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We report on the results of a systematic ab initio study of the Jones birefringence of noble gases, of fu-
ran homologues, and of monosubstituted benzenes, in the gas phase, with the aim of analyzing the be-
havior and the trends within a list of systems of varying size and complexity, and of identifying candi-
dates for a combined experimental/theoretical study of the effect. We resort here to analytic linear and
nonlinear response functions in the framework of time-dependent density functional theory. A corre-
lation is made between the observable (the Jones constant) and the atomic radius for noble gases, or
the permanent electric dipole and a structure/chemical reactivity descriptor as the para Hammett con-
stant for substituted benzenes. © 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4830412]

I. INTRODUCTION

The interaction of light in its various polarization states
with matter in the presence of external fields can give rise to
a large number of different phenomena, some of which not
yet fully explored. The response of matter to the combination
of static and dynamic electromagnetic fields depends on the
angular frequency and intensity of the radiation, the strength
of the applied external fields, the conditions of temperature
and pressure, as well as the structural properties of its con-
stituents. The field of research is vast, and of importance not
only for its implications in the understanding of the founda-
tions of the interaction of light and matter, but also for its
technological spillovers. The need for tracking down often
tiny signatures of novel or yet undetected phenomena trig-
gers new developments in the design of ever more powerful
detection techniques, ever more sophisticated optical arrange-
ments, ever stronger field sources, and new signal analysis and
characterization routines. From the theoretical point of view,
electromagnetic fields interacting with atoms and molecules
probe their electronic structure, provoking responses bearing
unique signatures of the nuclear arrangement and of the dis-
tribution of the electron density in the constituents of matter.
Their study puts to a test the techniques and algorithms de-
veloped by theoreticians in the last decades to compute fre-
quency dependent, often high-order, response properties, and,
with the growing interest in systems of large size, it has also
forced the development of approximations which could make

a)panor@ifm.liu.se
b)coriani@units.it
c)Author to whom correspondence should be addressed. Electronic mail:

rizzo@ipcf.cnr.it
d)geert.rikken@lncmi.cnrs.fr

calculations affordable when the number of nuclei and elec-
trons increases.

Birefringences (the anisotropies induced in the real part
of the complex refractive index with respect to two direc-
tions of polarization—either linear or circular in the case of
linear or circular birefringence—or propagation in space—
for axial birefringences) and dichroisms (the corresponding
anisotropies observed in the imaginary part of the refractive
index) are two general examples of optical phenomena we are
referring to in this discussion.1–3 In some well known cases,
there is no need for external fields for these phenomena to
occur, since they arise from the intrinsic properties of matter,
and in particular from its symmetry. Natural optical rotation
(OR)4, 5 or circular dichroism (CD),6, 7 discovered and ratio-
nalized theoretically well before the current times, are com-
mon examples of a circular birefringence and dichroism, re-
spectively. These phenomena, occurring in assemblies of chi-
ral molecules, can be rationalized theoretically by invoking,
in a perturbative framework for the interaction of light and
matter, the effect of linear mixed electric and magnetic fre-
quency dependent polarizabilities. The application of addi-
tional perturbations, as it happens when external and not nec-
essarily uniform electric and magnetic fields are introduced
in the experimental design, yields further complications to
the picture, implying the combination of first-order, linear and
nonlinear properties, bearing the signature of the various mul-
tipoles excited by the combined effect of light and fields.1, 3

Examples which have been studied in some depth in our
groups are Kerr,8, 9 Optical Kerr,10–12 Cotton–Mouton,13–20

Buckingham,21–27 magnetoelectric and Jones28–34 linear bire-
fringences; Faraday4, 35–37 and optical Faraday38 circular bire-
fringences; magnetochiral axial birefringence;39, 40 or mag-
netic circular41–49 and magnetochiral39, 50–53 dichroism.

0021-9606/2013/139(19)/194311/12/$30.00 © 2013 AIP Publishing LLC139, 194311-1
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In this paper, we concentrate on Jones and magneto-
electric linear birefringences,28–34 observable when linearly
polarized light impinges on a uniaxial crystal or on homo-
geneous fluid samples subjected to both external electric
and magnetic fields, aligned parallel (Jones) or perpendicu-
lar (magnetoelectric) to each other, and perpendicular to the
direction of propagation of light. These two birefringences,
differing in the experimental arrangement, yield equivalent
expressions for the observable,29, 31 and are therefore indis-
tinguishable from the theoretical and computational point of
view. From now on we will refer uniquely to Jones birefrin-
gence in our discussion. The characteristics of Jones bire-
fringence are a bilinearity in the electric and magnetic field
strengths and the fact that the optical axes defining the ob-
servable (the two directions with respect to which the linear
birefringence is determined) are at ±45◦ with respect to those
of the standard birefringence to which it superimposes, i.e.,
Kerr (electric)8, 9 and Cotton–Mouton (magnetic)13–20 double
refractions. Jones birefringence owes its denomination to R.
C. Jones,28 who first predicted its existence in his seminal
contribution dated 1948. A complete theoretical rationaliza-
tion is due to Graham and Raab,29 and it dates 1983. The same
authors have shown the equivalence in theory of Jones and
the magnetoelectric “variant” one year later.31 The latter had
been predicted by Pockels30 and Kielich32 and discussed by
Baranova and co-workers.33 Ross, Sherborne, and Stedman34

contributed a few years later to the further comprehension of
the symmetry rules governing the effect. Rizzo and Coriani54

in 2003 translated Graham and Raab expressions into a com-
putationally affordable protocol, enabling the estimate of the
observable in isotropic assemblies of noninteracting diamag-
netic molecules. They resorted to modern analytic linear and
nonlinear response theory, and since its first appearance their
approach has been applied to a selection of systems of in-
creasing complexity, and extended from the original indepen-
dent particle (Hartree–Fock) and highly correlated (Coupled
Cluster, CC) structural model to the Time-Dependent Density
Functional Theory (TDDFT)55, 56 realm. The latter permits the
study of relatively extended systems with an often well satis-
fying account of the effect of electron correlation,57, 58 see also
Ref. 2. In the meantime, aspects as the dependence on the ac-
curate (beyond CC singles and doubles, CCSD59) treatment
of electron correlation,60 the effect of molecular vibrations
(in diatomics),61 that of the environment,62 or the dependence
of the results of calculations performed in finite one-electron
basis sets on the choice of the magnetic gauge origin63 have
been also studied. The theory of magnetoelectric Jones bire-
fringence and dichroism was redrafted by Mironova and co-
workers64 a few years ago. Very recently, there has also been
some controversy on the existence of such an effect.65

Experimental verification of the predictions of Jones
dates the beginning of this century, and is due to one of the
present authors and his group.66–70 Rikken and Roth66 have
measured Jones birefringence in liquid samples, obtaining up-
per limits to the expected birefringence for some of the sys-
tems analyzed in the study. The results of their measurement
have been compared with computational estimates in Ref. 62.

In this paper, we report on the results of a systematic ab
initio investigation of the Jones birefringence of noble gases,

furan homologues, and monosubstituted benzenes in the gas
phase. The aim being to analyze the behavior and the trends
within a list of systems of varying size and complexity, we re-
sort here to TDDFT55, 56 linear71 and nonlinear71, 72 response
theory. TDDFT has recently proven in various instances to be
able to reproduce quite satisfactorily spectroscopic linear and
nonlinear properties of molecules of reasonable size and com-
plexity, see, for example, Ref. 73, and we have employed it
for calculations of Jones birefringence in the past.2, 57, 58, 62 A
correlation is made between the observable (the Jones con-
stant, see Sec. II), and the atomic radius (for noble gases)
or the permanent electric dipole moment or such a qualita-
tive/quantitative structure chemical reactivity descriptor as the
para Hammett constant,74, 75 for substituted benzenes.

In Sec. II, definitions and theoretical expressions for the
observable are given. Section III briefly recapitulates the com-
putational details. The results are presented and discussed in
Sec. IV and some brief conclusions are given at the end.

II. METHODOLOGY

The expression for the anisotropy of the refractive in-
dex in the case of Jones birefringence takes the following
form:29, 54, 62

�n = n−45◦ − n+45◦ = NExBx

30ε0c0

×
{
G(3)

para+G(3)
dia + A′(3)+ 1

kBT

[
G(2)

para+G(2)
dia +A′(2)]}

,

(1)

where

G(3)
para = 3G

para
αβαβ + 3G

para
αββα − 2G

para
ααββ, (2)

G(3)
dia = 3Gdia

αβαβ + 3Gdia
αββα − 2Gdia

ααββ, (3)

A′(3) = −ω

2
εαβγ

(
a′

αβδδγ + a′
αβδγ δ

)
, (4)

G(2)
para = μα

(
3G

para
αββ + 3G

para
βαβ − 2G

para
ββα

)
, (5)

G(2)
dia = μα

(
3Gdia

αββ + 3Gdia
βαβ − 2Gdia

ββα

)
, (6)

A′(2) = −ω

2
εαβγ

(
μγ a′

αβδδ + μδa
′
αβδγ

)
. (7)

N is the number density, ε0 is the permittivity of vacuum, c0

is the speed of light in vacuo, Ex and Bx are the x-components
of the external electric and magnetic fields. It is thus assumed
that the radiation propagates in the z-direction. Other defini-
tions include ω, the circular frequency of the incoming ra-
diation; kB, the Boltzmann constant; T, the temperature; μα ,
the permanent electric dipole in the α-direction; and εαβγ ,
the Levi-Civita alternating tensor. Implicit summation over re-
peated indices applies. Atomic units are used here and, unless
specified otherwise, also elsewhere in the present work.
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The individual elements included in the tensor contrac-
tions of Eqs. (2)–(7) are defined as

G
para
αβγ δ = G

para
αβγ δ(−ω; ω, 0, 0) = −〈〈μ̂α; m̂β, m̂γ , μ̂δ〉〉ω,0,0,

Gdia
αβγ δ = Gdia

αβγ δ(−ω; ω, 0) = 〈〈μ̂α; ξ̂ dia
βγ , μ̂δ〉〉ω,0,

a′
αβγ δε = a′

αβγ δε(−ω; ω, 0, 0) = −i〈〈μ̂α; q̂βγ , m̂δ, μ̂ε〉〉ω,0,0,

G
para
αβγ = G

para
αβγ (−ω; ω, 0) = 〈〈μ̂α; m̂β, m̂γ 〉〉ω,0,

Gdia
αβγ = Gdia

αβγ (−ω; ω) = −〈〈μ̂α; ξ̂ dia
βγ 〉〉ω,

a′
αβγ δ = a′

αβγ δ(−ω; ω, 0) = i〈〈μ̂α; q̂βγ , m̂δ〉〉ω,0,

showing how they are identified as response functions hold-
ing for real electronic wave functions. The operators in the
response functions above are

electric dipole: μ̂α = −
∑

i

riα,

magnetic dipole: m̂α = −1

2

∑
i

(ri × pi)α,

traced electric quadrupole: q̂αβ = −
∑

i

riαriβ,

diamagnetic susceptibility : ξ̂ dia
βγ = 1

4

∑
i

(riβriγ − riδriδδβγ ).

(8)

Here, i represents the ith electron and α, β, γ , and δ any
of the cartesian coordinates x, y, and z. riα and piα are the
components of the position and linear momentum operators,
respectively.

Equation (1) may be rewritten in a more compact form,

�n = n−45◦ − n+45◦ = NExBx

30ε0c0
×

{
J0 + JT

T

}
, (9)

where, rather trivially

J0 = G(3)
para + G(3)

dia + A′(3)
, (10)

JT = 1

kB

[
G(2)

para + G(2)
dia + A′(2)]

. (11)

For an ideal gas at pressure P, Eq. (9) becomes

�n = PExBx

30ε0c0kBT
×

{
J0 + JT

T

}
. (12)

The Jones constant kJ may be defined as

kJ = P

30ε0c0λkBT
×

{
J0 + JT

T

}

≈ 2.75028 × 10−14 × P [atm]

λ[nm] × T [K]
×

{
J0 + JT

T

}
[a.u.].

(13)

Above, kJ is obtained in SI units of V−1 T−1 with the choice of
units specified in square brackets in Eq. (13). With the newly
defined constant, Eq. (12) may be recast in a further reduced
form as

�n = n−45◦ − n+45◦ = kJλExBx. (14)

III. COMPUTATIONAL DETAILS

All calculations were carried out for molecular struc-
tures optimized at the level of Kohn–Sham density functional
theory (DFT) in conjunction with the hybrid B3LYP76–78

exchange-correlation functional and Dunning’s triple-ζ
(cc-pVTZ)79 basis set. For the property calculations, we
have made use of the Coulomb-attenuated method B3LYP
(CAM-B3LYP) exchange correlation functional80–82 to prop-
erly account for charge-transfer excitations—an issue that
becomes important for the mono-substituted benzenes. We
have adopted Dunning’s t-aug-cc-pVQZ and t-aug-pVTZ ba-
sis sets79, 83, 84 for property calculations on noble gas atoms
and polyatomic molecules, respectively. For xenon, the t-aug-
cc-pVQZ-pp basis set and effective small-core relativistic po-
tential were employed.85 Molecular structure optimizations
and property calculations have been carried out with use of
the Gaussian86 and DALTON87 programs, respectively.

IV. RESULTS AND DISCUSSION

Table I summarizes the quantities relevant for the analy-
sis of the Jones birefringence of the systems chosen for this
study, i.e., the noble gases He to Xe, and a set of molecules in-
cluding furan and its homologues thiophene and selenophene,
benzene and eleven mono-substituted benzenes. In the table,
the Jones constant—in particular the product of kJ and the
wavelength λ, cf. Eq. (13)—is given together with the J0 and
JT/T contributions, defined in Eqs. (9)–(11), with the isotropic
dynamic polarizability αav(− ω; ω) and the permanent elec-
tric dipole moment μ. The results were obtained at TDDFT
level by employing the standard form of the CAM-B3LYP
functional, assuming a wavelength of 632.8 nm, and, where
relevant, a pressure of 1 atm, and a temperature of 294.15 K.
Table II reports the contributions, Eqs. (2)–(7), to J0 and JT/T.
The geometry of the molecules studied in this work, with each
individual dipole vector aligned with the z-axis, is shown in
Figure 1. In Table I, the ratio kJλ/α, relative to Helium, and
employed here as the Figure of Merit (FOM) is reported. In
earlier work,66 the ratio

η = kJ√
kCMkK

(15)

has been used as an index of the measurability of Jones bire-
fringence. Above kCM and kK are the Cotton-Mouton and Kerr
constants, respectively, defined through the relationships

�nCM = kCMλB2, (16)

�nK = kKλE2. (17)

The quantity η therefore gives a measure of the size of the
Jones/magnetoelectric birefringence, when subject to both
electric (E) and magnetic (B) fields simultaneously, com-
pared to the supposedly stronger effects which are observed
in presence of either E (for Kerr) or B (for CME) alone. For
such a quantity, early, very approximate estimates by Gra-
ham and Raab29 and Ross and co-workers34 predict values of
the order of twice the fine structure constant (αfs ≈0.01459).
Our calculations on noble gases, cf. Refs. 2, 54, and 60,
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TABLE I. Isotropic dynamic polarizability αav( − ω; ω) [a.u.], dipole moment μ [a.u.], and Jones constant times the photon wavelength kJλ [10−20 m V−1 T−1]
for noble gases, furan homologues, and mono-substituted benzenes. The quantities J0 and JT/T constitute temperature independent and dependent parts of kJ,
respectively, and are both given in atomic units [a.u.]. Calculations refer to a wavelength of 632.8 nm, pressure of 1 atm, and temperature of 294.15 K, and are
carried out at the CAM-B3LYP level of theory.

αav μ J0 JT/T kJλ FOMa

He 1.5 0 − 79.9 0 − 0.00075 1
Ne 2.9 0 − 177.1 0 − 0.0017 1.2
Ar 11.7 0 − 1277.6 0 − 0.012 2.1
Kr 17.8 0 − 2558.8 0 − 0.024 2.8
Xe 28.6 0 − 5654.5 0 − 0.053 3.6

C4H4O 49.8 0.27 1773.6 11 389.7 0.12 5.1
C4H4S 65.9 0.22 1247.6 − 772.0 0.0044 0.1
C4H4Se 73.3 0.18 770.9 − 6997.3 − 0.058 1.6

C6H5NH2 83.7 − 0.6 13 730.9 43 203.0 0.53 13.1
C6H5OH 76.9 − 0.51 7451.8 − 5243.3 0.021 0.6
C6H5CH3 84.7 − 0.16 6855.8 1213.8 0.075 1.8
C6H6 71.0 0 4335.4 0 0.041 1.2
C6H5F 71.0 0.63 4050.0 − 3152.0 0.0084 0.2
C6H5Cl 86.4 0.72 7130.1 − 68 234.3 − 0.57 13.6
C6H5Br 94.8 0.74 7913.9 − 128 306.8 − 1.13 24.4
C6H5COH 89.1 1.37 8490.9 − 134 679.9 − 1.18 27.2
C6H5CN 89.1 1.87 7171.2 − 182 532.7 − 1.64 37.9
C6H5NO2 90.0 1.86 7811.5 9699.6 0.16 3.7
C6H5NO 87.7 1.48 56 733.9 2 274 271.2 21.79 511.4
C6H5CHC(CN)2 149.2 2.69 23 675.3 − 196 979.2 − 1.62 22.3

aThe figure of merit (FOM) is defined as |kJλ/α| and reported relative He.

yield η of the order of the fine structure constant (vide in-
fra for a note on these results). For molecules, in line with
experiment,66 the values of η are much smaller than αfs.
Here, we resort to the FOM, as defined above, and we look
for systems with high values of the FOM. In experiment, it
is usually the relative change in the measured quantity, in-
duced by the effect studied, that determines the detection
limit.

A. Noble gases

The Jones birefringence of the noble gases He to Kr was
studied by means of ab initio theory in Ref. 54, where a cou-
pled cluster model was employed for the calculation of the
property, and the dependence on the extension and quality of
the basis set was analyzed in detail. The results were further
analyzed in Refs. 2 and 60. Rather unfortunately, a couple

TABLE II. The contributions to Jones birefringence, in a.u. Powers of ten are given in parentheses.

A′(3) G(3)
para G(3)

dia A′(2) G(2)
para G(2)

dia

He − 1.0481(+00) 1.5571(+01) − 9.4410(+01)
Ne − 3.0928(+00) 2.9091(+01) − 2.0307(+02)
Ar − 4.8599(+01) 2.5386(+02) − 1.4828(+03)
Kr − 1.2868(+02) 5.1468(+02) − 2.9448(+03)
Xe − 3.9815(+02) 1.1709(+03) − 6.4272(+03)

C4H4O − 3.1546(+02) 1.1805(+04) − 9.7156(+03) 8.3160(−01) − 5.0059(+00) 1.4784(+01)
C4H4S − 6.0594(+02) 1.5464(+04) − 1.3611(+04) 3.9506(−01) − 1.5969(+01) 1.4855(+01)
C4H4Se − 8.1042(+02) 1.7798(+04) − 1.6216(+04) 8.2357(−01) − 4.2799(+01) 3.5458(+01)

C6H5NH2 − 4.2662(+02) 3.0927(+04) − 1.6770(+04) − 2.6532(+00) 6.0975(+01) − 1.8078(+01)
C6H5OH − 6.0618(+02) 2.2995(+04) − 1.4937(+04) 9.7278(−01) − 3.0533(+01) 2.4676(+01)
C6H5CH3 − 6.0823(+02) 2.3684(+04) − 1.6220(+04) − 6.5974(−01) 2.7434(+00) − 9.5295(−01)
C6H6 − 6.1055(+02) 1.8602(+04) − 1.3656(+04)
C6H5F − 4.9955(+02) 1.6616(+04) − 1.2067(+04) 4.3384(+00) − 1.0583(+02) 9.8551(+01)
C6H5Cl − 6.7098(+02) 2.3752(+04) − 1.5951(+04) 5.2600(+00) − 1.8169(+02) 1.1287(+02)
C6H5Br − 9.5886(+02) 2.8219(+04) − 1.9346(+04) 9.3722(+00) − 4.4480(+02) 3.1591(+02)
C6H5CHO − 5.9849(+02) 2.4585(+04) − 1.5496(+04) 1.5584(+01) − 4.5826(+02) 3.1722(+02)
C6H5CN − 6.2176(+02) 2.3115(+04) − 1.5322(+04) 9.6514(+00) − 1.1033(+02) − 6.9351(+01)
C6H5NO2 − 5.0366(+02) 2.3087(+04) − 1.4771(+04) 2.3168(+01) − 4.9776(+02) 4.8363(+02)
C6H5NO − 1.1154(+03) 7.3058(+04) − 1.5209(+04) 1.1333(+00) 1.6564(+03) 4.6099(+02)
C6H5CHC(CN)2 − 1.4111(+03) 4.7895(+04) − 2.2809(+04) 3.6289(+01) − 2.7884(+02) 5.9058(+01)
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FIG. 1. Geometry of molecules studied in this work, with each individual dipole vector aligned with the z-axis; its sign and value may be found in Table I.
The tilt of the dipole relative to the substituent has been exaggerated for clarity, and it should be noted that the 2D-nature of this figure does not convey that the
dipole of aniline is not confined to the plane of the figure.

of errors slipped through in Sec. II A 1 of Ref. 54, cf. also
Ref. 29, where Eq. (22) should read

ω = G2211 − G1111 + ω

2
a′

23111 . (18)

The last equality in the equation G1111 = G2211 + G1212

+ G1221 = 0 applies only to the paramagnetic contribu-
tion G

para
1111, whereas for the corresponding diamagnetic term

the relationship Gdia
1111 = 2Gdia

2211 + Gdia
1221 �= 0 holds (we have

applied straightforwardly the symmetry properties of the
diamagnetic susceptibility operator in Eq. (8) above). The
contribution of Gdia

1111 is therefore missing in the data and
discussion of Refs. 2, 54, and 60. Note that the following
relationships hold, linking the notations used here to those
adopted in Ref. 54:

G(3)
para = −30G

para
1122, (19)

G(3)
dia = 30Gdia

1111 − 30Gdia
1122, (20)

A′(3) = −15ωa′
23111. (21)

Indeed, it is remarkable that the contribution that was
missing in our previous work on atoms is the dominant one
in a revised version of Tables II and III of Ref. 54, see the
Appendix below. Including it increases the values of ω and,
correspondingly, also �n by a considerable factor whose size
decreases as the basis set increases. For the largest basis sets
in the tables of Ref. 54, this factor varies between 2.5 and 3.5.
Coming back to Table II in this paper, this is reflected in the
dominant contribution to the Jones constant of the G(3)

dia term,
which always opposes in sign that of G(3)

para and adds to the
definitely minor (albeit significant) contribution of A′(3).

To a first approximation, all the response terms involved
in this study should have a power law dependence on the
radius of the electronic wave function r.88 Figure 2 shows
the dependencies of the electric dipole polarizability α and
the diamagnetic susceptibility χm (both experimental results
taken from Ref. 89), on the atomic sizes ra (the atomic radii
are taken from Ref. 90). In these cases, one would expect to
observe a quadratic dependence on ra, and, indeed, an anal-

ysis of the data yields exponent of 2.3 and 2.1, for α and
χm, respectively, close to what is expected.91 Incidentally, fit-
ting calculated values for αav (obtained as byproducts of our
higher order property calculations and reported in Table I)
yields an exponent of 2.1. In Figure 2, we also report the prod-
uct kJλ as a function of ra for the five noble gases studied here,
and for the Jones constant we find an exponent of 3.7. This is
in rather close agreement with the evidence that the dominant
contribution to kJ comes from the G(3)

dia terms, which should
yield in first approximation to an exponent of 4, whereas all
other contributions to J0 would give higher exponents. As a
consequence of the trends discussed here for the Jones con-
stant and the electric dipole polarizability, the FOM increases
as one moves down the noble gases column of the periodic ta-
ble, with a nearly quadratic dependence on the atomic radius.

Note that relativistic effects that may become important
for heavy atoms like xenon, have been neglected in this study.
Plans have been made in our group to further analyse the
Jones birefringence of xenon, and in particular relativistic
contributions to this effect, in a forthcoming study.

B. Furan homologues and monosubstituted benzenes

The Jones constant changes sign while moving along
the series of furan and its homologues. If the temperature-
independent contribution decreases, while remaining positive,
the temperature-dependent term changes sign, its absolute
value becoming smaller than the corresponding J0 for thio-
phene. This behavior is the consequence of the strong changes
in the G(2)

para term, whose absolute value increases by a factor of
≈3 moving down the column from furan, through thiophene
to selenophene. The FOM of furan is larger than that of all
noble gases, and also of a few of the substituted benzenes, see
below. On the other hand, thiophene has the lowest FOM of
the whole series in Table I, as low as 0.1. The FOM of se-
lenophene places itself between Ne and Ar.

The Jones birefringence of benzene was among the prop-
erties studied, and in good detail, in Ref. 57. Here, the dia-
magnetic and paramagnetic G(3)

para and G(3)
dia are roughly of

the same size, and of opposite sign. They tend to cancel
each other and still, at λ = 632.8 nm, their sum yields a
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FIG. 2. Dependencies of the experimental values for the polarizability (top), the magnetic susceptibility (middle, absolute values) and the calculated values of
kJλ (bottom, again absolute values) on the atomic radius of the noble gases, ranging from He to Xe. Dashed lines are power law fits. For exponents, see text.

contribution which is almost one order of magnitude larger
than that of A′(3). Without temperature dependent contribu-
tions, the FOM of benzene equals that of Ne.

Among the substituted benzenes, the temperature de-
pendent contribution is smaller (in absolute value) than the
temperature independent one for toluene, fluorobenzene, and

phenol. In the case of C6H5CH3 in particular, the latter is
five times larger than the former. In nitrobenzene, the ratio
between T-dependent and T-independent contributions to kJ

is ≈1.2. In all other cases, the same ratio assumes values
ranging from 3.1 (aminobenzene) to 40.1 (nitrosobenzene).
Dominance of the temperature-dependent term implies larger
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Jones constants, and larger FOMs. The latter becomes quite
large (>20, for example) for some of the systems in the
list, including bromobenzene, benzaldehyde, and cyanoben-
zene, and surprisingly large for nitrosobenzene (FOM as large
as 511).

Going into more details, the sum of G(3)
para and G(3)

dia yields
a contribution that is between nine and 17 times larger than
that of A′(3), and always of opposite sign throughout the list
of substituted benzenes. Two exceptions are aminobenzene
and nitrosobenzene, where the ratio rises to 33 and 52, re-
spectively. Near cancellations of the G(2)

para and G(2)
dia contribu-

tions lead to their sum G(2) being roughly of the same order
of magnitude of A′(2) for toluene and fluorobenzene, whereas
the A′(2) term is larger than G(2) for nitrobenzene. In all other
cases, this last contribution prevails, being roughly one order
of magnitude larger than the A′(2) one, with the resounding ex-
ception of nitrosobenzene, where the ratio (G(2)

para + G(2)
dia)/A′(2)

is huge, ≈1900.
The series including benzene and 11 of its monosubsti-

tuted derivatives is nicely discussed by studying the correla-
tion existing between the Jones constant (actually kJλ) and the
permanent electric dipole or the para Hammett constant.74, 75

The latter is a qualitative/quantitative descriptor of the re-
lationship between structure and chemical reactivity, a sub-
stituent constant which expresses the electron donation and
withdrawing capacities of the respective substituent groups,
and which has already been seen to correlate nicely with other
nonlinear optical properties, e.g., the molecular electric dipole
hyperpolarizabilities of substituted benzenes and stilbenes.92

Para-Hammett constants for our comparison were taken from
Ref. 93. The results of this analysis for the substituted ben-
zenes listed in Table I are shown in Figure 3.

With the relevant exceptions of nitrosobenzene, which
clearly sticks out of the list with its huge value and is out
of the figure (the Hammett constant of nitrosobenzene being
0.9174), and of nitrobenzene, the Jones constants of all ben-
zenes follow quite nicely a linear relationship, similar to that
observed for first electric dipole hyperpolarizabilities.92 The
correlation between the birefringence and the Hammett con-
stant is clear, including the sign, and it reproduces rather well
that observed between birefringence and permanent electric
dipole moment. In the figure, we show also the correlation
existing between permanent electric dipole and para Ham-
mett constants. Below we will discuss the two relevant excep-
tions and suggest explications for their “irregular” behavior in
Figure 3. As pointed out already in Ref. 92, it is far from triv-
ial to find arguments for the existence of relationships, in par-
ticular linear correlations, between an empirical quantity as
a substituent constant and a complex nonlinear optical prop-
erty as the Jones observable. Hammett constants are deter-
mined by the influence of a given substituent on the reactivity
of a parent compound, and they depend on the ground state
electron density at the reaction center. Its relationship with a
nonlinear optical property involving the whole electron den-
sity, and heavily dependent on the characteristic of the excited
state manifold, are rather difficult to ascertain. It is a matter
of fact though that a linear relationship is evident in Figure 3.
It is also reasonable to state that a correlation para Hammett-
dipole can be rationalized, since the former describes the elec-

tron donating/withdrawing character of the substituent, which
also influences the permanent dipole moment of the molecule.
Note, from the top panel of Figure 3, how the largest Jones
birefringences are associated to large permanent dipole mo-
ments, as one would intuitively expect where the T-dependent
contributions to kJ prevail, due to the role of the electric dipole
components in Eqs. (5)–(7).

In order to attempt an explanation for some of the evi-
dences discussed up to this point, it is important to recall that
the optical responses involved in the definition of the observ-
able have a complex structure, involving, in their spectral rep-
resentation, sums over the complete manifold of excited states
and the presence of poles, with the insurgence, for particu-
lar choices of the excitation frequency, of the phenomenon
of resonance enhancement. In comparing frequency depen-
dent responses for a wide selection of systems, it becomes
relevant to first identify the positions of the poles in these
systems. In the present work, we are adopting standard per-
turbation theory leading to response functions that become
unphysically divergent as optical frequencies approach the
values of the transition frequencies, and, as a consequence,
the calculated responses can become arbitrarily large in reso-
nance regions. This situation represents an artefact in the for-
mulation of the theory and can be addressed by taking relax-
ation into account,94 which leads to the definition of finite and
resonance-convergent response functions.

The vertical electronic excitation energies of the low-
lying singlet states for all our studied molecules are summa-
rized in Fig. 4. These are all small aromatic systems with large
ππ* transition energies in the region of 4–6 eV. Nitrosoben-
zene sticks out, however, showing a nπ*-transition at about
1.5 eV. An excitation energy as low as 1.5 eV falls below the
photon energy associated with our targeted laser operating at
632.8 nm, and, although this state is not very strongly coupled
to the electronic ground state by means of the electric-dipole
operator, it severely affects the dispersions of the involved re-
sponse functions and strongly contribute to the Jones effect of
this molecule.

In studies of the frequency dependence, it becomes inap-
propriate to focus on the Jones constant due to the fact that, in
comparison to the observable, the wavelength has been fac-
tored out [see Eq. (14)]. Instead, it is the frequency depen-
dence of kJλ that is the relevant quantity to study, since it is
directly proportional to the birefringence �n. In Fig. 5, we
present the dispersion of this quantity for nitrosobenzene. In
the low frequency limit, the response is about −10 × 10−20

m (V T)−1 and, at laser detuning of about 0.5 eV, the value
has roughly doubled and, from there on, the dispersion be-
comes very strong. Going beyond the resonance energy, there
is a sign change in the response property that is associated
with sign changes in the denominators of individual response
functions for terms involving the first excited state. This ex-
plains the fact that, at 632.8 nm, the response property is about
+20 × 10−20 m (V T)−1.

Apart from C6H5NO and for a laser operating at
632.8 nm, the detuning amounts to some 2 eV, or more,
for all systems in the present study. This is a guaran-
tee for off-resonance conditions and resonance enhance-
ment is therefore expected to be weak. For this reason, it
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FIG. 3. Calculated Jones constant times the photon wavelength kJλ vs. the corresponding electric dipole permanent moment and the corresponding para-
Hammett constant for each substituent. Calculations refer to a wavelength of 632.8 nm, pressure of 1 atm, and temperature of 294.15 K, and are carried out at
the CAM-B3LYP level of theory. For comparison, the permanent dipole is also reported vs. the corresponding para-Hammett constant.

appears appropriate to compare molecular responses at this
common wavelength.

Going back to our correlation between the Jones con-
stant and the para-Hammett constant, we can therefore state
that the reason for nitrosobenzene to behave as it does re-
lates to the presence of the nπ*-resonance, but in the case

of nitrobenzene the explanation eludes us. For nitrobenzene,
we calculate a JT/T contribution that is relatively small and
of the opposite sign as compared to the other nonresonant
benzene-acceptor molecules. This explains “numerically” the
peculiar behavior of this molecule in Figure 3, see in partic-
ular the two low lying panels. Prompted by this evidence,
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FIG. 4. Vertical electronic excitation energies (eV) for furan homologues and monosubstituted benzenes. The dashed horizontal lines indicate the standard
experimental wavelengths of 632.8 nm and 1064.0 nm.

we have performed additional studies of other proper-
ties involving nonlinear frequency dependent responses, for
nitrobenzene and for cyanobenzene, selected among the
other monosubstituted benzenes studied here. Properties
as the first electric dipole hyperpolarizability β(−ω; ω, 0)
= −〈〈μ̂α; μ̂β, μ̂γ 〉〉ω,0, or the Verdet constant, measuring the
Faraday effect and proportional to the appropriate combina-

tion of electric dipole–electric dipole–magnetic dipole first
hypersusceptibility tensor components −〈〈μ̂α; μ̂β, m̂γ 〉〉ω,0,3

were computed using the same basis set and electronic struc-
ture model employed for Jones birefringence. The results well
reproduced the expected trends and relationship with experi-
mental data. Apparently the Jones constant is sensitive to a
particularity of the nitrobenzene molecule that we have not

FIG. 5. Dispersion of the Jones constant times the photon wavelength for C6H5NO. The dashed vertical line indicates the standard experimental wavelength of
632.8 nm (1.96 eV). Results refer to a pressure of 1 atm and a temperature of 294.15 K.
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been able to identify so far, and we cannot offer at this stage
physical arguments for the result we obtain in this specific
case.

V. CONCLUSIONS

An ab initio study of the Jones (and magnetoelectric)
birefringence of a series of systems (noble gases, furan and
two of its homologues, benzene and 11 monosubstituted
derivatives) was carried out employing TDDFT (with CAM-
B3LYP as the choice of the functional) and large basis sets
(Dunning’s triply augment correlation consistent of triple-ζ
quality for molecules, of quadruple-ζ quality for noble gases)
with the aim of finding out a system or a class of systems
that could be likely candidates for the combined computa-
tional/experimental study.

In the course of the analysis, we have come across some
interesting and relevant correlations between the observable,
the Jones constant, and the atomic radius (for noble gases) or
the dipole moment or a substituent empirical parameter as the
para Hammett constant, for benzene and its mono substituted
derivatives. As an index of the measurability of the birefrin-
gence, we have taken a figure of merit defined as the ratio of
the product of the Jones constant by the wavelength and the
mean static electric dipole polarizability.

The observable follows nicely an expected quadratic law
when it comes to the dependence on the atomic radius for
noble gases. This includes also Xe, where relativistic effects
on the properties have been neglected, prompting us to state
that the effect of relativity on the Jones constant of Xe might
be negligible.

The linear correlation between Jones constant and para
Hammett constant, paralleling that existing between Jones
constant and permanent dipole moment, has two notable ex-
ceptions: nitrosobenzene and nitrobenzene. Whereas for the
former we could identify the reason for the “out of tune” be-
havior (and for the huge resulting response) in the presence of

a nearly resonant excited electronic state, we cannot at present
offer a physical argument to explain the behavior of the latter.
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APPENDIX: REVISION OF DATA FOR NOBLE GASES

In Tables III and IV we reproduce, for all basis sets em-
ployed in Ref. 54 with the exception of the quadruply aug-
mented sets, the relevant tensor elements, and the birefrin-
gence computed at full configuration interaction (FCI) level
for helium, and CCSD level for neon, argon, and krypton. The
notation is that employed in Ref. 54, see also Eqs. (18)–(21)
above.

With reference to the discussion of the results obtained
for the noble gases in Ref. 54, we note that the Gdia

1111 con-
tribution, neglected in that paper, is always of opposite sign
with respect to and larger (a factor up to more 2.5 in absolute
value) than the Gdia

2211 tensor element, which was seen to be
dominant already in Ref. 54. Since the two diamagnetic com-
ponents contribute with opposite sign to ω (cf. Eq. (20)),
the newly introduced all diagonal component yields a sensi-
ble increase of ω, and a correspondingly enhancement of the
birefringence �n.

The “best estimates” of the birefringence of the rare gases
change accordingly: from −1.3× 10−17 to −4.5× 10−17 for
helium; from −3.5× 10−17 to −1.1× 10−16 for neon; from

TABLE III. He. FCI results for Jones birefringence. Revised version of data of Ref. 54. See text. In parentheses are results from Ref. 54. Wavelength
λ = 632.8 nm. Birefringences �n computed for a pressure of 1 bar, external electric and magnetic induction fields of 2.6 × 106 V m−1 and 3 T, respectively,
and a temperature of 273.15 K.

Basis Gdia
1111 G

para
2211 Gdia

2211 a′
23111 ω �n × 1017

cc-pVTZ − 0.09675 − 0.04527 0.03284 0.00252 0.08440 (−0.01235) − 0.196 (0.029)
cc-pVQZ − 0.27990 − 0.10056 0.09288 0.01143 0.27263 (−0.00727) − 0.634 (0.017)
cc-pV5Z − 0.46701 − 0.15175 0.16789 0.02742 0.48414 (0.01713) − 1.126 (−0.040)
cc-pV6Z − 0.69374 − 0.20784 0.26113 0.05434 0.74899 (0.05525) − 1.742 (−0.128)

aug-cc-pVTZ − 1.45872 − 0.36642 0.57747 0.19921 1.67694 (0.21822) − 3.899 (−0.507)
aug-cc-pVQZ − 1.54466 − 0.38672 0.71476 0.28923 1.88311 (0.33845) − 4.379 (−0.787)
aug-cc-pV5Z − 1.54804 − 0.39262 0.79741 0.35784 1.96570 (0.41767) − 4.571 (−0.971)
aug-cc-pV6Z − 1.49822 − 0.39322 0.85004 0.41112 1.96983 (0.47162) − 4.580 (−1.097)

d-aug-cc-pVTZ − 1.37139 − 0.39407 0.91118 0.53083 1.90760 (0.53622) − 4.436 (−1.247)
d-aug-cc-pVQZ − 1.38055 − 0.39524 0.92584 0.53388 1.93036 (0.54982) − 4.489 (−1.278)
d-aug-cc-pV5Z − 1.39391 − 0.39456 0.92935 0.53548 1.94797 (0.55407) − 4.530 (−1.288)
d-aug-cc-pV6Z − 1.40124 − 0.39400 0.92662 0.53492 1.95312 (0.55188) − 4.542 (−1.283)

t-aug-cc-pVTZ − 1.37416 − 0.39457 0.91193 0.53323 1.91072 (0.53655) − 4.443 (−1.248)
t-aug-cc-pVQZ − 1.37990 − 0.39528 0.92569 0.53433 1.92955 (0.54964) − 4.487 (−1.278)
t-aug-cc-pV5Z − 1.39133 − 0.39446 0.92914 0.53491 1.94526 (0.55394) − 4.523 (−1.288)
t-aug-cc-pV6Z − 1.39928 − 0.39392 0.92679 0.53456 1.95139 (0.55211) − 4.538 (−1.284)
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TABLE IV. CCSD results for Jones birefringence of Neon, Argon, and Krypton. Revised version of data of Ref. 54. See text. In parentheses are results from
Ref. 54. Wavelength λ = 632.8 nm. Birefringences �n computed for a pressure of 1 bar, external electric and magnetic induction fields of 2.6 × 106 V m−1

and 3 T, respectively, and a temperature of 273.15 K.

Basis Gdia
1111 G

para
2211 Gdia

2211 a′
23111 ω �n × 1017

Neon
aug-cc-pVTZ − 2.22662 − 0.55093 1.02835 0.83594 2.73414 (0.50752) − 6.358 (−1.180)
aug-cc-pVQZ − 2.69983 − 0.63667 1.37156 1.00038 3.47074 (0.77091) − 8.070 (−1.793)
aug-cc-pV5Z − 2.96323 − 0.68655 1.70140 1.19172 4.02098 (1.05775) − 9.350 (−2.460)

d-aug-cc-pVTZ − 3.50756 − 0.75070 1.85796 1.41982 4.66594 (1.15838) − 10.850 (−2.694)
d-aug-cc-pVQZ − 3.25614 − 0.73992 2.00568 1.50209 4.57597 (1.31983) − 10.640 (−3.069)
d-aug-cc-pV5Z − 3.06233 − 0.73404 2.15598 1.63683 4.54320 (1.48087) − 10.564 (−3.443)

t-aug-cc-pVTZ − 3.19133 − 0.75633 2.17231 1.67606 4.66765 (1.47632) − 10.854 (−3.433)
t-aug-cc-pVQZ − 3.04631 − 0.74037 2.17100 1.68486 4.53759 (1.49128) − 10.551 (−3.468)
t-aug-cc-pV5Z − 3.02514 − 0.73399 2.18048 1.69322 4.53258 (1.50744) − 10.540 (−3.505)

Argon
aug-cc-pVTZ − 21.72543 − 6.46468 12.32241 18.42279 28.24641 (6.52098) − 65.681 (−15.163)
aug-cc-pVQZ − 24.97387 − 7.08445 15.77958 23.09026 34.50028 (9.52641) − 80.223 (−22.152)
aug-cc-pV5Z − 22.52025 − 7.01763 16.99101 24.62570 33.38019 (10.85994) − 77.618 (−25.252)

d-aug-cc-pVTZ − 25.14808 − 7.45078 18.81484 29.54271 37.57572 (12.42764) − 87.374 (−28.898)
d-aug-cc-pVQZ − 23.66531 − 7.30320 19.13405 29.77622 36.56814 (12.90283) − 85.031 (−30.003)
d-aug-cc-pV5Z − 22.58023 − 7.25819 19.58557 31.11452 36.02777 (13.44754) − 83.775 (−31.269)

t-aug-cc-pVTZ − 23.28978 − 7.45600 20.30386 33.65619 37.34931 (14.05953) − 86.848 (−32.692)
t-aug-cc-pVQZ − 22.60071 − 7.30326 19.93156 32.26406 36.39056 (13.78985) − 84.618 (−32.065)
t-aug-cc-pV5Z − 22.35573 − 7.25834 19.73956 31.90732 35.98566 (13.62993) − 83.677 (−31.693)

Krypton
aug-cc-pVTZ − 49.24551 − 14.22440 28.15406 56.19013 65.19809 (15.95258) − 151.604 (−37.094)
aug-cc-pVQZ − 48.32808 − 14.54613 33.68654 64.39986 69.78697 (21.45889) − 162.274 (−49.898)
aug-cc-pV5Z − 44.89622 − 14.41114 36.13720 69.18110 69.11290 (24.21668) − 160.707 (−56.311)

d-aug-cc-pVTZ − 51.16270 − 15.60627 39.73010 82.25847 78.24796 (27.08526) − 181.948 (−62.981)
d-aug-cc-pVQZ − 46.69773 − 15.11992 40.90421 84.20056 75.51336 (28.81563) − 175.590 (−67.004)
d-aug-cc-pV5Z − 44.52121 − 14.83324 40.96292 84.65747 73.69867 (29.17747) − 171.370 (−67.846)

t-aug-cc-pVTZ − 46.80882 − 15.60989 43.02425 93.66344 77.59519 (30.78637) − 180.431 (−71.587)
t-aug-cc-pVQZ − 44.97673 − 15.11689 42.17999 90.08271 75.28293 (30.30620) − 175.054 (−70.470)
t-aug-cc-pV5Z − 43.96590 − 14.83800 41.44806 87.58322 73.72908 (29.76318) − 171.441 (−69.208)

−3.0× 10−16 to −8.4× 10−16 for argon; and from −6.5
× 10−16 to −1.7× 10−15 for krypton.
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