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(Dated: October 18, 2013)

High dose-rate (HDR) brachytherapy is one type of treatment for prostate cancer, in which a

radioactive source is moved through catheters implanted into the prostate. For each patient, a

unique treatment plan is constructed. This plan determines for example the catheter positioning

and the dwelling time pattern, that is, where and for how long the source should stop.

Mathematical optimization methods are frequently used to find high-quality dwelling time pat-

terns. However, choosing the catheter positioning is usually done without any aid of mathematical

optimization methods. Researchers have recently suggested some optimization models for catheter

positioning, and also heuristics for solving them. However, there are no available methods for finding

the optimal solution of these models within a clinically acceptable time frame.

In this paper we present the foundation for a branch-and-bound method that has been tailored to

the catheter positioning problem. Tests show that this tailored branch-and-bound method has some

promising features, for example that the dual bound is improved faster than when using a standard

branch-and-bound method. But the tests also show that further research is required to develop it

into a method that can find the optimal solution fast enough.

Keywords: Branch-and-bound, Branching rules, Brachytherapy, Dose planning, Catheter posi-

tioning

I. INTRODUCTION

One possible treatment options for prostate cancer is

high-dose-rate (HDR) brachytherapy. In this treatment,

radiation is delivered to the tumour from a radioac-

tive source which is moved through temporarily inserted

catheters. The dose distribution obtained can be con-

trolled by adjusting where the catheters are inserted (the

catheter positioning), and how the source moves through

the catheters (the dwelling time pattern).

Mathematical optimization has been used to find opti-

mal dwelling time patterns during the last decade. The

linear penalty model1,2 has for many years been the dom-

inating model, but researchers have recently presented

several alternative models3–5. However, choosing the

catheter positions is usually done without any aid of

mathematical optimization. These positions are instead

chosen in accordance with different traditional philoso-

phies, such as a homogeneous spreading of the catheters

or a placement concentrated to the peripheral zone of

the prostate6. During the last few years researchers have
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proposed several mathematical optimization models that

do not only optimize the dwelling time pattern but also

the catheter positioning7–10. One problem with most of

these models is that they are impossible to solve to opti-

mality within a clinically acceptable period of time, using

available methods.

All of the proposed models for catheter positioning use

binary variables to state whether a possible catheter po-

sition is used or not. The model by Siauw et al.7 opti-

mize the catheter positions with respect to spatial cov-

erage. However, it is not certain that the catheter po-

sitioning with the best spatial coverage is similar to the

catheter positioning that yields the best dose distribu-

tion. The other models for optimization of the catheter

positioning8–10 also include optimization of the dwelling

time pattern and should hence yield superior dose distri-

butions. These models connect the binary variable for a

catheter with the corresponding dwelling time variables

using big-M constraints or indicator constraints. In this

paper we will consider models that optimize both the

catheter positioning and the dwelling time pattern.

The only approach, of those presented, that can pro-

duce proven optimal solutions for the catheter position-

ing models is to use state-of-the-art optimization soft-

ware such as CPLEX11 or XPRESS12. Such software
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FIG. 1. An example of the setup of the equipment used for

HDR prostate brachytherapy.

uses sophisticated but general branch-and-bound algo-

rithms. However, it is rarely possible to find a proven

optimal catheter positioning, within a clinically accept-

able time frame, using this approach and the duality gap

is usually large.

In this paper we present the foundations for a branch-

and-bound method that has been tailored to the catheter

positioning problem. This algorithm is one step towards

better exact solution methods for the catheter position-

ing problem.

II. OPTIMIZATION OF HDR

BRACHYTHERAPY

As mentioned above HDR brachytherapy for prostate

cancer is a treatment in which a radioactive source is

moved through catheters that have been implanted into

the prostate. The catheters are usually inserted parallely

using a fixed template and ultrasound images for guid-

ance; Figure 1 shows an equipment setup and Figure 2

shows a template.

Mathematical optimization has been used clinically for

the last decade to find an optimal dwelling time pattern

within already implanted catheters. The model that has

been dominating clinically is a linear penalty model, such

as the model by Lessard and Pouliot1. This model uses

an approach where each dose-calculation point, that is,

a point where the dose is calculated, is assigned a de-

sired dose range. If a dose-calculation point receives a

dose outside this range, it receives a penalty that de-

FIG. 2. A template used for the insertion of catheters for

HDR prostate brachytherapy.

pends on the magnitude of the deviation. Recently sev-

eral researchers have presented other models where the

constraints and the objective more closely resemble the

quality measures used clinically for evaluation3–5. For

the purpose of this paper we will use the general model

min f(ttt)

ci(ttt) ≥ 0 ∀i ∈ I (1)

to describe all the presented models for optimizing the

optimal dwelling time pattern. Here f denotes the ob-

jective function, ci the constraint functions, ttt the vector

of dwelling time variables, and I the set of indices for the

constraints. A single dwelling time variable is denoted

by tkj , where k is the index for the catheter where the

dwelling position is located.

As mentioned above, mathematical optimization is not

commonly used clinically to choose the positions of the

catheters. However, it is well known that the catheter

positions are crucial for the resulting dose distribution,

and hence it is likely that optimizing their positions will

yield significantly better dose distributions. Several re-

searchers have therefore presented models for optimiza-

tion of the catheter positioning. Most such models com-

bine the optimization of the dwelling time pattern with

the optimization of the catheter positioning, see Kara-

bis et al.8, Holm et al.9, and Gorissen et al.10. All these

models utilise a common approach: a binary variable yk
is introduced for each possible catheter position (hole in

the template). This variable is equal to one if the posi-
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tion is used and zero otherwise. These binary variables

are then connected to the dwelling time variables of the

catheters by big-M constraints

tkj ≤Myk ∀j ∈ Tk, k ∈ K.

Here M is a sufficiently large number, K is the set of

indices for the catheters, and Tk the set of indices for

dwelling positions in catheter k.

Each implanted catheter causes undesired trauma and

increase the risk for infection. It is therefore necessary

to limit the total number of implanted catheters. Models

for optimizing the catheter positioning therefore include

a cardinality constraints, either∑
k∈K

yk = C or
∑
k∈K

yk ≤ C,

where C is a predetermined upper bound on the number

of implanted catheters. We will use the equality version

in this paper. This is not a limitation since all dwelling

times in a catheter can be set to zero even though yk = 1.

Such catheters will not be implanted even though yk = 1,

since they are not used.

Combining the general model for optimizing the dwell-

ing time pattern with the constraints above yield the fol-

lowing model

min f(ttt),

ci(ttt) ≥ 0 ∀i ∈ I, (2a)∑
k∈K

yk = C, (2b)

tkj ≤Myk ∀j ∈ Tk, k ∈ K, (2c)

yk ∈ {0, 1} ∀k ∈ K. (2d)

This is a general model for optimizing both the dwelling

time pattern and the catheter positions. Some re-

searchers have proposed heuristics (methods that are not

guaranteed to find solutions in finite time that are global

optima) that can find good solutions to Model 2 in rea-

sonable computing time.8,9 However, the only exact ap-

proach (method that is guaranteed to find global optima

in finite time) presented so far is to use state-of-the-art

optimization software, such as CPLEX11 or XPRESS12.

Such software uses sophisticated but general branch-and-

bound algorithms. However, it is rarely possible to find a

proven optimal catheter positioning using such software

in a reasonable time frame. An exact approach that can

produce optimal solutions in a clinically acceptable time

frame is therefore needed.

III. BRANCH-AND-BOUND

Branch-and-bound (B&B) is a standard method within

the optimization field that is used for many different

mixed integer optimization problems. Below we will give

a general description to set the notation. Algorithm 1

presents a psuedocode for a general B&B algorithm. The

thesis by Achterberg13 is a good place to start for readers

that want to know more about B&B.

Algorithm 1 Branch-and-bound

Input: A minimization problem instance X

Output: An optimal solution x∗, with objective value z∗,

or the conclusion that no feasible solution exist

(indicated by z∗ =∞).

Initialize L = {X}, z =∞
while L 6= ∅ do

Choose S ∈ L and let L = L \ {S} [Node selection]

Solve a relaxation SR of S. [Bounding]

if SR has no feasible solutions then

Let z =∞.

else

Let x be an optimal solution of SR, and z is ob-

jective value.

end if

if z ≥ z then

Do nothing. [Pruning]

else if x feasible in X then

Let x = x and z = z. [Pruning]

else

Split S into subproblems S = S1∪. . .∪Sn.[Branch-

ing]

Let L = L ∪ {S1 ∪ . . . ∪ Sn}
end if

end while

Return x∗ = x and z∗ = z

Assume that the problem that should be solved is

z = min {f(x) : x ∈ X}. The idea in B&B is to suc-

cessively divide the problem instance into smaller sub-

problems. B&B algorithms hence utilises the fact that

the minimum of a set, is the minimum of the minimum

of all subsets of a partition of the set. (If X =
⋃

n∈N Xn

and zn = min {f(x) : x ∈ Xn}, then z = minn∈N zn). A

B&B algorithm consists of four major parts: branching,

bounding, pruning, and node selection.

Branching: The branching rule decides how the feasi-

ble set X is divided into subset Xn, each subset is

referred to as a node. A typical way to represent

the subsets is via an enumeration (branching) tree;

Figure 3 shows a small example of an enumeration



4

X

X

X

X

XXX

X X X X X

X
0

1 2

3 4 5 6 7

8 9 10 11 12

FIG. 3. A small example of an enumeration tree.

tree.

Bounding: The purpose of bounding is to avoid com-

plete enumeration of all feasible solutions in X.

Bounding produces upper and lower bounds on zn.

The lower bounds are obtained by solving a re-

laxation of zn = min {f(x) : x ∈ Xn} (removing

some of the constraints that form X), and hence

which relaxation to use must be decided. The up-

per bounds are obtained by feasible solutions to the

original problem, that is by finding x ∈ X. Such

solutions (x ∈ X) might be found during the B&B

algorithm, but they could also be found through

the use of heuristics. We use zn to denote an upper

bound on zn, and zn to denote a lower bound.

Pruning: Pruning eliminates nodes that cannot include

x∗. There are three reasons to prune a node:

• zn > z, hence the best solution of the node is

worse than a solution already found,

• Xn = ∅, hence the node includes no feasible

solutions at all,

• zn has been found.

Node selection: During the B&B algorithm there is of-

ten many nodes that have not been investigated

yet. The node selection rule decides which of these

node to investigate next.

Of these four parts pruning is the only one that is the

same in all B&B algorithms, the other parts need to be

chosen. Currently almost all commercial and academic

B&B algorithms use the linear programming relaxation

(all constraints that locks a variable to be integer or bi-

nary are removed) for bounding.

The most common branching rule is to split the fea-

sible interval for an integer variable, that is fractional

in the optimal solution of the relaxation, into two parts.

Assuming that the fractional variable is xk with the value

x̃k, the new subsets are X1 = {x ∈ X : xk ≤ bx̃kc} and

X1 = {x ∈ X : xk ≥ dx̃ke}.
A branching rule should have the following three prop-

erties:

• the optimal solution of the relaxation is not feasible

in any of the created subproblems,

• the optimal solution of z = min {f(x) : x ∈ X} is

feasible in one of the subproblems,

• a solution x ∈ X is feasible in at most one of the

created subproblems.

IV. OUR TAILORED BRANCH-AND-BOUND

This paper develops the foundation for a tailored

branch-and-bound algorithm for Model 2. Our algorithm

uses a tailored relaxation for bounding, described in Sec-

tion IV A, and a tailored branching rule, described in

Section IV B.

A. The relaxation

The relaxation used is obtained by removing the big-

M constraints (Constraints 2c). We have two reasons

for doing this, firstly the big-M constraints do not con-

tribute much to the strength of the bound. Secondly, if

they are removed then the problem separates into two

subproblems, one for finding an optimal ttt, and one for

finding the yk:s. We also choose to relax the binary con-

straint (Constraint 2d). (This constraint might be kept

if specialized methods for solving the subproblems are

developed, see more about this in Section IV C.) Hence

the relaxation solved in a node n is

min f(ttt),

ci(ttt) ≥ 0 ∀i ∈ I, (3a)∑
k∈K

yk = C, (3b)

bm(ttt, yyy) ≥ 0 ∀m ∈ Bn. (3c)

Here bm denotes the constraint functions added by the

branching rule, Bn the set of indices for the branching

constraints in node n, and yyy the vector containing all yk.
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Note that the branching constraints we generate by the

branching rule described below all contain either ttt or yyy,

not both.

B. The branching rule

General B&B solvers typically utilise the variable split-

ting rule described above for branching. Specialized rules

have however been developed for a number of problems,

for example the set-partitioning problem14 and the ma-

trix decomposition problem15. Here we will present the

branching rule used in our tailored B&B.

The goal of the branching rule is to find solutions that

satisfy Constraint 2c. The solutions found might still be

infeasible with respect to 2d. However, it is easy to use

ordinary branching rules to achieve integrality.

Our branching rule utilises the underlying geometry

of the catheter positioning problem, and branch on a

group of yk variables instead of branching on a single

yk variable. The groups should be constructed so that

each group contain catheter variables that correspond to

catheters that are geometrically close. However, the rule

works in theory even though this is not fulfilled, but it

seems necessary for it to be beneficial.

Given a solution of the relaxation, that does not satisfy

Constraint 2c, it is always possible to find a group that

include at least one variable that does not satisfy the

constraint. Based on the sum of the yk variables in such

a group and which of the variables that break Constraint

2c we generate three branches.

Branch 1: All yk and tkj in the group that violate Con-

straint 2c are set to zero, and the total number of

yk used in the group can not increase.

Branch 2: One of the yk in the group that violates Con-

straint 2c must be used, and the total number of

yk used in the group can not increase.

Branch 3: The sum of yk in the group must increase by

at least one.

Below the mathematics of the branching rule is described

in detail. The reader not interested in this can jump

straight to Section IV C.

Let an arbitrary solution of 3 be denoted by (ttt, yyy),

and the set of feasible solutions in the current node be

denoted by X. Index sets (groups), Gl, that corresponds

to groups of binary variables are created in such a way

that the index of each binary variable is included in at

least on index set. Let (̄ttt, ȳyy) be the optimal solution of 3

and assume that it is infeasible with respect to 2c. Then

it is possible to find an index set GL such that ȳk = 0

and
∑

j∈Tk
t̄kj > 0 for at least one k ∈ GL.

Let

F =

k ∈ GL : (ȳk > 0) ∨

∑
j∈Tk

t̄kj = 0


and

V =

k ∈ GL : (ȳk = 0) ∧

∑
j∈Tk

t̄kj > 0

 .

The branching rule then creates the following three

branches

X1 =

{
x ∈ X :

(∑
k∈F

yk ≤

⌈ ∑
k∈GL

ȳk

⌉)
∧(yk = 0) ∧

∑
j∈Tk

tkj = 0

 ∀k ∈ V
 ,

X2 =

{
x ∈ X :

(
1 ≤

∑
k∈V

yk

)
∧( ∑

k∈GL

yk ≤

⌈ ∑
k∈GL

ȳk

⌉)}
,

X3 =

{
x ∈ X :

∑
k∈GL

yk ≥

⌈ ∑
k∈GL

ȳk

⌉
+ 1

}
.

In the Appendix we show that the branching rule pos-

sesses the three properties that a branching rule should.

C. Solving the subproblems

One way to solve the relaxation is of course to solve

Model 3 with a linear programming solver. This is what

we have done in our computational test in Section V.

However, it should be better to utilise that the problem

separates into two subproblems.

The subproblem that include ttt is equal to Model 1

where some tkj = 0. This subproblem can hence be solved

the same way as Model 1.

The subproblem that include yyy is only a feasibility

problem since the objective of Model 3 only includes ttt.

However, when finding a feasible yyy it would be good to

find the yyy that is closest to satisfying Constraint 2c to

avoid unnecessary branchings. We therefore propose that
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the following model is used for finding ȳyy

max
∑
k∈K

τkyk∑
k∈K

yk = C, (4a)

bm(yyy) ≥ 0 ∀m ∈ Bn. (4b)

Where τk =
∑

j∈Tk
t̄kj , and t̄kj are the optimal values of

tkj in the subproblem that include ttt. The optimal solu-

tion of this model will correspond to the feasible catheter

positioning that covers the highest percentage of the to-

tal time. Model 4 can be solved by a linear programming

solver.

Another option is to keep the binary constraint (Con-

straint 2d). This constraint will then have to be included

in the subproblem that includes yyy, and hence in Model

4. This yields a quite small integer problem that should

be easy to solve using an integer programming solver.

V. COMPUTATIONAL STUDIES

In this section we present some computational results.

A. Test setup

To investigate the potential of our tailored B&B we

have implemented a simple version of it in SCIP16. SCIP

is a framework for constraint integer programming and is

excellent for creating a tailored B&B since all parts of a

standard B&B can be adapted through plug-ins. SCIP is

also the fastest non-commercial mixed integer program-

ming solver. However, when considering the computa-

tional times obtained by SCIP it is necessary to remem-

ber that the commercial solvers CPLEX and XPRESS

are around five times faster.

We have implemented our branching rule in SCIP as

a constraint handler. This means that after the relax-

ation of a node is solved, that is after Model 3 in the

current node has been solved, SCIP consults with our

code to see if the constraint 2c is satisfied, and if it is

not, then our code performs a branching. The branching

is implemented by adding the constraints described in

Section IV B to the LP-relaxation. Hence our implemen-

tation does not utilise that the problem separates into

two subproblems.

The theory above was presented for a general model

for optimizing the dwelling time pattern. For our tests

we have used a version of the model presented by Holm et

al.3, with the constraints and objective presented in Ta-

ble I. We have also restricted ourselves to study square

groups (Gl) that include a maximum of four catheters,

see Figure 4 for an illustration. And we have tested two

versions: including all such square groups, and choos-

ing square groups so that they form a partition of all

catheters. Often there is more than one group that can

be used for branching. Our implemented version always

chooses the group with the largest
∑

k∈V τk.

TABLE I. The objective and constraints of the dwelling time

pattern optimization model we have used in our tests. The

limit is given as a percentage of the prescription dose

Objective

Type Tail α (%) Goal Structure

CVaR Lower 90 maximize PTV

Constraints

Type Tail α (%) Limit (%) Structure

CVaR Upper 35 150 PTV

CVaR Upper 10 115 Urethra

CVaR Upper 10 75 Rectum

CVaR Upper 35 100 Normal Tissue

Possible catheter position

FIG. 4. Illustration of how we construct groups of catheters.

Each black square corresponds to one group.

Test runs were made for three different patients, some

data for these patients is presented in Table II. Dose-

calculation points were generated using the method by

Lahanas et al.17. The dose-rate contributions, dsij , were

calculated using functions fitted to the dose distribution

in water around a single HDR 192Ir source (Nucletron

microSelectron HDR v1), that was initially derived by
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EGS4 Monte Carlo simulations.18 This approach pro-

duces data on dose in water as a function of distance and

polar angle with the source equivalent to that obtained

using the AAPM TG43 formalism.19

TABLE II. Some characteristics of the patient data we use in

this study. PDP = Possible dwelling positions

Case Prostate No dose-

No: volume |K| C PDP calculation

(cm3) points

A 25 52 19 658 1600

B 35 62 20 843 1903

C 57 78 20 1218 2705

For comparison we have also performed test runs us-

ing the standard B&B algorithm in SCIP. Constraint 2c

was specified as a indicator constraint since Gorissen et

al.10 noted that this is more efficient, and heuristics were

turned off to allow for a fair comparison with our tailored

versions.

All test runs were made on a PC with a 3.2GHz Intel

Core i5 processor and 4GB RAM, using SCIP 2.1.1 and

the LP solver SoPlex 1.6.0. We made one run à 3 days

for each patient with each of the B&B version.

B. Results

Table III presents some statistics for the test runs. The

first thing worth noting is that the time spent on other

calculations than solving the subproblem is less than for

the standard B&B, hence the overhead is smaller. The

total time used by our constraint handler was around 2

seconds, and we can therefore conclude that there is no

point in a more efficient implementation of the constraint

handler. It is also worth noting that fewer simplex iter-

ations are needed to solve the subproblems. The reason

for this is probably that the constraints added in branch

2 and 3 only affect yyy and not ttt, and hence the previ-

ous solution is quite close to the new optimum. Each

iteration is also faster, and the reason for this is proba-

bly that there is fewer constraints and that the problem

has a better structure. Together this makes it possible

for our tailored B&B to evaluate nodes quicker than the

standard B&B can.

We can also see in the table that few of the branch-

ings are integer branchings. There can be two reasons

for this: either the solution are integer often and hence

integer branchings are unnecessary, or it can be the case

TABLE III. Statistics of 3 day runs using the different versions

of the B&B. All values, except the percent of all branchings

that are integer branchings, have been normalized so that they

are one if the value is the same as that of the standard B&B

with indicator constraints. All=the version when all square

groups are included. P=the verion when the groups form a

partition.

Measure Ver- A B C Aver-

sion age

% of all branchings that All 0.44 0.33 0.49 0.42

are integer branchings P 0.86 1.49 0.48 0.94

% of time used on other All 0.31 0.21 0.16 0.23

than solving the subproblem P 0.33 0.25 0.08 0.22

Number of searched nodes
All 1.43 1.17 0.97 1.19

P 1.56 1.32 1.12 1.33

Number of nodes left
All 4.91 3.31 1.43 3.21

P 5.72 3.98 1.89 3.86

Number of simplex itera- All 0.48 0.60 0.92 0.67

tions per call P 0.42 0.48 0.82 0.57

Number of simplex itera- All 0.66 0.68 0.89 0.74

tions per second P 0.62 0.60 0.90 0.71

that solutions very often violate Constraint 2c and since

this has a higher priority for branching than Constraint

2d integer branchings are seldom allowed. Finding out

which would require further studies. Lastly we can see

that the number of unsearched nodes left after 3 days is

much larger for our tailored B&B than for the standard

B&B. The main reason for this is probably that each

nodes has three children in the tailored version, while

there is only two children in the standard B&B.

When comparing our two tailored versions there are no

clear differences, most measures are the same. There is a

small difference in the number of nodes searched and gen-

erated, indicating that the partitioned version searches

nodes a little faster than the version using all possible

groups. This was expected since the subproblem includ-

ing yyy would separate into one subproblem per group in

the partitioned case if Constraint 2b is removed, which

is not the case when all groups are included.

Another aspect of the B&B algorithms that is interest-

ing to investigate is the progress of the primal and dual

bound during the solution process. This is illustrated in

Figures 5–7. These figures show that the standard B&B

seems to find new feasible solutions quite often compared

to both versions of our tailored B&B. However, the pri-

mal solutions found by our versions are very good for

Patient A and B; note that the standard B&B does not
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find a solution during the whole rune that is as good as

the first found by the partitioned version of our B&B.

The primal solutions found by our tailored B&B for Pa-

tient C are quite bad, and does not improve. Finding out

what causes this would require further studies.

Patient A
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FIG. 5. The progress of the primal and dual bound for Patient

A. Time is given in seconds on the x-axis and the bound value

on the y-axis. PB is the primal bound and DB is the dual

bound. Indicator corresponds to the standard B&B, Partition

to the tailored version where the groups form a partition, and

no partition to the version where all groups are included.
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FIG. 6. The progress of the upper and lower bound for Patient

B. Time is given in seconds on the x-axis and the bound value

on the y-axis. PB is the primal bound and DB is the dual

bound. Indicator corresponds to the standard B&B, Partition

to the tailored version where the groups form a partition, and

no partition to the version where all groups are included.

The improvements of the dual bounds during the test

runs are very small for all B&B versions, changing only a

few percent. However, the progress is best for the parti-

tioned version of our B&B, especially for Patient A and

Patient C. Since the progress of the dual bound is very

Patient C
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FIG. 7. The progress of the upper and lower bound for Patient

C. Time is given in seconds on the x-axis and the bound value

on the y-axis. PB is the primal bound and DB is the dual

bound. Indicator corresponds to the standard B&B, Partition

to the tailored version where the groups form a partition, and

no partition to the version where all groups are included.

important for proving optimality we can conclude that

one beneficial characteristic of the partitioned version of

our B&B is that it is better than the other versions at

improving the dual bound.

VI. DISCUSSION AND CONCLUSION

The tailored B&B presented in this paper does not

reach the goal of an algorithm that can find a proven op-

timal solution in a clinically acceptable time frame. How-

ever, our tests shows that there are some advantages with

especially the partitioned tailored version compared to

the standard B&B. The progression of the dual bound is

significantly faster, which will help in proving optimality

faster, and the subproblems are solved faster. The time

required to solved the subproblems could be improved

further by utilising the separation into two subproblems

as described in Section IV C.

We believe that the B&B version presented in this pa-

per can be the foundation of a solution method that can

find proven optimal solutions for the catheter position-

ing and dwell time pattern optimization problem within

a reasonable time frame. There is however much work

left to achieve this. The most important part is to inves-

tigate the impact of solving the subproblems as proposed

in Section IV C. Another aspect that should be studied

is how to choose which group to branch over. There are

a lot of suggestion of how a variable should be chosen

in the standard B&B20–22 and it should be possible to
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utilise the same concepts also for groups.

This paper has considered the relaxation and the

branching part of the B&B algorithm. Further im-

provements can probably be obtained by finding tailored

node selection rules and heuristics. Constructing tailored

heuristics is probably very important to reduce the solu-

tion time, since the heuristics usually used in a B&B

are known to be important. The heuristics presented by

Holm et al.9, Karabis et al.8 and Ayotte et al.23 might

be possible to utilise.

Our conclusion is that there are some promising fea-

tures of our tailored B&B, but that much research is

needed to arrive at a useful algorithm that can find

proven optimal solutions within a clinically reasonable

time frame.
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“Brachytherapy source characterization for improved

dose calculations using primary and scatter dose sepa-

ration,” Medical Physics, vol. 32, no. 9, pp. 2739–2752,

2005.

[19] M. J. Rivard, B. M. Coursey, L. A. DeWerd, W. F. Han-

son, M. S. Huq, G. S. Ibbott, M. G. Mitch, R. Nath, and

J. F. Williamson, “Update of AAPM task group no. 43

report: A revised AAPM protocol for brachytherapy dose

calculations,” Medical Physics, vol. 31, no. 3, pp. 633–

674, 2004.

[20] T. Achterberg, T. Koch, and A. Martin, “Branching rules

revisited,” Operations Research Letters, vol. 33, no. 1,

pp. 42 – 54, 2005.

[21] J. T. Linderoth and M. W. Savelsbergh, “A computa-

http://www.cplex.com
http://www.fico.com/en/Products/DMTools/xpress-overview/Pages/Xpress-Optimizer.aspx
http://www.fico.com/en/Products/DMTools/xpress-overview/Pages/Xpress-Optimizer.aspx
http://www.fico.com/en/Products/DMTools/xpress-overview/Pages/Xpress-Optimizer.aspx
http://scip.zib.de/scip.shtml


Bibliography 10

tional study of search strategies for mixed integer pro-

gramming,” INFORMS Journal on Computing, vol. 11,

no. 2, pp. 173–187, 1999.

[22] J. Patel and J. Chinneck, “Active-constraint variable or-

dering for faster feasibility of mixed integer linear pro-

grams,” Mathematical Programming, vol. 110, no. 3,

pp. 445–474, 2007.

[23] G. Ayotte, M. D’Amours, S. Aubin, E. Lessard,

J. Pouliot, and L. Beaulieu, “Sci—thurs AM: YIS—02:

Optimizing number and position of catheters within in-

verse planning simulated annealing (IPSA) for prostate

and breast high dose rate brachytherapy,” vol. 36,

pp. 4315–4315, AAPM, 2009.

APPENDIX 1: PROOFS OF THE PROPERTIES

OF OUR BRANCHING RULE

Theorem 1 The solution (̄ttt, ȳyy) is not feasible in any of

the branches.

Proof 1 ∃k ∈ V :
∑

j∈Tk
t̄j

k
> 0⇒ (̄ttt, ȳyy) /∈ X1∑

k∈V ȳk = 0 < 1⇒ (̄ttt, ȳyy) /∈ X2∑
k∈GL

ȳk <
⌈∑

k∈GL
ȳk
⌉

+ 1⇒ (̄ttt, ȳyy) /∈ X3

Theorem 2 If the optimal solution (ttt∗, yyy∗) ∈ X, then

(ttt∗, yyy∗) ∈ X1 ∪X2 ∪X3.

Proof 2 Assume (ttt∗, yyy∗) /∈ X1 ∪X2 ∪X3.

Since (ttt∗, yyy∗) /∈ X3, we know that

∑
k∈GL

y∗k ≤

⌈ ∑
k∈GL

ȳk

⌉
(5)

holds since y∗k is integral. Also since (ttt∗, yyy∗) /∈ X1 there

must

∃k ∈ V : y∗k = 1. (6)

But Equation 6 imply that
∑

k∈V y
∗
k ≥ 1, and together

with Equation 5, this imply that (ttt∗, yyy∗) ∈ X2. Hence we

have a contradiction, and therefore (ttt∗, yyy∗) ∈ X1 ∪X2 ∪
X3.

Theorem 3 Any solution (ttt, yyy) is included in at most

one of the sets X1, X2, and X3.

Proof 3 It is easy to see that @(ttt, yyy) ∈ X2 ∩ X3

since
∑

k∈Gl
yk ≤

⌈∑
k∈GL

ȳk
⌉
for all (ttt, yyy) ∈ X2 and∑

k∈GL
yk ≥

⌈∑
k∈GL

ȳk
⌉

+ 1 for all (ttt, yyy) ∈ X3.

Further, by utilising that F and V is a partition of Gl

we know that for any (ttt, yyy) ∈ X1

∑
k∈Gl

yk =
∑
k∈F

yk +
∑
k∈V

yk =
∑
k∈F

yk ≤

⌈ ∑
k∈GL

ȳk

⌉
, (7)

and hence by the same reasoning @(ttt, yyy) ∈ X1 ∩X3.

Lastly, for any (ttt, yyy) ∈ X1 we know that yk = 0

holds for all k ∈ V , and hence
∑

k∈V yk = 0. But for

all (ttt, yyy) ∈ X2 we know that
∑

k∈V yk ≥ 1, and hence

@(ttt, yyy) ∈ X1 ∩ X2. Therefore any solution (ttt, yyy) belongs

to at most one of the sets X1, X2, and X3.
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