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Linköping Tekniska Högskola
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Abstract

In this thesis, a new improved V-Ray subsurface scattering shader based on the improved diffusion
theory is proposed. The new shader supports the better dipole and the quantized diffusion
reflectance model for layered translucent materials. These new implemented models build on
previous diffusion BSSRDFs and in the case of quantized diffusion uses an extended source
function for the material layer. One of the main contributions and significant improvement
over V-Ray’s existing subsurface scattering shader is the front and back subsurface scattering
separation. This was achieved by dividing the illumination map that is used to calculate each
shading’s point color, in two parts: the front part that comes of front lighting and the back
one that comes of back lighting. Thus, the subsurface scattering layer can be divided in its
consisting parts and each of them can be controlled, weighted and used independently. Finally,
the project’s outcome is a new V-Ray material that provides all the above improvements in an
intuitive, practical and efficient shader with several intuitive algorithm and light map controls,
where artists can create subsurface scattering effects through three subsurface scattering layers.
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Chapter 1

Introduction

Many everyday translucent materials such as skin, milk and fruit are still challenging to render
in computer graphics. Light which hits the surface of these materials is not simply reflected or
absorbed. Instead, some of the light is transported beneath the surface where it may interact
with the underlying medium. Modeling this complex subsurface scattering and absorption of
light is, in many cases, crucial for realistic image synthesis.

Translucency is a material property that allows light to pass through it. The opposite property
of translucency is opacity. In translucent materials the photons can be scattered at one of the two
sides of the interface, where there is a change in index of refraction, or internally. What makes
an object look translucent or opaque is determined by physical factors, like absorption (σα)
and scattering (σs) cross-sections, or absorption (µα) and scattering (µs) coefficients. Moreover,
physical factors, such as the light source direction can affect the apparent translucency of an
object, resulting for example that object to perceived more translucent when it is illuminated
from behind than in front.

Accurately modeling the scattering of light through materials is fundamental for realistic im-
age synthesis. Only methods that consider subsurface scattering can capture the true appearance
of translucent materials, such as marble, cloth, paper, skin, milk, cheese, bread, meat, fruits,
plants, fish, ocean water, snow, wax, jade etc (Figure 1.1).

1.1 Subsurface Scattering

In essence, translucency and subsurface scattering have about the same meaning. Subsurface
scattering (SSS) is a mechanism of light transport in which light penetrates the surface of a
translucent material, then is scattered by interacting with the material, and finally exits the
surface at a different point. The incident light will generally be reflected a number of times at
irregular angles inside the material, before passing back out of the material possibly at an angle
other than the angle it would have if it had been reflected directly off the surface (Figure 1.2).

What can cause a light ray to change or not change its direction while it traverses a material,
is how much resistance the material substances offers. Most materials consist of many different
kinds of particles varying in complexity and size. When a light ray hits one of these particles,
its direction is likely to change. Heterogeneous materials (e.g. marble) are more likely to cause
a light ray to change direction while it travels through them (the light ray is more likely to
collide with the various elements that the materials consist of). However, materials that appear
homogeneous (e.g. milk) are in fact a suspension of tiny particles or various molecules mixed
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Figure 1.1: Translucent materials.

Figure 1.2: The incident light penetrates the surface, then is scattered (generally a number of times
at irregular angles) inside the material, and finally exits the surface at a different point (possibly at a
different angle other than the mirror-like reflection angle).
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in some other liquid or homogeneous substance (such as water). When light hits one of these
particles, it could be deflected / scattered to another direction.

When a photon travels through a collection of microscopic particles, it may either miss all the
particles and continue unaffected, or it may interact with some of the particles. The probability
that an interaction does occur is related to the extinction coefficient, µt (units [1/m]), of the
medium. This quantity depends on the density and size of the particles within the medium. When
an interaction occurs, two things may happen: the photon may be absorbed by the particle (by
being converted to another form of energy, such as heat), or the photon may be scattered in
another direction. The relative probabilities of these two events are given by the absorption, µα

,and the scattering, µs , coefficients respectively, and µt = µa + µs is the extinction coefficient.
Both of these two events lead to a change of radiance along the ray.

If a light ray changes direction because it collided with a particle, it will either continue
traversing the object or it will leave it. As it was mentioned above, the light often leaves the
surface at a different point than the ray entered it. This observation is crucial in understanding
of the of subsurface scattering phenomenon.The main difference between opaque and translucent
materials, is that in the case of opaque objects, light bounces off from the surface at the point
it hit it, whereas in the case of translucent objects, the light is more likely to exit at a certain
distance away from the point of illumination. In opaque materials, the entering and exiting
the surface points are the same, whereas in translucent materials the entering and exiting the
surface points are separated by some distance. This distance is proportional with the material
translucency; it increases as the material gets more translucent.

Subsurface scattering is a fundamental aspect of surface appearance responsible for the char-
acteristic look of many materials, such as marble, cloth, milk and skin. It gives materials their
characteristic colors, and provides a soft, translucent appearance. Light propagates into and
scatters within all non-metallic materials. All non-conducting surfaces (dielectrics) exhibit some
level of subsurface scattering and absorption. Accurate and compact models of the way light
interacts with these materials are therefore necessary to efficiently render high quality images.

1.2 Previous Work

Past research resulted in a number of solutions to the complex light transport problem. For
computational efficiency reasons, subsurface scattering effect is usually divided into the single
and multiple scattering components. Single scattering accounts for light that has been scattered
exactly once inside the medium, and is usually fast to compute. Multiple scattering accounts
for light that has gone through a large number of scattering events, which makes it possible and
relatively necessary to use simplifying assumptions to speed up the computation.

Many of the solutions compute only direct illumination and ignore the contribution of multiple
scattering. Perhaps the simplest and most versatile solution to compute global illumination
within media is the Monte Carlo method. This estimates illumination by tracing a random
collection of photons through the environment and simulating what happens to each of them. If
a photon enters a participating medium, such as a translucent object, it may bounce internally
many times before exiting again. Thus, this photon will need longer time to be processed. This
issue is typically handled in renderers by prematurely terminating the path after a certain number
of bounces.

Monte Carlo path tracing techniques can ensure high accuracy to simulate the scattering
of light inside a translucent object, however with the cost of long computation times. Many
exact solutions to the transport equation (2.7) are known for symmetries where the radiance
within the material L(~x, ~ω) varies only with a scalar spatial coordinate. A number of such 1D
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approximations have been developed for light transport within translucent materials. One of
the first developments presented by Hanrahan and Krueger [7]. They presented an analytical
solution for single scattering in stacked layers of different homogeneous media, and an accurate
Monte Carlo algorithm to compute the multiple scattering contribution. In order to support high-
frequency illumination and produce truly non-local reflectance, higher dimensional geometries
are required and exact solutions to these problems are rare.

Stam [10] approximated multiple scattering by a diffusion process. This finite element method
can solve the diffusion equation and handles heterogeneous materials and complex boundaries,
but requires building the finite elements and solving the diffusion equation numerically, which is
usually impractical for complex scenes.

Drawing from the classical diffusion theory [6] and assuming semi-infinite homogeneous media,
Jensen et al. [12] presented the dipole approximation model, a fast approximation for subsur-
face light transport which combines an accurate single scattering computation with a dipole
point source diffusion approximation for multiple scattering. This approximation speeds up the
computation of multiple scattering compared to Monte Carlo methods. The dipole model can
also be applied to curved surfaces and converts the irradiance at a surface point into two point
sources, one above and one below the surface. The contribution from each point source is then
evaluated as the gradient of a diffusion function (or fluence). This approach significantly reduces
the complexity of the problem and supports approximate angular incident and exitance variation
by factoring the full BSSRDF into a product of Fresnel terms and a radially symmetric func-
tion. In this framework, Jensen and Buhler [13] presented a hierarchical summation technique to
accelerate the computation of the outgoing radiance, since the integration of all incident points
contributions is required.

Although Jensen et al. [12] method generally produces excellent results for optically-thick
and highly scattering materials, the underlying assumptions cause inaccuracies for many geo-
metrically complex objects and exhibit artifacts for semi-transparent or optically-thin materials
especially in regions of high-curvature. Donner and Jensen [15] extended the dipole model to a
multi-pole one to accurately render thin and multi-layered translucent materials, while a little
later [16] they overcome the previous limitations by tracing photons inside the medium to capture
inter-scattering between surfaces, and use a quad-pole diffusion approximation to improve accu-
racy. More specifically, Donner and Jensen [16], placed exponentially attenuated point lights
along the refracted light path instead of on the vertical line. This produces elliptical profiles,
which are usually observed in reality under oblique lighting directions, but it also requires a
numerical integral over the incident light path, which is expensive and prone to sampling noise.

Data-driven techniques have also been used to model BSSRDFs. Such a technique was
proposed by Donner et al. [20] where an empirical BSSRDF is produced for semi-infinite homo-
geneous materials by fitting Monte Carlo simulated data. All of these methods use the classical
diffusion theory approximation, which suffers from significant errors in near-source and high-
absorption cases.

D’Eon et al. [17] proposed an efficient multi-layered model by approximating diffusion pro-
files using sums of Gaussians. More recently, d’Eon and Irving [1], whose work was studied and
implemented in the current framework, proposed a quantized-diffusion based BSSRDF model.
Their meritorious contribution is based on the neutron transport theory and led to several im-
provements of the diffusion theory. Specifically, they introduced:

1. A modified diffusion-type equation (adapted from the neutron transport litterature) which
explicitly decouples single and multiple scattered light,

2. A more accurate exitance calculation.
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They placed an infinite number of point light sources along the vertical incident light path.
This requires to compute an integral over the path. The integral is evaluated analytically by
approximating the diffusion function with quantized Gaussian functions. They promoted the use
of an extended source term instead of approximating it as an impulse at a single depth like the
dipole model. Since no closed-form solution exists to the extended source integral, and available
numerical approaches were expensive, they approximated the resulting diffusion profile as a sum
of Gaussians. To avoid fitting the Gaussians [17], d’Eon and Irving further exploited the fact
that time-resolved or quantized diffusion (QD) results in a Gaussian distribution and used this
as a mathematical basis for finding the Gaussian weights.

1.3 Project’s Contribution

The current thesis project bases its work to the improved diffusion theory and proposes a new
V-Ray implementation of D’Eon’s better dipole [2] and D’eon and Irving’s quantized diffusion [1].
The main contribution compared to previously related work and some significant improvement
over V-Ray’s existing subsurface scattering shader is the front and back subsurface scattering
separation. The subsurface scattering layer can now be divided in its consisting parts, the front
and back light scattering, and each of them can be controlled and used independently. This was
achieved by dividing the illumination map that is used to calculate each shading’s point color,
in two parts: the front part that comes of front lighting and the back one that comes of back
lighting. Lastly, this project’s final result is a new V-Ray material that provides all the above
improvements in a shader that the artist among several algorithm and light map controls can
create the subsurface scattering effect through three subsurface scattering layers. This shader is
currently in use at a visual effects studio.



Chapter 2

Background

The goal of rendering algorithms is to synthesize images of virtual scenes. In this chapter the
necessary background and the needed terminology to understand the physical properties of light
are given.

2.1 Fundamentals of Light Transport

There are four models of light describing its behavior and interaction with surfaces: ray optics,
wave optics, electromagnetic optics, and quantum optics [19]. Computer graphics typically relies
on the simplest of these models, ray optics (or else geometric optics). In ray optics light can
only be emitted, reflected, and transmitted. Moreover, light is considered to travel in straight
lines and at infinite speed. In ray optics, effects such as diffraction and interference (wave op-
tics), polarization and dispersion (electromagnetic optics), and fluorescence and phosphorescence
(quantum optics) are ignored.

Photon is an elementary particle, the quantum of light and all other forms of electromagnetic
radiation. It is a discrete bundle of electromagnetic energy (a very small packet of energy).
A photon has zero rest mass; this allows long distance interactions. Photons are always in
motion and in a vacuum they have a constant speed of light to all observers. Photons are
at the moment best explained by quantum mechanics and exhibit wave-particle duality,
having properties of both waves and particles.

Radiometry is the set of techniques for the physical measurement of electromagnetic radiation,
including visible light. It defines a common terminology for the physical quantities and
units that are used by global illumination algorithms. The basic radiometric quantities are:
flux, irradiance and radiance (Figure 2.1).

1. The most fundamental radiometric quantity is radiant power, or flux. Flux describes
the amount of energy flowing across a surface over time and is expressed in terms of
watts [W = Jm−1].

2. Irradiance is a related quantity describing the amount of incident power hitting a
surface per unit surface area. Its units are [W m−2]. Irradiance is measured at some
surface position ~x with a surface normal ~n. Irradiance indicates a measure of the flux
arriving at a surface location ~x. If the flux is leaving the surface the term radiant
exitance or radiosity is used instead.
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Figure 2.1: Flux (left) measures the amount of light that hits a surface over a finite area from all
directions, irradiance (middle) integrates the light arriving at a single point over the whole hemisphere,
and radiance (right) expresses the amount of light arriving at a single point from a differential solid
angle.

3. Radiance is perhaps the most important quantity in global illumination. Radiance
describes how much light arrives from a differential direction d~ω onto a hypothetical
differential area perpendicular to that direction dA⊥. Radiance units are [W sr m−2].
In practice we are typically interested in measuring radiance at an actual surface
instead of a hypothetical surface perpendicular to the flow of light. Radiance is most
directly related to the perceived brightness of colors to the human eye and is the
quantity that needs to be computed for each pixel in a rendered image.

2.2 BSSRDF

Accurately simulating the transport of light within translucent materials is challenging. Subsur-
face scattering can be described with the Bidirectional Surface Scattering Distribution Function
(BSSRDF), S, that relates the outgoing radiance at a point to the incident flux. Specifically, The
BSSRDF defines the general transport of light between two points and directions as the ratio
of the radiance Lo( ~xo, ~ωo) exiting at position ~xo in direction ~ωo to the radiant flux Φi(~xi, ~ωi)
incident at ~xi from direction ~ωi:

Lo( ~xo, ~ωo)

Φi(~xi, ~ωi)
= S(~xi, ~ωi; ~xo, ~ωo|µs, µα, g, η) (2.1)

where S depends on the optical properties of the material, the scattering and absorption co-
efficients µs and µα, the relative index of refraction η , and the mean cosine of the deflection
angle, g ∈ [−1, 1] which parameterizes the anisotropy of the phase function and determines the
relative strength of forward and backward scattering. The BSSRDF captures the behavior of
light entering the material and scattering multiple times before exiting. If the BSSRDF is known,
the outgoing radiance can be computed by integrating the incident radiance over direction and
area. It is important to note that the values of the BSSRDF depend not only on the material
properties of the medium, but also on the geometry of the object being rendered, especially in
the case of optically-thin materials.

The BSSRDF describing the scattering and bleeding of light through geometry resists exact
solution, even for the most basic cases such as flat dielectric materials with a smooth boundary
and a simple isotropic scattering process below the surface. However, some useful approximations
have been found in this area based on diffusion theory.
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2.3 Single and Multiple Scattering

As it was described in the previous sections, when a light ray is deflected, it either continues to
travel through the material or it exits the object. It is possible that only one single deflection
event can cause the ray to leave the object. However, in some materials, the light ray will
continue deflecting more than one times until it leaves the object following a random path.

Single Scattering refers to one deflection events, when the light direction will change only once
before it leaves the material.

Multiple Scattering is used to describe multiple deflection events, when the light ray is scattered
multiple times before it leaves the material.

Material reflectance is rarely completely determined by one or the other but usually a combination
of the two phenomena, where one potentially dominates the other. For example, in human skin
multiple scattering dominates the single scattering events.

It is important to notice that in the case of multiple scattering because light rays are deflected
multiple times in the material, the final position and direction of a light ray that exits the
surface are to a large degree random and do not depend on the initial incident light position and
direction. In essence, in multiple scattering there is no relation between the direction of the light
ray when it hits the surface, and its direction when it leaves the surface. For materials where
multiple scattering is predominant, there is no dependency between the scattering effect and light
direction and the light leaves the medium around the point that hit the surface (illumination
point) in concentric circles. This randomness of light - material interaction tends to be averaged
out by the large number of scattering events, so that the final path of the radiation appears to
be a deterministic distribution of intensity. However, multiple scattering can sometimes have
somewhat random outcomes. In certain rare circumstances, multiple scattering may only involve
a small number of interactions such that the randomness is not completely averaged out. These
systems are considered to be some of the most difficult to model accurately. Multiple scattering is
well approximated by diffusion, and the terms multiple scattering and diffusion are exchangeable
in many contexts.

Single scattering on the other hand has a strong dependency to the light direction. Due
to this dependency, this component is not as complicated to simulate than multiple scattering
from a technical point of view. However, because the location of a single scattering center is not
usually well known relative to the path of the radiation, the outcome, which tends to depend
strongly on the exact incoming trajectory, appears random. Therefore, single scattering is often
described by probability distributions. Single scattering usually does not have much effect in the
overall simulation of subsurface scattering. However, it definitely improves the appearance of the
very thin areas, which are dominated by single scattering, and tend to be the most inaccurate
in the diffusion rendering.

Finally, it is worth pointing out, that the pixels closer to the illumination point are generally
brighter than ones away from it. This is expected, as the light rays that exit far away from
the illumination point have traveled (in average) more in the material and been scattered more
times than the rays that leave the medium in the proximity of the illumination point. Trav-
eling a greater distance means losing energy along the way due to absorption. Moreover, the
probability of a photon leaving the medium decreases as it diverges from the illumination point.
Consequently, more photons are leaving the medium around this point than away from it.
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2.4 Wavelength Dependency

An introduction on this phenomenon would not be complete without mentioning that the scat-
tering effect is wavelength dependent. White light’s photons wavelength is in the range of the
visible light spectrum (from about 390 to 700 nm approximately). The interaction between the
light photons and the various material particles or molecules depends on these photons’ wave-
length. Consequently, some photons in certain ranges of wavelengths will be absorbed by the
material while photons in the remaining wavelength ranges will not be affected. Similarly, in
the process of the scattering interaction, light at different wavelengths is differentially scattered,
and hence is filtered accounting for the color of the material. This means that photons in some
wavelengths ranges will be deflected differently than photons in other wavelengths (in fact a
photon’s wavelength affects more the frequency of a scatter event). Therefore, according to
these two phenomena, a white beam of light that is scattered, leaves the material surface not
white any more but colored (this is true for almost all translucent materials even for those which
appear white under normal lightning conditions such as milk) while the wavelength dependent
absorption effect will cause some of the white light photons to be soaked up.

As for the wavelength dependent scattering effect, a simple example is additionally given:
The substance of a material is supposed to scatter the green and red photons more often than
the blue ones. For examples, when a red or green photon have been scattered 100 times, a
blue photon has only been scattered 10 times. If multiple scattering dominates, this leads to
green and red photons to have greater probability to leave the surface than blue photons. There
is less probability for a blue photon to be deflected and therefore to travel back to the surface.
Furthermore, a blue photon will travel longer distances (since it is not scattered as often) meaning
that, if it will reach the surface, it will leave the object away from the point of illumination than
the green and red photons. As a result, in that particular example of material it would appear
yellow around illumination point and slightly blue further away from it. When the wavelength
dependent absorption and scattering phenomena interact with each other the result of subsurface
scattering is not necessarily a plain constant color but can be a complex combination of colors.

2.5 Medium Properties and Phase Function

In this framework, a scattering and absorbing participating medium is fully determined by the
index of refraction, η, along with the distribution and properties of absorbing and scattering
particles. If the medium coefficients are constant throughout the medium, then the medium is
homogeneous. This can be an acceptable approximation in the case of uniform fog for instance.
However, most media are heterogeneous, meaning that the absorption and scattering coefficients
may vary throughout the medium.

The absorption coefficient is given by

µα =

k∑

i=1

ρkσak (2.2)

where ρk are the number densities of (possibly several) absorbers 1 and σak their absorption
cross-sections. The cross-section may be interpreted as the probability per unit length of an

1The number density of absorber stands for the concentration of the substance and indicates the particles per
unit volume.
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interaction of a particular type. Similarly, the scattering coefficient is given by

µs =

k∑

i=1

ρkσsk (2.3)

As it was mentioned above the total extinction coefficient, which denotes the probability of an
absorption and scattering interaction is consequently given by

µt = µα + µs (2.4)

Another descriptive medium property is the scattering albedo, α, which can be derived from
the unitless ratio between the scattering and extinction coefficients, α = µs

µt
. The scattering

albedo gives the probability of a photon scattering at a particular location in the medium. An
albedo of zero means that the particles of the medium do not scatter light, while an albedo of one
means that the particles do not absorb light. The albedo has a similar meaning as the average
reflectivity of a surface.

The scattering coefficient, µs, along with the phase function, p, can characterize the local
behavior of individual light scattering events. The phase function, p(~x; ~ω, ~ω′), is a normalized
distribution function for scattering deflections. It describes the angular distribution of light
scattering at a point in the medium commonly parametrized by the mean cosine of the deflection
angle, g ∈ [−1, 1]. This dimensionless factor, is a measure of the amount of forward direction
retained after a scattering event. In essence it is a measure of the scattering directions, forward
or backward, determining their relative strength. The mean cosine of the scattering angle g is
frequently referred as the asymmetry or anisotropy factor of the phase function. A value of g = 0
indicates scattering directions evenly distributed i.e isotropic scattering. This happens when the
dispersed particles are much smaller than the wavelength of light in the medium. For g > 0,
forward scattering is dominant. In this case the dispersion consists of particles much greater
than the wavelength of light. The scattering angle is smaller than 90◦ and the phase function
is asymmetrical with a strong maximum at the scattering angle of 0◦ where the mean cosine is
close to 1. For g < 0, back-scattering predominates. The scattering angle is larger than 90◦ and
the mean cosine approaches −1 for scattering strongly peaked in the backward direction (at the
scattering angle of 180◦). Thus, by the variation of the asymmetry factor g the phase function
ranges from backscattering through isotropic scattering to forward scattering (Figure 2.2). A
convenient side-effect of this definition of g is that more complex scattering functions can easily
be approximated by the Henyey-Greenstein function by computing g as:

g(~x) =

∫

Ω4π

p(~x; ~ω′, ~ω)cosθd~ω′ (2.5)

The phase function represents the directional scattering from ~ω′ to ~ω of the light incident
onto a particle. It depends on the nature of the scattering medium. The form of p is affected by
the size, form and orientation of the suspended particles, the dielectric properties of the particles,
and the wavelength of the incident light. Due to phase function, in-scattered radiance is usually
not isotropic (unlike emission and absorption), but depends on the outgoing direction.

Many different phase functions have been developed in the literature. The most commonly
used in computer graphics are the isotropic, the Henyey-Greenstein, the Schlick, the Rayleigh
and the Lorenz-Mie phase function. Because most materials contain distributions of particles of
many different sizes simple particle phase functions are not applicable. Thus, the material phase
function is described by an empirical formula introduced by Henyey and Greenstein (1941). The
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Figure 2.2: The phase function describes the angular distribution of light scattering at any point x

within participating media. In the simplest case, light is scattered equally in all directions (middle).
Many natural materials, however, scatter light preferentially in the backward (left) or forward (right)
direction.

Figure 2.3: Radiance can change due to absorption, emission, out-scattering and in-scattering.

function only depends on the angle, θ, between the incoming and the outgoing direction and is
defined as:

p(~x, θ) =
1

4π

1− g2

(1 + g2 − 2g cos θ)3/2
(2.6)

2.6 Classical Diffusion Theory

2.6.1 Transport Theory

As light travels through a participating medium the radiance may change as a result of four
different types of interactions: absorption, emission, out-scattering and in-scattering (Figure 2.3).

Given these four scattering events a complete model of how light behaves in a participating
medium can be formed. The total change in radiance along the ray at a position ~x can be
expressed as

(~ω · ∇)L(~x, ~ω) = −µα(~x)L(~x, ~ω)
︸ ︷︷ ︸

absorption

−µs(~x)L(~x, ~ω)
︸ ︷︷ ︸

out−scattering
︸ ︷︷ ︸

extinction

+µs(~x)

∫

4π

L(~x, ~ω′)p(~ω, ~ω′)dω′

︸ ︷︷ ︸

in−scattering

+Q(~x, ~ω)
︸ ︷︷ ︸

emission

= −µt(~x)L(~x, ~ω) + µs(~x)

∫

4π

L(~x, ~ω′)p(~ω, ~ω′)dω′ +Q(~x, ~ω) (2.7)
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This equation is known as the integro-differential form of the radiative transfer, or radiative
transport equation, or radiance transport equation (RTE) and it embodies all the possible types
of interaction events that can occur within a material. It states that the change in radiance L in
direction ~ω is the sum of three terms: a decrease in radiance dictated by the extinction coefficient
(µt = µα+µs), and an increase due to the source function Q and the in-scattering integral. The
variable notation is summarized in Table 2.1.

In the most general form, simulating light transport in translucent materials requires solving
the RTE (accounting for scattering and absorption within the medium) with suitable boundary
conditions imposed by the enclosing surfaces. Its solution provides the radiance L(~x, ~ω) at each
position ~x and direction along unit vector ~ω due to a given source distribution Q(~x, ~ω).

Transport theory is an approximation to electromagnetic scattering theory; it is based on
abstracting microscopic parameters into statistical averages, and hence cannot predict diffraction,
interference or quantum effects. In particular, the specular reflection of light from optically
smooth surfaces, whose height variation is comparable in size to the wavelength of incident light,
requires the full electromagnetic theory. This has been considered in recent work on modeling
surface scattering (BRDF) in computer graphics [21]. However, linear transport theory is a
heuristic description of the propagation of light in materials and the basis of the rendering
equation, which is widely viewed as the correct theoretical framework for global illumination
calculations. The applicability of transport theory has been verified by its application to a
large class of practical problems involving turbid materials, including inorganic materials such
as ponds, atmospheres, snow, sand and organic materials such as human skin and plant tissue.

In computer graphics, the integral form of the RTE is often referred to as the volume ren-
dering equation because it is the equation that must be solved in order to render images with
participating media. It describes radiance within participating media as a five-dimensional func-
tion over 3D positions in the volume and 2D directions over the sphere. The radiance at any
point in the medium depends on the radiance of all other points in the medium as well as the
radiance of all points on surfaces. In contrast, the regular rendering equation is only a four-
dimensional subset of this expression (2D surface locations and 2D directions). This makes the
volume rendering equation extremely costly to solve.

2.6.2 The Classical Diffusion Equation

The exact solution of the RTE (2.7) for infinite-space isotropic scattering is given by Green’s
function:

φ(r) =
e−µtr

4πr2
+

µs

2π2r

∫
∞

0

arctan2 u

u− α arctanu
sin(rµtu)du (2.8)

where r is the is the distance from the exit ray position ~x to the incident illumination point by a
focused pencil beam (Figure 2.4). While it is pretty rare to have an exact solution of the transport
theory that includes multiple scattering, equation (2.8) is a fairly complicated oscillatory integral
and numerically unstable [1].

A considerable reduction of complexity is given by the classical diffusion approximation,
which solves the RTE (2.7) by considering only a first-order spherical harmonic expansion of the
radiance [1], [12], [23]:

L(~x, ~ω) ≈ 1

4π
φ(~x) +

3

4π
~E(~x) · ~ω (2.9)

where φ(~x) and ~E(~x) denote the first two angular moments of the radiance distribution as fluence
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Symbol Description Units

L(~x, ~ω) Radiance at position ~x from direction ~ω [W m−2sr−1]
S BSSRDF [m−2sr−1]

Rd(~x) Diffuse reflectance profile value at ~x [m−2]
φ(~x) Fluence at ~x [W m−2]
~E(~x) Vector flux (vector irradiance) at ~x [W m−2]
Q(~x) Source function at ~x [W m−3]

p(~ω, ~ω′) Phase function [sr−1]
g Average cosine of scattering -
η Relative index of refraction -
ρ Number density of particles [m−3]
σα Absorption cross-section [m2]
σs Scattering cross-section [m2]

µα Absorption coefficient:
∑k

i=1 ρkσak [m−1]

µs Scattering coefficient:
∑k

i=1 ρkσsk [m−1]
µ′
s Reduced scattering coefficient: (1− g)µs [m−1]

µt Extinction coefficient: µs + µα [m−1]
µ′
t Reduced extinction coefficient: µ′

s + µα [m−1]
α Scattering albedo: µs/µt -
α′ Reduced scattering albedo: µ′

s/µ
′
t -

l Mean free path (mfp): 1/µt [m]
l′ Reduced mean free path (mfp): 1/µ′

t [m]
D Diffusion coefficient [m]
A Reflection parameter -

σtr Transport coefficient:
√

µα/D [m−1]

Table 2.1: Variable Notation

Figure 2.4: The ray exitis the medium at a distance r from the incident point.
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(which is proportional to photon density) and flux vector respectively:

φ(~x) =

∫

4π

L(~x, ~ω)dω, ~E(~x) =

∫

4π

L(~x, ~ω)~ωdω

This two-term expansion of the radiance is substituted into the RTE and then integrated over
~ω. If it is further assumed that the source function Q is isotropic, the classical diffusion equation
follows from this approximation:

−D∇2φ(~x) + µαφ(~x) = Q(~x) (2.10)

where

D =
1

3µ′
t

(2.11)

is the diffusion coefficient and µ′
t is the reduced extinction coefficient obtained by applying

similarity theory with µ′
t = µ′

s+µα = (1−g)µs+µα. The reduced scattering coefficient µ′
t scales

the original scattering coefficient by a factor of (1−g), where g is the mean cosine of the deflection
angle. Similarity theory makes it possible to convert a medium with anisotropic scattering into
a medium with isotropic scattering, using a reduced scattering coefficient µ′

s = (1 − g)µs, and
still obtain the same overall appearance [5], [18].

In the case of a unit power isotropic point source (a monopole) in an infinite homogeneous
medium, the solution to the diffusion equation (2.10) is the classical diffusion Green’s function:

φ(r) =
1

4πD

e−
√

µα
D

r

r
(2.12)

where
√

µα

D defines the effective transport coefficient, σtr. Diffusion Green’s function is the
foundation of most practical analytic BSSRDFs and the core of dipole and multi-pole models.



Chapter 3

Production Rendering

Rendering is the calculations performed by a 3D software package’s render engine to translate
the scene from a mathematical description to a finalized 2D image. During this process, the
entire scene’s spatial, textural, and lighting information are combined to determine the color
value of each pixel in the image.

3.1 Rendering Engines

There are three major computational techniques used for rendering. Scanline (or rasterization)
which is used when speed is a necessity and thus makes it the technique of choice for real-time
rendering, raytracing which is capable of greater photorealism than scanline but is exponentially
slower, and radiosity. In practice, radiosity and raytracing are often used in conjunction to
achieve high levels of photorealism.

Today a render engine is included with every major 3D software suite, and most of them
include material and lighting packages that makes it possible to achieve stunning photorealism.
Two common and extensively used render engines are:

1. Mental Ray comes with Maya. It is versatile, relatively fast and quite efficient in rendering
character images that need subsurface scattering. It uses a combination of raytracing and
global illumination (radiosity).

2. V-Ray is typically used with Maya and 3D Studio Max. It is considered unrivaled for
environment rendering and two significant advantages over its competitor are its lighting
tools and extensive materials library.

Off course, there are many other renderers being used in big productions, like Pixar’s Ren-
derMan and the more recently popularized Solid Angle’s Arnold.

A big part of computer graphics community states a strong preference in V-Ray. It is for the
moment one of the best integrated engines into 3D software applications and provides the user
with a consistent, intuitive and time saving work-flow. Its main advantages are the fast motion
blur and the accurate GI renderings, as well as the in total higher efficiency and photorealism in
the final rendered results. For the above reasons as well as for compatibility purposes with the
already existing shader to improve, V-Ray was selected to be the SDK for the current project
implementation.
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3.1.1 V-Ray

V-Ray is a rendering engine that is used as an extension of certain 3D computer graphics software.
The core developers of V-Ray is Chaos Group Software production studio (Sofia, Bulgaria). It is a
rendering engine that uses advanced techniques, for example global illumination algorithms such
as path tracing, photon mapping, irradiance maps and directly computed global illumination.
The use of these techniques often makes it preferable to conventional renderers which are provided
standard with 3D software, and generally renders using these technique can appear more photo-
realistic, as actual lighting effects are more realistically emulated.

Moreover, one useful addition is the V-Ray Frame Buffer (VFB) which is easy to use and
set up, providing several options like the VFB Render History, dynamic switch on sRGB com-
pensation, adaptation of linear images to monitor-space for fast evaluations, LUT plug ins and
addition of curves in the frame buffer in order to imitate the color treatments that may be later
applied. VFB has a simple, logical, fast and effective work-flow that can display and save all the
set render channels straight in EXR images that nowadays are used in many computer imaging
applications for post-rendering frame editing and compositing.

V-Ray is also typically provided as an integrated rendering solution in several content cre-
ation commonly used software applications, like Autodesk’s Maya, 3D Studio Max, SoftImage,
Robert McNeel & Associates’ Rhinoceros, SketchUp and Blender. V-Ray targets the media and
entertainment industries as well as architecture and design visualization space. It is designed to
the needs of the demanding VFX, film and video game industries, and it is also used in making
realistic 3D renderings for architecture. It manages to deliver high levels of stability, interactivity,
ease of use and speed.

3.2 V-Ray for Maya

V-Ray for Maya is the renderer of choice of several renowned studios worldwide. Although it
is relative new software since its official release, it is the major rendering tool in some of the
latest award winning films and productions. V-Ray for Maya enables the rendering of large scale
scenes with great complexity and ensures a fast rendering process.

As a built-in rendering plugin for Autodesk Maya, V-Ray supports most of the standard
geometry primitives as well as some of the basic shaders inside Maya. Note, however, that in
difference from V-Ray for 3DS Max, V-Ray for Maya cannot use the standard Maya shaders,
materials, lights etc. Instead, their functionality is emulated by V-Ray specific plugins. There-
fore, differences in the operation of the standard Maya plugins and their V-Ray equivalents are
possible.

The comprehensive list of features provided by V-Ray for Maya includes several materials,
render output solutions for high levels of control in compositing, PTex textures, true 3D motion
blur, sun and sky procedural lighting system, physical camera for matching live footage, and
many others. Some of these supported features are described below.

V-Ray for Maya creates physically accurate illumination using physically based lights, in-
cluding IES lights and true area lights with support for texture mapping, as well as illumination
from HDR environments providing accurate IBL solutions with sharp shadows at a fraction of
the usual render time. Furthermore, the V-Ray physical camera can use displacement maps from
Nuke to completely match the distortion of the real camera, there is support for the Maya stereo
camera in batch render mode, separate control to enable or disable the motion blur coming from
the movement of the camera and more realistic motion blur can be achieved with manual control
over the camera shutter efficiency. The user can also create fast and accurate physically based
depth of field effects using the V-Ray Physical camera.
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As for V-Ray’s optimizations for Maya, it provides interactive rendering on CPU and GPU,
with the V-Ray raytracer (V-Ray RT) to be a fully functional interactive rendering engine match-
ing the production renderer results. With GPU acceleration, a significantly faster interactive
rendering is processed. Specifically, the user is able to incorporate all the V-Ray RT GPU
enhancements into a fast GPU work-flow, load tiled OpenEXRs on the fly, render millions of
polygons at maximum memory efficiency by storing the geometry on the hard drive and pre-
cisely control the displacement on a per object basis. Moreover, V-Ray’s optimizations have led
to faster multi-core rendering of dynamic geometry (like displacement, proxies, fur and hair) and
subdivision surfaces.

Regarding shading, V-Ray for Maya supports material layering and is capable of rendering
complex materials using the V-Ray Blend material. Additionally, it provides a fast sub-surface
scattering shader; V-Ray FastSSS2 material uses a pre-pass to create fast subsurface scattering
effects with support for both single and multiple scattering. This exact shader was the core of
the current research and the base for the project implementation. It was upgraded to support
the better dipole [2] and quantized-diffusion [1] models in a V-Ray layered material.



Chapter 4

Methods

Having introduced the classical diffusion theory in section 2.6, in this chapter we present in detail
the methods that the implementation of the better dipole and quantized diffusion models was
based on.

4.1 The Diffusion Profile Approximation

The Source Function: To render subsurface scattering, a suitable source function, Q, is needed.
In practice, each incident light ray that hits a smooth surface generates a refracted ray
within the medium with exponentially decreasing intensity. To avoid integrating from this
extended beam source, Farrell et al. [6] proposed concentrating all the light at the center
of mass of the beam (a depth of one mean free path (mfp), l = 1

µ′

t
inside the medium), and

thus to replace the beam source with a single isotropic point source inside the medium.
This single-depth approximation was also adopted by Jensen et al. [12].

This model is accurate when the ray exit point is far from the incident illumination point
(distance r in Figure 2.4) but produces notable error for smaller distances, near the beam.
An additional limitation arises by the fact that the incident light, of all frequencies, is
forced to a depth of one mean free path and scatters isotropically from that depth. As a
result the high frequency detail is lost.

Boundary Conditions: Diffusion theory in a finite medium with boundaries requires to take into
account the appropriate boundary conditions. These non-physical boundary conditions
are typically derived in a purpose-specific way. For semi-infinite or finite-slab settings,
the boundary condition can be handled approximately with the method of images where
a mirrored negative source is placed outside the medium for every positive source inside
the medium. The mirroring is performed above an extrapolated boundary above the sur-
face where the fluence is zero, at the linear-extrapolated distance, zb = 2AD. This offset
takes into account the index of refraction mismatch at the boundary through the reflection
parameter :

A =
1 + Fdr

1− Fdr
, (4.1)

where Fdr is the average diffuse Fresnel reflectance. Doner and Jensen [15] used
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Fdr ⋍







− 0.4399 +
0.7099

η
− 0.3319

η2
+

0.0636

η3
, η < 1

−1.4399

η2
+

0.7099

η
+ 0.6681 + 0.0636η, η > 1

(4.2)

D’Eon and Irving [1] used in their implementation the Grojean’s improved reflection pa-
rameter

AG(η) ≈
1 + 3C2(η)

1− 2C1(η)
, (4.3)

where η is the relative index of refraction at the surface and Ci is the ith angular moment
of the Fresnel function given by the hemispherical integrals of the Fresnel reflectance Fr:

Ci =

∫ π/2

0

Fr(η, θ) cos
i(θ) sin(θ)dθ,

Asymptotically-consistent boundary conditions for boundaries with Fresnel reflection, as
well as analytic solution to the angular moments, used to calculate the reflection parameter
A, have been also previously derived ([8],[9]).

The Grojean’s improved reflection parameter AG in equation (4.3) improves upon the
previous solution (4.1). Approximations for the angular moments, including the constant
factors used in the calculations, were given by d’Eon and Irving [1]. These approximations
were also used to the current implementation:

2C1(η) ≈







0.919317− 3.4793η + 6.75335η2

−7.80989η3 + 4.98554η4 − 1.36881η5, η < 1

−9.23372 + 22.2272η − 20.9292η2

+10.2291η3 − 2.54396η4 + 0.254913η5, η ≥ 1

(4.4)

3C2(η) ≈







0.828421− 2.6205η + 3.36231η2

−1.95284η3 + 0.236494η4 + 0.145787η5, η < 1

−1641.1 + 135.926η−3 − 656.175η−2

+1376.53η−1 + 1213.67η − 568.556η2

+164.798η3 − 27.0181η4 + 1.91826η5, η ≥ 1

(4.5)

Using the method of images, the radiance at the boundary is approximately calculated by
summing over all sources as if the medium extended throughout space. An exact solution of
the linear-extrapolation boundary condition using the method of images requires a complex
configuration of negative sources. Thus, placing a single negative source such that the
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fluence is zero at distance zb above the surface, as it was described above, is not an exact
solution, especially for small r, but it is convenient and equivalent to the exact solution
for the first two moments. This solution was adopted by d’Eon and Irving [1] and in the
implementation considered here.

The Diffuse Reflectance Profile: Rendering surfaces requires to compute the light leaving various
points on the boundary. For this, Jensen et al. [12] used Fick’s law which states that (for
isotropic sources) the vector flux ~E is the gradient of the fluence φ:

~E(r) = −D~∇φ(r). (4.6)

In more general terms, this applies Neumann boundary conditions where only derivatives
are specified [14], [23]. Thus, the diffuse reflectance profile Rd(r) is given by:

Rd(r) = Cφφ(r) + C~E(
~E(r) · ~n), (4.7)

where Cφ and C~E are factors depending on the angular moments.

In classical diffusion theory and due to Fick’s law the diffuse reflectance profile Rd(r)
depends only on the surface flux (the gradient of the fluence along the surface normal) and
not on the fluence φ(r) itself. Thus, with factors Cφ = 0 and C~E = 1 in equation (4.7),
so only vector flux and not fluence contributes to the diffuse reflectance, it is derived that
the radiant exitance on the boundary is the dot product of the vector flux with the surface
normal:

Rd(r) = ~E(r) · ~n = −D(~∇ · ~n)φ(r). (4.8)

Hence, to compute the diffusion profile Rd(r) due to a dipole, the directional derivative
~∇ · ~n of the fluence in the direction of the normal is needed to be evaluated. This gives:

Rd(r) =
α′

4π

[
zr(1 + σtrdr)e

−σtrdr

d3r
+

zv(1 + σtrdv)e
−σtrdv

d3v

]

(4.9)

Note that since is assumed incident light of unit flux (power), the diffuse reflectance pro-
file Rd(r) actually expresses the radiant exitance [W m−2] response normalized per unit
incident flux [W], resulting in units of [m−2] for Rd(r).

Finally, the relative contributions of Cφ and C~E factors change the exitance calculations
in equation (4.7) for other boundary conditions.

4.2 The Classical Dipole Model

The single-depth approximation, along by the method of images to satisfy the boundary condi-
tions, compose a dipole of a positive and negative monopole pair. In essence, the dipole method
consists of positioning two point sources near the surface in a way that the required boundary
conditions are satisfied (Figure 4.1). The resulting fluence is then given by the diffusion Green’s
equation (2.12):

φ(r) =
1

4πD

(
e−σtrdr

dr
− e−σtrdv

dv

)

, (4.10)

where dr = ‖x − xr‖ is the distance from a point x where light exits the surface to the real
source, and dv = ‖x−xv‖ is the distance from x to the virtual source. Farrell et al. [6] proposed
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Figure 4.1: The dipole model.

positioning the real light source at xr at distance of one mean free path below the surface
within the medium (regardless of incident light direction) and the mirrored virtual source at
xv = (−xr + 2zb)above the surface. Therefore, the dipole sources positions are

dr =
1

µ′
t

= 3D and dv = dr + 2zb. (4.11)

In this dipole method it is only considered light parallel to the normal. For other light directions
reciprocity can be enforced by also positioning the light source one mean free path (1/µ′

t) straight
beneath the point where the light enters the surface.

The diffuse reflectance profile is given in its general form by:

Rd(r) =
α′

4π

[(

C~E

zr(1 + σtrdr)

d2r
+

Cφ

D

)
e−σtrdr

dr
+

(

C~E

zv(1 + σtrdv)

d2v
+

Cφ

D

)
e−σtrdv

dv

]

. (4.12)

In case of the classical dipole model the fluence and flux constant factors are given by Cφ = 0
and C~E = 1 respectively, as only vector flux contributes to the diffuse reflectance, and thus equa-
tion (4.12) ends up to equation (4.9) as it was extensively explained in the previous paragraph.

According to the classical dipole model and Jensen et al. [12] the BSSRDF is fully determined
by the sum of the diffusion approximation Sd, and the single scattering S(1) term:

S = S(1) + Sd, (4.13)

The diffusion term Sd, describes the multiple scattering and the Fresnel reflection at the
boundary for both the incident light and the exitant radiance must be taken into account in its
calculation:

Sd(xi, ~ωi;xo, ~ωo) =
1

π
Ft(η, ~ωi)Rd(‖xi − xo‖)Ft(η, ~ωo), (4.14)

The classical dipole makes use of the reflection parameter A as it is defined in equations (4.1)
and (4.2) and the diffusion coefficient given by equation (2.11).

The dipole method was the base for Chaos Group implementation for the V-Ray subsurface
scattering shader in VRayFastSSS2 material. The current project improves and upgrades this
shader to a new material that supports the better dipole [2] and quantized-diffusion [1] models.
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4.3 A Better Dipole

D’Eon [2] derived the better dipole by transforming the classical dipole using different boundary
conditions and exitance calculation. He based his work to diffusion asymptotics; for more details
and better understanding the reader is encouraged to study the work of Grosjean [4], Pomraning
and Ganapol [8] and Kienle and Patterson [11].

To render translucent materials given a BSSRDF S, the outgoing radiance at a surface lo-
cation xo in direction ~ωo is computed by integrating the incident radiance Li(xi, ~ωi) over the
incoming directions and area, A, with S:

Lo(xo, ~ωo) =

∫

A

∫

2π

S(xi, ~ωi;xo, ~ωo)Li(xi, ~ωi)(~n · ~ωi)dωidA(xi) (4.15)

Previous work in neutron theory has shown that it is useful to separate the scattered light
described by S into three separately treated components: the reduced-intensity S(0), the single-
scattering S(1), and the multiple-scattering Sd one, in contrast with Jensen et al. [12] who consider
only the single and multiple scattering terms (equation (4.13)). All of the three components make
the complete BSSRDF:

S = S(0) + S(1) + Sd, (4.16)

D’Eon [2] introduces the better dipole assuming that the multiple scattering term can be
given by a diffusion method of images solution to the 2D searchlight problem. The layered 2D
searchlight problem is about finding the reflected R(r) and transmitted T (r) energy in a layered
scattering medium, as a function of distance r from the point of illumination by a focused beam
(Figure 2.4). He also considers only thick semi-infinite materials, and thus the reduced-intensity
term S(0) is irrespective. Finally, he computes the single scattering S(1) term using the previously
introduced technique for the classical dipole model by Jensen et al. [12].

He furthermore simplifies the searchlight problem assuming that the light arrives normal
to the surface and computing only the net flux leaving the surface at a distance r from the
illumination point. Given the total flux leaving the surface at some point, he also considers
its angular shape to be Lambertian replacing the multiple scattering BSSRDF term Sd with a
formula similar to that Jensen et al. [12] used (equation (4.14)), avoiding the complexity of the
full, multidimensional one.

Sd(xi, ~ωi;xo, ~ωo) =
1

π
Ft(η, ~ωi)Rd(‖xi − xo‖2)

Ft(xo, ~ωo)

1− 2C1(
1
η )

, (4.17)

where Rd(r) is the diffuse reflectance profile given by

Rd(r) =
(α′)2

4π

[(
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zr(1 + σtrdr)

d2r
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Cφ

D

)
e−σtrdr

dr
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(
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zv(1 + σtrdv
d2v
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D

)
e−σtrdv

dv

]

(4.18)

with fluence and flux factors given now by

Cφ =
1

4
(1− 2C1) and C~E =

1

2
(1− 3C2)

respectively instead of classical dipole’s Cφ = 0 and C~E = 1. One difference between equa-
tion (4.17) and the originally presented one by Jensen et al. [12] (equation (4.14)) is that the
better dipole’s BSSRDF multiple scattering term includes the normalization constant C1 given
by D’Eon and Irving [1] (equation (4.4)). The most significant factor and difference though, is
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the choice of the diffuse reflectance profile Rd(r), as this determines the light bleeding between
the object and shadow boundaries and the overall color of a material in general.

In better dipole the improved Grojean’s reflection parameter AG is used (4.3) with the an-
gular moments C1 and C2 of the Fresnel function given separately in equations (4.4) and (4.5).
Moreover, it is used the diffusion coefficient D from the improved diffusion theory, explained
in detail in the next paragraph. The equations for the classical and better dipole models are
congregated in Table 4.1 for better understanding and clear and easy comparisons.

With these changed parameters, the fluence due to a dipole defined with the single-depth
approximation and method of images is given by:

φ(r) =
α′

4πD

(
e−σtrdr

dr
− e−σtrdv

dv

)

, (4.19)

which compared to the classical dipole’s one (4.10) the additional multiplication with the reduced
albedo α′ takes the single-scattering separation into account.
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4.4 A Quantized-Diffusion Model for Rendering Translu-

cent Materials

D’Eon and Irving [1] improved diffusion theory prompted by other fields such as medical physics
and astrophysics, introducing a modified diffusion equation, a more accurate diffusion coefficient
and reflection parameter AG (4.3), and a more accurate exitance calculation. These changes are
summarized below, and in doing so the new terms for the aforementioned expressions will be
introduced with a subscript G (from Grojean’s approximations).

Grosjean [3] proposed a different closed-form approximation for the fluence φ(r) due to an
isotropic point source (monopole) in an infinite medium:

φG(r) =
e−µ′

tr

4πr2
+

1

4π

3µ′
sµ

′
t

2µα + µ′
s

e
−

√

µα
DG

r

r

=
e−µ′

tr

4πr2
+

α′

4πDG

e
−

√

µα
DG

r

r
(4.20)

The first term is the ballistic fluence leaving the point source unscattered. As a beam of
light enters a finite material and a subsurface source is placed at the point of first scatter, this
ballistic fluence is precisely the single-scattered light leaving the material. Thus, when used in
a BSSRDF, equation (4.20) is the sum of the exact single scattering and approximate multiple
scattering using Grosjean’s modified diffusion coefficient:

DG =
2µα + µ′

s

3(µα + µ′
s)

2
(4.21)

Grojean’s approximation (4.20) has very similar shape and identical zeroth moments with
the exact solution (2.8) of transport theory and provides an accurate decoupling of single and
multiple scattered light reducing much of the error raised in classical diffusion theory. The single-
scattering term is not considered part of the diffusion theory and therefore is treated separately.
In contrast to classical diffusion theory, this explicitly excludes single scattering from the diffusion
approximation and it can be calculated either exactly using Monte Carlo techniques like Donner
and Jensen [16] proposed, or approximately like Jensen et al. [12] introduced and also adopted
by the current implementation.

Grosjean’s approximation gives rise to a modified diffusion equation

−DG∇2φ(~x) + µαφ(~x) = α′Q(~x) (4.22)

Compared to equation (2.10), this diffusion equation multiplies the source term Q(~x) by
the reduced albedo α′, as a result from the exclusion of single scattering, which provides more
accurate solutions near the source and for low albedos. The Green’s function of this diffusion
approximation (4.22) is the second term of equation (4.20) which also has an extra multiplied
albedo term compared to the classical diffusion Green’s function (2.12).

D’Eon and Irving [1] also used Grojean’s improved reflection parameter AG (4.3) with the
angular moments approximated by equations (4.4) and (4.5). Table 4.2 summarizes and compares
important quantities from both classical and improved diffusion theories. All other parameters
such as the dipole depth zb or the transport coefficient µtr follow from these definitions.

The method of images requires a point-source representation of the beam. Considering the
entire beam of photons entering the medium requires defining an extended-source along the
(refracted) beam. This extended-source function introduced by Farrell et al. [6] places an isotropic
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Figure 4.2: The extended source is created by sweeping the dipole Green’s function along the beam
direction ~ω. Due to the method of images, a corresponding negative extended source is created.

point at every depth z > 0 with an exponential falloff formed by all first-scatter events inside
the medium (Figure 4.2):

Q(z) = α′µ′

te
µ′

tz. (4.23)

Instead of using Fick’s law, that is based only on vector flux ~E, d’Eon and Irving use a Robin
boundary condition (weighted combination of Dirichlet and Neumann boundary conditions) in-
troduced by Kienle and Patterson [11], [9]. The result is a more accurate radiant exitance
which uses a linear combination of the fluence φ and its derivative, vector flux ~E, defined as in
equation (4.7):

Rd(r) = Cφ,Gφ(r) + C~E,G(−D(~∇ · ~n)φ(r)), (4.24)

but with Cφ,G = 1
4 (1 − 2C1) and C~E,G = 1

2 (1 − 3C2). This solution increases substantially the
accuracy of the method of images for sources near the boundary and is of crucial importance for
the application of diffusion theory to thin materials, like the current implementation is.

To calculate the fluence due to the extended source in a semi-infinite medium requires sweep-
ing the Green’s function along the beam:

φbeam(r) =

∫
∞

0

φdipole(r)Q(z)dz,

where φdipole(r) is the dipole diffusion Green’s function with the previously constant position of
the real source xr now varying along the beam. Repeating, this creates a positive as well as a
mirrored negative extended source due to the method of images for handling the semi-infinite
medium (Figure 4.2).

To obtain the diffuse reflectance profile on the surface we need to instead integrate equa-
tion (4.24), which is for single-depth approximation, over the beam. This results in the integral

Rd,G(r) =

∫
∞

0

(Rφ
d,G(r, z) +RE

d,G(r, z))Q(z)dz.

D’Eon and Irving [1] noted that this equation has no closed-form solution, and proposed to
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approximate the reflectance profile using a sum of Gaussians:

Rd(r) ≈ α′

k−1∑

i=0

wR(i)wiG2D(νi, r) (4.25)

where wR(i), wi are weights and νi are the variances of normalized 2D Gaussians G2D. The
equations necessary to calculate the weights and variances of the Gaussians are themselves sum-
mations of integrals depending on further weights wφR(ν, i) and w~ER(ν, i).

Specifically, the time interval τ ∈ [0,∞] is quantized by selecting k + 1 discrete time values
τi with τ0 = 0 and τk =∞. The photons distribution at a time τ from emission shapes as a 3D
Gaussian of variance ν = 2Dτ centered at the source. Thus, a weighted Gaussian wiG3D(νi, r)
is chosen to approximate the distribution of photons in [τi, τi+1]. An accurate choice of wi is
given by:

wi =

∫ τi+1

τi

e−τµαdτ =
e−τiµα − e−τi+1µα

µα
. (4.26)

By choosing a constant factor s ∈ [1.5, 2.0] and

τi = si−1τ1 (4.27)

result to an accurate and properly sporadic group of Gaussians. The variances can be chosen by
taking the average shape of the Gaussian in the time interval:

νi = D(τi + τi+1). (4.28)

D’Eon and Irving concluded to s = (1+
√
5)/2 for their quantization. The same ratio was used in

the current implementation. The quantization and Gaussian approximation allows the use of the
new extended multipole model for computing the diffuse reflectance profile for a finite material
layer of thickness d. The extended-source function (4.23) distributes exponentially sources. The
boundary conditions using a multipole expansion place mirrors of these exponential distributions
above and below the extrapolated boundaries (Figure 4.3). In case of different relative indices of
refraction in the top and bottom of the material layer the extrapolation distances are respectively
given by

zb(0) = 2A(ηtop)D and zb(d) = 2A(ηbottom)D.

Donner and Jensen [15] first introduced the distance of the positive and negative sources, that
are distributed from an order-n multipole expansion, from the primary sources:

mr,j = 2j(d+ zb(0) + zb(d))

mv,j = 2j(d+ zb(0) + zb(d))− 2zb(0). (4.29)

where j ∈ {−n, n} indicates each pair of positive-real and negative-virtual sources, 2n+ 1 is the
number of dipoles, d the slab thickness and zb the extrapolation distance.

For each pair of sources j the dipole reflectance fluence and flux weights are respectively:

wφR(ν, j) = wφ(ν, 0, d,mr,j)− wφ(ν, 0, d,−mv,j)

w~ER(ν, j) = w~E(ν, 0, d,mr,j) + w~E(ν, 0, d,−mv,j) (4.30)



4.4 A Quantized-Diffusion Model for Rendering Translucent Materials 28

Term Classical Diffusion Improved Diffusion

Diffusion Equation −D∇2φ(~x) + µαφ(~x) = Q(~x) −DG∇2φ(~x) + µαφ(~x) = α′Q(~x)

Green’s Function φ(r) = 1
4πD

e
−

√
µα
D

r

r φG(r) =
α′

4πDG

e
−

√
µα
DG

r

r

Diffusion Coefficient D = 1
3µ′

t
DG =

2µα+µ′

s

3(µα+µ′

s)
2

Reflection Parameter A = 1+2C1

1−2C1
AG = 1+3C2

1−2C1

Fluence Parameter Cφ = 0 Cφ,G = 1
4 (1− 2C1)

Flux Parameter C~E = 1 C~E,G = 1
2 (1− 3C2)

Table 4.2: Classical and Improved Diffusion Theories Comparison

Figure 4.3: Dipole configuration for semi-infinite geometry (left) and the multipole configuration for
thin slabs of thickness d (right). l indicates distance of 1 mfp.
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where the fluence weight wφ and the flux weight w~E are given by

wφ(ν, z1, z2,m) =
α′µt

2
emµt+

µ2
t ν

2

(

erf

[
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(4.31)

where erf stands for the Gauss error function. 1

Finally, the total reflectance weight wR(i) for the ith Gaussian is found by summing all j
dipoles of the multipole expansion and using the Kienle and Patterson [11] exitance calculation

wR(i) =
n∑

j=−n

Cφ(ηtop)wφR(νi, j) + C~E(ηtop)w~ER(νi, j). (4.32)

The 2D-normalized Gaussian for the diffuse reflectance profile calculation (4.25) is given by:

G2D(ν, r) =
1

2πν
e−

r2

2ν . (4.33)

1erf(z) is the error function encountered in integrating the normal distribution (which is a normalized form
of the Gaussian function). It is an entire function defined by

erf(z) =
2

√

π

∫
z

0

e−t
2
dt.



Chapter 5

Implementation

The V-Ray SDK includes the C ++ header and library files necessary for using the V-Ray ray-
tracing API. It allows the creation of V-Ray implementations for different platforms (V-Ray for
Maya is an example), the creation of standalone V-Ray implementations and writing standard
V-Ray plugins (shaders, textures etc) for cross-platform use across different V-Ray implementa-
tions. The current project is an example of creating a V-Ray SSS shader plugin for Maya and it
is based on the VRayFastSSS2 material implementation.

The diffusion approximation algorithm itself is point based. The base concept of the current
framework is the use of an illumination map to approximate multiple scattering. This illumina-
tion map is built out either of an irradiance map, or of samples provided by direct sampling of
the geometry primitive. The irradiance map is the default option and the IrradianceMap prepass
mechanism, provided by V-Ray, is used to build and compute the point cloud of surface points.
The V-Ray IrradianceMap class creates an interpolation map based on samples in 3D space and
their irradiance is calculated. Then this irradiance map is transfered to the illumination map,
where we do our filtering during rendering. The illumination map samples are organized in a k-d
tree for later hierarchical filtering.

The implementation is divided in three parts. Firstly, the pure better dipole (BD) and
quantized-diffusion (QD) models implementation is described. It follows this project’s additional
contribution, the front and back scattering separation, and lastly the final layered S(wi)SS V-Ray
material creation is presented.

5.1 Better Dipole and Quantized-Diffusion Models

The BD implementation was pretty simple and straightforward. Having the classical dipole
model already implemented in the VRayFastSSS2 material, it was a matter of improving the
reflection parameter A and the diffusion coefficient D according to the previously explained
improved diffusion theory. Thus, the equations (4.3), (4.4), (4.5) and (4.21) was used instead of
the classical dipole ones (4.1), (4.2) and (2.11) respectively. In addition, the diffuse reflectance
profile Rd was upgraded to use these improved parameters as it is described in equation (4.18).
This diffuse reflectance profile is used to calculate each shading point/sample color when the
illumination map is filtered during actual rendering. Table 4.1 provides adequate reference for
the classical and better dipoles implementation differences.

The implementation of the diffuse reflectance profile Rd is the one that defines the model
behavior. In case of the QD model it was more complicated than BD as it is based in a more
complex theoretical and practical concept. QD makes complete use of the improved diffusion
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theory with Grojean’s approximations (Table 4.2) and a sum of weighted 2D Gaussians to ap-
proximate the reflectance profile. This theoretical background was extensively described in the
previous corresponding Methods paragraph 4.4.

For the actual implementation, the constant improved parameters replaced the classical
dipole’s ones, as it has been done for BD, but moreover the extended multipole model for a
finite material of thickness d was set up; meaning that two arrays of real and virtual sources
placed in distances given in (4.29) were created instead of a dipole (4.11). Then, the quantization
regarding time (τi), variances (νi) and weights (wi, wφ, w~E , wφR, w~ER and wR(i)) is initialized,
calculated and saved for later use during rendering time when the diffuse reflectance profile is
evaluated with the sum of Gaussians. These pre-calculated parameters speed up the rendering
time as significant computational time is saved.

The quantization process followed the reversed order as it is defined by the maximum variance
given by

νpeak =
2DG

µα
(5.1)

D’Eon and Irving [1] further assumes that

νi+1 = sνi (5.2)

where s = (1 +
√
5)/2 and therefore, for the next backwards quantization step, the variance is

decreased by dividing by s. Having the variance of each Gaussian and taking into consideration
that τi+1 = sτi (4.27) it can derived by equation (4.28) the time

τi =
νi

D(1 + s)
(5.3)

which is further used to calculate the weight wi (4.26). Having everything properly defined the
rest of the weights wφ, w~E , wφR, w~ER and wR(i) are calculated from the equations (4.31), (4.30)
and (4.32) respectively, taking into consideration the existence or not of the multipole model for
the weights that is required. The backwards quantization process ends with a validation criterion
where it is checked if the total Gaussian weight wR(i)wi is smaller or not than a preset small
value ε. In the current implementation it was set ε = 10−6.

Finally, knowing the number of quantizations these pre-calculated tables are used to evaluate
the 2D-normalized Gaussian G2D(νi, r) (4.33) of each shading point (r is the distance between
the view surface point and the illumination point) and its diffuse reflectance profile Rd (4.25)
during rendering.

5.2 Front and Back Scattering

One of the most important contributions of the current work is the separation of front and back
scattering in the SSS layer. Previous implementations support subsurface scattering but they do
not provide such a separation control. This was achieved by dividing the illumination map in
two parts:

• the front part that comes of front-lighting,

• the back part that comes of back-lighting.

Specifically, while creating the illumination map an index was assigned to each sample indi-
cating either it is on the back side of the object regarding the camera view or not. With this
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classification when the nodes of the illumination map are build depending on if they are in the
front or back side they are respectively illuminated. Finally, during rendering when we filter
the nodes of illumination map their front and back illumination is weighted respectively to the
model (BD or QD) applied.

This way, there is total control of the SSS layer consisting of the front and back scatter-
ing, where the artist can handle them physically accurately or use and weight them separately
depending on the specific needs. V-Ray enables the display of several custom colors as render
elements and thus, the front, back and the complete SSS (front+ back) layer can be displayed
in separate render channels.

5.3 S(wi)SS V-Ray Material

The final goal of the project was to aggregate and combine all the achieved improvements in a
powerful layered V-Ray material that will provide several intuitive controls and options to the
artists. Prompt by the sub-surface scattering abbreviation and the company’s name, S(wi)SS
V-Ray material was created.

This shader creates a layered BSDF which combines as bottom level three layers of subsur-
face scattering, as middle level a diffuse layer and as top level two specular layers. Many real
materials can be considered consisting of several subsurface layers, like skin that is composed of
the epidermal, dermal and sub-dermal layers.

The subsurface scattering layer in the specific implementation combines a top basic SSS shader
providing front, back and single scattering, a middle SSS shader providing front scattering
and a bottom SSS shader for back scattering. Each of these SSS layers has its own scatter
color, scatter radius and it can be weighted separately to compose the final SSS effect.
Moreover, the artist can choose to apply in each SSS layer the classical dipole, the BD
or the QD model. This way all the models and their combinations are available and
the rendering time can be adjusted, by applying for example the most detailed and time
consuming QD to the top SSS layer and the faster but less accurate classical dipole or BD
to the rest SSS layers.

Single scattering was decided to be supported only for the top basic SSS layer where also
back scattering can be additionally provided. The rest SSS layers do not significantly
contribute to single scattering and thus they do not support it to reduce rendering times.

The diffuse layer is a classic Lambertian reflection model where the diffusion reflection com-
ponent is calculated by taking the dot product of the surface’s normal vector and the
normalized light-direction vector pointing from the surface to the light source. This is then
multiplied by the color of the the light hitting the surface and the diffuse color surface that
the user has set. As with the SSS layers, the diffuse layer can also be manually weighted
through the interface contributing the desirable amount to the final result.

The SSS and diffuse layers can be finally screened or added before layered in the BSDF.
The default mode is screening SSS and diffuse layers, while the add mode can be enabled
manually. If it is assumed that A and B indicate colors then the resulting color of the used
screen algorithm is given by

if A < 1.0 and B < 1.0 then

resulting color ← A+B −AB
else
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if A > B then

resulting color ← A
else

resulting color ← B
end if

end if

This is a soft plus giving brighter results but also ramping of the whites. Light colors have
more of an effect than dark ones. The result is always a lighter color. Blending with black
it does not affect the pixel color, whereas blending with white always returns white. The
result is similar to projecting multiple slides on top of each other. This screen algorithm
works well for color values above 1.0 and it is also used in Nuke compositing software.

The specular layer consists of two Phong models for specular reflection. We chose to have two
specular layers as it ends up to more realistic results in materials like skin, where usually
an upper oily layer is rendered on top of a regular specular layer. As the rest of the BSDFs
layers the specular layers can also be weighted manually through the shader interface. In
each of them the specular color, weight, glossiness, subdivisions and index of refraction
can be set separately. The shader provides the option to trace reflections as well as to
layer the BSDFs in an additive mode, meaning that the diffuse screened or added with the
SSS layers and the two specular BRDFs will be added together instead of being blended
as layers based on their transparency. Note that this option produces a BSDF that may
potentially break the energy preservation law.

As a general overview and except the SSS, diffuse and specular options, the S(wi)SS shader
provides general settings as the material index of refraction, light map options where the artist
can decide if the illumination map will built by an irradiance map or geometry sampling and
algorithm controls for the subsurface scattering effect.



Chapter 6

Results

In this section the results of the current thesis project are presented. The results presentation
is divided in three parts and follows the Implementation chapter structure in order to show the
the project’s progress and achievements step by step. Thus, the results are organized as

1. Model Implementation Results

2. Front and Back Scattering Separation Results, and finally

3. S(wi)SS V-Ray Material Results.

All the presented results were rendered with an Intel Xeon W3680, 12 MB Cache, 3.33 Ghz,
Six-Core server processor machine.

6.1 Model Implementation Results

In this first part are presenting the Better Dipole (BD) and Quantized Diffusion (QD) imple-
mentation results. The two models are compared to the existing classical dipole (VRayFastSSS2
material) as well as to each other.

We have rendered two sets of images. The first group (Figure 6.1) presents the shader results
for human skin on a human face model, The Guy. Realistic skin rendering is of high importance
and a matter for research and constant development. In this group we have chosen a relatively
zoomed scene that includes his ear in order to give a better sense of skin details and easy single
scattering comparisons.

The second group (Figures 6.2, 6.3 and 6.4) presents the shader results for other than skin
highly detailed translucent materials currently applied in an alien shape, the Octo Guy, similar
to the one that D’Eon and Irving [1] used to present their QD model. Each group contains
renderings for all three classical dipole, BD and QD models. Their rendering times are given in
Tables 6.1 and 6.2.

Better dipole is almost as fast as VRayFastSSS2 material that implements the classical dipole
method, whereas the quantized-diffusion model is five times slower. This is expected as the
implementation of QD requires the sum of 36 approximately weighted Gaussians for every shading
point. Moreover, the above given times are for hight quality renderings but it can be reduced by
decreasing the resolution of surface lighting, computed during the prepass phase.

Regarding the visual result, the dominance of QD is obvious. The level of the rendered details
is significantly higher than the classical and BD providing at the same time realistic subsurface
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Method Time

Classical Dipole 4min 14sec
Better Dipole 4min 16sec

Quantized Diffusion 20min 15sec

Table 6.1: Rendering times for The Guy in Figure 6.1

Method Time per frame

Classical Dipole ∼ 43sec
Better Dipole ∼1min 2sec

Quantized Diffusion ∼6min 2sec

Table 6.2: Average rendering times for Octo Guy in Figures 6.2 and 6.3

scattering effect. Moreover, QD gives the smoothest shading result in the rendered surface. It
worths noting BD’s and QD’s clear improvement in areas like eyes, nose, lips and ear in The Guy
and the high detailed QD rendering in the Octo Guy.
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Figure 6.1: The Guy rendered with classical dipole (VRayFastSSS2), BD and QD models.
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Figure 6.2: Octo Guy rendered with classical dipole (VRayFastSSS2), BD and QD models (front view).
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Figure 6.3: Octo Guy rendered with classical dipole (VRayFastSSS2), BD and QD models (back view).
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Figure 6.4: Detailed views from the renderings in Figures 6.2 and 6.3.
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6.2 Front and Back Scattering Separation Results

In the second result section, our main contribution in BD and QD implementation model, the
front and back scattering separation of the SSS layer, is presented. In Figure 6.5 the SSS layer of
The Guy’s renderings in Figure 6.1 as well as its consisting layers, the front and back scattering,
are given in separate representations. Respectively, in Figure 6.6 are given the SSS, front and
back scattering layers for Octo Guy’s renderings in Figure 6.2.

Figure 6.5: SSS, Front and Back scattering (rows) of The Guy for the BD and QD models (columns).
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Figure 6.6: SSS, Front and Back scattering (rows) of Octo Guy for the BD and QD models (rows).
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6.3 S(wi)SS V-Ray Material Results

In the last part of results presentation, we give in Figure 6.7 the interface overview of the final
layered S(wi)SS V-Ray material described in the corresponding Implementation section 5.3.
Here, one can see all the developed options related with diffuse, SSS and specular layers as well
as the light map and algorithm controls.

Then, rendered with S(wi)SS shader results are shown in order to give a better understanding
of the different rendering options and their functional results. These renderings are mainly
focused on the different algorithm combinations. To start with, in Figure 6.8 the Octo Guy has
been rendered with S(wi)SS shader having just one SSS layer (the epidermal one) using the
classical dipole (VRayFastSSS2), BD and QD algorithms for easy side-by-side comparisons.

In Figure 6.9 the Octo Guy is rendered with a BD epidermal SSS layer (left), a BD epider-
mal and a classical dipole subdermal SSS layer (middle) and finally with BD as epidermal and
subdermal layers and classical dipole as back SSS layer (right). The same rendering concept is
also followed in Figure 6.10 where it was used a QD epidermal SSS layer (left), a QD epidermal
and a BD subdermal SSS layer (middle) and finally a QD as epidermal, BD as subdermal and
classical dipole as back SSS layer (right). It worths noticing that as we add more SSS layers
the rendered result changes depending on the SSS layers scatter color and scatter radius. In
the specific renderings for example the added subdermal and back SSS layers are red dominant
colors, fact that explains the respective rendered results. The results in Figures 6.9 and 6.10 are
similar with the main difference to be in QD’s higher level of details.

For the better understanding of the S(wi)SS shader SSS effect, consisting of minimum one
to maximum three layers, the epidermal, subdermal and back scattering SSS layers of Octo Guy
in Figure 6.10 are given in Figures 6.11, 6.12 and 6.13 respectively. The epidermal layer is the
same in all renderings as it was set to use QD in all of them. The Octo Guy to the left has no
subdermal and back scattering layer and thus they are zero (black). The Octo Guy in the middle
has epidermal and subdermal layers and no back scattering, whereas the Octo Guy to the right
is the only one that has all three SSS layers.

Finally, in Figure 6.14 the Octo Guy rendered with all three SSS layers is presented. Once
again the rendering to the right, where the top basic epidermal layer is QD is significantly more
detailed than the one to the left, where BD is set for the epidermal SSS layer.
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Figure 6.7: S(wi)SS V-Ray material interface overview.
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Figure 6.8: Octo Guy rendered with S(wi)SS material with one SSS layer implementing the classical
dipole, BD and QD.

Figure 6.9: Octo Guy rendered with S(wi)SS material with one, two and three SSS layers respectively
having as top basic model the BD.
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Figure 6.10: Octo Guy rendered with S(wi)SS material with one, two and three SSS layers respectively
having as top basic model the QD.
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Figure 6.11: Epidermal SSS layer, with front and back scattering separation for S(wi)SS renderings in
Figure 6.10.



6.3 S(wi)SS V-Ray Material Results 47

Figure 6.12: Subdermal SSS layer for S(wi)SS renderings in Figure 6.10.

Figure 6.13: Back SSS layer for S(wi)SS renderings in Figure 6.10.
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Figure 6.14: Comparison of S(wi)SS renderings having as top basic SSS models the BD and QD
respectively.



Chapter 7

Conclusion and Future Work

In this thesis a new V-Ray subsurface scattering shader has been developed that supports the
better dipole model introduced by D’Eon [2] and the quantized diffusion reflectance model for
layered translucent materials presented by D’Eon and Irving [1]. The new models build on pre-
vious diffusion BSSRDFs but they are using the improved diffusion theory and in the case of QD
an extended source function for the material layer. Moreover, we managed to separate the front
and back subsurface scattering enabling the artist to control, weight and use them independently
to each project’s specific demands. Finally, we combined all the achieved improvements in the
S(wi)SS layered BSDF V-Ray material that provides the option of simulating the SSS effect using
one to three subsurface scattering shaders along with several algorithm and light map controls.
This intuitive, practical and efficient shader is currently in use at Swiss International AB visual
effects studio.

QD model produces surface scattering functions in terms of weighted Gaussian sums. That
model has significantly better results over the classical dipole one. However, practical downsides
of QD are that is relatively expensive, complex to implement in general and the weights for-
mulas in specific, as they are susceptible to numerical instabilities and they can lead to errors.
Future work on the S(wi)SS shader could be to support the very recently introduced Photon
Beam Diffusion introduced by Habel, Christensen and Jarosz [22]. They propose to numerically
approximate the diffusion reflectance profile Rd(r) using Monte Carlo integration with exponen-
tial and equiangular importance sampling and they increase the accuracy of the diffusion model
using an empirical correction factor.



Bibliography

[1] D’ Eon E., Irving G.: A quantized-diffusion model for rendering translucent materials.
ACM Transactions on Graphics(Proc. SIGGRAPH) 30, 4 (2011), 56:1-56:14.

[2] D’ Eon E.: A Better Dipole. Eugene d’Eon, 14 November 2012, Web. 4 October 2013
http://www.eugenedeon.com/papers/betterdipole.pdf.

[3] Grosjean, C. C.: A high accuracy approximation for solving multiple scattering problems
in infinite homogeneous media. Il Nuovo Cimento 3, 6 (Jun 1956), 1262-1275.

[4] Grosjean C. C.: On a new approximate one-velocity theory of multiple scattering in infinite
homogeneous media. Il Nuovo Cimento 4, 3 (Sep 1956), 583-594.

[5] Wyman D. R., Patterson M. S., Wilson B. C.: Similarity relations for the interaction
parameters in radiation transport. Applied Optics 28 (December 1989), 5243-5249.

[6] Farrell T. J., Patterson M. S., Wilson B.: A diffusion theory model of spatially
resolved, steady-state diffuse reflectance for the noninvasive determination of tissue optical
properties in vivo. Medical Physics 19, 4 (1992), 879-888.

[7] Hanrahan P., Krueger W.: Reflection from layered surfaces due to subsurface scattering.
In Proceedings of SIGGRAPH (1993), pp. 165-174.

[8] Pomraning, G. C., Ganapol , B. D.: Asymptotically consistent reflection boundary
conditions for diffusion theory. Annals of Nuclear Energy 22, 12 (1995), 787-817.

[9] Aronson R.: Boundary conditions for diffusion of light. Journal of the Optical Society of
America A 12, 11 (1995), 2532-2539.

[10] Stam J.: Multiple scattering as a diffusion process. In Proceedings of Eurographics Work-
shop on Rendering (1995), Eurographics, pp. 41-50.

[11] Kienle A., Patterson M. S.: Improved solutions of the steady-state and the time-resolved
diffusion equations for reflectance from a semi-infinite turbid medium. J. Opt. Soc. Am. A
14, 1 (1997), 246-254.

[12] Jensen H. W., Marschner S. R., Levoy M., Hanrahan P.: A practical model for
subsurface light transport. Computer Graphics (Proc. SIGGRAPH) 35 (2001), 511-518.

[13] Jensen H. W., Buhler J.: A rapid hierarchical rendering technique for translucent ma-
terials. In SIGGRAPH (2002), pp. 576-581.

[14] Cheng A. H.-D., Cheng D. T. Heritage and early history of the boundary element method.
Engineering Analysis with Boundary Elements, 29(3) (2005), 268-302



BIBLIOGRAPHY 51

[15] Donner C., Jensen H. W.: Light diffusion in multilayered translucent materials. ACM
Transactions on Graphics 24, 3 (July 2005), 1032-1039.

[16] Donner C., Jensen H. W.: Rendering translucent materials using photon diffusion. In
Eurographics Symposium on Rendering (2007).

[17] D’Eon E., Luebke D., Enderton E.: Efficient rendering of human skin. In Proceedings
of Eurographics Symposium on Rendering (2007), pp. 147-157.

[18] Frisvad J. R., Christensen N. J., Jensen H. W. Computing the scattering properties
of participating media using Lorenz-Mie theory. In SIGGRAPH 07: ACM SIGGRAPH 2007
papers. ACM, New York, NY, USA, 60.

[19] Saleh B. E. A., Teich M. C.. Fundamentals of Photonics. Wiley-Interscience, 2 edition
(March 2007).

[20] Donner C., Lawrence J., Ramamoorthi R., Hachisuka T., Jensen H. W., Nayar

S.: An empirical BSSRDF model. ACM Transactions on Graphics 28, 3 (July 2009), 30:1-
30:10.

[21] Lw J., Kronander J., Ynnerman A., Unger J.: BRDF Models for Accurate and
Efficient Rendering of Glossy Surfaces, ACM Transaction on Graphics, 31(1) (January 2012)

[22] Habel R., Christensen P. H., Jarosz W.: Photon beam diffusion: A hybrid Monte
Carlo method for subsurface scattering. Computer Graphics Forum (Proc. Eurographics
Symposium on Rendering) 32, 4 (June 2013).

[23] Habel R., Christensen P. H., Jarosz W.: Classic and modified diffusion theory for
subsurface scattering. Tech. rep., Disney Research Zrich (2013)



Upphovsrätt

Detta dokument h̊alls tillgängligt p̊a Internet - eller dess framtida ersättare - under 25 år fr̊an
publiceringsdatum under förutsättning att inga extraordinära omständigheter uppst̊ar.
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för upphovsmannens litterära eller konstnärliga anseende eller egenart.
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