
Denjoy (1884–1974) who defined two equivalent integrals to be able to in-
tegrate more irregular functions. Both integrals are able to integrate every
derivative.

Many attempts were made to define the Lebesgue integral in a Riemann-
type manner. Lebesgue himself gave some ideas in that direction, but not
until Jaroslav Kurzweil (1926–) and Ralph Henstock (1923–2007) indepen-
dently defined the generalized Riemann integral (also known as the Henstock-
Kurzweil integral or the gauge integral) in the end of the 1950s and onward
was the issue finally resolved. The integral that they defined turned out to
be equivalent, on the real line, to the definitions given by Perron and Denjoy.

1.3 Why Go Beyond Riemann?

The reader may ask why we should go beyond Riemann? In the normal
course of undergraduate studies many procedures are either taken for granted
or simply assumed to be true, because the exercises and examinations are
adapted to fulfill, for instance, the requirements of exchanging limits and
integral signs. But both for the question of solving concrete problems and—
more importantly—having the hard rock of mathematical and theoretical
rigor to stand on, we will want to expand on the notion of integrability.

Riemann’s approach was, and is, an easy and intuitive way to think of
integration. But it has some quite serious drawbacks, among which are that

• the exchange of limit with integral requires that the functions in ques-
tion satisfy severe restrictions, i.e., uniform convergence or uniform
boundedness;

• the Lp-spaces are not complete;

• the integral needs to be extended to handle unbounded functions, un-
bounded domains and functions that are undefined in isolated points;

• not all derivatives are integrable;

• the class of Riemann integrable functions is quite small;
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• multidimensional integrals are hard to handle.

This is enough to warrant interest in other integrals.

1.4 Is the Lebesgue Integral Enough?

The Lebesgue integral was introduced to counter many of the limitations
of the Riemann integral and all the points closing the previous section, ex-
cept the integrability of every derivative, are handled by the Lebesgue inte-
gral. Much less is required of functions to exchange limit and integral, via
the Monotone and the Dominated Convergence Theorem, the Lp-spaces are
complete for all p ≥ 1 and we do not need to extend the integral to handle
unboundedness.

However, some limitations of the Riemann integral are shared also by the
Lebesgue integral. First and foremost we can not conclude that every deriva-
tive is integrable in Lebesgue’s theory. Several derivatives are not Lebesgue
integrable and the reason is often that Lebesgue integrability implies abso-
lute integrability. This last fact is also the reason why some functions with
improper Riemann integrals are not Lebesgue integrable. Already relatively
soon after Lebesgue invented his integral the question arose about such func-
tions as

f(x) =
1

x
sin

1

x3
, x 6= 0

which is not Lebesgue integrable over [0, 1].
Further, Kurzweil’s definition of the integral was used to solve a particu-

lar form of differential equation, but the Lebesgue integral does possess other
properties that are of value in the solution of other types of differential equa-
tions. We will show in these pages that we can indeed reach the Lebesgue
integral specifically through the generalized Riemann integral and that we
therefore can enjoy the properties of both integrals, which are applicable in
different contexts.

Therefore, the contributions of Lebesgue theory remain at the center of
integration theory, even if the possibility of extension can be shown to be
quite significant.

1.5 An Innocent-Looking Generalization of

the Riemann Integral

How are we to generalize Riemann’s integral? The question can be naturally
described in the way we choose representatives and rectangles when we try
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to exhaust an area under a curve. If we can only use a limited number
of rectangles to approximate the area, say because there is limited time to
calculate the area and the calculation must be done numerically, then we
would want the rectangles to have a wider base where the function is relatively
constant and a narrow base where the function oscillates heavily or in some
other way shows some form of irregularity.

In Riemann’s theory the mesh is what bounds the rectangle bases. But
why should we limit ourselves to having a constant bound on the bases?
Why not let the bound on rectangle bases depend on the local behavior of
the function in question?

This is the intuitive and highly productive generalization of the Riemann
integral that will show its potential in the pages to come.

1.6 Purpose of this Thesis

The purpose of this Bachelor’s thesis is to examine in detail the theory sur-
rounding the generalized Riemann integral as presented by Ralph Henstock
and Jaroslav Kurzweil. We will also contrast the integral with the integral
definitions of Bernhard Riemann and Henri Lebesgue. The question posed
is, in principle, if we can replace the original Riemann definition in under-
graduate studies and the Lebesgue definition in graduate studies with the
generalized Riemann definition. Will we thus kill two birds with one stone?



Chapter 2

Preliminaries

This chapter will deal with some of the concepts that may or may not be
familiar to the reader at the level of Bachelor in Mathematics. Some of the
material might be new, while some may be familiar. It is included for easy
access if the need arises in later chapters to use fundamental ideas in real
analysis. No proofs will be given and the interested reader may consult the
sources.

2.1 Topological Concepts in Metric Spaces

We need topological concepts in metric spaces to discuss some properties of
the integrals studied. Abstractly, a topology on a set is defined using subsets
of the given set. For any set X we shall use the notation

Xn := X ×Xn−1, n ≥ 2.

where × is the Cartesian product.
The following is a synthesis of [1], [3], [7] and [22].

Definition 2.1. Given a set X a topology τ on X is a collection of subsets
of the set X with the following properties:

(i) Both ∅ and X are in τ ;

(ii) The union of an arbitrary number of sets from τ is also in τ ;

(iii) The intersection of a finite number of sets from τ is also in τ .

The elements in τ are normally called open sets and their complements closed
sets. The pair (X, τ) is said to be a topological space.

Larsson, 2013. 7



8 Chapter 2. Preliminaries

The topological spaces we are interested in at the moment are those that
arise from a metric, so that the concept of Cauchy sequence can be treated,
and subsequently the notion of completeness.

Definition 2.2. Let X be a set. A function d : X ×X → [0,∞) is called a
metric on X if

1. d(x, y) = 0 if, and only if, x = y;

2. d(x, y) = d(y, x) for all x and y in X;

3. d(x, z) ≤ d(x, y) + d(y, z) for all x, y and z in X.

If d is a metric on X, then the pair (X, d) is called a metric space.

The concept necessary to define open sets in a metric space (X, d) is the
ε-neighborhood.

Definition 2.3. Let (X, d) be a metric space and let ε > 0. An ε-neighborhood
of a ∈ X is a set

Vε(a) := {x ∈ X : d(x, a) < ε} ,

Definition 2.4. Let (X, d) be a metric space. A set E ⊆ X is said to be open
if there is an ε-neighborhood Vε(a) around every a ∈ E such that Vε(a) ⊆ E.

The metric gives rise to a topology on X.

Theorem 2.5. Let (X, d) be a metric space. The family of open subsets of
X is a topology on X.

In the Euclidean space Rn we define the metric d in the usual manner, which
from the above yields a topology.

Definition 2.6. Let x, y ∈ Rn. Then the function dE(x, y) := |x− y| is said
to be the Euclidean metric on Rn.

Corollary 2.7. The pair (Rn, dE) is a metric space.

The topology given here is induced by the metric, but this is not necessary
in the abstract case where the topology may arise in other ways.

In the discussion of completeness which follows below we will need the
notion of a Cauchy sequence and a convergent sequence.

Definition 2.8. Let (X, d) be a metric space and let {xn}∞n=1 be a sequence
in X. Then {xn}∞n=1 is said to be a Cauchy sequence if, for every ε > 0 there
is a number N ∈ N such that whenever m,n ≥ N ,

d(xm, xn) < ε.
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Definition 2.9. Let (X, d) be a metric space, x an element of X and let
{xn}∞n=1 be a sequence in X. The sequence {xn}∞n=1 is said to converge to x
if for every ε > 0 there is a number N ∈ N such that whenever n ≥ N ,

d(xn, x) < ε.

We know that in R every Cauchy sequence is convergent, which is not the case
in Q for instance. The difference is expressed in the concept of completeness.

Definition 2.10. Let (X, d) be a metric space. If every Cauchy sequence
converges to some element x ∈ X, then (X, d) is said to be complete.

The notion of completeness can be described in a concrete way by dis-
tinguishing the rational numbers and the real numbers as suggested above.
The completion of the rational numbers yields precisely the real numbers.
So we could, somewhat informally, say that there are no “gaps” in the real
numbers, whereas there are an infinity of “gaps” in the rational numbers.
For instance

√
2 is not a rational number, but there is a Cauchy sequence of

rational numbers that seems to converge to a previously unknown number
that we could call

√
2. The real numbers can, informally speaking, be defined

as the completion of Q, i.e., for every Cauchy sequence there is a new type
of number that the sequence converges to, a real number, where the set of
all real numbers includes the rational numbers as a subset. In the context of
more abstract spaces, such as the Lp-spaces, it will be good to remind one-
self of this way of thinking. The Riemann integrable functions that satisfy
the conditions of Lp-integrability can be thought of as the analogue of the
rational numbers and the Lebesgue integrable functions as the analogue of
the real numbers, but instead of numbers these spaces contain functions.

We also need a convenient way to express the interior of a set and the
notion of boundedness.

Definition 2.11. Let (X, d) be a metric space and let E ⊆ X, then the
interior of E is defined as

E0 := {x ∈ E : there is an ε-neighborhood Vε(x) ⊆ E}.

Particularly, if I = [a, b] is an interval, then I0 is the open interval (a, b).

Definition 2.12. A set B ⊆ Rn is called bounded if there is a number M > 0
such that |a| ≤M for all a ∈ B.

Definition 2.13. A function f : E → R is called bounded if the image set
f(E) := {f(x) ∈ R : x ∈ E} is bounded.
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2.2 The Extended Real Line

As will be seen further on, the generalized Riemann integral has no improper
version to deal with unbounded intervals or unbounded functions. To handle
the first case of unbounded intervals we need to introduce the extended real
line, which is defined below. We rely on [6] and [18].

Definition 2.14. The extended real line is defined as the real numbers to-
gether with the two symbols −∞ and ∞. We use the notation

R := R ∪ {−∞,∞} .

The order function < is extended from R to R with

−∞ < x, x <∞

for all x ∈ R. Furthermore, −∞ <∞.

We also need to define what open and closed intervals mean in this context.

Definition 2.15. Let a ∈ R. The intervals

(a,∞] := (a,∞) ∪ {∞} and [−∞, a) := (−∞, a) ∪ {−∞},

with inclusion of the infinity symbols, are called open intervals whereas the
intervals

[a,∞] := [a,∞) ∪ {∞} and [−∞, a] := (−∞, a) ∪ {−∞}

are called closed intervals. An interval I ⊆ R is said to be bounded if I ⊆ R
and I is bounded.

Finally, we define the basic algebraic operations in R.

Definition 2.16. The two algebraic operations addition and multiplication
are extended from the real line to the extended real line as follows:

• Addition: x±∞ = ±∞ for all x ∈ R.

• Multiplication: x · (±∞) = ±∞ if x > 0 and x · (±∞) = ∓∞ if
x < 0. Finally, zero cancels infinity 0 · (±∞) = 0.
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2.3 Generalized Intervals

A generalized interval in Rn is a notion that generalizes the interval on the
real line, i.e., contiguous line segments, to higher dimensions (meaning rect-
angles, rectangular cuboids and hyperrectangles).

Definition 2.17. Let Ik ⊆ R (k = 1, 2, . . . , n) be intervals. Then, a set of
the type

I := I1 × I2 × · · · × In
is called a generalized interval of Rn. If the intervals Ik ⊆ R, then I is called
a generalized interval of Rn

.

The generalized interval is called nondegenerate if all the proper intervals in
R or R are nondegenerate, that is if they all contain more than one point.

We extend the properties closed and open intervals to the generalized
context. A generalized interval I is also called open, closed or bounded if
I is the Cartesian product of open, closed or bounded intervals in R or R,
respectively.

Definition 2.18. Two generalized intervals I and J are said to overlap if
I ∩ J is a nonempty open, generalized interval.

2.4 Functions of Bounded Variation

Some of the integral’s properties are dependent on the notion of variation
and, in particular, bounded variation. In this section we try to elucidate the
concept, without delving into the subject any further, which would lead us
too far off course, even though functions of bounded variation are a topic in
their own right. We rely on [6] and [18].

Definition 2.19. Let f : [a, b]→ R. The variation of f over [a, b] is defined
as

Var(f : [a, b]) := sup

{ n∑
i=1

|f(xi)− f(xi−1)|
}

,

where a = x0 < x1 < · · · < xn = b. If Var(f : [a, b]) < ∞, f is said to be of
bounded variation.

We mention in brief some properties. For instance a function of bounded
variation is always the difference between two increasing functions; see [6, p.
169]. The notion can also be used to define arclengths of curves in Rn; see
[18, p. 80f].
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x

f(x)

x0 x1 x2 x3 x4 x5 x6

|·| = 1.2

|·| = 0.1

|·| = 0.9

|·| = 0.1

|·| = 0.9

|·| = 1

Figure 2.1: This is one partition of the interval [x0, x6] and the sum is 4.2. The variation
of the function f(x) is the supremum of all such sums over all partitions of [x0, x6].

Figure 2.2: The function sin (1/x)
which is of unbounded variation.

The definition is illustrated in Figure 2.1
and below we give an example of a func-
tion which is not of bounded variation.
This illustrates a logical point as well, since
functions of bounded variation are always
bounded (see [6, p. 168]), but this is an
example of a bounded function which is of
unbounded variation.

Example 2.1. A function of unbounded
variation on [0, 2/π] is

f(x) =

{
0 if x = 0

sin (1/x) if x 6= 0
.

The graph of the function is shown in Fig-
ure 2.2 (see [25]). To show that this function
indeed is not of bounded variation we need to show that there is no upper
bound to the sums in Definition 2.19.

If we choose
P = {0 = x0 < · · · < xn = 2/π}

such that

xn = 2/π, xn−1 = 2/3π, xn−2 = 2/5π, . . . , x1 = 2/(2n− 1)π, x0 = 0,
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then sin (1/xi) = ±1 for i = 1, . . . , n, so

|f(xi)− f(xi−1)| = 2

for i = 2, . . . , n and
|f(x0)− f(x1)| = 1.

This means that

n∑
i=1

|f(xi)− f(xi−1)| = 1 +
n∑
i=2

2 = 2n− 1

and therefore we conclude that f is not of bounded variation on [0, 2/π],
since n can be arbitrarily large.

2.5 Lattice Operations on Functions

Two operations that may be new to some readers are the min- and max-
operators between two functions, defined below.

Definition 2.20. Let f, g : X → R. Then

(a) f ∧ g := min {f, g}

(b) f ∨ g := max {f, g}

(c) f+ = f ∨ 0

(d) f− = (−f) ∨ 0

This leads to another way of describing how the function |f | appears. Im-
mediately, we see that f = f+ − f− and |f | = f+ + f−.

2.6 Basic Measure Theory

The theory of measure is largely intertwined with the approach to integration
proposed by Lebesgue and we give some of the basic definitions and theo-
rems to give a proper exposition of Lebesgue’s integral further on. However,
pure measure theory is also a research subject, especially when connected to
probability theory and statistics. We rely on [2] and [22].

Definition 2.21. Let Ω be a set. Then, a family of subsets R of Ω is called
a ring if
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(i) ∅ ∈ R;

(ii) A,B ∈ R ⇒ A \B ∈ R;

(iii) A,B ∈ R ⇒ A ∪B ∈ R;

and an algebra if Ω ∈ R.

The definition of measure requires a concept known as σ-algebra, defined
below.

Definition 2.22. Let Ω be a set. Then, a family of subsets R in Ω is
called a σ-algebra if R is an algebra with the additional property that if
{An}∞n=1 ⊂ R, then

⋃∞
n=1An ∈ R.

Consider functions that are defined on R, where R is generally a ring or
specifically a σ-algebra, and take nonnegative values in R. The properties
that are commonly associated with such functions in the context of measure
theory are defined below.

Definition 2.23. Let m : R → [0,+∞], where R is a ring. Then, m is
called additive if

m(A ∪B) = m(A) +m(B) when A ∩B = ∅

and countably additive if

m(
∞⋃
k=1

Ak) =
∞∑
k=1

m(Ak)

whenever Ak are pairwise disjoint and both the sets Ak and their countable
union are in R.

Definition 2.24. Let R be a ring, m : R → [0,+∞] and suppose m(∅) = 0.
If m is countably additive, then m is said to be a premeasure.

Definition 2.25. Let R be a σ-algebra, m : R → [0,+∞] and suppose
m(∅) = 0. If m is countably additive, then m is said to be a measure.

The pair (Ω,R) is called a measurable space and the triplet (Ω,R,m) is called
a measure space.

The simple Lebesgue measure is first defined as a premeasure on the
generalized intervals of Rn and their finite unions, which is a ring (see [2, p.
15]), but not a σ-algebra. Note that any finite union of generalized intervals
can be constructed as the finite union of disjoint generalized intervals. The
definition below is therefore unambiguous and complete.
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Definition 2.26. Let Ω := Rn. Let the ring E consist of the generalized
intervals in Rn and their finite unions. Then the Lebesgue premeasure m on
E is defined by

m(J) :=
n∏
k=1

(bk − ak), J ∈ E a generalized interval.

and

m(J) :=

j∑
i=1

m(Ji), J ∈ E , J =

j⋃
i=1

Ji and Ji ∩ Jl = ∅ when i 6= j.

For the first case we use the notation of Definition 2.17.

The following theorem assures us that the definition is sound.

Theorem 2.27. The Lebesgue premeasure m is a premeasure on E .

However, E is not a σ-algebra and it is desirable that the function m
be defined on a σ-algebra, which would presumably be a larger collection of
sets than E . The extension theorem assures us that every premeasure on a
ring R can be extended to a measure on the smallest σ-algebra that contains
the ring R in the set Ω (which in our case is Rn). This is done through a
process of first constructing an outer measure m∗ on the power set of Rn,
then restricting the outer measure to the system of all m∗-measurable sets,
which is defined as follows.

Definition 2.28. The outer measure m∗ is m extended to the power set
P(Rn) in the following manner. If E is any subset of Rn and

⋃∞
k=1 Ik is a

countable covering of E such that Ik ∈ E for k = 1, 2, . . ., then

m∗(A) := inf
∞∑
k=1

m(Ik).

A subset E ⊆ Rn is called m∗-measurable (or measurable if the outer measure
used is clear from context) if the following holds for every Q ∈ P(Rn):

m∗(Q) ≥ m∗(Q ∩ E) +m∗(Q ∩ EC).

The outer measure m∗ is not a measure on P(Rn), even though P(Rn) is a
σ-algebra, so we need to restrict the collection of sets. Those sets which we
are interested in are the measurable sets. This fact was shown by Constantin
Carathéodory (1873–1950) in the following theorem.
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Theorem 2.29. (Carathéodory’s Theorem) Let m∗ be an outer measure
on a set Ω. Then the system A∗ of all m∗-measurable sets E ⊆ Ω is a σ-
algebra in Ω. Moreover, the restriction of m∗ to A∗ is a measure.

Definition 2.30. The members of the σ-algebra given by Carathéodory’s
Theorem for Rn are called Borel subsets of Rn and the σ-algebra is called the
σ-algebra of Borel subsets of Rn, denoted Bn.

To reduce the amount of notation we denote the Lebesgue measure on this
collection as m := m∗|Bn , signifying the intimate relation to the Lebesgue
premeasure.

The reader may find it difficult from the above to visualize what types of
sets are measurable. Surely generalized intervals and their finite unions are
measurable, but the following theorem gives us even more types of sets that
are part of the measurable family; see [2, p. 27].

Theorem 2.31. The smallest σ-algebra to contain either the family of open
sets or the family of closed sets is Bn.

Finishing, we give a precise definition of what the ubiquitous term almost
all means.

Definition 2.32. Let (Ω,R,m) be a measure space and let A ∈ Ω. A
property p is said to hold for almost all x ∈ A (or almost everywhere in A)
if there is a set B of measure zero, such that the property p holds for all
x ∈ A \B.



Chapter 3

The Riemann Integral

For future reference we give the definition and theorems connected to the
Riemann integral, which often is the first integral concept learned by under-
graduate students. The main source is [1].

3.1 The Integral with Basic Properties

We begin by giving Riemann’s definition of the integral.

Definition 3.1. A bounded function f : [a, b] → R is said to be Riemann
integrable over [a, b] if there is a number A ∈ R such that for every ε > 0
there is a δ > 0 implying that if P = {a = x0 < x1 < · · · < xn = b} is any
partition of [a, b] with the lengths |xi − xi−1| < δ for all i = 1, . . . , n and if
ti ∈ [xi−1, xi], then ∣∣∣∣∣

n∑
i=1

f(ti)(xi − xi−1)− A
∣∣∣∣∣ < ε.

We use the notation

R

∫ b

a

f(x) dx = A

for the Riemann integral. The number A is called the Riemann integral of f
over I.

Theorem 3.2. Let f : [a, b] → R be a function that is Riemann integrable
over [a, b]. Then the Riemann integral of f over [a, b] is unique.

As we said above, this is Riemann’s definition of the integral. Darboux gave
a different, but equivalent, definition which often is easier to handle. We will
use Darboux’s definition in this chapter, but refer to Riemann’s definition as
well further on. We begin by defining upper and lower sums.

Larsson, 2013. 17
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Definition 3.3. Let P = {a = x0 < x1 < · · · < xn = b} be a partition of
[a, b] and f : [a, b]→ R be a function. Then the upper sum of f with respect
to P is defined as

U(f, P ) :=
n∑
k=1

Mk(xk − xk−1)

where Mk = sup {f(x) : x ∈ [xk−1, xk]}. The lower sum of f with respect to
P is defined similarly as

L(f, P ) :=
n∑
k=1

mk(xk − xk−1)

where mk = inf {f(x) : x ∈ [xk−1, xk]}.

Using these definitions we define two integrals, the upper integral and the
lower integral, and if these two are equal, then the function is Riemann
integrable.

Definition 3.4. Let P be the collection of all partitions P of the interval
[a, b]. The upper integral of f over [a, b] is defined to be

U(f) := inf {U(f, P ) : P ∈ P}

and the lower integral of f over [a, b] is defined to be

L(f) := sup {L(f, P ) : P ∈ P}.

Now follows the definition of integrability according to Darboux.

Definition 3.5. A bounded function f defined on the interval [a, b] is Rie-
mann integrable if U(f) = L(f). In this case, we define the Riemann integral
of f over the interval [a, b] to be

R

∫ b

a

f(x) dx := U(f) = L(f).

All continuous functions are integrable in Riemann’s sense.

Theorem 3.6. Let f : [a, b]→ R be continuous on [a, b], then f is Riemann
integrable on [a, b].

We also give the fundamental theorem of calculus in Riemann integration.
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Theorem 3.7. (The Riemannian Fundamental Theorem of Calculus—
part 1) Let f : [a, b]→ R be Riemann integrable on [a, b], and let F : [a, b]→
R satisfy the relationship F ′(x) = f(x) for all x ∈ [a, b]. Then

R

∫ b

a

f(x) dx = F (b)− F (a).

Theorem 3.8. (The Riemannian Fundamental Theorem of Calculus—
part 2) Let g : [a, b]→ R be Riemann integrable and define

G(x) =
R

∫ x

a

g(t) dt, a ≤ x ≤ b,

for every x ∈ [a, b]. Then, G is continuous on [a, b]. If g is continuous at
some point c ∈ [a, b], then G is differentiable at c and G′(c) = g(c).

Lebesgue, who seems to appear frequently in these pages, gave a theorem
that categorizes the Riemann integrable functions neatly.

Theorem 3.9. (Lebesgue’s Criterion for Riemann Integrability) Let
the function f be bounded and defined on the interval [a, b]. Then, f is
Riemann integrable if and only if the set of points where f is not continuous
has measure zero.

The convergence theorem that is mainly used for Riemann integration
is the Uniform Convergence Theorem, which is quite restrictive compared
to the ones which hold for Lebesgue’s integral and the generalized Riemann
integral.

Theorem 3.10. Let fn : [a, b] → R be Riemann integrable over [a, b] for
each n ∈ N. If fn → f uniformly on [a, b], then f is Riemann integrable and

lim
n→∞

R

∫ b

a

fn(x) dx =
R

∫ b

a

f(x) dx.

Adding the assumption that the limit function f is also Riemann inte-
grable a stronger case can be made. The result is due to Cesare Arzelà
(1847–1912) and is found in [17].

Theorem 3.11. Let {fn}∞n=1 be a sequence of Riemann integrable functions
defined on a bounded and closed interval [a, b], which converges pointwise on
[a, b] to a Riemann integrable function f . If there exists a constant M > 0
such that |fn(x)| ≤M for every x ∈ [a, b] and for every n, then

lim
n→∞

R

∫ b

a

|fn(x)− f(x)| dx = 0.



20 Chapter 3. The Riemann Integral

In particular,

lim
n→∞

R

∫ b

a

fn(x) dx =
R

∫ b

a

f(x) dx.

3.2 Examples of Functions Without a

Riemann Integral

The so-called Dirichlet function—also known as the characteristic function
of the rationals—is not integrable in the Riemann sense.

Example 3.1. The Dirichlet function is defined by

d(x) :=

{
1 for x ∈ Q
0 for x ∈ R \Q.

Since the rational numbers are dense in R every subinterval of any partition
of for instance [0, 1] contains a point where d(x) = 1 and therefore U(d) = 1.
The same argument for the irrational numbers gives that L(d) = 0 on the
same interval. Since the upper and the lower integrals are not equal, the
function is not Riemann integrable.

Another way of showing this is to note that d is discontinuous at every
point of [0, 1] and m([0, 1]) = 1 > 0. By Theorem 3.9 the function is not
Riemann integrable.

Since the fundamental theorem requires the additional supposition that
the derivative is integrable, we give an example of a nonintegrable derivative.
The example is based on the ideas presented in [1, p. 207ff].

Example 3.2. Start by defining a Cantor-like set D. This is done by first
defining

D0 := [0, 1]

and for each n > 0 the set Dn is acquired by removing the open middle
interval of length 3−(n+1) from Dn−1. So the first sets in this sequence are

D1 = [0, 4/9] ∪ [5/9, 1]

D2 = [0, 11/54] ∪ [13/54, 4/9] ∪ [5/9, 41/54] ∪ [43/54, 1].

Then the definition of D is

D :=
∞⋂
n=0

Dn.
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Since we are removing 2n−1 disjoint intervals of length 3−(n+1) in each
step, the measure of the union of these removed sets is

m([0, 1] \D) =
∞∑
n=1

2n−1

3n+1
=

3

4

so m(D) = m([0, 1]) − m([0, 1] \ D) = 1/4 > 0. To use Theorem 3.9 we
construct a function whose derivative is discontinuous at each point of D.

Start by defining a function g : R→ R, that will be the building block of
the function we are after, as follows:

g(x) :=

x2 sin
1

x
if x > 0

0 if x ≤ 0,

with the derivative

g′(x) =

2x sin
1

x
− cos

1

x
if x > 0

0 if x ≤ 0.

This derivative attains every value between −1 and 1 in any interval
(−δ, δ) due to the Intermediate Value Theorem and the fact that we can
take points x1 = (πn)−1, x2 = (π(n+ 1))−1, such that (πn)−1 < δ and thus

g′(x1) = − cos (πn) = (−1)n+1

g′(x2) = − cos (π(n+ 1)) = (−1)n+2,

which also means g′ is discontinuous at 0.
Now, define the function

f0(x) := 0

and for each n let

fn(x) :=



fn−1(x) if x ∈ Dn ∪ ([0, 1] \Dn−1)

g(x− ak) for all ak (k = 1, 3, . . . , 2n − 1) that are left

end-points of a removed interval, x > ak

and x− ak < 1
2·3n+1

g(ak − x) for all ak (k = 2, 4, . . . , 2n) that are right

end-points of a removed interval, ak > x

and ak − x < 1
2·3n+1

g( 1
2·3n+1 ) if |x− ak| = 1

2·3n+1 for some ak.
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x

y

Figure 3.1: The building block g in the vicinity of 0.

This formula is quite messy, but looking at Figure 3.1 will hopefully help
the reader understand what is going on. Essentially it boils down to making
the g function appear at all the intervals that are removed in the construction
of the Cantor-like set D so that at each end-point g is either in its original
form or mirrored in the midpoint of the removed interval.

We are interested in the limit function of the sequence defined by fn. We
see that for each d ∈ D the pointwise limit limn→∞ fn(d) = 0, since fn(d) = 0
for all d ∈ Dn and D =

⋂∞
n=1Dn. For any other a /∈ D we know that the

pointwise limit exists, because for all a /∈ D there is an N > 0 such that
f(a) = fN(a) and then for all n > N , fn(a) = fN(a).

Since the function f is built up by translates and mirrorings of the dif-
ferentiable building block g, the function f is certainly differentiable where
f is identical to a translate or mirror of g, that is for all x /∈ D.

For c ∈ D we show that f is differentiable by first showing that in that
case |f(x)| ≤ (x−c)2 for every x in the interval [0, 1]. If x ∈ D, then f(x) = 0
and the inequality is satisfied. If x /∈ D, then |f(x)| =

∣∣(x− d)2 sin 1
x−d

∣∣ for
some d ∈ D (an endpoint of a removed interval). Since d is the number in D
that is closest to x, for all x ∈ [0, 1] \D, we know that |x− d| ≤ |x− c| so

|f(x)| = |x− d|2
∣∣sin 1

x−d

∣∣︸ ︷︷ ︸
≤1

≤ |x− d|2 ≤ |x− c|2 = (x− c)2

and the inequality is established for all c ∈ D and every x ∈ [0, 1]. This



3.2. Examples of Functions Without a Riemann Integral 23

implies that

|f ′(c)| =
∣∣∣∣limh→0

f(c+ h)− f(c)

h

∣∣∣∣ = lim
h→0

∣∣∣∣f(c+ h)

h

∣∣∣∣ ≤ lim
h→0

∣∣∣∣(c+ h− c)2
h

∣∣∣∣ = 0

so f ′(c) is 0 for every c ∈ D.
Now, construct a sequence of numbers converging to a number c ∈ D.

For this purpose, let the number cn ∈ [0, 1] \Dn (n = 1, 2, . . .) so that
|cn − c| < 1/2n and f ′(cn) 6= 0. We know that this is possible, since in every
interval the function f ′ is equal to a translate or mirror of g′ which attains
every value between −1 and 1 in every interval around 0. Then cn → c and
f ′(cn) 6→ f ′(c) = 0, so the function f ′ is discontinuous at every point of D.

Since D has a measure greater than zero, f ′ is not Riemann integrable
over [0, 1].
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Chapter 4

The Lebesgue Integral

When turning to the Lebesgue integral we need all the concepts developed
in Section 2.6, and we proceed to discuss the class of measurable functions.
After that we give a definition of the Lebesgue integral and present some of
the theorems associated with this integral. We rely heavily on both [2] and
[22].

4.1 The Integral with Basic Properties

We begin by expanding the notion of measurability to functions.

Definition 4.1. A function f : Rn → R is called measurable if the set

{x : f(x) > a}
is measurable for each a ∈ R.

Theorem 4.2. Let E ⊆ Rn and f : E → R be a measurable function. Then
the function |f | : E → [0,+∞] is measurable.

Theorem 4.3. Let E ⊆ Rn and f, g : E → R be measurable functions.
Then the functions f + g, fg, f+ and f− from E to [0,+∞] are measurable.
If {fk}∞k=1 is a sequence of measurable functions from E to R, then the four
functions defined by

inf fk(x) = inf {fk(x) : 1 ≤ k <∞},
sup fk(x) = sup {fk(x) : 1 ≤ k <∞},

lim inf fk(x) = sup
j≥1

inf
k≥j

fk(x),

lim sup fk(x) = inf
j≥1

sup
k≥j

fk(x),

for x ∈ E are each measurable.

Larsson, 2013. 25
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Thus, combining measurable functions gives us new measurable functions in
many cases. One notable exception is that the composition of two measurable
functions is not necessarily measurable.

Definition 4.4. A function s : E → R where E ⊆ Rn is called a simple
function if the range of s consists of a finite number of values and the set

s−1(c) := {x ∈ E : s(x) = c}
is measurable for every c in the range of s.

Definition 4.5. Given a set E ⊆ Rn, the characteristic function χE of the
set E is defined as

χE(x) :=

{
1 if x ∈ E
0 if x /∈ E.

Theorem 4.6. Let the range of the simple function s be R = {c1, c2, . . . , cn}.
Then s can be written as

s(x) =
n∑
k=1

ckχEk
(x)

where Ek = {x : f(x) = ck}.
We prove the following theorem, because we need it to characterize the

Lebesgue integrable functions in terms of generalized Riemann integration.
The proof is based on [7, p. 47].

x

y

1

2

3

Figure 4.1: The function s0 in Theorem 4.7 illustrated for a given function.

Theorem 4.7. Let f : E → R, where E ⊆ Rn, be measurable and nonneg-
ative. Then there is an increasing sequence of measurable simple functions
{sk}∞k=1, such that

lim
k→∞

sk(x) = f(x) for every x ∈ Rn.

The convergence is uniform to f on any set E where f is bounded.
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x

y

1

2

3

Figure 4.2: The function s1 in Theorem 4.7 illustrated for a given function.

Proof. For k = 0, 1, 2, . . . and integers n satisfying 0 ≤ n ≤ 22k − 1 we define

En
k := f−1((n2−k, (n+ 1)2−k])

and
Fk := f−1((2k,∞]),

which are both measurable, since f is measurable.
What this means in more informal terms is that we look at the values

that the function assumes in terms of intervals. The first group of sets En
k

increases in number for each increase in k and in the first iteration it is
illustrative to note that E0

0 = f−1((0, 1]) and F0 = f−1((1,∞]), meaning E0
0

is the set of real numbers that under the function f gives values in the range
(0, 1] while F0 is the set of real numbers under the function f giving values
in the range (1,∞]. With an increase in k we increase the upper bound of
the union of all En

k , so that more and more of the values are encompassed by
the En

k sets and less and less by the Fk sets.
Further, we define the function sk for each k as

sk(x) :=
22k−1∑
n=0

(
n2−kχEn

k
(x)
)

+ 2kχFk
(x)

which is measurable since all En
k and Fk are measurable.

In informal terms this means that the function sk takes the biggest possi-
ble value of the form n2−k where n ranges from 0 to 22k. The greatest value
is assigned to the set Fk. The functions s0 and s1 are illustrated in Figure 4.1
and Figure 4.2.

Since sk ≤ sk+1 for all k and 0 ≤ f − sk ≤ 2−k on the set where f ≤ 2k,
the result follows.

Definition 4.8. Let E ⊆ Rn be a measurable set. For a measurable simple
function s : E → R, given by s(x) =

∑n
k=1 ckχEk

(x) where Ek := {x : s(x) =
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ck}, we define the Lebesgue integral of s over E as

L

∫
E

s dx :=
n∑
k=1

ckm(E ∩ Ek),

given that the sum on the right-hand side is finite. Otherwise s is not
Lebesgue integrable.

Definition 4.9. Let E ⊆ Rn be a measurable set. For a measurable, non-
negative function f : E → R we define the Lebesgue integral of f over E
as

L

∫
E

f dx := sup

{
L

∫
E

s dx : s is simple and 0 ≤ s ≤ f

}
,

given that the the right-hand side is finite. Otherwise f is not Lebesgue
integrable.

Definition 4.10. Let E ⊆ Rn be a measurable set. For an arbitrary mea-
surable function f : E → R we define the Lebesgue integral of f over E
as

L

∫
E

f dx :=
L

∫
E

f+ dx−
L

∫
E

f− dx

if both the integrals on the right-hand side exist. Otherwise f is not Lebesgue
integrable. The class of Lebesgue integrable functions on a set E ⊆ Rn is
denoted L(E).

As with the other integrals in this paper, some of the properties of the
Lebesgue integral are presented in what follows. First some of the most basic
properties, such as the fact that L(E), where E ⊆ Rn is measurable, is a real
linear space.

Theorem 4.11. Let E ⊆ Rn be a measurable set. Then the following
properties hold.

(a) The Lebesgue integral is linear. That is,

L

∫
E

cf dx = c
L

∫
E

f dx and
L

∫
E

(f + g) dx =
L

∫
E

f dx+
L

∫
E

g dx,

whenever f, g ∈ L(E) and c ∈ R.

(b) The integral is monotone. That is,

L

∫
E

f dx ≤
L

∫
E

g dx,

whenever f, g ∈ L(E) and f(x) ≤ g(x) for every x ∈ E.
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(c) For every f ∈ L(E), the function |f | belongs to L(E) and∣∣∣∣
L

∫
E

f dx

∣∣∣∣ ≤
L

∫
E

|f | dx.

Theorem 4.12. Let E ⊆ Rn be a measurable set of measure zero. Then,
for every function f ∈ L(E),

L

∫
E

f dx = 0.

Corollary 4.13. Let A ⊆ Rn and B ⊆ Rn be measurable sets such that
B ⊆ A and m(A \B) = 0. Then

L

∫
A

f dx =
L

∫
B

f dx.

One of the great breakthroughs of Lebesgue’s integration theory was the
discovery of the convergence theorems, which are much stronger than the
convergence theorems for Riemann integration (see Theorem 3.10 and Theo-
rem 3.11). The detailed proofs of these two powerful theorems in the context
of Lebesgue integration are beyond the scope of this paper, but the proofs
will be given in the context of generalized Riemann integration where the
two theorems also hold.

Theorem 4.14. (Lebesgue’s Monotone Convergence Theorem) Let E
be a measurable set and {fk}∞k=1 a pointwise convergent sequence of Lebesgue
integrable functions on E. Further, let f := lim fk. If the sequence {fk}∞k=1

has the property

0 ≤ f1(x) ≤ f2(x) ≤ · · · ≤ f(x) for almost all x ∈ E,

then f is integrable and

lim
k→∞ L

∫
E

fk dx =
L

∫
E

f dx.

To go from the Monotone Convergence Theorem to the Dominated Conver-
gence Theorem a famous lemma is normally employed, that of Pierre Fatou
(1878–1929). Since this lemma is not necessary for our treatment we exclude
it and instead directly give the Dominated Convergence Theorem.

Theorem 4.15. (Lebesgue’s Dominated Convergence Theorem) Let
E ⊆ Rn be a measurable set and {fk}∞k=1 be a convergent sequence of
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Lebesgue integrable functions on E. Further, let f be the pointwise limit
of this sequence. If there is a function g ∈ L(E) such that |fk(x)| ≤ g(x) for
almost all x ∈ E and each positive integer k, then

lim
k→∞ L

∫
E

fk dx =
L

∫
E

f dx.

We also want to know the Lebesgueian version of the fundamental the-
orem. The first direction is taken from [21], which requires the following
definition.

Definition 4.16. Let f : [a, b]→ R. The function f is said to be absolutely
continuous if for every ε > 0 there is a δ > 0 such that for any finite collection
of mutually disjoint subintervals (ai, bi), 1 ≤ i ≤ n, of (a, b)

n∑
i=1

(bi − ai) < δ implies
n∑
i=1

|f(bi)− f(ai)| < ε.

Theorem 4.17. (Lebesgueian Fundamental Theorem of Calculus—
Part 1) Let F : [a, b]→ R be an absolutely continuous function. Then F ′(x)
exists for almost all x ∈ [a, b] with F ′ ∈ L([a, b]) and

L

∫
[y,z]

F ′(x) dx = F (z)− F (y),

for every y, z such that a ≤ y < z ≤ b.

Theorem 4.18. (Lebesgueian Fundamental Theorem of Calculus—
Part 2) Let f be Lebesgue integrable on [a, b] and define F by

F (x) :=
L

∫
[a,x]

f(t) dt.

Then F is differentiable for almost all x ∈ [a, b] and F ′(x) = f(x) holds for
almost all x ∈ [a, b].



Chapter 5

The Generalized Riemann
Integral

Unless stated otherwise, the following chapter relies on [6] and [18]. Nota-
tional differences will occur, however, since these two sources do not share
notation and we might prefer one over the other in any particular case. In
one case we added new notation to describe the gauge function in a more
concise manner. Where the mentioned sources leave out parts of proofs, they
have been completed. In other cases they may have been changed for read-
ability or brevity. Some proofs may even be omitted if they are standard or
overly technical in their presentation. Further, in this paper, when we talk
of integrable we mean generalized Riemann integrable, and specifying the
integral used when other integral concepts are discussed.

5.1 Definitions of Basic Concepts

The first concept we need to correctly define an integral with the properties
we alluded to in Section 1.5 is a way to make the fineness of the subintervals—
either in R or generalized intervals in Rn

—depend on the local behavior of
the function. This is done through a device called the gauge, which is an
interval-valued function which must be defined for all x in the interval that
we wish to integrate over. To make notation easier we define first of all the
collection of all open intervals, where P(E) is the notation for the power set.

Definition 5.1. For a set E ⊆ Rn
, let I0(E) ⊆ P(E) be the collection

of all open intervals (or if E is multidimensional the collection of all open
generalized intervals) in the power set of E.

Example 5.1. The collection I0(R) consists of all open intervals on the real

Larsson, 2013. 31
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line, and the collection I0(R) consists of all open intervals on the extended
real line. The collection can be empty, for instance I0(N) = ∅.

γ(x0)

γ(x1) γ(x2)

γ(x3)

a b

x0 x1 x2 x3

Figure 5.1: A gauge as defined for the points x0, x1, x2 and x3. The representation of
the intervals as placed above the real line is merely for convenience and visual ease.

Definition 5.2. A gauge γ on a subset E of R (or Rn
) is an open interval-

valued function, i.e., γ : E → I0(R) (or γ : E → I0(Rn
)), such that x ∈ γ(x)

for every x ∈ E.

The definition of the gauge is visualized in Figure 5.1.

We also want to divide an interval into non-overlapping intervals, but
without any restriction on order, as well as choose a representative of each
subinterval that will be used later to give an estimate of the integral value
on that particular subinterval. The concepts needed for this are summarized
in the following definition.

a b

x0 x1 x4 x2 x3 x5

Figure 5.2: A tagged division D. Observe that the subintervals need not be in order, as
in a partition.

Definition 5.3. For an interval I ⊆ R, a division of I is any finite collection
D of closed intervals Ji (i = 1, 2, . . . , n) such that J0

i ∩J0
k = ∅ and

⋃n
i=1 Ji =

I. A tagged division is any set D := {(xi, Ji) : Ji ∈ D, xi ∈ Ji}, where D is
a division. Each term xi is said to be the tag of Ji.

The definition is illustrated in Figure 5.2. Further, we want to be able to
characterize the interplay of a gauge and a tagged division.

Definition 5.4. A tagged division D of an interval I is said to be compatible
with a gauge γ (or is said to be γ-fine) if γ is defined on I and every Ji, such
that (xi, Ji) ∈ D, is a proper subset of γ(xi).
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In any Riemann-similar integral concept the Riemann sum will naturally
play an important role, which is even true in some sense of the Darboux
variant which uses upper and lower simple functions and defines integrals on
such piecewise constant functions as can be surmised from Chapter 3. Thus
we need to understand what a Riemann sum is in our current context to
understand how to develop the generalized Riemann integral. The definition
in this context does not differ much from Riemann’s original.

Definition 5.5. Let I ⊆ R be a closed interval, f : I → R a function defined
on I and D = {(xi, Ji) : i = 1, 2, . . . , n} a tagged division of I. Then the
Riemann sum associated with f and D is defined as

S(f,D) :=
n∑
i=1

f(xi)m(Ji),

where m is the simple Lebesgue measure defined previously. We always define
f(±∞) := 0.

x

y

a b

x0 x1 x4 x2 x3 x5

Figure 5.3: The Riemann sum of f associated with the tagged division D from Figure 5.2.

To finish off this section of basic definitions, we show that for every gauge
defined on an interval there is a tagged division of that interval that is γ-fine
and give a visual example as an aid for understanding the gauge. It was first
proved in another context by Pierre Cousin (I have not been able to locate
his dates, but he was a student of Henri Poincaré (1854–1912)).
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Theorem 5.6. (Cousin’s Lemma) Let I ⊆ R be an interval. For every
gauge γ : I → I0(R) there exists a γ-fine tagged division D of I.

Proof. First assume that I = [a, b] is bounded and define a set

E := {x ∈ I : a < x ≤ b and there is a γ-fine tagged division of [a, x]}.

We can see immediately that E 6= ∅, because γ(a) is an open interval
and we know that a < b. The set E is thus non-empty such that [a, x], where
x 6= a and x ∈ γ(a), is γ-fine.

Let y := supE. We can also see immediately that y ∈ E. Since γ(y) is
open and all x < y are in E from the definition, we know that there exists a
γ-fine tagged division D1 of [a, x] where x ∈ γ(y) for some x < y. If we then
define the tagged division D := D1 ∪ {(y, [x, y])} of [a, y], then D is γ-fine.

What remains is to show that y = b. If [a, b] is bounded, assume for
contradiction that y < b and let w ∈ γ(y) ∩ (y, b). Then let E := D ∪
{(y, [y, w])}. But this is a γ-fine division of [a, w] where w > y, so y is not
supE which contradicts the assumption. Therefore y = b and the proposition
follows.

If I is unbounded, we consider the case I = [a,∞] since the other cases are
analogous. Let γ(∞) = (y,∞]. If y < a, set D = {(∞, I)}. If y ≥ a, there
is a γ-fine tagged division D0 of [a, y + 1]. Then D = D0 ∪ {(∞, [y + 1,∞])}
is a γ-fine tagged division of I.

γ1(x0)

γ1(x1)

γ1(x4)

γ1(x2)

γ1(x3)

γ1(x5)

a b

x0 x1 x4 x2 x3 x5

Figure 5.4: A γ1-fine tagged division D of the interval.

Finally here in Figure 5.4 the reader may view an example of a compatible
tagged division to a given gauge.

5.2 The Integral

As the reader probably recalls, the Riemann integral works by a limiting
process for the Riemann sum as the fineness of the partition tends to zero.
This limiting process is also at the center of the definition of the generalized
Riemann integral, while the fineness is now measured in terms of gauge func-
tions, defined in the previous section, rather than in terms of a fixed δ; see
[1].
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Definition 5.7. Let I = [a, b] be a closed interval in R. A function f : I → R
is said to be integrable if there is a number A ∈ R such that for every ε > 0,
there is a gauge γ on I such that for every γ-fine tagged division D of I,

|S(f,D) − A| < ε.

The number A is called the integral of f over I.
We use the notation∫ b

a

f(x) dx = A or

∫
I

f(x) dx = A

for the generalized Riemann integral of f over I ⊆ R.

A related definition is that of an indefinite integral, given here.

Definition 5.8. Let f : [a, b] → R be integrable over [a, b]. The indefinite
integral of f is defined as

F (x) :=

∫ x

a

f(t) dt a ≤ x ≤ b.

The integral according to this definition is unique, which is proved in the
following proposition.

Theorem 5.9. Let I ⊆ R be a closed interval and let f : I → R be integrable
over I. Then the integral of f over I is unique.

Proof. We let ε > 0. Suppose that A1 and A2 are both integrals of f on I,
so for the given ε they have respective gauges γ1 and γ2 so that

|S(f,D)− An| < ε/2

when D is γn-fine for n = 1 and n = 2.
Further, let γ(t) := γ1(t) ∩ γ2(t). Now γ is well-defined, because for any

fixed t, the gauge γ(t) is equal to either γ1(t) or γ2(t). So, if D is γ-fine, then
D is γ1-fine and γ2-fine, because for all (zi, Ji) ∈ D,

Ji ⊂ γ(zi) ⊆ γn(zi)

for n = 1, 2. We can conclude that if D is any γ-fine tagged division, then

|A1 − A2| = |A1 − S(f,D) + S(f,D)− A2|
≤ |A1 − S(f,D)|+ |S(f,D)− A2| < ε.

This holds for all ε > 0, so A1 = A2.
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We also want some example of working with the definition in a way that
also displays the power of the integral in this sense. Therefore, we inte-
grate Dirichlet’s function which eluded the Riemann integral previously in
Example 3.1.

Example 5.2. As before we define the Dirichlet function as

d(x) :=

{
1 for x ∈ Q
0 for x ∈ R \Q.

We want to integrate d over the interval [0, 1]. Let ε > 0. Since Q ∩ [0, 1] is
a countable set we can enumerate the members as c1, c2, c3, . . .. For each ck,
k = 1, 2, . . ., let δk ≤ ε

2k+2 and define the gauge

γ(x) :=

{
(x− δk, x+ δk) for x = ck

(x− 1, x+ 1) for x 6= ck.

Let D = {(xk, Jk) : k = 1, 2, . . . , n} be γ-fine. Then m(Jk) <
ε

2k+1
if

xk ∈ Q ∩ [0, 1]. Since each xk can be the tag of at most two intervals and
f(xk) = 0 if xk ∈ R \Q,

∣∣∣∣∣
n∑
k=1

f(xk)m(Jk)

∣∣∣∣∣ =

∣∣∣∣∣∣∣
n∑
k=1

k:xk∈Q

m(Jk)

∣∣∣∣∣∣∣ <
∞∑
k=1

ε

2k
= ε

and the integral of d over [0, 1] is 0.

An important part of the theory to discuss in preparation of the funda-
mental theorems and other advanced theorems for the integral is how the
integrability of a function over an interval I extends to integrability of the
subintervals of I. We begin with a result regarding the composition of subin-
tervals into one interval.

Theorem 5.10. Let f : [a, b] → R be a function and P := {a = x0 < x1 <
· · · < xn = b} a partition of [a, b]. If f is integrable on all the [xi−1, xi], then
f is integrable on [a, b] and∫ b

a

f(x) dx =
n∑
i=1

∫ xi

xi−1

f(x) dx.
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Proof. The proof is done by induction over the number of subintervals in the
partition.

For the case n = 2, let ε > 0 and x1 = c where a < c < b. We know that
there are suitable gauges γ1 and γ2 on [a, c] = [x0, x1] and [c, b] = [x1, x2],
respectively, by the assumptions in the theorem.

Define the gauge γ accordingly:

γ(x) :=



(a, c) ∩ γ1(x) if x ∈ (a, c)

(c, b) ∩ γ2(x) if x ∈ (c, b)

γ1(c) ∩ γ2(c) if x = c

γ1(a) ∩ (−∞, c) if x = a

γ2(b) ∩ (c,∞) if x = b

.

If D is a γ-fine tagged division of [a, b], then D contains either one or
two subintervals with c as a tag. Note that c must be a tag, since c ∈ γ(x)
if, and only if, x = c according to the definition given above. If there is
only one subinterval, then divide that subinterval into two at c to obtain two
subintervals. When they are two, then D1 := {(z, J) ∈ D : J ⊆ [a, c]} and
D2 := {(z, J) ∈ D : J ⊆ [c, b]} are γ1- and γ2-fine tagged divisions of [a, c]
and [c, b] respectively. Then∣∣∣∣S(f,D)−

(∫ c

a

f(x) dx+

∫ b

c

f(x) dx

)∣∣∣∣ =

∣∣∣∣S(f,D1)−
∫ c

a

f(x) dx

+S(f,D2)−
∫ b

c

f(x) dx

∣∣∣∣
≤
∣∣∣∣S(f,D1)−

∫ c

a

f(x) dx

∣∣∣∣
+

∣∣∣∣S(f,D2)−
∫ b

c

f(x) dx

∣∣∣∣ < ε.

This proves the theorem for n = 2.
Now assume that the theorem holds for n = k. Then,

k+1∑
i=1

∫ xi

xi−1

f(x) dx =
k∑
i=1

∫ xi

xi−1

f(x) dx+

∫ xk+1

xk

f(x) dx

=

∫ xk

x0

f(x) dx+

∫ xk+1

xk

f(x) dx

=

∫ xk+1

x0

f(x) dx.
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The statement follows by the induction principle.

The converse to Theorem 5.10 is established via a Cauchy criterion for
integrals. As in other Cauchy criterions we use it when we do not have a
given value for an integral but still want to show existence of an integral,
by showing that two different tagged divisions will be arbitrarily close when
they are γ-fine.

Lemma 5.11. (Cauchy Criterion) Let I ⊆ R be a closed interval and let
f : I → R. Then f is integrable over I if and only if for all ε > 0, there is a
gauge γ on I such that if D1 and D2 are γ-fine tagged divisions of I then

|S(f,D1)− S(f,D2)| < ε.

Proof. To prove necessity, assume f is integrable on the interval I. Let
ε > 0. Then there is a gauge γ on I such that if D1 and D2 are γ-fine tagged
divisions of I then

|S(f,D1)− A| < ε/2 and |S(f,D2)− A| < ε/2.

Thus we can conclude,

|S(f,D1)− S(f,D2)| = |S(f,D1)− A+ A− S(f,D2)|
≤ |S(f,D1)− A|+ |S(f,D2)− A| < ε,

and the necessity follows.
To prove sufficiency, assume that |S(f,D1)− S(f,D2)| < ε. For all n ∈ N

there exists a gauge γn on I such that if D1 and D2 are γn-fine tagged divisions
of I, then |S(f,D1)− S(f,D2)| < 1/n. We may arrange this countable
sequence such that

γ1(z) ⊃ γ2(z) ⊃ · · ·
for all z ∈ I.

Let Dn be a γn-fine tagged division of I. Then for m > n,

|S(f,Dn)− S(f,Dm)| < 1/n,

so the sequence {S(f,Dn)} is a Cauchy sequence. Let A := limS(f,Dn).
Then, since Cauchy sequences are convergent in R, |S(f,Dn)− A| ≤ 1/n for
all n.

Let ε > 0 and pick n0 such that 1/n0 < ε/2. If D is a γn0-fine tagged
division, then

|A− S(f,D)| = |A− S(f,Dn0) + S(f,Dn0)− S(f,D)|
≤ |A− S(f,Dn0)|+ |S(f,Dn0)− S(f,D)|
< 1/n0 + 1/n0 < ε,

so the Cauchy criterion is also sufficient.
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Theorem 5.12. Let f : I → R be integrable over I. If J = [a, b] ⊂ I, then
f is integrable over J .

Proof. The set E := I \ J is not necessarily an interval. But E is the union
of at most two disjoint intervals.

We let each of the intervals of E (called Ek) be divided by one or two
tagged divisions Ek and let J be a tagged division of J . Then

D′ := J ∪
(

n⋃
k=1

Ek

)
(n = 1 or 2)

is a tagged division of I. Take two such tagged divisions D′ and E′. For
ε > 0, there is a gauge γ such that if D′ and E′ are γ-fine with respect to I,
then

|S(f,D′)− S(f,E′)| < ε

according to Lemma 5.11.
Let γJ be the restriction of γ to J and γk (k = 1, . . . , n) be the restric-

tion(s) of γ to Ek. Now let D and E be γJ -fine tagged divisions of J and
define

D′ := D ∪
(

n⋃
k=1

Ek

)
and

E′ := E ∪
(

n⋃
k=1

Ek

)
Then we can conclude from the above that

|S(f,D)− S(f,E)| = |S(f,D′)− S(f,E′)| < ε.

Remark 5.1. In Rn the set I \ J is the union of a finite number of disjoint
intervals.

5.3 The Fundamental Theorem

Two lemmas in the theory of the generalized Riemann integral that play a
special preparatory role for the two fundamental theorems of calculus are the
Straddle Lemma and Henstock’s Lemma. The latter also plays a part in the
more advanced properties of the integral.

The Straddle Lemma says that a cord that straddles a point of differen-
tiability will come arbitrarily close to the tangent as the straddle cord gets
smaller.
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Lemma 5.13. (The Straddle Lemma) Let F : [a, b]→ R be differentiable
at z ∈ [a, b]. Then for each ε > 0, there is δ > 0 such that

|F (v)− F (u)− F ′(z)(v − u)| < ε(v − u)

whenever u ≤ z ≤ v and [u, v] ⊆ [a, b] ∩ (z − δ, z + δ).

Proof. We know that F is differentiable at z so∣∣∣∣F (x)− F (z)

x− z − F ′(z)

∣∣∣∣ < ε

for x ∈ [a, b] such that 0 < |x− z| < δ. We multiply the inequality with
|x− z| and receive the inequality

|F (x)− F (z)− F ′(z)(x− z)| < ε |x− z|
for x ∈ [a, b] such that 0 < |x− z| < δ. If z = u or z = v the result is
immediate, so we assume that u < z < v. The triangle inequality gives us
that

|F (v)− F (u)− F ′(z)(v − u)| = |F (v)− F (u)− F (z) + F (z)

−F ′(z)v + F ′(z)z − F ′(z)z + F ′(z)u|
= |F (v)− F (z)− F ′(z)(v − z)− F (u)

+F (z) + F ′(z)(u− z)|
≤ |F (v)− F (z)− F ′(z)(v − z)|

+ |F (u)− F (z)− F ′(z)(u− z)|
< ε(|v − z|+ |u− z|) = ε(v − z + z − u)

= ε(v − u)

and the conclusion follows.

Corollary 5.14. Let G : [u, v] → R be differentiable at z ∈ [u, v]. Suppose
G′(z) > 0. Then, there is a δ > 0 such that G′(z)(v − u) < 2(G(v) − G(u))
when z ∈ [u, v] and [u, v] ⊆ (z − δ, z + δ).

Proof. Let ε := G′(z)/2. Then Lemma 5.13 for the function G yields

|G(v)−G(u)−G′(z)(v − u)| < 1

2
G′(z)(v − u)

when z ∈ [u, v] and [u, v] ⊆ (z − δ, z + δ). So,

G(u)−G(v) +G′(z)(v − u) <
1

2
G′(z)(v − u),

which is equivalent to

G′(z)(v − u) < 2(G(v)−G(u)).
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For Henstock’s Lemma we need one of the properties of the integral men-
tioned in the previous section, i.e., that if a function f is integrable over an
interval I, then f is also integrable over the subintervals of I. The lemma
itself is fairly technical, but will be useful in the proofs ahead.

Lemma 5.15. (Henstock’s Lemma) Let I ⊆ R be an interval and let
f : I → R be integrable on I. For ε > 0, let γ be a gauge on I such that if
D is a γ-fine tagged division of I, then∣∣∣∣S(f,D)−

∫
I

f(x) dx

∣∣∣∣ < ε.

Now let J := {(x1, J1), . . . , (xn, Jn)} be a subset of a γ-fine tagged division
of I. Then the two following inequalities hold:∣∣∣∣∣

n∑
i=1

(
f(xi)m(Ji)−

∫
Ji

f(x) dx

)∣∣∣∣∣ ≤ ε

and

n∑
i=1

∣∣∣∣f(xi)m(Ji)−
∫
Ji

f(x) dx

∣∣∣∣ ≤ 2ε.

Proof. Let K := I \ ⋃n
i=1 Ji, where Ji are the subintervals of J. This set

is finite and consists of pairwise disjoint intervals. Let K1, . . . , Km be these
intervals together with their endpoints. From Theorem 5.12 we know that
f is integrable over each of the Kj, and thus for any η > 0 there is a γ-fine
tagged division Kj of Kj such that∣∣∣∣∣S(f,Kj)−

∫
Kj

f(x) dx

∣∣∣∣∣ < η

m
.

But D := J ∪ K1 ∪ · · · ∪ Km is a γ-fine tagged division of I. Let

Ji := {(xi, Ji)}, i = 1, 2, . . . , n,

for each such pair in J. Now, from

S(f,D) = S(f, J) +
m∑
j=1

S(f,Kj) =
n∑
i=1

S(f, Ji) +
m∑
j=1

S(f,Kj),
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follows that∣∣∣∣S(f,D)−
∫
I

f(x) dx

∣∣∣∣ =

∣∣∣∣∣S(f, J)−
n∑
i=1

∫
Ji

f(x) dx

+
m∑
j=1

(
S(f,Kj)−

∫
Kj

f(x) dx

)∣∣∣∣∣ < ε

right from the assumptions. Applying this, we get∣∣∣∣∣S(f, J)−
n∑
i=1

∫
Ji

f(x) dx

∣∣∣∣∣ =

∣∣∣∣S(f,D)−
∫
I

f(x) dx

−
m∑
j=1

(
S(f,Kj)−

∫
Kj

f(x) dx

)∣∣∣∣∣
≤
∣∣∣∣S(f,D)−

∫
I

f(x) dx

∣∣∣∣
+

m∑
j=1

∣∣∣∣∣S(f,Kj)−
∫
Kj

f(x) dx

∣∣∣∣∣
< ε+m · η

m
= ε+ η.

Since η can be chosen arbitrarily small∣∣∣∣∣S(f, J)−
n∑
i=1

∫
Ji

f(x) dx

∣∣∣∣∣ ≤ ε

and the first inequality is proved.
The second inequality follows from the first one. First we divide J into J+

and J− as follows. Let J+ :=
{

(xi, Ji) ∈ J : f(xi)m(Ji)−
∫
Ji
f(x) dx ≥ 0

}
and J− := J \ J+. Then, by application of the first inequality,∑

J+

∣∣∣∣f(xi)m(Ji)−
∫
Ji

f(x) dx

∣∣∣∣ =
∑
J+

(
f(xi)m(Ji)

−
∫
Ji

f(x) dx

)

=

∣∣∣∣∣S(f, J+)−
∑
J+

∫
Ji

f(x) dx

∣∣∣∣∣
≤ ε



5.3. The Fundamental Theorem 43

and ∑
J−

∣∣∣∣f(xi)m(Ji)−
∫
Ji

f(x) dx

∣∣∣∣ =
∑
J−

(
f(xi)m(Ji)

−
∫
Ji

f(x) dx

)

=

∣∣∣∣∣S(f, J−)−
∑
J−

∫
Ji

f(x) dx

∣∣∣∣∣
≤ ε.

From this, the second inequality immediately follows.

Remark 5.2. As explained by McLeod in [18, p. 74] the more general setting
of a function f : I → Rq will make the second inequality above read

n∑
i=1

∣∣∣∣f(xi)m(Ji)−
∫
Ji

f(x) dx

∣∣∣∣ ≤ 2qε.

Beside the lemmas above we need the triangle inequality for one of the
fundamental theorems. Therefore, we prove it here.

Theorem 5.16. (Triangle Inequality) Let f : [a, b]→ R be a function. If
|f | is integrable, then f is integrable and∣∣∣∣∫ b

a

f(x) dx

∣∣∣∣ ≤ ∫ b

a

|f(x)| dx.

Proof. If |f | is integrable, then f+ and f− are integrable, so f = f+ − f− is
integrable by linearity. Further,∣∣∣∣∫ b

a

f(x) dx

∣∣∣∣ =

∣∣∣∣∫ b

a

f+(x) dx−
∫ b

a

f−(x) dx

∣∣∣∣
≤
∫ b

a

f+(x) dx+

∫ b

a

f−(x) dx =

∫ b

a

|f(x)| dx,

and the theorem is proved.

Now, the two parts of the Fundamental Theorem come fairly easily. No-
tice that the first part is much stronger than in either the Riemann or
Lebesgue theory of integration. In both these theories the integrability of
the derivative must be assumed and can not be shown. In the theory of
generalized Riemann integration this is instead shown and not assumed. We
will meet derivatives which are not Lebesgue integrable, so this is not a point
of mere theoretical interest.
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Theorem 5.17. (The Fundamental Theorem of Calculus—Part 1)
If F : [a, b] → R is differentiable on [a, b], with F ′(x) = f(x), then f is
integrable on [a, b] with ∫ b

a

f(x) dx = F (b)− F (a).

Proof. Let ε > 0 be given. Then, since F is differentiable there is, by the
Straddle Lemma, a number δ > 0 for each z ∈ [a, b] such that

|F (v)− F (u)− F ′(z)(v − u)| ≤ ε(v − u)

when u ≤ z ≤ v and [u, v] ⊆ [a, b] ∩ (z − δ, z + δ). We define a gauge
γ(z) := (z − δ(z), z + δ(z)) such that the Straddle Lemma holds for each
z ∈ [a, b]. The function δ(z) is thus pointwise equal to the δ given for each
z in the Straddle Lemma. Let D be a γ-fine tagged division and arrange
the subintervals of D so that max Ji−1 = min Ji and Ji = [xi−1, xi] for i =
1, . . . , n. We see that F (b)− F (a) =

∑n
i=1 F (xi)− F (xi−1), so

|S(F ′,D)− (F (b)− F (a))| =
∣∣∣∣∣
n∑
i=1

(F ′(zi)(xi − xi−1)− (F (xi)− F (xi−1)))

∣∣∣∣∣
≤

n∑
i=1

|(F ′(zi)(xi − xi−1)− (F (xi)− F (xi−1)))|

<
n∑
i=1

ε(xi − xi−1) = ε(b− a).

So F ′ = f is integrable and the statement follows.

Remark 5.3. The suppositions in this theorem are unnecessarily strict. The
derivative of the primitive function F does not need to be equal to f at all
points of the interval [a, b], nor even be differentiable at all points of [a, b].
We only need to suppose that F is continuous on [a, b] and that F ′(x) = f(x)
for all x ∈ [a, b] except possibly a finite or countably infinite set of values of
x. This is proved by McLeod in [18, p. 27, 40ff].

Theorem 5.18. (The Fundamental Theorem of Calculus—Part 2)
Let f : [a, b] → R. If f and |f | are integrable over [a, b], f is continuous at
x ∈ [a, b], and if F is the indefinite integral of f , then F is differentiable at
x and

F ′(x) = f(x).
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Proof. For h > 0∣∣∣∣F (x+ h)− F (x)

h
− f(x)

∣∣∣∣ =

∣∣∣∣1h
∫ x+h

x

f(y) dy − f(x)

∣∣∣∣
=

∣∣∣∣1h
∫ x+h

x

(f(y)− f(x)) dy

∣∣∣∣
≤ { By Theorem 5.16.}

≤ 1

h

∫ x+h

x

|f(y)− f(x)| dy

≤ sup {|f(t+ x)− f(x)| : 0 ≤ t ≤ h},

and for h < 0∣∣∣∣F (x+ h)− F (x)

h
− f(x)

∣∣∣∣ =

∣∣∣∣−1

h

∫ x

x+h

f(y) dy − f(x)

∣∣∣∣
=

∣∣∣∣1h
∫ x+h

x

f(y) − f(x)

∣∣∣∣
≤ sup {|f(t+ x)− f(x)| : 0 ≤ t ≤ h}.

Since f is continuous at x and since the inequalities above hold for arbitrarily
small h we know that we can get the fraction arbitrarily small, which simply
means that F is differentiable at x and F ′(x) = f(x).

Remark 5.4. If we drop the supposition that |f | is integrable, we get the
more general result that the indefinite integral of f is differentiable almost
everywhere on [a, b] and F ′ = f almost everywhere on [a, b]. See [8]. Since
the proof of this more general result requires quite a lot of devices that we do
not have the time to develop here, we keep the above proof as an exhibition of
one variant of the fundamental theorem for the generalized Riemann integral.

5.4 Basic Properties

Many, if not all, of the basic properties that we are familiar with from Rie-
mann integration (and from Lebesgue integration) carry over into the frame-
work of the generalized Riemann integral. The first quality is that the integral
is a linear operator.

Theorem 5.19. If c ∈ R and both f and g are integrable functions on an
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interval I ⊆ R, then the functions cf and f+g are integrable on I. Moreover∫
I

cf(x) dx = c

∫
I

f(x) dx,∫
I

(f(x) + g(x)) dx =

∫
I

f(x) dx+

∫
I

g(x) dx.

Proof. First we want to show, under the given assumptions, that cf is inte-
grable and that the integral∫

I

cf(x) dx = c

∫
I

f(x) dx.

Let A be the integral of f over I. For every ε > 0 a gauge γ exists on I
such that for every γ-fine tagged division D, |S(f,D)− A| < ε holds. Now,

|S(cf,D)− cA| = |cS(f,D)− cA| = |c| |S(f,D)− A| < |c| ε.

This means that cf is integrable with∫
I

cf(x) dx = c

∫
I

f(x) dx.

Next we show that f + g is integrable with∫
I

(f(x) + g(x)) dx =

∫
I

f(x) dx+

∫
I

g(x) dx.

Let Af and Ag be the integrals of f and g respectively over I. From the
suppositions, we know that for every ε > 0 there exists a gauge γf and a gauge
γg on I such that for every tagged division Df and every tagged division Dg

compatible with γf and γg respectively the inequalities |S(f,Df )− Af | < ε
and |S(g,Dg)− Ag| < ε hold.

Now, if we let γ(x) := γf (x) ∩ γg(x) for x ∈ I each γ-fine tagged division
D is both γf -fine and γg-fine (see Proof of Theorem 5.9). Finally we conclude
that for every γ-fine tagged division D,

|S(f + g,D)− (Af + Ag)| = |S(f,D) + S(g,D)− (Af + Ag)|
≤ |S(f,D)− Af |+ |S(g,D)− Ag|
< 2ε.

Therefore, f + g is integrable with∫
I

(f(x) + g(x)) dx =

∫
I

f(x) dx+

∫
I

g(x) dx.
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Further, we present several useful properties.

Theorem 5.20. Let f and g be integrable functions on the closed interval
I ⊆ R. Then the following properties hold.

(a) If f(x) ≥ 0, then
∫
I
f(x) dx ≥ 0.

(b) If f(x) ≤ g(x), then
∫
I
f(x) dx ≤

∫
I
g(x) dx.

(c) If |f(x)| ≤ g(x) and
∫
I
g(x) dx = 0, then

∫
I
f(x) dx = 0.

The two most familiar tools for calculation of integrals—integration by
parts and variable substitution—also carry over to the generalized Riemann
integral and do so quite nicely.

Theorem 5.21. (Integration by Parts) Let f, g : [a, b] → R be differen-
tiable on (a, b). Then f ′g is integrable over [a, b] if and only if fg′ is integrable
over [a, b] and then∫ b

a

f ′(x)g(x) dx = f(b)g(b)− f(a)g(a)−
∫ b

a

f(x)g′(x) dx

Proof. Due to the product rule (fg)′ = fg′ + f ′g and by the linearity of the
integral fg′ is integrable if and only if f ′g is integrable, since∫ b

a

f(x)g′(x) dx =

∫ b

a

(f(x)g(x))′ dx−
∫ b

a

f ′(x)g(x) dx

and since all derivatives can be integrated in the theory of generalized Rie-
mann integration we can immediately conclude that∫ b

a

(f(x)g(x))′ dx = f(b)g(b)− f(a)g(a),

which gives the theorem.

Theorem 5.22. (Variable Substitution) Let the functions f : [a, b]→ R
and ϕ : [α, β] → [a, b] both be differentiable functions. Then (f ′ ◦ ϕ)ϕ′ is
integrable on [α, β] and f ′ is integrable on the interval

[min (ϕ(α), ϕ(β)),max (ϕ(α), ϕ(β))]

with ∫ ϕ(β)

ϕ(α)

f ′(x) dx =

∫ β

α

(f ′ ◦ ϕ(x))ϕ′(x) dx.
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Proof. The chain rule gives (f ◦ϕ)′ = (f ′ ◦ϕ)ϕ′ and then, by Theorem 5.17,∫ β

α

(f ′ ◦ ϕ(x))ϕ′(x) dx =

∫ β

α

(f ◦ ϕ)′(x) dx = f ◦ ϕ(β)− f ◦ ϕ(α)

=

∫ ϕ(β)

ϕ(α)

f ′(x) dx,

and thus the proposition is proved.

Finally among the basic properties we give the theorems that include the
Riemann and Lebesgue integrals in the generalized Riemann integral.

Theorem 5.23. Let f : I → R be Riemann integrable over a closed and
bounded interval I = [a, b] ⊂ R. Then f is integrable over I.

Proof. Let A be the Riemann integral of f over I. Further, let ε > 0. Then
there is a number δ > 0 such that given a partition P = {a = x0 < · · · <
xn = b} where |xi − xi−1| < δ for all i = 1, . . . , n we know∣∣∣∣∣

n∑
i=1

f(ti)(xi − xi−1)− A
∣∣∣∣∣ < ε.

Now, define the gauge γ(x) := (x− δ/2, x+ δ/2). So, if D is a γ-fine tagged
division, then |S(f,D)− A| < ε and the conclusion follows.

A general result is given in [5], which clearly implies the generalized Riemann
integrability of a Lebesgue integrable function on the real line. The theorem
is presented here without proof. The specially interested reader is referred
to the article in question. In Corollary 6.13 we will give a precise charac-
terization of which the Lebesgue integrable functions are in relation to the
functions integrable with the generalized Riemann integral.

Theorem 5.24. Let f be a bounded real function, Lebesgue integrable over
a measurable set E of bounded measure, with

∫
E
f(x) dx = I. Then given

an arbitrary ε > 0 we can associate with each point x ∈ E an open set γ(x)
containing x, in such a way that whenever B1, B2, . . . are essentially disjoint,
i.e., the intersection of any two are of measure zero, measurable subsets of E
with measure m(E \⋃Bi) = 0 and the points x1, x2, . . . are associated with
the sets so that xi ∈ Bi and Bi ⊆ γ(xi) for all i = 1, 2, . . . and such that∣∣∣∣∣

∞∑
i=1

f(xi)m(Bi)− I
∣∣∣∣∣ < ε.
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5.5 Improper Integrals are Subsumed

In all that precedes this section we assumed that the intervals we are dealing
with may be unbounded. But so far, we have not shown that this is well-
defined for unbounded intervals. Is this procedure compatible with the notion
of the improper Riemann integral? As we shall see, the definition is sound
and all improper Riemann integrals are also proper generalized Riemann
integrals.

Theorem 5.25. Let f : I = [a,∞] → R be integrable over [a, b] for all
a < b <∞. Then f is integrable over I if, and only if,

lim
b→∞

∫ b

a

f(x) dx

exists. In this case ∫
I

f(x) dx = lim
b→∞

∫ b

a

f(x) dx.

The same is true of unbounded functions, which are also normally handled
in undergraduate studies by introducing an improper version of the Riemann
integral.

Theorem 5.26. Let f : [a, b]→ R be integrable over [c, b] for all a < c < b.
Then f is integrable over [a, b] if, and only if,

lim
c→a+

∫ b

c

f(x) dx

exists. In this case ∫ b

a

f(x) dx = lim
c→a+

∫ b

c

f(x) dx.

The proofs are rather technical and the interested reader may consult DePree
and Swartz [6, p. 173ff, 184f].

5.6 Absolute Integrability and Lattice Oper-

ations

Since all Riemann integrable and Lebesgue integrable functions are also abso-
lutely integrable while the improperly Riemann integrable functions are not
necessarily absolutely integrable, whereas the generalized Riemann integral
encompasses all three, it is natural to examine the character of absolutely
integrable functions. Let us first get our definition straight. The language
used is analogous to that used for series.



50 Chapter 5. The Generalized Riemann Integral

Definition 5.27. Let I ⊆ R be a closed interval. An integrable function f
on I is absolutely integrable on I if the function |f | is integrable on I. An inte-
grable function which is not absolutely integrable on I is called conditionally
integrable on I.

There is a characterization of the absolutely integrable functions, which
is centered on the notion of bounded variation of the indefinite integral. The
measure of variation is in a sense a measurement of how much a function
oscillates over an interval and the relevant notion for absolute integrability
is that the indefinite integral does not oscillate in an unbounded manner.
For a more thorough treatment of and introduction to the notational devices
with regard to the concept of bounded variation, the reader can consult
Section 2.4.

Theorem 5.28. Let f : I → R be integrable over I = [a, b] and let F be the
indefinite integral of f . Then |f | is integrable over I if, and only if,

Var(F : [a, b]) <∞.

If |f | is integrable over I, then

Var(F : [a, b]) =

∫ b

a

|f(x)| dx.

Proof. If |f | is integrable and {x0 < · · · < xn} is an arbitrary partition of I,
then

n∑
i=1

∣∣∣∣∫ xi

xi−1

f(x) dx

∣∣∣∣ ≤ n∑
i=1

∫ xi

xi−1

|f(x)| dx

=

∫ b

a

|f(x)| dx <∞.

Thus, Var(F : [a, b]) ≤
∫ b
a
|f(x)| dx <∞.

For the converse, suppose that Var(F : [a, b]) < ∞ and let ε > 0.
Since Var(F : [a, b]) is the supremum of all sums of |F (xi)− F (xi−1)| =∣∣∣∫ xixi−1

f(x) dx
∣∣∣ over the given interval I, there is a partition P = {x0 < x1 <

· · · < xn} of I such that

Var(F : [a, b])− ε ≤
n∑
i=1

∣∣∣∣∫ xi

xi−1

f(x) dx

∣∣∣∣ ≤ Var(F : [a, b]).
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Due to the additivity of the integral over subintervals, a refinement of the
partition P , called Q = {a = y0 < y1 < · · · ym = b}, leads to the inequalities

Var(F : [a, b])− ε ≤
n∑
i=1

∣∣∣∣∫ xi

xi−1

f(x) dx

∣∣∣∣
≤

m∑
i=1

∣∣∣∣∫ yi

yi−1

f(x) dx

∣∣∣∣ ≤ Var(F : [a, b]).

Let γ1 be a gauge on I such that
∣∣S(f,D)−

∫
I
f(x) dx

∣∣ < ε for every γ1-
fine tagged division D = {(xi, Ji) : i = 1, 2, . . . , k}. By Henstock’s Lemma
(Lemma 5.15) and the reverse triangle inequality we immediately obtain∣∣∣∣∣

k∑
i=1

(
|f(xi)|m(Ji)−

∣∣∣∣∫
Ji

f(x) dx

∣∣∣∣)
∣∣∣∣∣ ≤

k∑
i=1

∣∣∣∣f(xi)m(Ji)−
∫
Ji

f(x) dx

∣∣∣∣ ≤ 2ε.

Now, let γ be a gauge on I such that

(i) γ(x) ⊂ γ1(x) for all x ∈ I,

(ii) γ(x) ⊂ [xi−1, xi] when x ∈ J0
i ,

(iii) γ(xi) ⊂ (xi−1, xi+1),

where x−1 = −∞ and xn+1 = ∞. If D = {(zi, Ii) : 1 ≤ i ≤ q} is a γ-fine
tagged division of I, then there is another γ-fine tagged division

D′ = {(z′i, I ′i) : 1 ≤ i ≤ r}

such that the division {I ′1, . . . , I ′r} is a refinement of the division given by P
and such that S(|f | ,D) = S(|f | ,D′). We may take

D′ =
{

(zi, Ii ∩ Jj) : 1 ≤ i ≤ q, 1 ≤ j ≤ n, I0i ∩ J0
j 6= ∅

}
.

Then,

Var(F : [a, b])− ε ≤
r∑
i=1

∣∣∣∣∣
∫
I′i

f(x) dx

∣∣∣∣∣ ≤ Var(F : [a, b])

and ∣∣∣∣∣
r∑
i=1

(
|f(z′i)|m(I ′i)−

∣∣∣∣∣
∫
I′i

f(x) dx

∣∣∣∣∣
)∣∣∣∣∣ ≤ 2ε.
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Finally we may conclude that

|S(|f | ,D)− Var(F : [a, b])| =
∣∣∣∣∣S(|f | ,D′) +

r∑
i=1

∫
I′i

|f(x)| dx

−
r∑
i=1

∫
I′i

|f(x)| dx− Var(F : [a, b])

∣∣∣∣∣
≤
∣∣∣∣∣S(|f | ,D′)−

r∑
i=1

∫
I′i

|f(x)| dx
∣∣∣∣∣

+

∣∣∣∣∣
r∑
i=1

∫
I ′i|f(x)| dx− Var(F : [a, b])

∣∣∣∣∣
≤ 2ε+ ε.

The conclusion follows.

Corollary 5.29. (Comparison test) Let I ⊆ R be an interval and f, g :
I → R be integrable over I with |f | ≤ g on I. Then f is absolutely integrable
over I.

We end the chapter by giving some of the lattice properties of the gen-
eralized Riemann integral. For a definition of lattice operations, which have
been discussed before in the paper, see Section 2.5. From the definitions f
is absolutely integrable if, and only if, both f+ and f− are integrable.

Theorem 5.30. If f and g are absolutely integrable over I, then the two
functions f ∧ g and f ∨ g are integrable over I.

Proof. The two identities below hold:

f ∨ g = 1/2 (f + g + |f − g|)
f ∧ g = 1/2 (f + g − |f − g|) .

Since |f − g| ≤ |f |+ |g|, the conclusion follows from Corollary 5.29 and the
linearity of the integral.

In general, the maximum and minimum of functions are not integrable,
but a sufficient condition exists.

Theorem 5.31. Let f, g, h be integrable on I = [a, b] ⊆ R.

(a) If f ≤ h and g ≤ h, then f ∨ g and f ∧ g are integrable over I.

(b) If h ≤ f and h ≤ g, then f ∨ g and f ∧ g are integrable over I.
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Proof. (a) Observe that f ∨ g ≤ h and by the equalities in the proof of
Theorem 5.30, we know

|f − g| = 2(f ∨ g)− f − g ≤ 2h− f − g,

so |f − g| is integrable, and thus also f ∨ g and f ∧ g.
(b) Now, f ∧ g ≤ h as well and by the same equalities as above

|f − g| = f + g − 2(f ∧ g) ≤ f + g − 2h,

so |f − g| is integrable, and thus also f ∨ g and f ∧ g.

We have now finished going through the most basic properties of the
generalized Riemann integral. In the next chapter we will start exploring
some of those features which make this integral a viable option for more
advanced subjects in integration theory.
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Chapter 6

Further Properties of the
Generalized Riemann Integral

What we covered in Chapter 5 is hopefully enough to show the basic core
strength of this integral concept, but the real strength of the generalized
Riemann integral is seen when we leave the world of explicit functions. As
the reader surely recalls from Chapter 3 and Chapter 4 one of the great
breakthroughs in integration theory came with the enhanced convergence
theorems for the Lebesgue integral. The convergence theorems and the in-
vestigation of the special Lp-spaces will show the utility of the generalized
Riemann integral.

6.1 The Convergence Theorems

We will rely on the treatment of the convergence theorems in [6, p. 193ff].
We will need the following lemma, which is not proved here directly to keep
us focused on the main issue of the convergence theorems, but should be
intuitively apparent if we visualize {ank} as a two-dimensional matrix.

Lemma 6.1. Let ank ∈ R for n, k ∈ N. Assume that the sequence {ank}∞n,k=1

is bounded with A = sup {ank : n, k ∈ N} <∞. Then

sup
n

sup
k
ank = sup

k
sup
n
ank = A.

If, in addition, {ank}∞n=1 is increasing for every k and if {ank}∞k=1 is increasing
for every n, then

A = lim
n

lim
k
ank = lim

k
lim
n
ank.

The main work ahead is to prove the Monotone Convergence Theorem.
After that the Dominated Convergence Theorem follows rather easily.

Larsson, 2013. 55
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Theorem 6.2. (Monotone Convergence Theorem) Let {fn}∞n=1 be an
increasing sequence of integrable functions on I = [a, b] a bounded interval
with limn→∞ fn(x) = f(x) for every x ∈ I. Then the integral

∫
I
f(x) dx

exists if and only if limn→∞
∫
I
fn(x) dx is finite. If this holds, then∫

I

f(x) dx = lim
n→∞

∫
I

fn(x) dx.

Proof. Necessity: Suppose
∫
I
f(x) dx exists. Then∫

I

fn(x) dx ≤
∫
I

fn+1(x) dx ≤
∫
I

f(x) dx

for every n when fn increases to f . This shows that the sequence {
∫
I
fn(x) dx}∞n=1

is bounded and therefore convergent.

Sufficiency: Let ε > 0 and A = limn→∞
∫
I
fn(x) dx. For every n there is

a gauge γn on I such that∣∣∣∣∫
I

fn(x) dx− S(fn,D)

∣∣∣∣ < ε/2n+1

for every γn-fine D. Further, we can choose N such that n ≥ N implies that

0 ≤ A−
∫
I

fn(x) dx < ε/4.

For each x, there is a number n(x) ≥ N such that n ≥ n(x) implies

0 ≤ f(x)− fn(x) < ε/4(b− a).

Define a gauge γ on I by γ(x) := γn(x)(x). Let D := {(xi, Ii) : i = 1, . . . ,m}
be compatible with γ. Then

|S(f,D)− A| ≤
∣∣∣∣∣
m∑
j=1

f(xj)m(Ij)−
m∑
j=1

fn(xj)(xj)m(Ij)

∣∣∣∣∣
+

∣∣∣∣∣
m∑
j=1

(
fn(xj)(xj)m(Ij)−

∫
Ij

fn(xj)(x) dx

)∣∣∣∣∣
+

∣∣∣∣∣
m∑
j=1

∫
Ij

fn(xj)(x) dx− A
∣∣∣∣∣ .
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The first term is bounded by∣∣∣∣∣
m∑
j=1

f(xj)m(Ij)−
m∑
j=1

fn(xj)(xj)m(Ij)

∣∣∣∣∣ ≤
m∑
j=1

∣∣f(xj)− fn(xj)(xj)
∣∣m(Ij)

<
ε

4(b− a)

m∑
j=1

m(Ij) = ε/4.

Let s := max {n(x1), . . . , n(xm)}. Then the second term is bounded by∣∣∣∣∣∣
s∑

k=1

 ∑
j:n(xj)=k

(
fn(xj)(xj)m(Ij)−

∫
Ij

fn(xj)(x) dx

)∣∣∣∣∣∣
≤

s∑
k=1

∣∣∣∣∣∣
∑

j:n(xj)=k

(
fn(xj)(xj)m(Ij)−

∫
Ij

fn(xj)(x) dx

)∣∣∣∣∣∣
≤

s∑
k=1

ε/2k+1 < ε/2,

by Lemma 5.15. Let r := min {n(x1), . . . , n(xm)}, so s ≥ r ≥ N . Then∫ b

a

fr(x) dx =
m∑
j=1

∫
Ij

fr(x) dx ≤
m∑
j=1

∫
Ij

fn(xj)(x) dx

and the third term can therefore be estimated as follows:∣∣∣∣∣
m∑
j=1

∫
Ij

fn(xj)(x) dx− A
∣∣∣∣∣ = A−

m∑
j=1

∫
Ij

fn(xj)(x) dx

≤ A−
∫ b

a

fr(x) dx < ε/4.

Thus the sufficiency part of the theorem is established.

For unbounded intervals we give a somewhat weaker corollary than is
possible to establish, because this is what we need and establishing a more
general case from the tools currently at our disposal poses considerable more
difficulty.

Corollary 6.3. (Monotone Convergence Theorem—Unbounded In-
tervals) Let {fn}∞n=1 be an increasing sequence of nonnegative, integrable
functions on the unbounded interval I with limn→∞ fn(x) = f(x) for every
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x ∈ I. Then the integral
∫
I
f(x) dx exists if and only if limn→∞

∫
I
fn(x) dx is

finite. If this holds, then∫
I

f(x) dx = lim
n→∞

∫
I

fn(x) dx.

Proof. For sufficiency, the same proof as in Theorem 6.2 is valid. For ne-
cessity, we choose I = [a,∞] since all the other cases are similar. Pick an
increasing sequence {ck}∞k=1 such that c1 > a and ck → ∞ as k → ∞. For
every ck, a < ck, so ∫ ck

a

fn(x) dx ≤
∫ ck+1

a

fn(x) dx.

Then the sequence {
∫ ck
a
fn(x) dx}∞n,k=1 is bounded, since in this case

sup
n,k
{
∫ ck

a

fn(x) dx}∞n,k=1 = sup
n≥1

sup
k≥1
{
∫ ck

a

fn(x) dx} = sup
n≥1
{
∫ ∞
a

fn(x) dx} <∞

according to the assumptions. Then, by Lemma 6.1,

A = lim
n→∞

∫ ∞
a

fn(x) dx = lim
n→∞

lim
k→∞

∫ ck

a

fn(x) dx

= lim
k→∞

lim
n→∞

∫ ck

a

fn(x) dx = lim
k→∞

∫ ck

a

f(x) dx

=

∫ ∞
a

f(x) dx,

and the theorem holds.

Remark 6.1. The Monotone Convergence Theorem, with bounded and un-
bounded intervals, holds also for a decreasing sequence with a similar proof.

Theorem 6.4. (Dominated Convergence Theorem) Let {fn}∞n=1 be a
sequence of measurable functions and g an integrable function over a closed
interval I ⊆ R, such that the inequality |fk| ≤ g holds almost everywhere on
I. Then limn→∞ fn(x) is integrable, and if f = limn→∞ fn almost everywhere,
then ∫

I

f(x) dx = lim
k→∞

∫
I

fk(x) dx.

Proof. By the comparison test (Corollary 5.29), each fk is absolutely inte-
grable.
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Let Un := sup {fj : j ≥ n, j ∈ N} for every n ∈ N and

un := f1 ∨ f2 ∨ · · · ∨ fn, n = 1, 2, . . . .

By Theorem 5.30 each uk is integrable. Now uk ↗ U1 pointwise and∫
I

uk(x) dx ≤
∫
I

g(x) dx.

By Theorem 6.2 Un, is integrable for each n ∈ N over I. Now, Un ↘ f
pointwise and

∫
I
Un(x) dx ≥ −

∫
I
g(x) dx for every n. Theorem 6.2 with a

decreasing sequence implies that f is integrable with

lim
n→∞

∫
I

Un(x) dx =

∫
I

f(x) dx.

Similarly, let Ln := inf {fj : j ≥ n, j ∈ N}. Then each Ln is integrable
for analogous reasons, Ln ↗ f pointwise and

∫
I
Ln(x) dx ≤

∫
I
g(x) dx. Once

more Theorem 6.2 implies that f is integrable with

lim
n→∞

∫
I

Ln(x) dx =

∫
I

f(x) dx.

Since we know Ln ≤ fn ≤ Un for each n ∈ N and

lim
n→∞

∫
I

Ln(x) dx = lim
n→∞

∫
I

Un(x) dx =

∫
I

f(x) dx,

we conclude that

lim
n→∞

∫
I

fn(x) dx =

∫
I

f(x) dx.

Remark 6.2. The convergence theorems hold also in Rn.

6.2 Integration in Rn

We rely on [18, p. 31,p. 149ff]. Integration in Rn
is dependent on the notion

of generalized intervals, defined previously in Definition 2.17 and given some
relief in what followed that definition. In the context of the generalized
Riemann integral we need the instruments of tagged divisions, gauges and
compatibility to properly define integration in Rn

. The notion of length
of an interval has already been extended using the Lebesgue measure, which
works equally well for generalized intervals. Therefore, we will continue to use
notation consistent with the Lebesgue measure for the measure of generalized
intervals.
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Definition 6.5. A division of a generalized interval I is a finite collection of
generalized intervals Ji (i = 1, 2, . . . , k) such that Ji are all nondegenerate and
pairwise nonoverlapping and

⋃k
i=1 Ji = I. A tagged division of a generalized

interval I is a collection

D := {(xi, Ji) : xi ∈ Ji and the collection of

Ji (i = 1, 2, . . . , k) is a division of I} .

The definition of a gauge for generalized intervals was already given in
Definition 5.2 and with this in mind Definition 5.4 is a sound definition also
in Rn

. Slight adjustments in the definition of a Riemann sum are required.
They are given below.

Definition 6.6. The Riemann sum associated with the function f : I → R,
where I ⊆ Rn

is a closed generalized interval, and the tagged division

D := {(xi, Ji) : i = 1, 2, . . . , k}

of I is defined as

S(f,D) :=
k∑
i=1

f(xi)m(Ji).

We always define f(x) := 0, whenever at least one of the coordinates of x is
±∞.

The generalized Riemann integral is now almost ready to be defined over
generalized intervals in Rn

, but we need to know if there is always a compat-
ible tagged division in relation to a given gauge. This is indeed the case. To
establish this result and later Fubini’s theorem we need a somewhat cumber-
some introduction into certain devices which are only relevant in the context
of several dimensions. Due to the extensive treatment needed, they are pre-
sented in the following paragraphs, rather than in a concise definition. The
exposition is taken from [18, p. 164ff].

Suppose that Rn
= Rt × Rs

. A generalized interval I ⊆ Rn
can then

be decomposed as I = G × H, where G ⊆ Rt
and H ⊆ Rs

are generalized
intervals. If we let Gy be a tagged division of G, then we can define an
integral, dependent on y ∈ H, such that h(y) :=

∫
G
f(x,y) dx, where the

Riemann sum approximating the integral h(y) consists of terms of the form
f(xi,y)m(Ji) where (xi, Ji) is a part of the tagged division Gy. Further, let
H be a tagged division of H. Then we approximate the integral

∫
H
h(y) dy

by a Riemann sum with terms h(yi)m(Ji) where (yi, Ji) is a part of the
tagged division H. If we combine these, we get the iterated Riemann sum,
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which by distributing the outer factor over the inner sum is easily seen to
be a Riemann sum itself approximating the integral

∫
I
f(x,y) dx dy, since

m(J)m(K) = m(J ×K):

∑
(y,K)∈H

 ∑
(x,J)∈Gy

f(x,y)m(J)

m(K).

Further, if we let D be the collection of all ((x,y), (J × K)) such that
(x, J) ∈ Gy and also (y, K) ∈ H, then D is certainly a tagged division of I.
This sort of organization of a tagged division is called a compound division.
Using the compound division we can divide the gauge γ over a generalized

interval in Rn
into two interval-valued functions taking values in Rt

and Rs

respectively so that γ satisfies the relationship:

γ(x,y) = γt(x,y)× γu(x,y).

Then, for each y ∈ H there is a gauge function

γ̃t(x) := γt(x,y), x ∈ G.

Let Gy be γ̃t-fine and let

γ′(y) :=
⋂

(x,J)∈Gy

γu(x,y),

which is a gauge since there is only a finite number of elements in Gy (finite
intersections of open intervals are open intervals). Then J × K ⊆ γ(x,y)
whenever both (x, J) ∈ Gy and K ⊆ γ′(y). This can be summarized as
follows.

Lemma 6.7. Let γ be a gauge on G × H, with G ⊆ Rt
and H ⊆ Rs

generalized intervals. For each y in H let Gy be a division of G which is
γ̃t-fine. Let the gauge γ′ be defined as above for all y in H and let H be a
γ′-fine division of H. Then the compound division D formed from H and the
divisions Dy for which y is a tag in H is γ-fine.

This gives us the working material we need to prove the compatibility theo-
rem for higher dimensions.

Theorem 6.8. Let I be a closed, nondegenerate generalized interval in Rn

and let γ be a gauge on I. Then there is a tagged division D of I which is
γ-fine.
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Proof. The proof is done by induction over dimension n.
For n = 2, we factorize I = G × H with G ⊆ R and H ⊆ R. We know

from Theorem 5.6 that there is a tagged division Gy of G which is γ̃1-fine
for each y ∈ H. Let Gy be fixed and form γ′ as above. We know from
Theorem 5.6 that there is also a tagged division H of H which is γ′-fine.
Lemma 6.7 then assures us that the compound division D formed from Gy

and H is γ-fine.

Assume that the proposition is true for n = k. Factorize I ⊆ Rk+1
into

G ⊆ R and H ⊆ Rk
. Then by assumption H can be divided with a γ′-fine

division and by the case n = 2, I = G×H has a γ-fine tagged division.

The definition of the integral is in principle not changed, taking into
account the fact that the Riemann sum has a slightly altered definition.

Definition 6.9. Let I be a closed, generalized interval in Rn
. A function

f : I → R is said to be integrable if there is a number A ∈ R such that for
every ε > 0, there is a gauge γ on I such that for every γ-fine tagged division
D of I,

|S(f,D) − A| < ε

holds. The number A is called the integral of f over I.
We use the notation ∫

I

f(x) dx = A

for the generalized Riemann integral of f over I ⊆ Rn
.

One of the central theorems of multidimensional integration is Fubini’s
theorem, which states the condition that all iterated integrals are equal to
the multidimensional integral if the latter exists. A result assumed that has
not been proved for the generalized Riemann integral is that the integral
over an interval of a function that vanishes except on a set of measure zero
is equal to 0.

Theorem 6.10. (Fubini’s Theorem) Let I ⊆ Rn
be a generalized interval

with n ≥ 2 and the function f : I → R be integrable over I. Further, let

Rn
be expressed as Rt × Rs

and put I = G × H with G ⊆ Rt
and H ⊆ Rs

generalized intervals.
Further, define the functions

g(x) := f(x,y), x ∈ G
and

h(y) :=

{∫
G
f(x,y) dx if the integral exists;

0 otherwise.
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Then (i) g is integrable over G for almost every y ∈ H. Furthermore, (ii) h
is integrable over H and∫

I

f(z) dz =

∫
H

∫
G

f(x,y) dx dy.

Proof. We split the proof in two parts for (i) and (ii).
(i) Let N be the set of all y in H such that

∫
G
f(x,y) dx does not exist.

To show that N is of measure zero we construct a function w : H → R.
We begin by setting w(y) := 0 when y ∈ H \N . We will make use of the
negated Cauchy criterion, so when y ∈ N we set w(y) > 0 such that for
every gauge γ1 on G,

w(y) ≤ |S(g,Dy)− S(g,Ey)|

for some γ1-fine divisions Dy and Ey of G. Since we always can interchange
the tagged divisions Dy and Ey we can always instead suppose

w(y) ≤ S(g,Dy)− S(g,Ey)

when y ∈ N . The inequality is then extended to all of H by choosing a
particular γ1-fine division Dy and setting Ey := Dy whenever y ∈ H \N .

We know that
∫
I
f(z) dz exists, so for a given ε > 0 there is a gauge γ on

I such that
|S(f,D)− S(f,E)| < ε

whenever D and E are γ-fine. We let γ(x,y) = γt(x,y) × γu(x,y) in the
notation used in the preceding paragraphs. We take the gauge γ̃t and fix
divisions Dy and Ey for each y for which

w(y) ≤ S(g,Dy)− S(g,Ey)

holds.
Using the procedure described above, the family of divisions Dy deter-

mines a gauge γ′1 on H from γ and similarly γ′2 on H determined by the
family Ey and the gauge γ. If we let γ′ be stricter than γ′1 and γ′2, then any
γ′-fine division F of H yields γ-fine compound divisions D and E from the
families Dy and Ey.

So we therefore let F be γ′-fine and

0 ≤ S(w,F) ≤ S(f,D)− S(f,E) < ε,

since the two tagged divisions D and E are both γ-fine. Thus
∫
H
w(y) dy = 0

and m(N) = 0, so g is integrable over G for almost every y ∈ H.
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(ii) We proceed to show that
∫
H
h(y) dy =

∫
I
f(x,y) dx dy.

We begin by resorting to the definition of the integral. Let D be the
compound division of F (tagged division of H) and Dy (tagged division of
G). Then∣∣∣∣S(h,F)−

∫
I

f(x,y) dx dy

∣∣∣∣ =

∣∣∣∣S(h,F)− S(f,D) + S(f,D)−
∫
I

f(x,y) dx dy

∣∣∣∣
≤ |S(h,F)− S(f,D)|+

∣∣∣∣S(f,D)−
∫
I

f(x,y) dx dy

∣∣∣∣ .
Set b(y) := h(y) − S(g,Dy). Since D is the compound of F and Dy we

can rearrange sums, which yields

|S(h,F)− S(f,D)| =

∣∣∣∣∣∣
∑

(y,K)∈F

(h(y)− S(g,Dy))m(K)

∣∣∣∣∣∣
≤

∑
(y,K)∈F

|h(y)− S(g,Dy)|m(K)

= S(|b| ,F).

In order to construct another function u we introduce the notation ∆U(J) =
U(sup J) − U(inf J) for an interval J . Our intent is to construct u > 0 on
Rn

with a gauge γu such that S(u,D) ≤ 1 when D is any partial division of
Rn

which is γu-fine.
We begin by taking U continuous on R and differentiable on R and

U ′(x) > 0 for all x ∈ R. Define u on Rn as u(x) = U ′(x1)U
′(x2) · · ·U ′(xp)

when x = (x1, x2, . . . , xn). We define yet another function τ on closed inter-
vals in Rn

by
τ(J) = 2n∆U(J1)∆U(J2) · · ·∆U(Jn).

By Corollary 5.14 we know there is an interval γ̂(z) in R such that

U ′(z)(v − u) < 2∆U([u, v])

when z ∈ [u, v] and [u, v] ⊆ γ̂(z). When x ∈ Rn set

γu(x) := γ̂(x1)× γ̂(x2)× · · · × γ̂(xn).

So if x ∈ J and J ⊆ γu(x), then

u(x)m(J) = U ′(x1)m(J1)U
′(x2)m(J2) · · ·U ′(xn)m(Jn)

< 2∆U(J1) · 2∆U(J2) · · · 2∆U(Jn)

= τ(J)
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and since u(±∞) = 0 by definition and τ(J) > 0 then, in this case, the
inequality u(z)m(J) < τ(J) holds for any J , so set γu(±∞) := Rn

. Now,
whenever I ∩ J = ∅ and I ∪ J is a generalized interval,

τ(I) + τ(J) = 2n∆U(I1)∆U(I2) · · ·∆U(In) + 2p∆U(J1)∆U(J2) · · ·∆U(Jn)

= { For a given ∆U(Ii) + ∆U(Ji) we can conclude that the

infimum of the interval with greatest values is equal to the

supremum of the interval with smallest values so

∆U(Ii) + ∆U(Ji) = ∆U(Ii ∪ Ji)}
= 2n∆U(I1 ∪ J1)∆U(I2 ∪ J2) · · ·∆U(In ∪ Jn) = τ(I ∪ J),

so τ is additive. If we set τ(Rn
) := 1 and D :=

⋃
(x,J)∈D J , then τ(D) ≤ 1

when D is a partial division of Rn
and when D is γu-fine S(u,D) ≤ τ(D) ≤ 1.

Thus, u is constructed.

Since f is integrable on I, we fix a gauge γ on I so
∣∣S(f,D)−

∫
I
f(x) dx

∣∣ <
ε when D is γ-fine. For each y in N fix some γ̃t-fine division Dy so that
|b(y)| < εu(y) where u(y) is constructed as above on H, with S(u,F) ≤ 1
whenever F is γu-fine.

Once more, we use the technique of compound divisions which yields a
gauge γ′1 on H from the divisions Dy and the gauge γ. Since N is of measure
zero we fix γ2 on N so that

S(|b| ,FN) < ε

when FN is a γ2-fine partial division with tags in N . Now let γ′ be stricter
than γ′1, γ2 and γu.

Let F be γ′-fine. Let FN ⊆ F be the partial division as above and set
G := F \ FN . Then we know that

S(|b| ,FN) < ε

and

S(|b| ,G) < εS(u,G).

Since G ⊆ F and all terms in S(u,G) are nonnegative—since u is nonnegative—
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we can also conclude that S(u,G) ≤ S(u,F) ≤ 1. Thus,

|S(h,F)− S(f,D)| =

∣∣∣∣∣∣
∑

(y,K)∈F

b(y)m(K)

∣∣∣∣∣∣
≤

∑
(y,K)∈F

|b(y)|m(K)

= S(|b| ,F)

= S(|b| ,G) + S(|b| ,FN)

< 2ε.

Since D is γ-fine, we know that
∣∣S(f,D)−

∫
I
f(z) dz

∣∣ < ε. Which, in
conclusion leads to ∫

H

h(y) dy =

∫
I

f(z) dz.

Another theorem giving conditions for integrability over several dimen-
sions is Tonelli’s theorem.

Theorem 6.11. (Tonelli’s Theorem) Let I ⊆ Rn
be a generalized interval

and let f : I → R be measurable. Let I = G × H. Suppose |f | ≤ g and∫
H

∫
G
g(x,y) dx dy exists. Then f is absolutely integrable on I.

Proof. That f is measurable implies that |f | is measurable (cf. Theorem 4.2).
By Theorem 4.7 this means there is an increasing sequence of nonnegative,
integrable simple functions fn 6= |f |. Theorem 6.10 applies to each fn, so∫
J
fn(x,y) dx ≤

∫
J
g(x,y) dx for almost all y. Therefore∫

I

fn(z) dz =

∫
H

∫
G

fn(x,y) dx dy ≤
∫
H

∫
G

g(x,y) dx dy

for all n. Then by the Monotone Convergence Theorem
∫
I
|f(z)| dz exists.

Remark 6.3. The function |f | can play the role of g above. So if |f | is
integrable in some iteration of integrals, then both f and |f | are integrable.
In particular, if f ≥ 0 and one iteration of the integral exists, then the
multiple integral exists.
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6.3 A Characterization of Lebesgue Integra-

tion

To get the advantage of Lebesgue theory, we now prove that Lebesgue in-
tegrable functions are exactly those that are absolutely integrable in the
generalized Riemann sense; see [14, p. 189ff].

For this purpose we need the Monotone Convergence Theorem for both
the Lebesgue and the generalized Riemann integral, but also the knowledge
that all measurable functions are the function limits of simple functions. The
proof of the first theorem from the above source has been simplified, since
we skip a lemma on the way which is unnecessary.

Theorem 6.12. A nonnegative, measurable function f : [a, b]→ R (where a
may assume the value −∞ and/or b may assume +∞) is Lebesgue integrable
if, and only if, f is integrable in the generalized Riemann sense. The integrals
are identical:

L

∫
[a,b]

f(x) dx =

∫ b

a

f(x) dx.

Proof. Following Theorem 4.7 we can choose an increasing sequence {fn}∞n=1

of simple functions, such that fn(x) → f(x) as n → ∞ for each x ∈ [a, b].
Let ϕn(x) := fn(x)χ[−n,n](x) for each n, then ϕn is an increasing sequence
on a bounded interval of simple functions, such that limn→∞ ϕn(x) = f(x)
for every x ∈ [a, b]. Then we can apply the Monotone Convergence Theorem
(see Theorem 4.14 and Theorem 6.2) in the following way,∫ b

a

f(x) dx =

∫ b

a

lim
n→∞

ϕn(x) dx = lim
n→∞

∫ b

a

ϕn(x) dx

= lim
n→∞ L

∫
[a,b]

ϕn(x) dx =
L

∫
[a,b]

lim
n→∞

ϕn(x) dx

=
L

∫
[a,b]

f(x) dx,

and the theorem is proved.

Corollary 6.13. A measurable function f : [a, b]→ R is Lebesgue integrable
if, and only if, f is absolutely integrable in the generalized Riemann sense.

Proof. If the function f is Lebesgue integrable, then f+ and f− are Lebesgue
integrable and since they are nonnegative, measurable functions we know,
by Theorem 6.12, that they are both integrable in the generalized Riemann
sense. As noted in Section 5.6 this is true if, and only if, |f | is integrable in
the generalized Riemann sense.
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Using this characterization of Lebesgue integration and what we know of
absolutely integrable functions from Section 5.6 we can now proceed to give
some examples of derivatives that are not integrable in the Lebesgue sense,
but integrable in the generalized Riemann sense.

Example 6.1. We define the function F as follows:

F (x) :=

{
x2 cos (π/x2) for 0 < x ≤ 1,

0 for x = 0.

The derivative F ′, given by

F ′(x) =

{
2x cos (π/x2) + (2π/x) sin (π/x2) for 0 < x ≤ 1,

0 for x = 0.

exists on the entire domain of definition but is neither Riemann nor Lebesgue
integrable. The reason why this derivative is not Lebesgue integrable (and
thus not Riemann integrable) is that F is of unbounded variation, which we
now proceed to show.

Take xn = 1√
n

for each n = 1, 2, . . . , N . Then

N∑
n=1

|F (xn)− F (xn+1)| =
N∑
n=1

∣∣∣∣ 1n cos (nπ)− 1

n+ 1
cos (n+ 1)π

∣∣∣∣
=

N∑
n=1

(
1

n
+

1

n+ 1
) = 2

N∑
n=1

1

n
− 1 +

1

N + 1
.

Since the harmonic series is divergent, and we can choose N arbitrarily large,
this shows that F is not of bounded variation.

However, the generalized Riemann integral of F ′ is∫ 1

0

F ′(x) dx = F (1)− F (0) = −1,

since every derivative is integrable according to Theorem 5.17.

Another example is a function that has its origins in the earlier devel-
opment of the theory of integration. This example was studied by Denjoy,
which study gave rise to his theory. The integral of that theory, though not
presented here, is equivalent to the generalized Riemann integral.

Example 6.2. We begin by defining the function f , studied by Denjoy,

f(x) := x−1 sin (x−3) x ∈ (0, 1].
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The integral over [0, 1] of f is not possible to express with elementary
functions, but needs to be expressed using an improper version of the Sine
integral, Si(x):

Si(x) :=

∫ x

0

sin t

t
.

We will first show the way to deal with this integral using the methods of
improper Riemann integration, which are available in the generalized Rie-
mann integral. In most cases Si(x) can only be numerically approximated,

with the important exception that limx→∞ Si(x) =
π

2
; see [26], which we will

use in this calculation.∫ 1

0

x−1 sinx−3 dx = {t := x−3} =
1

3

∫ ∞
1

sin t

t
dt

=
1

3

(
lim
x→∞

Si(x)− Si(1)
)

=
1

6
(π − 2Si(1)) ≈ 0.208238.

To show why this integral is not even defined with the Lebesgue integral
we take note of the fact that Lebesgue integrability implies absolute integra-
bility and the variable substitution from the above calculation. A preliminary
result employed is that

∫ (k+1)π

kπ

|sin t|
t

dt = {s := t− kπ} =

∫ π

0

|sin (s+ kπ)|
s+ kπ

ds =

∫ π

0

|sin s|
s+ kπ

ds

≥ 1

(k + 1)π

∫ π

0

|sin s| ds =
2

(k + 1)π

and using this result we obtain the following

∫ 1

0

∣∣x−1 sinx−3
∣∣ dx =

1

3

∫ ∞
1

∣∣∣∣sin tt
∣∣∣∣ dt

=
1

3

∫ π

1

|sin t|
t

dt+
1

3

∞∑
k=1

∫ (k+1)π

kπ

|sin t|
t

dt

≥ 1

3

∞∑
k=1

2

(k + 1)π
=

2

3π

∞∑
k=1

1

k + 1

which is a divergent series. Thus, f is not absolutely integrable and conse-
quently not Lebesgue integrable.
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6.4 Generalized Riemann Integration Implies

Measurability

One concept in integration theory that appears much in these pages is the
concept of measurability of both sets and functions. The relationship be-
tween a function which is integrable in the generalized Riemann sense and a
measurable function is given in the following theorem. See [8, p. 19f]

Theorem 6.14. Let f : [a, b] → R be integrable over [a, b] ⊆ R. Then f is
measurable.

Proof. Let F be the indefinite integral of f . Then F is differentiable almost
everywhere, according to Remark 5.4, and thus continuous almost every-
where. Let D be the set of discontinuities of F on [a, b]. Since m(D) = 0 all
subsets of D are measurable. Let r ∈ R. Then,

{x ∈ [a, b] : F (x) > r} = {x ∈ [a, b] \D : F (x) > r}︸ ︷︷ ︸
:=C

∪{x ∈ D : F (x) > r}︸ ︷︷ ︸
:=E

.

From the preceding paragraph, we can conclude that E is measurable.
Since F is continuous at each point of C there exists δ(x) > 0 for each x ∈ C
such that F (t) > r whenever

t ∈ {z ∈ [a, b] : |z − x| < δ(x)}.

Now, let

U :=
⋃
x∈C

{z : |z − x| < δ(x)}.

Then U is an open set and thus according to Theorem 2.31 a measurable set.
Because [a, b] is closed, it is also measurable. Then, since C = U ∩([a, b]\D),
we conclude that C is measurable and F is thus a measurable function.

Now extend F to [a, b+ 1) by setting F (x) = F (b) for x ∈ (b, b+ 1). Let
{εn}∞n=1 be a sequence in (0, 1) that converges to 0. For each n, define

Fn : [a, b]→ R

by

Fn(x) :=
F (x+ εn)− F (x)

εn
.

Each Fn is measurable and {Fn}∞n=1 converges pointwise to f almost every-
where on [a, b] and thus f is measurable according to Theorem 4.3.
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6.5 Completeness of the Lp-Spaces

Using the characterization of Lebesgue integration in Section 6.3 we can
employ the normal procedure for proving the completeness of Lp-spaces in
Lebesgue theory for generalized Riemann integration. This can be found in
numerous textbooks, for instance [22]. The Lp-spaces are defined as follows
when the functions are defined on Euclidean space (more general settings are
definitely possible and ubiquitous).

Definition 6.15. Let 1 ≤ p <∞. The space Lp(Rn) on Rn is defined as the
collection of all measurable functions f : Rn → R such that∫

Rn

|f(x)|p dx <∞.

To measure distances we introduce the p-norm of an element f ∈ Lp(Rn).

Definition 6.16. Let f ∈ Lp(Rn) for a given p, 1 ≤ p <∞. The p-norm of
f is defined as

||f ||p =

(∫
Rn

|f(x)|p dx
) 1

p

Using Hölder’s and Minkowski’s inequalities, which flow from the fact
that the absolutely integrable functions are exactly the Lebesgue integrable
functions with respect to simple Lebesgue measure, the Lp-spaces where 1 ≤
p <∞ are all complete, a concept explained in Section 2.6.
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Chapter 7

Discussion

We begin with a discussion and later draw some conclusions.

7.1 Integration According to Henstock

In the preceding pages, some of the more prominent features of the general-
ized Riemann integral appear. Many advantages of the integral are evident
compared with Riemann’s definition in particular, but the constructive and
intuitive characterization of Lebesgue integration is also in the forefront of
the importance of this integral. This is, in our understanding, of great im-
port with regard to integration theory. Many topics have not been covered,
due to both time constraints and the limited scope of this thesis.

Surveilling the landscape of integration theory we can give some hints of
further developments. We could point to the integral defined by McShane in
[19], which is equivalent to the Lebesgue integral but is similar in definition
to the integral of Henstock and Kurzweil. The only difference in the basic
definition on the real line is to drop the requirement in the definition of a
tagged division that the tag is part of the subinterval in question. Pfeffer has
made contributions in the direction of a Riemann type integral that is defined
on compact oriented differentiable manifolds, such that the exterior derivative
of a differentiable exterior form is always integrable and the Stokes formula
holds; see [20]. Such results would be interesting for further study. For
more general spaces, Henstock has elucidated the theory even further in [12],
where Riemann’s method of taking limits of sums is further generalized to
be equivalent to Denjoy’s general integral and Burkill’s approximate Perron
integral. These areas may be of interest in the future.

On a more modest level we could introduce integrals of complex- and
vector-valued functions much in the same way we proceed for the Riemann
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integral. Further, we could say much more on the question of which sets can
be integrated over and this can be seen to be quite general. If we want to
integrate over a general subset of Rn

, the most natural way to proceed is to
extend the function to vanish outside the subset and then select an interval
that is a superset to the set and integrate the extended function over this
superset. This can be shown to be a sound way of proceeding, since the
integral is invariant with respect to which interval encloses the set and the
definition agrees with the definition given above for (generalized) intervals;
see [18, p. 113]. The question of general sets naturally arises when we inte-
grate in multidimensional Euclidean space, when the domain of integration
might naturally be thought of as more general than generalized intervals, but
also for such irregular sets as Cantor-like sets (since the original Cantor set
is of measure zero, every integral over that set will vanish, however) or in
other topological spaces than Euclidean space.

Another topic that should be mentioned is the Stieltjes variation of the
integral, whereby the measure is replaced by an integrator. The Stieltjes
variation is given by exchanging m(Ji) in the Riemann sum:

S(f,D) =
n∑
i=1

f(zi)(g(sup Ji)− g(inf Ji)),

and thus giving us an integral with a relatively freely chosen measure,∫ b

a

f(x) dg(x).

In this context we say that we integrate f relative to g. Given this integral
we naturally ask the question what can be said of its generality. Henstock
showed that there is need for more generalizations if we are to get beyond
the following limitation; see [11, p. 39].

Theorem 7.1. If, for two different constants G1 and G2 the function g = G1

in an everywhere dense set in [a, b] and g = G2 in another everywhere dense
set in [a, b], the only function f that is generalized Riemann integrable relative
to g in [a, b] is a constant function.

For instance, if the integrator is chosen as the Dirichlet function of Ex-
ample 3.1 on the interval [0, 1], this will force the integrand to be constant.

Henstock mentions a few ways of overcoming these problems by another
integral, namely the Cesàro-Perron integral by Burkill.

Further, Kurzweil showed in [16] that there exists a function g : [0, 1]→
R with left- and right-hand limits at every point that vanishes everywhere
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except on a countable set and a continuous function f : [0, 1]→ R such that
the Henstock-Stieltjes integral ∫ 1

0

f(t) dg(t)

does not exist. But according to the same source the Young integral can
integrate this function.

More examples of limitations abound, for instance the example given by
S. Hu and V. Lakshmikantham in [13] of a Lipschitz-continuous function—
in Euclidean space this means that there is a constant K ∈ R such that
|f(x1) − f(x2)| ≤ K|x1 − x2| for all x in some E ⊆ R—composed with an
integrable function that is not integrable.

Example 7.1. Let g = | · |, which is Lipschitz-continuous, and let h be
conditionally integrable. Then g ◦ h is not integrable.

Let g = (·)−1/2, which is integrable on [0, 1] and h = (·)2 which is
Lipschitz-continuous. Then g ◦ h is not integrable [0, 1].

The Lebesgue theory in some sense puts less severe restrictions on vari-
able substitution compared with the generalized Riemann theory, which is
why the example above is interesting. This is important in differential equa-
tions. However, the original work done by Kurzweil suggests a use for the
generalized Riemann integral in precisely differential equations. We were not
able to delve more deeply into this subject at present.

7.2 Conclusion

My conclusion with the work at hand is that the integral defined by Hen-
stock and Kurzweil is a force to be reckoned with. Especially I would be
hard pressed to find any reason why this integral should not replace the Rie-
mann integral in undergraduate studies, giving the student more powerful
tools and for instance letting anti-derivation—which is common in first-year
real analysis—be theoretically well-grounded. Some problems with the in-
tegral have been alluded to in the preceding discussion and therefore I do
not think it will be possible, even if it was done with the best of intentions,
to skip the Lebesgue theory entirely. Especially if we want an easier way to
generalize to several dimensions—since Fubini’s theorem is much simpler to
establish for the Lebesgue integral—and to more general spaces. We do have
a characterization of the Lebesgue integral at hand in terms of the general-
ized Riemann integral, however, which might be a good way for students to
become familiarized with the concept. The question of measure theory and



76 Chapter 7. Discussion

the power of Lebesgue theory to handle more general spaces and measures
in a straightforward manner—aside from the fact that some operations are
sound in Lebesgue theory but not in the generalized Riemann theory—in
my mind makes the question of replacing the Lebesgue theory, even in its
original presentation, nearly absurd.

To conclude, we were not quite able to kill the two birds with one stone.
We were able to come to a strong theory of considerable value for the un-
dergraduate student and to reach a Riemann-type definition of the Lebesgue
integral.
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var och en att läsa, ladda ner, skriva ut enstaka kopior för enskilt bruk och att
använda det oförändrat för ickekommersiell forskning och för undervisning.
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