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Abstract. Previous theory for stimulated Brillouin scattering is reconsidered and
generalized. We introduce an effective ion sound velocity that turns out to be useful
in describing scattering instabilities.

1. Introduction
Brillouin scattering instabilities are well known in the
context of laser fusion (e.g. Kruer 1973; Tsytovich et al.
1973; Weiland and Wilhelmsson 1977; Rahman et al.
1981; Yadav et al. 2008; Simon 1995; Panwar and
Sharma 2009). Mendonca (2012, review paper) has,
in addition, examined such backscattering instabilities
of electromagnetic beams carrying orbital angular mo-
mentum and stressed their relevance for plasma dia-
gnostics.

In the 1970s it was predicted that the threshold values
for stimulated Brillouin scattering can also be exceeded
in ionospheric experiments (see the review papers Stenflo
2004; Gurevich 2007). The scattering by ion–cyclotron
waves (e.g. Shukla and Tagare 1979; Samimi A. et al.
2013) and drift waves (Shukla et al. 1984) can then
be important. Related experiments have later been out-
lined for piezoelectric semiconductor plasmas (e.g. Amin
2010).

In the present paper we are going to further extend the
results of previous authors. Let us therefore start with
the equation (Stenflo 1981; Shukla and Stenflo 2010)

1

χe(ω, k)
+

1

1 + χi(ω, k)
=

k2 |ks− × u0|2

k2
s−Ds−

+
k2 |ks+ × u0|2

k2
s+Ds+

,

(1.1)

where χe(ω, k) and χi(ω, k) are the standard low-
frequency electron and ion susceptibilities for ion-
acoustic and electrostatic ion–cyclotron waves, ω and
k are the frequency and wave vector, ks±= k ± k0 is the
wave vector of the upper and lower sideband, respect-
ively, k0 is the wave vector of the high frequency elec-
tromagnetic pump wave, u0 = eE0/meω0 is the electron
quiver velocity of the pump with the electric field E0 and

the frequency ω0 =
(
k2

0c
2 + ω2

pe

)1/2
, −e is the electron

charge , me is the electron mass, c is the speed of light
in vacuum and ωpe is the electron plasma frequency.
Furthermore, Ds± = k2

s±c
2 − ω2

s± +ω2
pe in the absence of

dissipation, where ωs± = ω ± ω0. For ω �ω0 we have
Ds± � ∓2ω0(ω − δ±), where δ± = k · vg ± k2c2/2ω0, and
vg = k0c

2/ω0.

Introducing ϕ± as the angle between ks± and u0, we
note that (1.1) can be simplified to(

1

χe(ω, k)
+

1

1 + χi(ω, k)

) (
(ω − k · vg)

2 − k4c4/ω2
0

)

=
k4c2 |u0|2 sin2 ϕ

ω2
0

(1.2)

provided ϕ+ � ϕ− = ϕ, which, for example, holds for
|k| � |k0|, |k0| � |k| or if the wave vectors are parallel.
Equation (1.2) is in agreement with Drake et al. (1974,
Eq. (44)) in the unmagnetized limit. They used this
formula to deduce the growth rate for modulational in-
stabilities. Furthermore, four-wave interaction has been
studied in a magnetized plasma for a one-dimensional
geometry (Stenflo 1978), generalized to include the ef-
fects of a very large pump amplitude, also allowing for
|u0| > ω0/k0, which is not within the regime of validity
of (1.2). The advantage with our formulas below is their
applicability to a general three-dimensional geometry
spanned by the wave vectors and the external magnetic
field.

2. Derivations and results
Next we assume that the interaction with the lower
sideband (ωs−, ks−) is dominant over the upper sideband
(ωs+, ks+), i.e. |Ds−| � |Ds+|. Rewriting (1.1) keeping
only the interaction with the dominant sideband and
assuming ω �Ωe and ω � kVTi, where Ωe is the electron
cyclotron frequency and VTi is the ion thermal velocity,
we obtain (Shukla and Stenflo 2010)

(ω − δ−)
(
ω4 − ω2Ω2

IC + k2
zC

2
s Ω

2
i

)

=

(
Ω2

i k
2
z − ω2k2

)
2ω0

ω2
pi |u0|2 sin2 ϕ, (2.1)

where Ω2
IC = Ω2

i + k2C2
s , Ωi is the ion–cyclotron fre-

quency, Cs is the ion sound velocity, k = (k2
⊥ +k2

z )
1/2 and

the subscripts ⊥ and z respectively stand for components
perpendicular and parallel to the external magnetic field
B0 = B0ẑ. Here ϕ is the angle between ks− and u0. Then
we consider the parametric decay instability and thus
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Figure 1. (Colour online) I+ plotted as a function of normalized wavenumbers kzn and k⊥n.

divide the frequency into its real and imaginary parts,
that is ω = ωr + iγ. Furthermore, we take the sideband
to be resonant, i.e.

ω − δ− = iγ (2.2)

such that ωr = δ−. Similarly, the low-frequency disper-
sion relation is supposed to be fulfilled, i.e.

ω4
r − ω2

r Ω
2
IC + k2

zC
2
s Ω

2
i = 0, (2.3)

in which case the growth rate is

γ2 =

(
ω2

r k
2 − Ω2

i k
2
z

)
|u0|2 ω2

pi sin
2 ϕ

4
(
2ω3

r − ωrΩ
2
IC

)
ω0

, (2.4)

where the right-hand side is a positive definite factor
because of the condition (2.3). Next we are interested
in finding the fastest growing decay products. For this
purpose we introduce the azimuthal angle φ for k, i.e. we
write k =k⊥(x̂ cosφ + ŷ sinφ) + kz ẑ. If we let k0 = k0x̂,
then the resonance condition for the sideband (2.2) is
fulfilled for cosφ � k2/2k0k⊥. With the azimuthal angle
determined, we are free to vary kz and k⊥ to maximize
γ. Writing

γ2 = I±(kz, k⊥)
|u0|2 ω2

piΩi sin
2 ϕ

2C2
s ω0

, (2.5)

where I± = (ω2
r±k

2C2
s − Ω2

i k
2
zC

2
s )/(4ω

3
r± − 2ωr±Ω

2
IC)Ωi

and here the index ± refers to the two roots of (2.3)
given by ω2

r± = (Ω2
IC/2) ±

√
(Ω4

IC/4) − k2
zC

2
s Ω

2
i , we thus

want to find the maximum of I±(kz, k⊥). In Figs. 1
and 2, I+(kz, k⊥) and I−(kz, k⊥) are shown as functions
of the normalized wavenumbers kzn = kzCs/Ωi and
k⊥n = k⊥ Cs/Ωi. We see that the fastest growing modes
occur for the negative root and for both kzn � 1 and
k⊥n � 1 in which case I− approaches 0.5 (Fig. 2). The
other mode (Fig. 1) has I+ always smaller than 0.2 and
has a peak value for k⊥n � 1 and kzn slightly larger
than unity. Thus, the parametric decay instability will

mainly occur for the negative root and with parallel
and perpendicular wavelengths much longer than the
effective gyro radius Cs/Ωi. Since the maximum occurs
for small k, it is always possible to fulfill the condition,
cosφ � k2/2k0k⊥ (for larger k this condition may lead
to cosφ > 1, in which case the sideband resonance
condition cannot be fulfilled simply by varying the
azimuthal angle). Furthermore, for small k the factor
sin2 ϕ in (2.5) is also maximized as we get sin2 ϕ � 1.

For a strong pump wave u0, the growth rate γ found
in (2.4) may be comparable to ωr . If δ− < δ+, we may
still use (2.1), but naturally (2.2) and (2.3) cannot be
applied for such a large pump amplitude. To study this
case, we focus on the regime where ω � δ−, in which
case (2.1) can be written as

ω4 +
(
Ω2

i k
2
z − ω2k2

) (
C2
s +

sin2 ϕ

(2k · k0 − k2)c2

∣∣u2
0

∣∣ω2
pi

)

− ω2Ω2
i = 0. (2.6)

Interestingly, this is exactly the same dispersion relation
as the usual one (i.e. (2.3)) for the linear low-frequency
mode, except that the ion-sound velocity is now sub-
stituted according to C2

s → C2
eff , where the effective

ion-sound velocity is given by

C2
eff = C2

s +
sin2 ϕ

(2k · k0 − k2)c2

∣∣u2
0

∣∣ω2
pi. (2.7)

In order to get instabilities we must have C2
eff < 0 which

in turn requires (2k · k0 − k2) < 0, which is fulfilled for
a broad set of parameters. The solutions can thus be
written as

ω2
± =

Ω2
eff

2
±

√
Ω4

eff

4
− k2

zC
2
effΩ

2
i , (2.8)

where Ω2
eff = Ω2

i + k2C2
eff . While the cyclotron frequency

may have a stabilizing influence for small k, it is clear
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Figure 2. (Colour online) I− plotted as a function of normalized wavenumbers kzn and k⊥n.

that when C2
eff turns negative, short wavelength modes

of the negative root will have the factor Ω2
i + k2C2

eff

negative, in which case we always have an instability.
The growth rate will then be of the order

γ ∼ k
|u0|ωpi

c |2k · k0 − k2|1/2
. (2.9)

This expression for γ can in principle be made very large
since 2k · k0 − k2 can be adjusted to approach zero, but
the validity of the expression breaks them down when
|2k · k0 − k2| is of order 2γω0/c

2. The maximum growth
rate γmax is

γmax ∼
[
k2

|u0|2 ω2
pi

ω0

]1/3

. (2.10)

However, we also require

γmax �
|u0|2 ω2

pi

C2
s ω0

(2.11)

to keep Ceff negative, which means that the maximum
growth rate is limited by conditions (2.10) and (2.11).
Since (2.10) can in principle be made arbitrarily large
by increasing k, eventually the limit on the growth rate
is guaranteed to be given by (2.11).

The transition from the parametric decay instability
with a growth rate given by (2.5) to the large amplitude
regime depends on the dimensionless amplitude u0n =
|u0|ωpi/Cs (ω0Ωi)

1/2. In the regime u0n � 1, the growth
rate scales as γ/Ωi ∼ u0n, whereas for u0n > 1, the
scaling changes to γ/Ωi ∼ u2

0n. The transition to a
higher pump amplitude is accompanied by a shift in
the wavelength of the low-frequency mode, i.e. from
long to short wavelengths as compared to Cs/Ωi. For
the large amplitude results to be valid, the amplitude
must still be small enough for (1.1) to apply, which
implies |u0| < ω0/k0. If this condition is violated the
spectrum of the decay products will be more complicated

than what we have considered here. In conclusion,
there is thus a range of pump velocity amplitudes
Cs (ω0Ωi)

1/2 /ωpi < |u0| < ω0/k0 in which case the large
amplitude scaling γ/Ωi ∼ u2

0n holds.
In order to compare with previous work, we finally

consider the one-dimensional limit and then also include
the contributions from both sidebands. The expression
(2.7) accordingly turns out to be

C2
eff = C2

s −
2
∣∣u2

0

∣∣ω2
pi(

k2 − 4k2
0

)
c2
, (2.12)

which is in agreement with the previous result (Stenflo
1978).

About 40 years ago, most space physicists could
not imagine stimulated Brillouin scattering in the iono-
sphere. However, although very weak, this effect finally
turned out to exist (see the review paper by Stenflo 2004).
Recently, it was suggested (Sharma et al. 2011) that stim-
ulated Brillouin scattering also may exist in biological
tissues. According to the mobile telephone industry, this
effect this time also is expected to be negligible. However,
due to unexpected resonance phenomena we cannot be
sure. More studies are thus necessary.
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