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Abstract 

In this study the elastic properties of a fcc Fe0.87Mn0.13 random alloy are studied by ab initio 

calculations. Ground state lattice parameters and elastic properties are calculated with Density 

Functional Theory using the Exact Muffin-Tin Orbital method and the Coherent Potential 

Approximation.  Several magnetic models, approximations and distortion techniques are evaluated 

for optimized results, which are obtained by a Disordered Local Moment model with the Frozen Core 

and Generalized Gradient approximations using volume-conserving distortions. Conclusively the 

longitudinal sound velocities are calculated from second order elastic stiffness constants and 

visualized by two different codes. 

The importance of magnetism for elastic properties is confirmed, as is the usefulness of the 

optimized computational scheme; all quantities obtained via the scheme is in accord with earlier 

theoretical and experimental results. Volume-conserving distortions are found to be more precise 

than volume-altering for calculation of elastic constants but also to be highly dependent on the 

precision of bulk modulus determination. The two sound-velocity codes are in complete agreement. 



 
 

Project outline 

This bachelor’s degree thesis has been carried out in the Theoretical Physics group within the 

Department of Physics, Chemistry and Biology (IFM) at Linköping University, under the supervision of 

Ph.D. Ferenc Tasnádi and with Prof. Igor Abrikosov as examiner. 

The goals of the project are summarized as: 

1. Install the EMTO-CPA code developed by L.Vitos et al. and the sound velocity plotting code 

developed by F.Tasnádi at Materials Modeling Laboratory. 

2. Calculate the elastic constants and longitudinal sound velocities of the Fe0.87Mn0.13 random alloy 

utilizing the codes from 1. 

3. Calculate the sound velocities using the careware code ANIS and compare the results. 

The report consists of a main part detailing the obtained results and a supplementary part explaining 

the underlying theory. Concepts introduced and explained in the supplementary part is in this part 

referenced as [S#], where # denotes the supplementary chapter where the concept is introduced. 
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1   Introduction 

In the development of new utilizable materials metallurgical alloying is one of the most potent 

approaches. The mechanical properties of an alloy depend heavily upon its magnetic properties but 

also its composition [1], permitting tailoring of desired qualities [2]. Fe-Mn alloys exhibits large 

ductility combined with high strength and owes these properties to its competing deformation 

mechanisms [3]. Understanding of these alloys' structural, elastic and sound propagating properties 

are therefore of significance since high Mn steels are essential for today's production of computer 

disks [4] and shows promise for automotive engineering as well [5]. Density Functional Theory [S1.2*] 

is one ab initio approach to determining these properties theoretically and serves to further our 

understanding of their dependence on magnetic and structural parameters. 

2   Computational details 

The structural and elastic properties of fcc Fe0.87Mn0.13 were calculated by Density Functional Theory 

(DFT) [S1.2] using the Exact Muffin-Tin Orbital (EMTO) [6, S1.6] formalism and the Coherent Potential 

Approximation (CPA) [7, S1.7].  The Local Density Approximation (LDA) [S1.3] was utilized for the self-

consistent iterations [S1.4] to obtain ground state charge density [S1.2], while the LDA and the 

Generalized Gradient Approximation (GGA) [8, S1.3] were applied for total energy calculations. The 

magnetic state of the alloy was modeled using the Anti-Ferromagnetic (AFM) 1Q [9] state and a 

Disordered Local Moment (DLM) [10] model. Calculations were carried out both for soft cores and by 

use of the frozen core approximation [S1.1]. The integration in the Brillouin zone was done over a 

mesh of 25x25x25 k points. 

The final results were obtained by a combination of the DLM model, the GGA for total energy and the 

frozen core approximation.  

Elastic stiffness constants [S2.1] were calculated by means of both volume-altering distortions [S2.3] 

and volume-conserving distortions [S2.3]. Longitudinal sound velocities [S2.4] were calculated using 

the latter elastic constants and visualized by ANIS [11] and in-house code by F. Tasnádi in 

combination with gnuplot [12]. 

For further explanation of the computational techniques see the supplementary theory part of the 

thesis.  

                                                           
*
 See supplementary material, section S1.2. 
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3   Background and computational considerations 

3.1   Magnetism 

As shown by Music et al [1] the magnetic state of Fe-Mn alloys strongly affect their elastic properties, 

with non-magnetic models yielding for example up to twice as high values for bulk modulus [S2.2], 

indicating the importance of a proper magnetic model for precise calculations. 

3.1.1   Antiferromagnetism (AFM) 

Many possible magnetic states have been proposed for fcc Fe-Mn alloys as a consequence of 

extensive experimental and theoretical investigation with varying results.  In order to explain the 

antiferromagnetic (AFM) properties, three possible AFM states consistent with experimental 

measurements have been suggested: 1Q, 2Q and 3Q. Ekholm and Abrikosov [4] showed that for 90% 

Fe the most favorable state is the noncollinear 3Q, but it is also known that the energy difference for 

the three states is small. Therefore the simpler collinear 1Q state was considered in this study. Initial 

calculations were based on the 1Q model by use of a unit cell of 4 atoms with individually defined 

magnetic moments, which is computationally costly. The complexity of the cell in combination with 

the desired precision in k point density and the limited symmetry for distorted cells lead to 

exceedingly time consuming calculations implying that a complete result would not be obtainable 

within the desired timeframe and the model was consequently replaced with a disordered local 

moment model. 

3.1.2   Disordered Local Moment (DLM) 

In the DLM model the Fe-Mn alloy is considered a four-component random alloy. The Fe and Mn 

concentrations are both divided into two equal parts, one with spin up and one with spin down, 

which are treated using the CPA. This corresponds to collinear moments of random magnitude [5], 

which is equivalent to a paramagnetic state [13] and a reasonable approximation of the magnetism 

for temperatures above the Curie point [1]. 

3.2   Local Density Approximation (LDA) and Generalized Gradient Approximation (GGA) 

Ekholm and Abrikosov [4] additionally concluded that the LDA exchange-correlation functional is 

suitable for the Kohn-Sham iterations while the GGA functional should be used for total energy 

calculations for better experimental agreement. This result was reproduced for the DLM calculations 

where the LDA-functional underestimated the equilibrium lattice parameter by up to over 5 %, 

compared to averaged experimental data [14], whereas the deviation for the GGA functional was 

found to be smaller for all calculations.  
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3.3   The Frozen Core Approximation 

By comparing ground state lattice parameters for both soft and frozen core calculations it was found 

that the frozen core approximation serves to bring the equilibrium parameter further in line with the 

experimentally measured. While the GGA soft core calculations do not deviate as heavily as the 

corresponding LDA calculations the consequences for elastic properties are severe. For several 

volume-altering distortions the volume becomes sufficiently small to completely quench the 

magnetic moments for ferromagnetic models, which yields highly unrealistic elastic constants, 

including for example a negative c44. For the frozen core approximation the equilibrium volume is 

inflated and the corresponding lattice parameter brought within 0.35% deviation from the 

experimentally measured average and the magnetic quenching is entirely avoided. 

3.4   The optimized computational configuration 

For the reasons outlined in earlier sections the final results were calculated with the frozen core 

approximation using a DLM model for the magnetic state and the GGA for total energy calculations. 
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4   Results 

4.1   Ground state lattice parameters 

Convergence with respect to k-point density for integration in the Brillouin zone was investigated by 

calculation of the total energy for a number of volumes for a total of 4 different k-meshes, as shown 

in Figure 1. The volume dependence of the total energy was modeled by fitting a suitable function 

[15] 

                           , [1] 

where  ,  ,   and   are fitting parameters, to the data points. The equilibrium volume    was 

obtained by minimization of the energy function. The bulk modulus   was calculated for each fit as 

    
   

   
      . [2] 

Fits were done individually to a narrow volume range for equilibrium volume determination and to a 

broader range for calculation of bulk modulus. The residual sum of squares (   )   

                 
  [3] 

was calculated for each fit as an indicator of its accuracy. 

Table 1. Bulk modulus and equilibrium volume for the DLM Fe0.87Mn0.13 configuration for 4 different k-point meshes. 

k-point mesh 11x11x11 17x17x17 21x21x21 25x25x25 

K [Gpa] 156 156 156 156 

V0 [Å
3
 / atom] 11.7 11.7 11.7 11.7 

 

As seen in Table 1 the difference in equilibrium volume is less than 0.1 Å3/atom for all the different 

meshes while the corresponding value for bulk modulus is less than 1 GPa. The data points used for 

equilibrium volume determination for the 4 meshes are shown in Figure 1. Figure 2 illustrates the fit 

used to calculate bulk modulus for the 25x25x25 mesh.  
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Figure 1. Total energy per atom for the DLM Fe0.87Mn0.13 configuration as a function of primitive cell volume for the 
11x11x11 (red lines), 17x17x17 (green lines), 21x21x21 (blue lines) and 25x25x25 (black lines) k-point meshes. 

 

Figure 2. The calculated energy-volume dependence for the DLM Fe0.87Mn0.13 configuration for a 25x25x25 k-point mesh 
(red circles) and the fitted energy function (Equation [2]) (green curve). 
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4.2   Elastic constants by volume-altering distortions 

Elastic stiffness constants    
 ,    

  and     
  were (as here denoted by the prime) obtained by the 

volume-altering distortions and their corresponding energies given by Equation [4]-[6] where   was 

varied as -0.02, -0.01, ..., 0.02. 

    
    

     
               
   

                  
 

 
   

           [4] 

    
    

     
     
   

                    
     

           [5] 

    
    

   
                 

     
                 

 

 
   

           [6] 

The constants were calculated by fitting the quadratic function 

            , [7] 

where   and   are fitting parameters to the data points. The obtained elastic constants and the 

residual sum of squares for the corresponding fits are presented in Table 2. The fits are illustrated in 

Figure 3-5. 

Table 2. Elastic constants for the DLM Fe0.87Mn0.13 configuration obtained by volume-altering distortions and the 
corresponding residual sum of squares for the fits. 

Elastic constant    
      

       
    

Value [GPa] 152 117 103 

RSS [eV/atom] 4.1 x 10
-7

 5.1 x 10
-7

 6.5 x 10
-7
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Figure 3. Energy for the DLM Fe0.87Mn0.13 
configuration as a function of   for 
distortion    

  (red circles) and the 

corresponding fit used to determine    
  

(green curve). 

Figure 4. Energy for the DLM Fe0.87Mn0.13 
configuration as a function of   for 
distortion    

  (red circles) and the 

corresponding fit used to determine    
  

(green curve). 

Figure 5. Energy for the DLM Fe0.87Mn0.13 
configuration as a function of   for 
distortion    

   (red circles) and the 

corresponding fit used to determine    
  

(green curve). 
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4.3   Elastic constants by volume-conserving distortions 

Elastic stiffness constants    ,     and      were obtained by the volume-conserving distortions and 

their corresponding energies given by Equation [8] and [9] where   was varied as 0, 0.01, ..., 0.04 and 

Equation [10] for bulk modulus. 

       

     
     
   

    

                          
         [8] 

       

           
           
   

    

                       
         [9] 

    
 

 
           . [10] 

The same method to calculate the constants were employed as for the volume-altering distortions. 

The obtained elastic constants and the quadratic residual sums for the corresponding fits are 

presented in Table 3. The fits are illustrated in Figure 2, 6 and 7. 

Table 3. Elastic constants for the DLM Fe0.87Mn0.13 configuration obtained by volume-conserving distortions and the 

corresponding residual sum of squares for the fits, where the    -fit sum is given for     and the energy-volume-fit sum 

is given for    . 

Elastic constant                  

Value [GPa] 220 136 129 

RSS [eV/atom] 2.8 x 10
-8

 8.2 x 10
-4

 2.3 x 10
-8
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Figure 6. Energy for the DLM Fe0.87Mn0.13 
configuration as a function of   for 
distortion     (red circles) and the 
corresponding fit used to determine 

        (green curve). 

Figure 7. Energy for the DLM Fe0.87Mn0.13 
configuration as a function of   for 
distortion     (red circles) and the 

corresponding fit used to determine     
(green curve). 
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4.4   Longitudinal sound wave velocities 

Longitudinal sound wave velocities were derived from the tensor formulation of the Cristoffel 

equation [16] which along the main crystallographic directions in cubic materials yields 

      
       [11] 

      
  

 

 
               [12] 

      
  

 

 
                , [13] 

where   is the sound velocity and   the material density. The elastic constants obtained by volume-

conserving distortions were used and the density was calculated from the equilibrium volume and 

atomic masses from the periodic table. The obtained sound velocities for high-symmetry directions 

are given in Table 4 and the velocities for arbitrary directions are illustrated by color-scale in Figure 8 

and 9. 

Table 4. The calculated longitudinal sound velocities for high-symmetry directions obtained by in-house code and ANIS 
respectively. 

 

  

Direction  (1,0,0) (1,1,0)  (1,1,1)  

In-house code [m/s] 5280 6241 6530 

ANIS [m/s] 5280 - 6530 
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Figure 8. Longitudinal sound velocities obtained by in-house code and plotted by gnuplot. 

 

Figure 9. Longitudinal sound velocities obtained and plotted by ANIS. 
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5   Discussion and conclusions 

The initial computational investigation clearly indicates the importance of a proper magnetic model, 

with preliminary results yielding even negative elastic constants for distortions were the magnetic 

moments are  completely quenched. Consequently, future investigations utilizing the proper 3Q AFM 

state would be of interest. 

The results verify the usefulness of the computational scheme suggested by Ekholm and Abrikosov, 

utilizing the LDA functional for self-consistent iterations with the frozen core approximation and the 

GGA functional for total energy calculations, for reproducing experimentally measured quantities. As 

stated in section 3.3 the equilibrium lattice parameter for the 25x25x25 k-point mesh following the 

scheme deviates less than 0.35% from the experimentally measured average. 

The calculated elastic constants and bulk modulus can be compared to the results obtained by Music 

et al [1] for a 10 % Mn composition: 211 GPa (c11), 153 GPa (c12), 135 GPa (c44) and 172 GPa (bulk 

modulus). The values are 38.8 %, 30.8 % and 30.1 % larger than those obtained for volume-altering 

distortions while they are 4.1 % smaller and 12.5 % and 4.7 % larger than those obtained for volume-

conserving distortions, whereas the bulk modulus is 10.3 % larger. In this case the second set of 

elastic constants is clearly in better accord with the former theoretically calculated ones. This can be 

especially explained for the c44 constant where the volume change for volume-altering distortions is 

smaller than the possible precision in EMTO input. 

The accuracy of the elastic constants can also be evaluated by comparing the residual sum of squares 

for the corresponding fits. The sums for volume-conserving distortions are over an order better than 

all the sums for volume-altering distortions. The sum for the energy-volume fit used to calculate the 

bulk modulus is however over 103 times larger than all the sums for volume-altering distortions. 

Evidently the accuracy of elastic constants obtained by volume-conserving distortions depends 

heavily on the possible accuracy for bulk modulus calculations. 

The sound velocities obtained by the in-house code and ANIS agree completely in the high symmetry 

directions (1,0,0) and (1,1,1) and the sound velocity distributions exhibits a qualitative equivalence.   



13 
 

References 

[1] D. Music et al. Appl. Phys. Lett. 91 (2007) 191904. 

[2] S.A. Barannikova et al. Solid State Commun. 152 (2012) 784-787. 

[3] O. Grässel et al. Int. J. Plasticity 16 (2000) 1391-1409. 

[4] M.  Ekholm, I. A. Abrikosov. Phys. Rev. B 84 (2011) 104423.  

[5] T. Gebhardt. Acta Mater. 59 (2011) 3145-3155. 

[6] L. Vitos. Phys. Rev. B 64 (2001) 014107. 

[7] P. Soven. Phys. Rev. 153 (1967) 3. 

[8] J.P. Perdew et al. Phys. Rev. Lett. 77 (1996) 18. 

[9] H. Umebayashi, Y. Ishikawa.  J. Phys. Soc. Jpn. 21 (1966) 7. 

[10] J. Staunton et al. Magn. Magn. Matt. 45 (1984) 15. 

[11] D. Mainprice. ftp://www.gm.univ-montp2.fr/mainprice//CareWare_Unicef_Programs/ (2005). 

[12] T. Williams et al. http://www.gnuplot.info/ (2012). 

[13] A. Kissavos. Ph.D. thesis, Linköping University (2006). 

[14] B. Predel. SpringerMaterials - Landolt-Börnstein (2012). 

[15] M.J. Mehl et al. Phys. Rev. B 41 (1990) 10311-10322. 

[16] R. E. Newnham. Properties of Materials. Oxford University Press (2005). 

ftp://www.gm.univ-montp2.fr/mainprice/CareWare_Unicef_Programs/
http://www.gnuplot.info/


 

 

Supplementary Material for 

Elastic constants and sound velocities 

of Fe0.87Mn0.13 random alloy from first 

principles 

 

Jesper Norell 

 

  



Contents 

 

S1   An ab initio approach to crystals ............................................................................................. 1 

S1.1   The Schrödinger Equation ...................................................................................................... 1 

S1.2   Density Functional Theory ..................................................................................................... 2 

S1.3   Exchange-Correlation Functionals ......................................................................................... 3 

S1.4   The self-consistent loop ......................................................................................................... 3 

S1.5   Basis set expansion ................................................................................................................ 4 

S1.6   Exact Muffin-Tin Orbital method ........................................................................................... 4 

S1.7   Coherent Potential Approximation ........................................................................................ 6 

S2   Elastic properties and sound velocities .................................................................................... 7 

S2.1   Strain, stress and elasticity .................................................................................................... 7 

S2.2   Bulk modulus ......................................................................................................................... 9 

S2.3   Calculating elastic constants .................................................................................................. 9 

S2.4   Sound velocities ................................................................................................................... 10 

Bibliography ............................................................................................................................... 12 

 

 

 

 

  



1 
 

S1   An ab initio approach to crystals 

In physics the task of determining the properties of solid materials falls under the domain of solid-

state physics and they can be attained theoretically by ab initio calculations. By reformulating the 

quantum mechanical many-body problem and introducing proper approximations it is reduced to a 

one-body problem which can be solved iteratively.  Random alloys can be handled approximately 

with the introduction of an effective medium. 

S1.1   The Schrödinger Equation 

To find a theoretical description of a crystalline solid is a quantum mechanical problem of solving the 

Schrödinger equation, which in its non-relativistic time-independent form may be written 

        , [1.1] 

where Ĥ denotes the Hamiltonian operator, ψ the wavefunction solution to the equation and   the 

total energy. In the case of a crystal the complete Hamiltonian is given in several terms 

                       , [1.2] 

where   is the kinetic energy of the nuclei (n) and electrons (e) respectively,      the nuclei-electron 

Coloumb interaction and the last two terms the corresponding nuclei-nuclei (nn) and electron-

electron (ee) interactions. The Hamiltonian and thereby the equation may however be simplified by 

common approximations. 

In the Born-Oppenheimer approximation the electron and nuclei coordinates are separated. This 

means that the problem should instead be solved for electrons moving in a fixed field of ions, which 

is described by an electronic Hamiltonian of three terms 

                . [1.3] 

In the Frozen Core approximation the core electrons are considered frozen in their atomic states, 

since their interaction in the lattice is very limited, and the full electronic structure problem is only 

solved for the valence electrons.  

The Schrödinger equation is in general only analytically solvable for a single hydrogen atom while a 

generic lattice consists of the order of 1023 atoms, with one or several valence electrons each, where 

each electron accordingly has 4 degrees of freedom (spin and 3 spatial coordinates). This yields a 

wave function of far too many variables; even with the described approximations  the many-body 

Schrödinger equation needs to be further transformed in order to be practically solvable. 
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S1.2   Density Functional Theory 

Density functional theory (DFT) is a powerful reformulation of the electron structure problem which 

reduces the degrees of freedom to 3 regardless of the number of electrons by introducing the charge 

density function     . The spin dependence is eliminated by the use of separate charge densities for 

spin up and spin down. The reformulation is motivated by the Hohenberg-Kohn theorems: 

Theorem 1: For a system of interacting particles in some external potential, the external potential 

is uniquely (modulo[constant]) determined by the ground state electron density      . 

Theorem 2: There exists a universal energy functional for any external potential. For a given 

external potential the ground state density       is the density which minimizes the functional. 

The theorems ensure that the ground state electron density       can always be found by 

minimization of the energy functional and that nothing is lost in the translation from many-particle 

wavefunction    to electron density     . 

Although reformulated the problem retains its many-body nature and the associated complexity, 

which may be eliminated by replacing the many-body problem with many one-body problems. This is 

done in the Kohn-Sham ansatz where the interacting many-body system is replaced by a non-

interacting system with the same ground state density. This leads to the effective potential 

                          
     

      
    , [1.4] 

where        is the so called exchange-correlation term which includes all many-body effects. The 

term is not known in general but can be approximated in different ways depending on the 

application. This effective potential gives a new Hamiltonian and a system of coupled one-body 

equations for non-interacting particles: 

    
 

 
                          , [1.5] 

where    are the eigenenergies of the single-particle-orbitals        and the density is given as 

              
  

    , [1.6]  

where   is the number of electrons. Equation [1.4]-[1.6] are known as the Kohn-Sham equations. 

[For a mathematical derivation of the Kohn-Sham equations see Ref. 1.] 
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S1.3   Exchange-Correlation Functionals 

In order to construct the effective potential for the Kohn-Sham equations some approximation for 

the exchange-correlation term has to be included. Several different functionals have been developed 

and the choice depends on the application. 

Kohn and Sham themselves suggested the Local Density Approximation (LDA). In this functional the 

energy density is replaced with that of a uniform electron gas (which is known) with the same 

electron density. Although simple the approximation is widely spread and suitable for certain 

systems. It is however known to incorrectly predict the ground state of iron as nonmagnetic. 

The Generalized Gradient Approximation (GGA) improves upon the concept of the LDA by letting the 

energy density depend not only on the electron density but also its gradient.  This approximation is 

known to better reproduce experimentally measured quantities in general and it yields the proper 

ferromagnetic ground state for iron. 

[For a mathematical formulation of the LDA and the GGA see Ref. 2.] 

S1.4   The self-consistent loop 

As the Kohn-Sham equations [1.4]-[1.6] provides a way to calculate the effective potential from the 

charge density and vice versa it is appropriate to construct a self-consistent loop for solving them 

iteratively, which can be summarized as: 

①   Make an initial guess for the charge density      . 

②   The effective potential is calculated from the charge density       by Equation [1.4]. 

③   A new charge density         is constructed via Equation [1.6] from the solutions       of 

Equation [1.5], using the effective potential from step 2. 

④  If the charge densities       and         satisfies a predetermined convergence criteria 

(given for example in terms of energy) the iterations have converged and the self-consistent 

solution is found, otherwise a new iteration starts from step 2. 

Once a solution is found the total energy can be calculated as 

           
 

 
 
         

      
                   

        
 
  , [1.7] 

which is not the sum of the energy eigenvalues since the Kohn-Sham equations are solved for an 

auxiliary system. 

As stated above the loop is closed by using the generated charge density as feedback for the next 

iteration. This may however be done in different ways. By employing linear mixing of earlier charge 
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densities in step 2 the risk for oscillations for densities near equilibrium can be lessened, while more 

complex algorithms may provide faster convergence.  

S1.5   Basis set expansion 

For computational efficiency the differential equation [1.5] should be transformed into an algebraic 

equation, which is more suitable for computer solving. The wavefunctions ( i) may be expanded in 

some kind of basis set (more on this in section 1.6) 

          , [1.8] 

where    are the expansion coefficients. This may be inserted in Equation [1.5], be multiplied by the 

hermitian conjugate and integrated in order to transform the equation into a generalized eigenvalue 

problem

                   , [1.9] 

where (by bra-ket notation)  

                                       , [1.10] 

and O is called the overlap matrix. 

S1.6   Exact Muffin-Tin Orbital method 

Named after its two-dimensional graphical representation as a muffin-tin, the muffin-tin 

approximation constructs potentials by non-overlapping spheres centered at the nuclei, with a 

constant potential in the remaining regions. The exact muffin-tin orbitals (EMTO), which is one 

possible choice of basis set for solving the Kohn-Sham equations, improves upon this concept by 

utilizing optimized (by minimization of the square deviation from the real potential) overlapping 

muffin-tin potentials. EMTO divides the space into three different regions (see Figure 1.) and fills 

them with equally many kinds of basis functions: 

1. Centered on the nuclei lies the non-overlapping hard spheres. 

2. Also centered on the nuclei lies the overlapping (muffin-tin) potential spheres. 

3. The remaining space is called the interstitial region. 
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Figure 1. A schematic illustration of the different regions and basis sets in the EMTO method. The dark grey circles 
represents the hard spheres (1), the light grey circles the overlapping potential spheres (2) and the white areas the 
interstitial region (3) whereas   denotes partial waves,   screened spherical waves and   the free electron solution. 

Inside the potential sphere the potential is spherically symmetric. Therefore the basis set of choice 

are the so called partial-waves    , defined as products of solutions to the radial Schrödinger 

equation and spherical harmonics. 

In the interstitial region the potential is instead constant, which yields solutions in the form of so 

called screened spherical waves    
 . These solutions may be defined so that they vanish on the hard 

spheres. 

While these two solutions fill out the whole space they cannot join smoothly at the boundaries of the 

hard spheres and the potential spheres. Therefore a third set is introduced, the so called free-

electron solution    
  . The requirement that the wave function should be both continuous and 

differentiable in the whole space leads to the so called kink-cancellation equation which when solved 

yields the one-particle eigenfunctions. 

[For a comprehensive description of the EMTO basis set see Ref. 2.] 
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S1.7   Coherent Potential Approximation 

The presented tools are now sufficient to handle single element crystals or even ordered alloys, but 

the prospect of random alloys introduces probability as another complexity to be considered. While 

the composition of a large alloy (for simplicity consisting of only two elements A and B) can readily be 

described as AxB1-x , it may deviate heavily on a local level.  The probability for an A-atom to be 

located at a given site is x and the corresponding for a B-atom is 1-x. This implies that a correct model 

of the alloy requires numerous sites (a supercell) occupied randomly by atoms, which is 

computationally costly. An alternative approach is to introduce an effective medium that captures 

the average properties given by the composition. The problem may then be solved for the two atoms 

inserted in the effective medium individually, which is illustrated in Figure 2. 

 

 

Figure 2. A schematic illustration of the effective medium approach to random alloys. A real alloy may be treated by 
combining the results for the individual atoms inserted in the effective medium. 

The Coherent Potential Approximation (CPA) is one way of constructing an effective medium. In the 

CPA the potential of the effective medium is determined by considering the true potentials of the 

sites as perturbations and requiring that these perturbations should on average lead to no further 

scattering for an electron in the medium. 

[For a mathematical derivation of the CPA see Ref. 3.] 
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S2   Elastic properties and sound velocities 

The elastic properties of a material are determined by the stress and strain components for varying 

directions. The relation between stress and strain is described by Hooke’s law, which states that they 

are directly proportional to each other and may be expressed by the use of elastic constants. By this 

relation the sound velocities of a material can be calculated in terms of elastic constants and material 

density. 

S2.1   Strain, stress and elasticity 

By letting x, y, z denote an orthonormal basis for the unit cell, a uniform deformation (i.e. one which 

deforms all unit cells identically) may be described by the relations 

                          , [2.1] 

                          , [2.2] 

                          , [2.3] 

where     are called the deformation coefficients. Accordingly an arbitrary position         

   will be displaced to                where the primed basis vectors are given by Equation 

[2.1]-[2.3]. The displacement   may now be defined as 

                                   [2.4] 

                    .  

By the partial derivatives of  ,   and   the deformation coefficients can be related to the 

displacement 

      
   

  
                      , [2.5] 

where    should be interpreted as the   component of the displacement (i.e.  ,   or   . The strain 

components     can now be defined as 

                                   [2.6] 

          .  

It follows that the strain tensor (3x3 matrix) is symmetrical and may be reduced to a 6x1 matrix by 

the following relation: 
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 . [2.7] 

The stress is also defined as a tensor of 9 components                  where the first letter 

denotes the direction of the force and the subscript the surface normal of the plane which the force 

is acting on. The 3x3 matrix representation of this tensor must also be symmetric in order for the 

total torque to vanish, yielding a stationary cell. The matrix may therefore be reduced to another 6x1 

matrix, which by appliance of Hooke's law can be related to the strain components 

 

 

 
 
 

  
  
  
  
  
   

 
 
 

  

 

 
 
 
 

                                         
                                         
                                         
                                         
                                         
                                          

 
 
 
 

 , [2.8] 

where     are the elastic (stiffness) constants. The stored elastic energy density   in its differential 

form can now be written 

              
 
      , [2.9] 

where                        , which by derivation yields for example: 

     
   

        
 

   

        
     . [2.10] 

In this way it can be shown that the elastic constants are symmetric (i.e.         ) and by 

considering cubic symmetry only relation [2.8] can be further simplified as 

 

 

 
 
 

  
  
  
  
  
   

 
 
 

  

 

 
 
 

                    
                    
                    

      
      
       

 
 
 

 , [2.11] 

with only 3 independent elastic constants. 

[For a comprehensive description of the tensor formulation of elasticity see Ref. 4.] 
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S2.2   Bulk modulus 

The bulk modulus   is defined as 

      
  

  
   

   

   
 , [2.12] 

where   is pressure and   the energy of a volume  . This is equivalent to a uniform dilation of the 

axes of the unit cell, which for cubic symmetry gives the relation 

    
 

 
           . [2.13] 

S2.3   Calculating elastic constants 

Elastic constants can be determined from ab initio calculations by considering the total energy for a 

number of distortions of the unit cell. For a small distortion, described by a distortion matrix applied 

to the basis vectors and the distortion parameter δ, the total energy may be approximately described 

by a second order Taylor expansion. As the undistorted cell is assumed to be the equilibrium volume 

the first derivative vanishes, which motivates the earlier appliance of Hooke's law. Additionally, by 

Equation [2.9], the second order term may be expressed in terms of elastic constants. The utilized 

distortions and corresponding expansions for the cubic case are 

       
     
             
   

                
 

 
     

  , [2.14] 

       
     
     
   

                         
  , [2.15] 

       
   
                

     
                

 

 
     

  , [2.16] 

where   is varied as for example 0, 0.01, ..., 0.04. As the determinant of the distortion matrices   is 

not in general one the distortions will alter the volume of the unit cell. For a volume-conserving 

method one can instead use the distortions 

       

     
     
   

    

                         
  , [2.17] 

       

           
           
   

    

                      
  , [2.18] 

and Equation [2.12] and [2.13] for the bulk modulus. 
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S2.4   Sound velocities 

The velocity of sound waves in a material is in general a highly anisotropic property and depends not 

only on the direction of the wavevector but also on the polarization of the wave. Both the magnitude 

of the velocity and the polarizations can be calculated by considering the equation of motion for an 

infinitesimal cubic volume           which in the   direction is given as 

     
   

  
         

   

  
         

   

  
        , [2.19] 

where  
   

  
    is the first order approximation of the difference in   component stress acting on the 

two cube-faces parallel to the   -plane over the area      (see Figure 3). The other two terms are 

the corresponding force components from the remaining 4 faces.  

 

 

Figure 3. The stresses (1)    and (2)     
   

  
    acting on an infinitesimal cube dV. 

Appliance of Newton's second law and displacement-strain relations yields 

  
   

   
     

   

   
     

   

   
 
   

   
            

   

    
 

   

    
  , [2.20] 

where  ,   and   are the displacement components (see section 2.1). For a longitudinal wave in the 

x direction a solution is given by the plane wave 

                    , [2.21] 

which when inserted into the equation of motion [2.20] yields the phase velocity 

 
 

 
   

   

 
 . [2.22] 

Another planewave solution is the transverse wave. 

                    , [2.23] 

which instead yields the phase velocity 
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 , [2.24] 

and the same can be shown for a wave with displacement purely in the   direction. Consequently 

there are three possible polarizations for waves traveling in the   direction. In general, for waves 

traveling in more complex directions, two more equations are needed to determine the speed and 

polarization 

  
   

   
     

   

   
     

   

   
 
   

   
            

   

    
 

   

    
  , [2.25] 

  
   

   
     

   

   
     

   

   
 
   

   
            

   

    
 

   

    
  , [2.26] 

which are the corresponding equations of motion for the   and   directions. Instead of a single 

equation one needs to solve the system of equations or the equivalent matrix formulation and the 

resulting expression for speed may include more than one elastic constant. In addition, the wave 

solutions along directions of lower symmetry will in general not consist of one pure longitudinal and 

two pure transverse waves but instead of one quasi-longitudinal and two quasi-transverse. 

[For a comprehensive description of the tensor relations for sound velocities see Ref. 4.] 
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