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Abstract

The iterative learning control (ilc) method improves performance of sys-
tems that repeat the same task several times. In this paper the stan-
dard norm-optimal ilc control law for linear systems is extended to an
estimation-based ilc algorithm where the controlled variables are not di-
rectly available as measurements. The proposed ilc algorithm is proven to
be stable and gives monotonic convergence of the error. The estimation-
based part of the algorithm uses Bayesian estimation techniques such as
the Kalman �lter. The objective function in the optimisation problem is
modi�ed to incorporate not only the mean value of the estimated variable,
but also information about the uncertainty of the estimate. It is further
shown that for linear time-invariant systems the ilc design is independent
of the estimation method. Finally, the concept is extended to non-linear
state space models using linearisation techniques, where it is assumed that
the full state vector is estimated and used in the ilc algorithm. It is also
discussed how the Kullback-Leibler divergence can be used if linearisation
cannot be performed. Finally, the proposed solution for non-linear systems
is applied and veri�ed in a simulation study with a simpli�ed model of an
industrial manipulator system.

Keywords: Iterative, Learning Control, Estimation, Filtering, Nonlinear
systems, Optimal
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Abstract

The iterative learning control (ilc) method improves performance of systems that repeat the same task several times. In this
paper the standard norm-optimal ilc control law for linear systems is extended to an estimation-based ilc algorithm where
the controlled variables are not directly available as measurements. The proposed ilc algorithm is proven to be stable and
gives monotonic convergence of the error. The estimation-based part of the algorithm uses Bayesian estimation techniques
such as the Kalman filter. The objective function in the optimisation problem is modified to incorporate not only the mean
value of the estimated variable, but also information about the uncertainty of the estimate. It is further shown that for linear
time-invariant systems the ilc design is independent of the estimation method. Finally, the concept is extended to non-linear
state space models using linearisation techniques, where it is assumed that the full state vector is estimated and used in
the ilc algorithm. It is also discussed how the Kullback-Leibler divergence can be used if linearisation cannot be performed.
Finally, the proposed solution for non-linear systems is applied and verified in a simulation study with a simplified model of
an industrial manipulator system.

Key words: Iterative, Learning Control, Estimation, Filtering, Nonlinear systems, Optimal

1 Introduction

The iterative learning control (ilc) method, [5,21], im-
proves performance, for instance trajectory tracking ac-
curacy, for systems that repeat the same task several
times. Traditionally, a successful solution to many such
problems can base the ilc control law on direct mea-
surements of the control quantity. When this quantity
is not directly available as a measurement, it has to be
estimated from other measurements, [27]. In this paper
the estimation-based ilc framework from [27] is com-
bined with an ilc design based on an optimisation ap-
proach, referred to as norm-optimal ilc [2,3]. In addi-
tion, the estimation problem is formulated using recur-
sive Bayesian methods, where the Kalman filter (kf)
can be applied for linear systems. Extensions to non-
linear systems are possible using linearisation, extended
Kalman filter (ekf), or simulation based methods such
as the particle filter (pf), [12,13]. Using batch formula-
tion of data it is possible to analyse stability and station-

? This paper was not presented at any IFAC meeting. Cor-
responding author. P. Axelsson. Tel. +46 13 281 365.
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Karlsson), mikael.norrlof@liu.se (Mikael Norrlöf).

ary performance of the ilc algorithm. Depending on the
system assumption and estimator choice it is also possi-
ble to base the derivation of the optimal control law on
different optimization criteria.

Previous work on ilc in combination with kf can be
found in e.g. [1,19]. In [1,19] it is assumed that the con-
trolled variable is the measured variable, affected by
measurement noise. A model of the control error as a
function of the ilc iteration index is developed and a
kf is applied in order to reduce the measurement noise.
The design of the ilc update law in [19] uses a quadratic
criterion optimisation-based ilc and in [1] a p-ilc algo-
rithm is used. In [25–27] the measured and controlled
variable does not coincide. Therefore, estimation tech-
niques are used to get the unknown state variables which
are used in the ilc algorithm. In [26], the performance
for a two-link flexible industrial robot is improved us-
ing filter-based ilc and an ekf to estimate the arm an-
gles. Estimation-based ilc is also used in [25] applied to
a Gantry-Tau parallel kinematic robot where a kf and
a complementary filter is used for estimation. Theoret-
ical properties of the estimation-based ilc are investi-
gated in [27]. Estimation-based ilc using more advanced
Bayesian techniques than ekf such as pf and unscented
Kalman filter have been used in [8] together with filter-
based ilc. This paper generalizes the ideas in [8,25–27]
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to the case where the full probability density function
(pdf) of the estimated quantity is used in an optimisa-
tion problem similar to the norm-optimal ilc [2,3]. In
addition, the full knowledge of the estimated state vec-
tor from previous ilc iteration, enables non-linear exten-
sions by utilising linearisation solutions in the proposed
estimation-based ilc method.

This paper is organised as follows. In Section 2 an
overview of ilc is given, where the norm-optimal ilc
method is treated in detail. Section 3 discusses Bayesian
filtering techniques. In Section 4 estimation-based ilc
is defined, and extensions of the objective function are
presented as well as stability and convergence results.
Section 5 extends previous results to non-linear systems.
Finally, Section 6 shows some simulation results.

2 Iterative Learning Control

The iterative learning control (ilc) method improves the
performance of systems that repeat the same task mul-
tiple times. The ilc control signal uk+1(t) ∈ Rnu for the
next iteration is calculated using the error signal and the
ilc control signal, both from the current iteration k. A
common update law is given by

uk+1(t) = Q(q)
(
uk(t) + L(q)ek(t)

)
, (1)

where ek(t) is the ilc error, q is the time-shift operator,
t is time and k is the ilc iteration index. The filtersQ(q)
and L(q) are possibly non-causal. In the design of the
filters, there is a trade off between convergence speed,
error reduction and plant knowledge used in the design
process. If the filterQ(q) is omitted and the filter L(q) is
chosen as the inverse of the system, then the error con-
verges to zero in one iteration. However, inverting the
system will be very sensitive to model errors and may
result in a very non-robust solution. Instead, the choice
L(q) = γqj is often used, where 0 < γ < 1 and j a posi-
tive integer are the design variables. Moreover, the filter
Q(q) is introduced in order to restrict the high frequency
influence from the error and also reduce the influence of
measurement noise. Including Q(q) makes the ilc algo-
rithm converging slower and to a non zero error. More
on system related properties for ilc, see [11,23]. Other
choices of ilc updating laws can be found in [10,11,21],
where the norm-optimal ilc algorithm is the one used
in this paper.

2.1 Norm-optimal ILC

In this section, the norm-optimal ilc algorithm will be
explained for the common case where the measured vari-
ables yk(t) and the controlled variables zk(t) ∈ Rnz coin-
cide. A thorough description of the norm-optimal ilc al-

gorithm can be found in e.g. [2,3,14]. The method solves

minimise
uk+1(·)

N−1∑
t=0

‖ek+1(t)‖2We
+ ‖uk+1(t)‖2Wu

subject to ‖uk+1(t)− uk(t)‖2 ≤ δ,

(2)

where ek+1(t) = r(t)− zk+1(t) is the error, We ∈ Snz++,
and Wu ∈ Snu++ are weight matrices for the error and
the ilc control signal, respectively 1 . Let the Lagrangian
function [22] be defined by

L(uk+1(t), λ)
M
=

1

2

N−1∑
t=0

‖ek+1(t)‖2We
+ ‖uk+1(t)‖2Wu

+ λ ‖uk+1(t)− uk(t)‖2 − λδ, (3)

where λ ∈ R+ is the Lagrange multiplier. The first-
order sufficient conditions for optimality are given by
the Karush-Kuhn-Tucker (kkt) conditions [22]. Instead
of finding an optimal value of λ, it is assumed that λ
is a tuning parameter. By doing so, the optimum is ob-
tained where the gradient of the Lagrangian function
with respect to uk+1(t) equals zero. The kkt conditions

implies that the constraint ‖uk+1(t)− uk(t)‖2 ≤ δ will
always be satisfied with equality and where the value of
δ depends indirect of the value of λ. A large λ implies a
small δ and vice versa. The second-order sufficient condi-
tion for optimality is that the Hessian of the Lagrangian
function with respect to uk+1(t) is greater than zero.

Stacking the vectors uk(t), zk(t), and r(t) for time t =
0, . . . , N − 1 at the same ilc iteration k according to

uk =
(
uk(0)T . . . uk(N − 1)T

)T
∈ RNnu , (4a)

zk =
(
zk(0)T . . . zk(N − 1)T

)T
∈ RNnz , (4b)

r =
(
r(0)T . . . r(N − 1)T

)T
∈ RNnz , (4c)

which are known as super-vectors, gives

L =
1

2

[
eTk+1Week+1 + uTk+1Wuuk+1

+λ(uk+1 − uk)T(uk+1 − uk)
]
, (5)

where ek+1 = r − zk+1 and

We = IN ⊗We ∈ SNnz
++ , (6a)

Wu = IN ⊗Wu ∈ SNnu
++ . (6b)

Here, IN is the N × N identity matrix and ⊗ denotes
the Kronecker product. In (5), the term including λδ is
omitted since it does not depend on uk+1.

1 Sn
++ denotes a n× n positive definite matrix.
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Using the state space model

xk(t+ 1) = A(t)xk(t) + Bu(t)uk(t) + Br(t)r(t),

zk(t) = Cz(t)xk(t) + Dzu(t)uk(t) + Dzr(t)r(t),

the batch description 2 for zk can be written as

zk = CzΦx0 + Tzuuk + Tzrr, (7)

where the details are given in Appendix A. The objective
function (5) using ek+1 = r − zk+1 becomes

L =
1

2
uTk+1

(
TT

zuWeTzu + Wu + λI
)
uk+1

−
(

((I−Tzr) r − CzΦx0)
T WeTzu + λuTk

)
uk+1,

where all terms independent of uk+1 are omitted.

As mentioned before, the minimum is obtained when
the gradient of L equals zero. The second-order suf-
ficient condition is fulfilled, since the Hessian matrix
TT

zuWeTzu +Wu + λI is positive definite when We ∈
S++, Wu ∈ S++, and λ ∈ R+. By solving the gradi-
ent equal to zero with respect to uk+1, and using (7) to-
gether with ek = r− zk to eliminate the terms involving
r and x0 gives

uk+1 =Q · (uk + L · ek) (8a)

Q =(TT
zuWeTzu + Wu + λI)−1

× (λI + TT
zuWeTzu) (8b)

L =(λI + TT
zuWeTzu)−1TT

zuWe, (8c)

where the matrices Q and L are not to be confused with
the filters Q(q) and L(q) in (1).

2.2 Stability Analysis

The stability can be analysed by considering the system
in (7) with the ilc update law (8a). Using ek = r − zk
gives the following iterative linear system

uk+1 =Q · (I−L ·Tzu)uk
+ Q ·L · ((I−Tzr)r − CzΦx0) . (9)

The linear iterative system can be treated as a nor-
mal discrete-time state space model when investi-
gating stability. The stability requirement becomes
ρ (Q · (I−L ·Tzu)) < 1, where ρ(·) is the spectral
radius, i.e., the maximal absolute value of the eigenval-
ues, see e.g. [24]. In [23, Theorem 9] a requirement for
monotone convergence is presented, which is stronger
than only stability. Stability and convergence proper-
ties for the norm-optimal ilc algorithm in (8) is given
in Theorem 1.

2 Also known as lifted system representation.

Theorem 1 (Stability and monotonic conver-
gence): The iterative system (9) is stable and monoton-
ically convergent for all system descriptions in (7) using
Q and L from (8).

PROOF. From [23, Theorem 9] it holds that the itera-
tive system (9) is stable and converges monotonically if
σ̄ (Q · (I−L ·Tzu)) < 1, where σ̄(·) is the largest sin-
gular value. Using Q and L from (8) gives

Q·(I−L·Tzu) =
(
TT

zuWeTzu + Wu + λI
)−1

λ. (10)

Since We ∈ S++, Wu ∈ S++, and λ ∈ R+ it holds that
the maximal singular value is less than one independent
of the system description Tzu. 2

Note that the requirement σ̄ (Q · (I−L ·Tzu)) < 1 is
general and can be used with any matrices Q and L to
prove stability and monotone convergence.

In [9] it is concluded that the smallest error is achieved
if Wu = 0, however Wu 6= 0 is used in order to han-
dle model errors. Moreover, it is discussed that the con-
vergence rate mostly depends on λ, where λ = 0 gives
deadbeat control w.r.t the iterations and λ→∞ makes
the convergence rate arbitrarily slow.

Since the iterative system (9) is stable and monotonically
convergent, it will converge to the asymptotic control sig-
nal u∞ giving the asymptotic error e∞. The stationary
u∞ and e∞ can be obtained by using uk = uk+1 = u∞
and e∞ = r − z∞, see e.g. [9].

3 Bayesian Estimation

Consider the discrete-time state space model

x(t+ 1) = f(x(t), τ (t),w(t)), (11a)

y(t) = h(x(t)) + v(t), (11b)

with state variables x(t) ∈ Rnx , input signal τ (t) ∈ Rnτ

and measurements y(t) ∈ Rny , with known pdfs for the
process noise, pw(w), and measurement noise pv(v). Let
Yt = {y(i)}ti=1 denote the set of all measurements up to
time t.

The non-linear posterior prediction density p(x(t +
1)|Yt) and filtering density p(x(t)|Yt) for the Bayesian
inference [15] are given by

p(x(t+ 1)|Yt) =

∫
Rnx

p(x(t+ 1)|x(t))p(x(t)|Yt) dx(t),

(12a)

p(x(t)|Yt) =
p(y(t)|x(t))p(x(t)|Yt−1)

p(y(t)|Yt−1)
. (12b)
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For the important special case of linear-Gaussian dy-
namics and linear-Gaussian observations, the Bayesian
recursions in (12) have an analytical solution given by
the kf, [17]. For non-linear and non-Gaussian systems,
the pdf cannot, in general, be expressed with a finite
number of parameters. Instead approximative methods
are used.

For many non-linear problems, the noise assumptions
and the system dynamics are such that a single Gaussian
density approximates the underlying probability density
sufficiently well. This is the idea behind the extended
Kalman filter (ekf), [4,16], where the model is linearised
around the previous estimate, and only the first and
second order moments are estimated. The time update
and measurement update for the ekf are given by{

x̂(t+ 1|t) = f(x̂(t|t), τ (t), 0),

P(t+ 1|t) = F(t)P(t|t)F(t)T + G(t)Q(t)G(t)T ,
x̂(t|t) = x̂(t|t− 1) + K(t)(y(t)− h(x̂(t|t− 1))),

P(t|t) = (I−K(t)H(t)) P(t|t− 1),

K(t) = P(t|t− 1)H(t)T
(
H(t)P(t|t− 1)H(t)T + R(t)

)−1
,

where the linearised matrices are given as

F(t) = ∇xf(x(t), τ (t), 0)|x(t)=x̂(t|t),

G(t) = ∇wf(x(t), τ (t),w(t))|x(t)=x̂(t|t),

H(t) = ∇xh(x(t))|x(t)=x̂(t|t−1).

The variables P(t+1|t) and P(t|t) denote the covariance
matrices for the estimation errors at time t+1 and t given
measurements up to time t, and the noise covariances
are given as

Q(t) = Cov (w(t)) , R(t) = Cov (v(t)) , (13)

where the process noise and measurement noise are as-
sumed to be zero mean Gaussian distributions.

The kf is given by the same equations for the time and
measurement update, where the system matrices A, and
C are obtained during the linearisation procedure with
no need to use the previous estimate.

If a single Gaussian density does not approximate the
posterior distribution sufficiently good, then simulation
based methods such as the particle filter (pf) can be used
to approximate the posterior pdf, see for instance [7].
In this paper only the ekf is used as an estimator, but
Section 5.3 discusses briefly extensions to the control law
based on the entire pdf, which could be implemented
using a pf.

4 Estimation-based ILC for Linear Systems

The error ek(t) used in the ilc algorithm is the differ-
ence between the reference r(t) and the controlled vari-

able zk(t) at iteration k. In general the controlled vari-
able zk(t) is not directly measurable, therefore the ilc
algorithm has to rely on estimates based on measure-
ments of related quantities. The situation is schemati-
cally described in Fig 1, where r(t) and uk(t) denote the
reference signal and the ilc input at iteration k, respec-
tively. There are two types of output signals from the
system, zk(t) denotes the controlled variable and yk(t)
the measured variable at ilc iteration k. The system S
can represent an open loop system as well as a closed
loop system with internal feedback.

Let the error be given by

ek(t) = r(t)− ẑk(t), (14)

where ẑk(t) is an estimate of the controlled variable.
The estimate can be given by a single value, but often a
Bayesian filter is used which gives the estimated quantity
as a pdf p(z) and the point estimate is given by ẑk(t) =
g(z(t)), where z(t) ∼ p(z(t)) is a stochastic variable and
g(·) is a function. Usually, the expected value g(·) =
E [·] is used, e.g. this is used in the ekf. If instead the
pf is used, ẑk(t) can be chosen as e.g. the maximum a
posteriori (map) estimate. Since the ekf provides both
the mean estimate and the covariance matrix for the
estimation error, and the pf provides an approximation
of the posterior distribution p(x(t)|Yt) more information
than only a point estimate such as the expected value
can be used in the control law. In this section, only linear
system will be treated and the kf is used for estimation.
Section 5 extends the ideas to non-linear systems. It both
cases it must be assumed that i) the system is observable,
and ii) the filter, used for estimation, converges.

For evaluation of the performance of the ilc algorithm,
the true error

εk(t) = r(t)− zk(t), (15)

is used.

Estimation

S

ẑk(t)

yk(t)

zk(t)

r(t)

uk(t)

Fig. 1. System S with reference r(t), ilc input uk(t), mea-
sured variable yk(t) and controlled variable zk(t) at ilc it-
eration k and time t.

4.1 Estimation-based Norm-optimal ILC

The norm-optimal ilc from Section 2.1 can be extended
to handle both the expected value and the covariance

4



matrix of the estimated control error. Using a kf to es-
timate the state vector and calculating the control error
according to e(t) = r(t)− ẑ(t) which gives that e(t) has
a Gaussian distribution. Let the state vector of the sys-
tem be estimated using a kf, then it holds that

x̂(t) ∼ N (x; x̂(t|t),P(t|t)). (16)

Moreover, let the estimated control variable be given by

ẑ(t) = Cz(t)x̂(t) + Dzu(t)u(t) + Dzr(t)r(t). (17)

Equation (17) is an affine transformation of a Gaussian
distribution, hence

ẑ(t) ∼ N (z; z̄(t),Σz(t)) (18a)

z̄(t) = Cz(t)x̂(t|t) + Dzu(t)u(t) + Dzr(t)r(t) (18b)

Σz(t) = Cz(t)P(t|t)Cz(t)T (18c)

Finally, the error e(t) = r(t)− ẑ(t) has the distribution

e(t) ∼ p(e(t)) = N (e; ē(t),Σe(t)) , (19a)

ē(t) = r(t)− z̄(t), (19b)

Σe(t) = Cz(t)P(t|t)Cz(t)T (19c)

4.1.1 Choice of Objective Function

A straightforward extension when the controlled signal
z(t) is not measured but estimated, is to use the error
e(t) = r(t)−E [z(t)] in the norm-optimal ilc equations
from Section 2.1 without considering the information
provided in the covariance matrix. Another approach is
to utilise the covariance matrix as follows: The objective
of ilc is to achieve an error close to zero. Only consider-
ing the mean value is insufficient since a large variance
means that there is a probability that the actual error
is not close to zero. Hence, the mean of the distribu-
tion should be close to zero and at the same time the
variance should be small. However, from the kf update
equations it follows that the covariance matrix for the
estimation error is independent of the observed data. It
only depends on the model parameters and the initial
value P0. Hence, it is not possible to affect the covari-
ance of the error using u. The covariance matrix is still
a measure of how certain the estimated state is. A large
covariance matrix indicates that the estimated state vec-
tor is uncertain. It is therefore natural to replace the
term ‖ek+1(t)‖2We

with

‖ēk+1(t)‖2Σ−1
e (t) (20)

in (2). It means that if the estimated quantity is certain
it will affect the objective function more than if it is
less certain, i.e., an estimated error signal with large

uncertainty has a low weight. The Lagrangian function
becomes

L =
1

2

N−1∑
t=0

‖ēk+1(t)‖2Σ−1
e (t)

+ ‖uk+1(t)‖2Wu
+ λ ‖uk+1(t)− uk(t)‖2 . (21)

4.1.2 Solution of the Optimisation Problem

The Lagrangian function (21) in matrix form is given by

L =
1

2

[
ēTk+1Weēk+1 + uTk+1Wuuk+1

+λ(uk+1 − uk)T(uk+1 − uk)
]
, (22)

where

ēk =
(
ēk(0)T . . . ēk(N − 1)T

)T
∈ RNnz ,

We = diag
(
Σ−1e (0), . . . , Σ−1e (N − 1)

)
∈ SNnz

++ .

Let the state space model be given by

xk(t+ 1) = A(t)xk(t) + Buuk(t) + Brr(t)

yk(t) = Cy(t)xk(t) + Dyu(t)uk(t) + Dyr(t)r(t)

zk(t) = Cz(t)xk(t) + Dzu(t)uk(t) + Dzr(t)r(t)

then the output yk and the estimate ẑk in batch form
becomes

yk = CyΦx0 + Tyuuk + Tyrr, (23)

ẑk = CzΦ̃x̂0 + Tẑuuk + Tẑrr + Tẑyyk, (24)

where the kf recursion in batch form has been ap-
plied. See Appendix A for details. The Lagrangian
function (22) using ēk+1 = r − ẑk+1 becomes

L =
1

2
uTk+1(TT

uWeTu + Wu + λI)uk+1

+
[ (

(I−Tr)r − CzΦ̃x̂0 −TẑyCyΦx0

)T
WeTu

+ λuTk

]
uk+1 (25)

where Tu = Tẑu + TẑyTyu, Tr = Tẑr + TẑyTyr, and
all the terms independent of uk+1 are omitted.

The same arguments as in Section 2.1 result in a positive
definite Hessian matrix of L in (25), hence taking the
derivative of L with respect to uk+1 equal to zero gives

5



the optimal ilc control signal

uk+1 =Q · (uk + L · ēk) (26a)

Q =(TT
uWeTu + Wu + λI)−1

× (λI + TT
uWeTu) (26b)

L =(λI + TT
uWeTu)−1TT

uWe, (26c)

where ēk = r − ẑk, (23) and (24) have been used to
eliminate the terms involving r, x0, x̂0, and yk.

The expressions for Q and L in (26) are similar to (8).
The only difference is that Tu is used instead of Tzu.
For the special case of lti-systems using the stationary
kf 3 it can be shown that the kf does not affect the
solution. This is presented in Theorem 2

Theorem 2 (Separation lemma for estimation-
based ILC): Given an lti-system and the stationary
kf with gain matrix K, then the matrices Tu and Tzu

are equal, hence the ilc update law (8) can be derived
without considering the kf estimator.

PROOF. It follows from the expressions of Tzu and
Tu using the constant state space matrices and a con-
stant Kalman gain. 2

The result from Theorem 2 makes it more computational
efficient to compute the matrices Q and L, since the
matrix Tzu requires fewer calculations to obtain, com-
pared to the matrix Tu. Even if the iterative kf update
is used, the Kalman gain K converges eventually to the
stationary value for lti systems. If this is done reason-
ably fast, the approximation Tu ≈ Tzu can be good
enough to use.

4.1.3 Stability Analysis

Assuming that the kf is initialised with the same covari-
ance matrix P0 at each iteration, makes the sequence of
Kalman gains K(t), t = 0, . . . , N − 1 the same for dif-
ferent ilc iterations since P and K are independent of
the control signal u. The system matrices are therefore
constant over the ilc iterations, hence the same analysis
for stability and monotone convergence as in Section 2.2
can be applied. The iterative system for uk is given by

uk+1 =Q · (I−L ·Tu)uk + Q ·L · (I−Tr)r

−Q ·L ·
(
CzΦ̃x̂0 + TẑyCyΦx0

)
, (27)

3 The stationary Kalman filter uses a constant gain K which
is the solution to an algebraic Riccati equation, see [4].

where (26a), (24), (23), and ēk = r− ẑk have been used.
The results for stability and monotone convergence for
the ilc update law (26) is given in Theorem 3.

Theorem 3 (Stability and monotonic conver-
gence): The iterative system (27) is stable and mono-
tonically convergent for all system descriptions in (24),
and (23) using Q and L from (26).

PROOF. The proof is the same as for Theorem 1 with
the variable change Tzu → Tu. 2

The asymptotic control signal u∞ and asymptotic error
e∞ can be obtained similar to what is discussed in Sec-
tion 2.2.

4.2 Estimation using Internal Signals

In the derivation of the estimation-based norm-optimal
ilc update law in Section 4.1 it is assumed that the kf
takes the signals r(t) and uk(t) as inputs. In general the
estimation problem does not work with r(t) and uk(t).
As an example, a system with a feedback loop uses the
input to the controlled system for estimation, not the in-
put to the controller. More general, the estimation prob-
lem only uses a part of the full system S for estimation,
whereas the other part is completely known or not inter-
esting to use for estimation. Nevertheless, the structure
in Fig 1 is a valid description of the estimation-based
ilc.

Let τ k(t) be the known signal used for estimation, hence
the estimated variable can be written as

ẑk(t) = Fẑτ (q)τ k(t) + Fẑy(q)yk(t). (28)

However, the signal τ k(t) can be seen as an output from
a system with r(t), uk(t), and yk(t) as inputs, hence

τ k(t) = Fτr(q)r(t) + Fτu(q)uk(t) + Fτy(q)yk(t). (29)

Combining (28) and (29) gives

ẑk(t) = Tẑr(q)r(t) + Tẑu(q)uk(t) + Tẑy(q)yk(t), (30)

where

Tẑr(q) = Fẑτ (q)Fτr(q), Tẑu(q) = Fẑτ (q)Fτu(q)

Tẑy(q) = Fẑτ (q)Fτy(q) + Fẑy(q),

which is in the form described in Fig 1. It is straightfor-
ward to take this into consideration when deriving the
ilc update control law and it changes only the definition
of Tẑu, Tẑr, and Tẑy. Note that the dimension of the
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state vector describing (23) and (24) can differ since (24)
is constructed using only a part of the complete system
S.

5 Estimation-based ILC for Non-linear Systems

The estimation-based norm-optimal ilc in Section 4.1
can be extended to non-linear systems. The minimisa-
tion problem is the same as in (2) but the dynamics and
measurements are given by non-linear functions, hence
the minimisation problem has to be solved using a nu-
merical solver. However, an estimate of the complete
state trajectory is given from the estimation step at the
previous ilc iteration which can be used for linearisation
of the non-linear state space model. The only necessary
assumption is to have uk+1 close to uk which is possi-
ble to achieve by assigning λ a large enough value. The
drawback is that the convergence rate can become slow.

Sections 5.1 and 5.2 discuss the solution and stability
analysis for the linearised model, and Section 5.3 dis-
cusses briefly possible extensions without performing
any linearisation.

5.1 Solution using Linearised Model

The non-linear model

xk(t+ 1) = f(xk(t),uk(t), r(t)) (31a)

yk(t+ 1) = hy(xk(t),uk(t), r(t)) (31b)

zk(t+ 1) = hz(xk(t),uk(t), r(t)) (31c)

is linearised around x̂k−1(t|t), uk−1(t), and r(t) giving
the linear model

xk(t+ 1) = Ak−1(t)xk(t) + Bk−1(t)uk(t) + sx,k−1(t)

yk(t) = Cy,k−1xk(t) + Dy,k−1(t)uk(t) + sy,k−1(t)

zk(t) = Cz,k−1xk(t) + Dz,k−1(t)uk(t) + sz,k−1(t)

where

Ak−1(t) =
∂f

∂x

∣∣∣∣x=x̂k−1(t|t)
u=uk−1(t)

r=r(t)

, Bk−1(t) =
∂f

∂u

∣∣∣∣x=x̂k−1(t|t)
u=uk−1(t)

r=r(t)

Cy,k−1(t) =
∂hy

∂x

∣∣∣∣x=x̂k−1(t|t)
u=uk−1(t)

r=r(t)

, Cz,k−1(t) =
∂hz

∂x

∣∣∣∣x=x̂k−1(t|t)
u=uk−1(t)

r=r(t)

Dy,k−1(t) =
∂hy

∂u

∣∣∣∣x=x̂k−1(t|t)
u=uk−1(t)

r=r(t)

, Dz,k−1(t) =
∂hz

∂u

∣∣∣∣x=x̂k−1(t|t)
u=uk−1(t)

r=r(t)

sx,k−1(t) =f(x̂k−1(t|t),uk−1(t), r(t))

−Ak−1(t)x̂k−1(t|t)−Bk−1(t)uk−1(t)

sy,k−1(t) =hy(x̂k−1(t|t),uk−1(t), r(t))

−Cy,k−1(t)x̂k−1(t|t)−Dy,k−1(t)uk−1(t)

sz,k−1(t) =hz(x̂k−1(t|t),uk−1(t), r(t))

−Cz,k−1(t)x̂k−1(t|t)−Dz,k−1(t)uk−1(t)

Here, the matrices and s-variables only depend on the
previous ilc iteration, hence they are known at the cur-
rent iteration. Using the linearised state space model
gives, as before, the estimate ẑk(t) and the output yk(t)
in batch form

yk =Cy,k−1Φk−1x0 + Tyu,k−1uk + Tysx,k−1sx,k−1
+ sy,k−1,

ẑk =Cz,k−1Φ̃k−1x̂0 + Tẑu,k−1uk + Tẑy,k−1yk
+ Tẑsx,k−1sx,k−1 + Tẑsy,k−1sy,k−1 + sz,k−1,

where all the matrices in the right hand side are depen-
dent of k, and the vectors sx,k, sy,k, and sz,k are stacked
versions of sx,k(t), sy,k(t), and sz,k(t).

The norm-optimal ilc problem can be formulated and
solved in the same way as described in Section 4.1.2. Un-
fortunately, since the batch form matrices are dependent
of k, the last step of the solution where the terms in-
cluding r, x̂0 and x0 are removed, cannot be performed.
Here, the terms including sx,k, sy,k, and sz,k will also re-
main. Note that the weight matrix for the error is also
dependent of k, since it consists of the covariance matri-
ces for the control error. The solution is given by

uk+1 =
(
TT

u,kWe,kTu,k + Wu + λI
)−1 [

λuk

+ TT
u,kWe,k

(
r − Cz,kΦ̃kx̂0 −Tẑsx,ksx,k

−Tẑsy,ksy,k − sz,k −Tẑy,k(Cy,kΦkx0

+ Tysx,ksx,k + sy,k)
)]
, (32)

where Tu,k = Tẑu,k +Tẑy,kTyu,k. The initial condition
x0 is of course not known, hence x̂0 must be used instead.

If the change in u is sufficiently small, i.e., ‖uk+1 − uk‖
is small enough, then the approximation Tyu,k−1 ≈
Tyu,k and similar for the rest of the matrices and the
s-variables can be appropriate. Note that the change in
u depends strongly on the choice of λ. If that is the case
then the ilc update law (32) is simplified to

uk+1 =Qk · (uk + Lk · ēk) (33a)

Qk =(TT
u,kWe,kTu,k + Wu + λI)−1

× (λI + TT
u,kWe,kTu,k) (33b)

Lk =(λI + TT
u,kWe,kTu,k)−1TT

u,kWe,k. (33c)
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5.2 Stability Analysis for the Linearised Solution

For non-linear system, utilising the above described lin-
earisation technique, gives ilc iteration-variant system
descriptions. Hence, stability cannot be ensured as for
the linear system previously analysed. Instead the con-
vergence results from [23], which are based on theory for
discrete time-variant systems, has to be used. The sta-
bility properties for the iteration-variant ilc system (32)
is presented in Theorem 4.

Theorem 4 (Iteration-variant stability): The ilc
system (32) is stable for all linearised systems.

PROOF. From [23, Corollary 3] it follows that the ilc
system (32) is stable iff

σ̄
((

TT
u,kWe,kTu,k + Wu + λI

)−1
λ
)
< 1, (34)

for all k. Moreover, it holds that the weight matrix
We,k ∈ S++ for all k, due to the construction from the
covariance matrices. This fact, together with the fact
that Wu ∈ S++, and λ ∈ R+ guarantee that (34) is
fulfilled for all k, hence the ilc system is stable. 2

5.3 Extension without Linearisation

If no linearisation can be used, or if the estimate is given
by a pf, then the objective function can be modified
using e.g. the Kullback-Leibler (kl) divergence [18]. As
discussed in Section 4.1.1 it is desirable to have the mean
of the distribution of the control error close to zero and
at the same time having a small variance. One way to
measure this is to compare the pdf of the error with
a desired pdf with zero mean and small variance. One
such measure is the kl-divergence, which for the two
pdfs p(x) and q(x) is defined as

Dkl(p(x)||q(x))
M
=

∫
Rnx

p(x) log
p(x)

q(x)
dx ≥ 0, (35)

with equality if and only if p(x) = q(x). Moreover, the
kl-divergence is not symmetric, i.e., Dkl(p(x)||q(x)) 6=
Dkl(q(x)||p(x)). The kl-divergence is closely related
to other statistical measures, e.g., Shannon’s informa-
tion and Akaike’s information criterion [6]. A con-
nection to Fisher information can also be found [18].
The objective function (2) is modified by replac-

ing the term ‖ek+1(t)‖2We
with the kl-divergence

Dkl (q(ek+1(t))||p(ek+1(t))), where p(ek+1(t)) is the
actual distribution of the error given by the estimator,
and q(ek+1(t)) is the desired distribution for the error,
which is to be chosen.

Although, using this idea is outside the scope of this
work. It can be noted that, using the kl-divergence for
the linear case where ek(t) is Gaussian distributed, see
Section 4.1, gives exactly the same Lagrangian function
as described in Section 4.1.1. It follows from the fact
that if p(e(t)) is Gaussian then it is reasonable to assume
that it should resemble q(e(t)) = N (e; 0,Σ), where Σ
is a, not too large, constant to choose. Straightforward
calculations utilizing two Gaussian distributions, see [6]
for details, give the following kl-divergence

Dkl(N (x;µ0,Σ0)||N (x;µ1,Σ1)) =
1

2

(
tr Σ−12 Σ1

+ (µ1 − µ2)TΣ−12 (µ1 − µ2) + log
|Σ2|
|Σ1|

− nx

)
, (36)

where tr is the trace operator and |·| the determinant of a
matrix. With p(e(t)) from (19) and q(e(t)) = N (e; 0,Σ)
give

Dkl(q(e(t))||p(e(t))) =
1

2
ē(t)TΣ−1e (t)ē(t) + ξ, (37)

where ξ is constant with respect to x, u, and y. The
expression in (37) is the same as the one in (20). By
interchanging the distributions p and q the result will
be the norm of the mean error but now weighted with
Σ−1, which is a tuning parameter, hence no information
of the covariance matrix of the control error is used.

6 Simulation Results

The norm-optimal ilc control law for non-linear sys-
tems, described in Section 5.1 is evaluated on a flexible
single joint model, see Fig 2, where the estimation is per-
formed using an ekf. The single joint model is based on
the two-axes model in [20], where the model structure
and the parameters are presented. To get a single joint
model, the second joint for the two-axes model has been
positioned in −π/2 and it is assumed rigidly attached to
the first arm. The link is modelled as a rigid-body and
the joint flexibility is modelled as a spring damping pair
with non-linear spring torque and linear damping. Fi-
nally, the motor characteristics are given by a non-linear
friction torque.

Using the state vector x = (qa qm q̇a q̇m)T, where qa is
the arm angle and qm the motor angle, and the dynam-
ical model gives a non-linear state space model accord-
ing to ẋ = f̃(x, τ). The continuous-time model is dis-
cretised using Euler sampling giving the discrete-time
model x(t+ 1) = f(x(t), τ(t)) which is used in the ekf.
The model also includes zero mean Gaussian distributed
process noise with the variance Q = 106. The process
noise enters the model in the same way the motor torque
τ(t) does. The sample time is Ts = 1 ms.
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l

qa
qm

Fig. 2. A single flexible joint corresponding to joint two of a
six-axes industrial manipulator. The deflection is described
by the difference of the arm angle qa and the motor angle qm.

The measurements used in the ekf are the motor angle
qm and the acceleration of the tool position lq̈a, where
l is the length of the arm and q̈a is the arm angular
acceleration. Additive zero mean Gaussian measurement
noise with covariance matrix R = 10−4I is also included.

The joint model is stabilised using a P-controller with
gain 1, hence the ilc control law from Section 5.1 has
to be modified according to Section 4.2. Note that the
P-controller is only included to stabilise the system, not
give a good closed loop performance.

The reference signal r(t) for the arm angle is chosen as a
step filtered through a fir filter of length n = 100 with
all coefficients equal to 1/n. The filtering is performed
in four consecutive steps to get a twice differentiable
smooth reference signal. The reference signal for the mo-
tor angle, used for the feedback loop, is, for simplicity,
taken to be the same as the arm angle reference r(t).

The performance of the ilc algorithm is evaluated using
the relative reduction of the rmse in percentage with
respect to the error when no ilc signal is applied

ρk = 100

√√√√ 1

N

N−1∑
t=1

εk(t)2

/√√√√ 1

N

N−1∑
t=1

ε0(t)2, (38)

where εk(t) is given by (15).

The estimation-based norm-optimal ilc control law
in (33) is used with the five different settings of Wu

and λ presented in Table 1. All the weights Σ−1e (t),
t = 0, . . . , N − 1 have been scaled by Σ−1e (0) to give
values in the order of 1 to 102 instead of values in the
order of 104 to 106. Note that the scaling does not affect
the mutual values of the weights.

The mean relative reduction of the rmse over 100 Monte
Carlo (mc) simulations is presented in Fig 3, where it can
be seen how the parameters Wu and λ affect the error.
The weight Wu affect the final error, where a larger
value gives a larger error. For λ it can be seen that a
larger value gives a slower convergence rate. The results
are in accordance with the linear case, see e.g. [9].

Table 1
Parameters for the ilc update law used in the simulations.

Test 1 2 3 4 5

Wu 0.1 0.01 1 0.1 0.1

λ 1 1 1 0.1 10

The simulation results show that the norm-optimal ilc
using a linearised model around the estimated state tra-
jectory from the previous ilc iteration works good for
the flexible joint model. However, the tuning of Wu and
λ is more difficult to deal with, than in the linear case.
The difficulty comes from the fact that the choice of λ
can affect the error between the linearised model from
previous iteration and the actual model. A low value of
λ can make the difference uk − uk−1 large, hence the
linearised model can differ a lot from the actual.

0 20 40 60 80 100

100

101

102

ilc iteration k

ρ
k
[%

]

Test 1 Test 2

Test 3 Test 4

Test 5

Fig. 3. Mean value of the relative reduction of the rmse
over 100 mc simulations.

7 Conclusions

An estimation-based norm-optimal ilc control law was
derived together with stability and convergence results.
The regular optimisation criteria for norm-optimal ilc
was extended to an optimisation criteria including the
first and second order moment of the posterior pdf.
For lti-systems it was shown that the control law can
be separated from the estimator dynamics. Extensions
to non-linear systems using linearisation was also pre-
sented. Simulations on a simplified non-linear model of
an industrial manipulator show that the proposed ilc
method works. The estimation-based norm-optimal ilc
framework enables a systematic model-based design of
ilc algorithms for non-linear systems.
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algorithms using optimization. Automatica, 37(12):2011–
2016, 2001.

[15] A. H. Jazwinski. Stochastic Processes and Filtering Theory,
volume 64 of Mathematics in Science and Engineering.
Academic Press, New York, NY, USA, 1970.

[16] T. Kailath, A. H. Sayed, and B. Hassibi. Linear Estimation.
Information and System Sciences Series. Prentice Hall Inc.,
Upper Saddle River, NJ, USA, 2000.

[17] R. E. Kalman. A new approach to linear filtering and
prediction problems. Transactions of the AMSE–Journal of
Basic Engineering, 82(Series D):35–45, 1960.

[18] S. Kullback and R. A. Leibler. On information and sufficiency.
Annals of Mathematical Statistics, 22(1):79–86, March 1951.

[19] K. S. Lee and J. H. Lee. Iterative Learning Control: Analysis,
Design, Integration and Application, chapter Design of
Quadratic Criterion-based Iterative Learning Control, pages
165–192. Kluwer Academic Publishers, Boston, MA, USA,
2008.
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S. Gunnarsson. Observer-based ilc applied to the Gantry-
Tau parallel kinematic robot. In Proceedings of the
18th IFAC World Congress, pages 992–998, Milano, Italy,
August/September 2011.

[26] J. Wallén, S. Gunnarsson, R. Henriksson, S. Moberg, and
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A State Space Model and Kalman Filter in
Batch Form

For the norm-optimal ilc algorithm it is convenient to
describe the state space model over the whole time hori-
zon in batch form. The discrete-time state space model

x(t+ 1) = A(t)x(t) + Bu(t)u(t) (A.1a)

y(t) = Cy(t)x(t) + Dyu(t)u(t) (A.1b)

has the following update formula for the state vector [24]

x(t) = φ(t, t0)x(t0) +

t−1∑
j=t0

φ(t, j + 1)Bu(j)u(j) (A.2)

for t ≥ t0 + 1, where the discrete-time transition matrix
φ(t, j) is defined by

φ(t, j) =

{
A(t− 1) · . . . ·A(j), t ≥ j + 1

I, t = j
(A.3)
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Using (A.1b) and (A.2), the output is given by

y(t) =Cy(t)φ(t, t0)x(t0) + Dyu(t)u(t)

+

t−1∑
j=t0

Cy(t)φ(t, j + 1)Bu(j)u(j). (A.4)

Introducing the vectors

x =
(
x(t0)T . . . x(t0 +N)T

)T
(A.5)

u =
(
u(t0)T . . . u(t0 +N)T

)T
(A.6)

y =
(
y(t0)T . . . y(t0 +N)T

)T
(A.7)

gives the solution from t = t0 to t = t0 + N as x =
Φx(t0) + ΨBuu and for the output as

y = CyΦx(t0) + (CyΨBu + Dyu)︸ ︷︷ ︸
M
=Tyu

u. (A.8)

Here x(t0) is the initial value, and

Bu = diag
(
Bu(t0), . . . , Bu(t0 +N − 1), 0

)
(A.9a)

Cy = diag
(
Cy(t0), . . . , Cy(t0 +N)

)
(A.9b)

Dyu = diag
(
Dyu(t0), . . . , Dyu(t0 +N)

)
(A.9c)

Φ =



I

φ(t0 + 1, t0)

φ(t0 + 2, t0)
...

φ(t0 +N, t0)


(A.9d)

Ψ =



0 0 0 · · · 0

I 0 0 · · · 0

φ(t0 + 2, t0 + 1) I 0 · · · 0
...

...
. . .

. . .
...

φ(t0 +N, t0 + 1) φ(t0 +N, t0 + 2) · · · I 0


(A.9e)

A.1 Kalman Filter

The kf can be written in a similar batch form as de-
scribed above. Let the state space model be given by

x(t+ 1) = A(t)x(t) + Bu(t)u(t) + G(t)w(t), (A.10)

y(t) = Cy(t)x(t) + Dyu(t)u(t) + v(t), (A.11)

where w(t) ∼ N (0,Q(t)), and v(t) ∼ N (0,R(t)). From
the kf recursions we get

x̂(t+ 1|t+ 1) = (I−K(t+ 1)Cy(t+ 1))A(t)x̂(t|t)
+ (I−K(t+ 1)Cy(t+ 1))Bu(t)u(t)

−K(t+ 1)Dyu(t+ 1)u(t+ 1) + K(t+ 1)y(t+ 1)

= Ã(t)x̂(t|t) + B̃yu(t)u(t)− D̃yu(t+ 1)u(t+ 1)

+ K(t+ 1)y(t+ 1),

where, K(t) is the Kalman gain which can be computed
using the recursion

P(t|t− 1) =A(t− 1)P(t− 1|t− 1)A(t− 1)T

+ G(t− 1)Q(t− 1)G(t− 1)T

K(t) =P(t|t− 1)Cy(t)T

×
(
Cy(t)P(t|t− 1)Cy(t)T + R(t)

)−1
P(t|t) =(I−K(t)Cy(t))P(t|t− 1).

The update formula for the estimated state vector can
now be written as

x̂(t|t) = φ̃(t, t0)x̂(t0|t0) +

t−1∑
j=t0

φ̃(t, j + 1)B̃yu(j)u(j)

−
t∑

j=t0+1

φ̃(t, j)D̃yu(j)u(j) +

t∑
j=t0+1

φ̃(t, j)K(j)y(j),

where φ̃ is defined as in (A.3), with Ã(t) instead of A(t).

The kf recursion in batch form becomes

x̂ = Φ̃x̂(t0|t0) + (Ψ̃B̃yu − Ψ̃2D̃yu)u + Ψ̃2Ky,

where Φ̃, Ψ̃, and B̃yu are given in (A.9) with Ã(t) and

B̃yu(t) instead of A(t) and B(t). The remaining matrices
are defined as

Ψ̃2 =

(
0(N+1)nx×nx Ψ̃

(
INnx

0nx×Nnx

))
D̃yu = diag

(
0, D̃yu(t0 + 1), . . . , D̃yu(t0 +N)

)
K = diag

(
0, K(t0 + 1), . . . , K(t0 +N)

)
.

Assuming that not the state vector is of interest, but
instead a variable given by

z(t) = Cz(t)x(t) + Dzu(t)u(t),

11



gives the batch formulation

ẑ =CzΦ̃x̂(t0|t0) +
(
Cz(Ψ̃B̃yu − Ψ̃2D̃yu) + Dzu

)
︸ ︷︷ ︸

M
=Tẑu

u

+ CzΨ̃2K︸ ︷︷ ︸
M
=Tẑy

y,

where Cz and Dzu are given in (A.9) using Cz(t) and
Dzu(t).

12
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