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Abstract

We propose a novel method for MAP parameter inference in nonlinear state
space models with intractable likelihoods. The method is based on a com-
bination of Gaussian process optimisation (GPO), sequential Monte Carlo
(SMC) and approximate Bayesian computations (ABC). SMC and ABC are
used to approximate the intractable likelihood by using the similarity be-
tween simulated realisations from the model and the data obtained from
the system. The GPO algorithm is used for the MAP parameter estima-
tion given noisy estimates of the log-likelihood. The proposed parameter
inference method is evaluated in three problems using both synthetic and
real-world data. The results are promising, indicating that the proposed
algorithm converges fast and with reasonable accuracy compared with ex-
isting methods.

Keywords: Approximate Bayesian computations, Gaussian process optimi-
sation, Bayesian parameter inference, α-stable distribution
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Approximate inference in state space models with

intractable likelihoods using Gaussian process

optimisation

Johan Dahlin, Thomas B. Schön and Mattias Villani∗

April 28, 2014

Abstract

We propose a novel method for MAP parameter inference in non-
linear state space models with intractable likelihoods. The method is
based on a combination of Gaussian process optimisation (GPO), sequen-
tial Monte Carlo (SMC) and approximate Bayesian computations (ABC).
SMC and ABC are used to approximate the intractable likelihood by us-
ing the similarity between simulated realisations from the model and the
data obtained from the system. The GPO algorithm is used for the MAP
parameter estimation given noisy estimates of the log-likelihood. The pro-
posed parameter inference method is evaluated in three problems using
both synthetic and real-world data. The results are promising, indicating
that the proposed algorithm converges fast and with reasonable accuracy
compared with existing methods.

1 Introduction

We are interested in computing the maximum a posteriori (MAP) parameter
estimate in nonlinear state space models (SSMs) with intractable likelihood
functions. An SSM with latent states x0:T , {xt}Tt=0 and measurements y1:T ,
{yt}Tt=1 is defined as

xt|xt−1 ∼ fθ(xt|xt−1), (1a)

yt|xt ∼ gθ(yt|xt), (1b)

where fθ(·) and gθ(·) denote known distributions parametrised by the unknown
static parameter vector θ ∈ Θ ⊆ Rd. The initial state x0 is distributed according
to x0 ∼ µ(x0), which for simplicity is assumed to be independent of θ.

The MAP parameter estimate is given by the maximisation problem

θ̂MAP = argmax
θ∈Θ

log p(θ|y1:T ) = argmax
θ∈Θ

[
`(θ) + log p(θ)

]
, (2)

∗Supported by the project Probabilistic modelling of dynamical systems (Contract number:
621-2013-5524) funded by the Swedish Research Council. JD is with the Department of Elec-
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where log p(θ|y1:T ), `(θ) and log p(θ) denote the parameter log-posterior, the
log-likelihood and the log-prior, respectively. The log-likelihood is analytically
intractable for SSMs but can be estimated using SMC algorithms [8].

However, SMC methods require that we can evaluate gθ(yt|xt) point-wise,
which is not possible for SSMs with intractable likelihoods. An example is
an SSM with observation noise following the α-stable distribution to model
the observation noise in the SSM. This is popular in the financial literature to
model heavy-tailed behaviour observed in log-returns from the stock market.
For more information about this type of models, see [27], [6] and [13]. Another
example is stochastic kinetic models used in computational systems biology,
see [22] for more information. Another reason for intractable likelihoods can
be computational infeasibility. An example of this is when the dimension of
the state vector is too large for SMC algorithms to handle with reasonable
computational cost.

In this paper, we propose a novel algorithm that can approximate the so-
lution to (2) in SSMs with intractable likelihoods. The method combines ap-
proximate Bayesian computations (ABCs) [19], Gaussian process optimisation
(GPO) [17, 26] and SMC to compute the parameter estimate. The likelihood
is approximated using the SMC-ABC algorithm [14] by comparing simulated
realisations from the likelihood with the observed data record. The GPO algo-
rithm is used to carry out the optimisation of the posterior to obtain the MAP
estimate. The proposed method is demonstrated in three numerical illustra-
tions using synthetic and real-world data. The results indicate that the method
converges fast and quite accurately to the true parameters of the model.

Many alternative methods based on ABC have been proposed for parameter
inference in models with intractable likelihoods. Examples of these methods
are accept/reject sampling [24], Gibbs sampling [23], SMC sampling [14] and
population Monte Carlo [1]. More specific methods for ML-base parameter in-
ference in nonlinear SSMs are found in [9] and [27]. The novelty in our proposed
method is the use of GPO for efficient optimisation of the posterior distribution
estimated by the SMC-ABC algorithm.

The main advantage with the proposed method is the use of GPO to com-
pute the MAP estimate. This makes the method efficient compared with alter-
native methods as it requires fewer computationally costly evaluations of the
log-posterior. This property is the result of that the GPO operates by con-
structing a surrogate function to emulate the parameter posterior of the SSM.
The information in the surrogate function can be used to decide where to focus
the sampling of the posterior. This is the main reason for the computational
gains compared with some e.g. gradient-based search.

2 An intuitive overview

In this section, we given an overview of the proposed method for MAP parameter
estimate in nonlinear SSMs with intractable likelihoods. The individual steps
are discussed in detail in the consecutive sections of this paper. The proposed
method is an iterative method, where each iteration consists of three different
steps:

(i) compute an estimate of the log-posterior distribution ξk = log p̂(θk|y1:T ).



(ii) build a surrogate function using {θk, ξk} = {θj , ξj}kj=1.

(iii) use an acquisition rule to determine θk+1.

In the first step, we make use of the SMC-ABC algorithm [14] to sample
the log-posterior. This method replaces the log-likelihood estimate by a kernel
function, which compares the recorded data with simulated realisations from
the likelihood. The required number of realisations is often quite large and this
results in a large computational cost. We discuss this step in more detail in
Section 3.

The second and third steps constitute the GPO algorithm, which is an iter-
ative derivative-free global optimisation algorithm [17, 26]. An advantage with
the GPO algorithm is that it typically requires a relative small amount of sam-
ples from the objective function. Therefore this algorithm is suitable for our
problem, as the log-posterior estimates are computationally costly to obtain.
In Step (ii), we construct a surrogate function of the log-posterior given the
collection of samples obtain from Step (i). Here, we make use of the predictive
distribution of a GP as the surrogate function, which we discuss in detail in
Section 4.1.

In Step (iii), we make use of the surrogate function together with a heuristic
referred to as an acquisition function to select the next point to sample the
log-posterior in. This rule selects a point where either the predictive mean and
its covariance is large. In the first case, the rule is said to exploit the current
information as we focus the sampling around the predicted mode. In the second
case, we instead explore the parameter space to search for another higher peak.
We discuss the details of this step in Section 4.2.

3 Estimating the posterior distribution

In this section, we discuss how to use a combination of SMC and ABC to es-
timate the intractable log-likelihood for a nonlinear SSM (1). As previously
discussed, the main problem is that the log-likelihood cannot be evaluated ana-
lytically and hence the log-posterior cannot be estimated using SMC. Here, we
give a short introduction to SMC-ABC and refer interested readers to e.g. [8]
and [14] for more information.

3.1 State inference

The filtering distribution in general analytically intractable for a nonlinear SSM
but can be approximated using a particle filter (PF), which is an instance of
SMC algorithms. The PF is an iterative method that computes a particle system

{x(i)
t , w

(i)
t }Ni=1 for each time step t. This system consists of N particles index

by i ∈ {1, . . . , N} where x
(i)
t and w

(i)
t denote the particle i and its importance

weight. The filtering distribution can then be approximated by the empirical
filtering distribution induced by the particle system as

p̂θ(dxt|y1:t) ,
N∑
i=1

w
(i)
t∑N

k=1 w
(k)
t

δ
x
(i)
t

(dxt),



where w
(i)
t and x

(i)
t denote the (unnormalised) weight and state of particle i at

time t, respectively. Here, δz(dxt) denotes the Dirac measure located at x = z.
The particle system consists of N particles that are computed by an iterative

procedure consisting of three steps: (a) resample , (b) propagation and (c)
weighting. For nonlinear SSMs with intractable likelihoods we cannot apply the
standard bootstrap PF (bPF) discussed in [11] and [8], since the particle weight
depends on the intractable gθ(yt|xt).

Instead, it is suggested in [14] to augment the nonlinear SSM (1) to obtain
an extended model,

xt|xt−1 ∼ fθ(xt|xt−1), (3a)

ut|xt ∼ gθ(ut|xt), (3b)

yt|ut ∼ Kθ,ε(yt|ut), (3c)

where u1:T and Kθ,ε(yt|ut) denote pseudo observations and a kernel function.
Here, ε > 0 denotes the bandwidth of the kernel and as a result also the precision
of the approximation. To see why this construction is useful, consider the joint
distribution of the states and the measurements for a nonlinear SSM (1) and its
augmented version,

pθ(x0:T , y1:T ) = µ(x0)

T∏
t=1

fθ(xt|xt−1)gθ(yt|xt), (4a)

pθ(x0:T , y1:T , u1:T ) = µ(x0)

T∏
t=1

Kθ,ε(yt|ut)fθ(xt|xt−1)gθ(ut|xt). (4b)

If ε→ 0, it follows from the properties of the kernel function that ut → yt and
we recover (4a) from (4b).

By the use of the augmented SSM (3), the authors of [14] constructs a new
PF algorithm in analogue with the bPF. We now proceed with discussing each
of the three steps in the algorithm and how they relate to the original bPF
formulation.

In Step (a), the particle system {x(i)
t }Ni=1 is resampled by sampling an an-

cestor index a
(i)
t from a multinomial distribution with probabilities

P(a
(i)
t = j) = w

(j)
t−1

[
N∑
k=1

w
(k)
t−1

]−1

, i, j = 1, . . . , N. (5)

This is done to rejuvenate the particle system and to put emphasis on the most
probable particles. In Step (b), each particle is propagated to time t by sampling
from a proposal kernel,

x
(i)
t ∼ Rθ

(
xt|x

a
(i)
t

1:t−1, yt

)
, i = 1, . . . , N. (6)

For each particle, we generate a psuedo measurement u
(i)
t by sampling from the

intractable density gθ(ut|xt), i.e.

u
(i)
t ∼ gθ(ut|x

(i)
t ), i = 1, . . . , N. (7)



Finally in Step (c), each particle is assigned importance weights. This is done
to account for the discrepancy between the proposal and the target densities.
In the standard bPF algorithm, the weights are proportional to the density
gθ(yt|xt), which we have assumed is intractable and cannot be point-wise eval-
uated. Instead, we make use of the kernel to compute the importance weight
for each particle by

w
(i)
t = Kθ,ε

(
yt|u(i)

t

)
. (8)

Hence, we have reviewed the algorithm proposed in [14] that enables state in-
ference in nonlinear SSMs with intractable likelihoods. The remaining question
is what kernel functions are useful for this application. In this work, we mainly
discuss two different kernels given by

Kθ,ε(yt|ut) =

I
[
|yt − ut| ≤ ε

]
, (standard SMC-ABC)

φm

(
yt;ut, ε Im

)
, (smooth SMC-ABC)

where |·| denotes the L1-norm and φm(·) denotes the probability density function
of the m-variate normal distribution. In the following, we refer to the PF
algorithms resulting from these two kernel functions as the standard and the
smooth SMC-ABC algorithms, respectively,

3.2 Estimation of the log-likelihood

The estimate of the log-likelihood for nonlinear SSM with an intractable like-
lihood follows from calculations analogue to the tractable case, see [7]. The
log-likelihood for a nonlinear SSM can be written as

`(θ) =

T∑
t=1

log pθ(yt|y1:t−1),

where pθ(yt|y1:t−1) denotes the intractable one-step-ahead predictor. This pre-
dictor can be estimated using the Monte Carlo approximation

pθ(yt|y1:t−1) ≈ 1

N

N∑
i=1

w
(i)
t ,

which results in the log-likelihood estimate

̂̀(θ) =

T∑
t=1

log

[
N∑
i=1

w
(i)
t

]
− T logN, (9)

by the ABC approximation. Note that, the log-likelihood estimate (9) is biased
for a finite number of particles N using standard and smooth SMC-ABC. How-
ever, we present some numerical illustrations in Section 6 that indicates that
the bias does not largely influence the parameter estimates.

We end this section, by presenting the procedure for estimating the log-
likelihood in a nonlinear SSM with an intractable likelihood in Algorithm 1.
This algorithm is similar to a bPF, adding the step in which we simulate ut and
replacing the weighting function.



Algorithm 1 SMC-ABC for likelihood estimation

Inputs: An SSM (1), y1:T (observations), N (no. particles), Kθ,ε(·) (ABC kernel
function) and ε (precision).

Output: ̂̀(θ) (est. of the log-likelihood).

1: Sample x
(i)
0 ∼ µθ(x0) for i = 1, . . . , N .

2: for t = 1 to T do
3: Sample a

(i)
t for i = 1, . . . , N by (5).

4: Sample x
(i)
t for i = 1, . . . , N by (6).

5: Sample u
(i)
t for i = 1, . . . , N by (7).

6: Compute w
(i)
t for i = 1, . . . , N by(8).

7: end for
8: Compute (9) to obtain ̂̀(θ).

4 Gaussian process optimisation

In this section, we discuss the details of Steps (ii) and (iii) in the proposed algo-
rithm. As previously mentioned, these steps correspond to the GPO algorithm
and more information regarding the details of this algorithm is available in [17],
[26] and [2].

4.1 Constructing the surrogate function

In this work, we make use of a GP prior to model the log-posterior distribu-
tion and assume that the errors of the log-posterior estimates are Gaussian
distributed. This results in that the surrogate function in the GPO algorithm
is given by the predictive distribution obtained from the GP. From Bayes’ the-
orem, it also follows that the predictive distribution is given by a Gaussian
distribution as both the prior and the data are Gaussian.

To formalise this, we assume that the log-posterior is observed in Gaussian
noise,

ξk = log p̂(θk|y1:T ) = log p(θk|y1:T ) + zk, zt ∼ N (0, σ2
z),

where σ2
z denotes some unknown variance, which we estimate in a later stage

of the algorithm. To compute the surrogate function, we assume that the log-
posterior can be modelled by a Gaussian process prior [25],

log p(θ|y1:T ) ∼ GP
(
m(θ), κ(θ, θ′)

)
, (10)

where m(θ) and κ(θ, θ′) denote the mean and the covariance function, respec-
tively. The resulting predictive distribution is given by standard properties of
the Gaussian distribution as

p(θ|y1:T )|Dk ∼ N
(
µ(θ|Dk), σ2(θ|Dk)

)
, (11)

where we have introduced that notation Dk = {θk, ξi} for the information
available about the parameter log-posterior at iteration k. Here, the mean and



covariance of the posterior distribution of the GP are given by

µ(θ|Dk) = m(θ) + κ(θ,θk)
[
κ(θk,θk) + σ2

zIk×k

]−1{
ξk −m(θ)

}
, (12a)

σ2(θ|Dk) = κ(θ, θ)− κ(θ,θk)
[
κ(θk,θk) + σ2

zIk×k

]−1

κ(θk, θ) + σ2
z . (12b)

Hence, we can construct the surrogate function of the log-posterior by using (11)
obtained from the GP. The hyperparameters in this model are hidden within
the mean and covariance functions. These are estimated by maximising the
marginal likelihood of the data with respect to these parameters. This is a
standard methodology in Gaussian process modelling and is often referred to as
emperical Bayes (EB), see [25].

4.2 The acquisition rule

In this section, we discuss how to select the next parameter to sample the
parameter posterior in, given the Gaussian process model from Step (ii). The
aim is to construct an acquisition rule that selects the next sampling point. In
this work, we make use of the expected improvement (EI) [15] as it is generally
recommended by [17] for GPO applications.

The EI is calculated using the predictive mean and variance from the Gaus-
sian process model. The main objective of the EI rule is to balance the explo-
ration of the parameter space and the exploitation of the current information.
By the use of the predictive distribution, we can compute confidence bounds
on the log-posterior. These bounds can be used to make decisions on where
the peak of the function is most likely to be located. This enables the GPO
algorithm to focus its attention on areas where the uncertainty is large or where
the mode is most likely to be found. Therefore, exploring the interesting parts
of the parameter space and neglecting the remaining parts. The EI rule [15]
incorporates these properties and is calculated as

EI(θ|Dk) = σ(θ|Dk)
[
Z(θ)Φ

(
Z(θ)

)
+ φ

(
Z(θ)

)]
, (13a)

Z(θ) = σ−1(θ|Dk)
[
µ(θ|Dk)− µmax − ζ

]
, (13b)

where µmax and ζ denote the maximum value of µ(θ|Dk) and a user defined
parameter that controls the exploitation/exploration behaviour, respectively.
In this work, use use ζ = 0.01 as is recommended in [17]. Finally, the next
parameter in which to sample the parameter posterior is obtained by

θk+1 = argmax
θ∈Θ

EI(θ|Dk).

From practical experience of the authors, it is often useful to add some noise
to θk+1 when making inference in SSMs. This is done to improve the explo-
ration of the area around the peak, thus increasing the accuracy of the obtained
parameter estimates. This jittering can be expressed as

θk+1 = ξk + argmax
θ∈Θ

EI(θ|Dk), ξk ∼ U [−σξ, σξ], (14)

where σξ is some small value determined by the user.



Algorithm 2 Parameter inference in intractable nonlinear SSMs using GPO-ABC

Inputs: Algorithm 1, K (no. iterations), p(θ) (parameter prior), m(θ) (mean func-
tion), κ(θ, θ′) (kernel function), θ1 (initial parameter) and ση (jittering factor).

Output: θ̂ (est. of the parameter).

1: Initialise the parameter estimate in θ1.
2: for k = 1 to K do
3: Sample ̂̀(θk) using Algorithm 1.

4: Compute the posterior estimate, ξk = log p̂(θk|y1:T ) = log p(θk) + ̂̀(θk).
5: Compute (11) using (12) to obtain p(θ|y1:T )|Dk.
6: Compute µmax = argmaxθ∈θk µ(θ|Dk).
7: Compute (14) using (13) to obtain θk+1.
8: end for
9: Compute the maximiser µ(θ|DK) to obtain θ̂.

5 Putting the algorithm together

In the previous, we have discussed the three steps of the proposed algorithm in
detail. Thereby, we are ready to present the complete procedure for GPO in
nonlinear SSMs with an intractable likelihood in Algorithm 2.

In the current implementation, we use an affine (constant and linear) mean
function and the Matérn kernel with ν = 3/2 for the Gaussian process prior.
Note that, the choice of mean and covariance functions has a large impact on
the result of the proposed method and possibly has to be tailored for each SSM
individually.

The optimisation of the EI and µ(θ|DK) are possibly non-convex and there-
fore difficult to carry out in a global setting. Two common approaches in GPO
are to use a few local gradient-based search algorithms starting at randomly
selected points [17], or using some global optimisation algorithm [3]. In this
work, we use the latter method with the gradient-free DIRECT global optimi-
sation algorithm [16]. A maximum of 1 000 iterations and function evaluations
(of the posterior given by the GP) are used in the DIRECT algorithm for each
optimisation.

6 Numerical illustrations

In this section, we provide the reader with some numerical illustrations of the
performance of the proposed method. First, we estimate the parameters of an α-
stable distribution to model real-world financial data with outliers. Second, we
use the proposed method for parameter inference in a linear Gaussian system.
Finally, we infer the parameters in a nonlinear stochastic volatility model with α-
stable returns using real-world financial data. In the first and third illustrations,
the likelihood function is intractable and inference must be carried out using
ABC or other approximate methods. The second illustration serves only as a
comparison to the case where the likelihood can be computed exactly.
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Figure 1: The closing prices (upper), the log-returns (middle), the histogram
with a kernel density estimate (lower left) and QQ-plot (lower right) of the log
returns. The data is the Google stock at NASDAQ during the period 2004-08-19
– 2013-12-09.
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with the Gaussian approximation (red) and the fitted α-stable distribution (or-
ange). The estimated parameter log-posterior distribution (middle) of α-stable
model of the Google log-return data and the log-quantiles of the three density
estimates (lower).



6.1 Inference in α-stable data

Consider the problem of estimating the parameters of the model

yt|θ ∼ A(α, β, 0.01, 0),

where parameters are θ = {α, β} and A(α, β, γ, η) denotes an α-stable distribu-
tion1 with stability parameter α, skewness parameter β, scale parameter γ and
location parameter η. for this, we can apply Algorithm 2 and replace the SMC-
ABC method with a standard ABC solution to infer the parameters. That is,
we simulate N = 1 000 realisations of the α-stable distribution given the current
parameters θk and compute

ρ(θk) =

N∑
i=1

I
[∣∣S(y1:T , u1:T,i)

∣∣ ≤ ε],
where we simulate u1:T,i ∼ A(θk) and y1:T denotes the recorded observations.
Here, S(·) denotes the McCulloch quantile statistics (see Appendix A), which
are a near-sufficient statistic for the α-stable distribution. We replace the esti-
mated log-posterior in Algorithm 2 by ρ(θk) and execute the remainder of the
algorithm. In the following analysis, we fix the parameter γ = 0.01 to sim-
plify the problem and use an uniform parameter prior over α ∈ [0.5, 2] and
β ∈ [−1, 1]. Here, we use jittering σξ = 0.025 and precision ε = 0.10.

In this problem, the observations are T = 2 358 log-returns of the Google
stock at NASDAQ during the period 2004-08-19 – 2013-12-09. We present this
data in Figure 1, as a time series (upper) and as the log-returns (middle). The
occasional spikes in the latter indicates that the data is distributed according
to some other distribution that have somewhat heavier tails than the Gaussian
distribution. The heavy tails are also captured in the QQ-plot (lower right),
where we see large deviations from that of a Gaussian distribution in the tail
behaviour. This is a well-known fact for financial data and by estimating the
parameters in a α-stable distribution, we can quantify the behaviour of the tails.

The results from the analysis are presented in Figure 2, where the estimate of
the log-posterior distribution is shown (middle). The black dots indicate where
the log-posterior is sampled. The algorithm places most samples around the
mode which stands out from the surrounding log-posterior distribution. This
means that the MAP estimate is a suitable choice in this setting (as the log-

posterior is unimodular) and it is estimated as θ̂GPO = {1.49, 0.01}. As the
Gaussian distribution has the parameters {2, 0}, we conclude that this data has
heavier tails than the Gaussian distribution allows for.

In the upper part of Figure 2, we present the histogram of the data with ker-
nel density estimate (blue), the best fit of a Gaussian distribution (red) and the
estimated distribution of the α-stable distribution (green). The latter is com-
puted by simulating from the α-stable distribution with the estimated parame-
ters and then computing a kernel density estimate. We see that the estimated
distribution parameters fits the data pretty well capturing the overall structure,
especially the tails. The tails are compared in log scale in the lower plot. We
see that the tails of the α-stable distribution (green) fits the sample quantiles
of the data (blue) quite well compared with the Gaussian approximation.

1See Appendix A for an introduction to α-stable distributions.



6.2 Linear Gaussian model

Consider the scalar linear Gaussian state space (LGSS) model,

xt+1|xt ∼ N
(
xt+1;φxt, σ

2
v

)
,

yt|xt ∼ N
(
yt;xt, 1

)
,

where the parameters are θ = {φ, σv}. We simulate T = 1 000 data points using
the true parameters θ? = {0.5, 1}. For the inference, we use N = 4 000 particles
and smooth ABC with ε = 0.1. We use an uniform prior distribution over |φ| < 1
and σv ∈ [0, 2] to insure a stable system and positive standard deviation. We
run K = 150 iterations and no jittering of parameters, i.e. σξ = 0. The resulting

parameter estimate is obtained as θ̂GPO = {0.52, 0.95}.
In the upper part of Figure 3, we present a contour plot of the estimated

parameter log-posterior as modelled by the Gaussian process. The black dots
indicate where the algorithm samples the parameter log-posterior. The dotted
lines and red star indicate the parameters of the model from which we simulated
the data and the estimated parameters, respectively. The proposed method
mainly focus the samples around the peak with only a few samples spread out
over the remaining part of the log-posterior. In the lower part of Figure 3, we
see that the sampling stabilises quickly and is concentrated around the true log-
posterior mode. From these results, we conclude the the proposed method gives
accurate parameter estimates using only a few samples of the log-posterior. We
also conclude that the acquisition rule balances the trade-off between exploration
and exploitation well in this problem.

6.3 Stochastic volatility model with α-stable returns

Consider a stochastic volatility model with symmetric α-stable returns (SVα)
[12, 4],

xt+1|xt ∼ N
(
xt+1;µ+ φxt, σ

2
v

)
,

yt|xt ∼ A
(
α, 0, exp(xt/2), 0

)
,

where the parameters are θ = {µ, φ, σv, α}. We estimate the parameters in
this model using daily GBP-DEM exchange rates between January 1, 1987 and
December 31, 1995 with T = 3 827 samples. We calculate the log-returns by rt =
100 ln(ot+1/ot), where o1:T denotes the original data sequence. The observations
y1:T are the residuals from an AR(1) process fitted to the data set r1:T . This
is done in accordance to [18] and [27] to be able to compare the estimated
parameters. The resulting time series r1:T is presented in the upper part of
Figure 4. An alternative would be to include a constant term and yt−1 into
the measurement equation, i.e. rewrite it as yt|xt ∼ A(α, 0, exp(xt/2), c− yt−1)
where c denotes a constant mean and yt the log-return at time t. The resulting
parameter inference problem would then include c as a parameter, i.e. θ =
{µ, φ, σv, c, α}.

We use the proposed method in Algorithm 2 with smooth ABC using ε =
0.10, K = 500 and jittering σξ = {0.005, 0.025, 0.025, 0.025} for the four param-
eters, respectively. We also use an uniform parameter prior over µ ∈ [−0.05, 0],
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Figure 3: Upper: the estimated parameter log-posterior of the LGSS model
obtain by the proposed method. The MAP estimate (red star), the true param-
eters (dotted lines) and sample points (black dots) are also indicated. Middle:
the parameters in which the proposed method sampled the log-posterior distri-
bution. Lower: the estimated value of the log-posterior distribution.
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Method µ̂ φ̂ σ̂v α̂

GPO-SMC -0.05 0.99 0.50 1.83
Indirect estimation [18] -0.01 0.99 0.01 1.80
Gradient-based search [27] -0.01 0.99 0.14 1.76

Table 1: The parameter estimate in the αSV using three different methods.

φ ∈ [−1, 1], σ ∈ [0, 2] and α ∈ [1.5, 2]. We initiate the algorithm by sampling 25
parameters from the parameter prior. This is done to be able to estimate the
hyperparameters of the GP and to get an overview of the log-posterior.

In Figure 4, we present the sampling points selected by the algorithm (mid-
dle) and the MAP estimate (lower) at each iteration. We note the randomly
sampled parameters up to iteration 25, after this the algorithm focus the sam-
pling to a smaller part of the parameter space. The convergence is quick and
the parameter estimate has stabilised after about 60 iterations.

The final MAP estimate and the estimates from [18] and [27] are presented in
Table 1. Our parameter estimate is close to the other two previously presented
estimates in the φ and α-parameters. The parameters µ and σ are somewhat
larger than in the previously communicated results. This difference could be
due to the design of the kernel and mean function used in the GPO part of the
proposed method.

7 Conclusions and outlook

In this work, we have examined the potential of ABC to infer parameters us-
ing GPO in nonlinear state space models with intractable likelihoods. We have
discussed the GPO algorithm and the ABC-SMC method for estimating the
intractable likelihood. The proposed algorithm performs well on the three nu-
merical illustrations that are presented in this work. The algorithm converges
quickly and also gives reasonable estimates of the parameters, which indicates
that it can be an interesting alternative to the existing ML estimation meth-
ods. Such solutions, albeit online in nature, requires in the order of thousands of
samples from the intractable likelihood function, whereas our algorithm requires
an order of magnitude less.

Future work includes more comparisons between the proposed method and
the existing methods based on gradient-based optimisation [9, 27] and Markov
chain Monte Carlo sampling [23]. GPO can also be used for other optimisation
problems, e.g. input design in which e.g. the expected information matrix of
an nonlinear SSM is maximised by selecting a suitable input. The GPO algo-
rithm can also be further developed by constructing new acquisition rules and
improving the SMC algorithm used to sample the likelihood.
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A α-stable distributions

This appendix summarises some important results regarding α-stable distribu-
tions. We discuss the properties of a stable distribution, the parametrisation
used in this work, how to simulate from the distribution and some near sufficient
statistics. For a more detailed presentation, see [21], [23] and references therein.

A.1 Definitions

We start by defining an α-stable distribution in Definition 1. From its defi-
nition, we see that the Gaussian distribution is a special case of the α-stable
distribution. Also, the Cauchy and Lévy distributions are other special cases of
this family.

Definition 1 (stable distribution) A non-degenerate random variable X is
stable if and only if for all n > 1, there exist constants cn > 0 and dn ∈ R such
that

X1 +X2 + . . .+Xn = cnX + dn,

where X1, X2, . . . , Xn are independent, identical copies of X. Furthermore, X
is strictly stable if dn = 0 for every n.

The general family of α-stable distributions can be described by the char-
acteristic function ϕX(t) = E[exp(itX)] for a real valued random variable X.
Except for the three members previously mentioned, the probability distribution
function (pdf) cannot be expressed in closed-form. This as the Fourier transform
of the characteristic function cannot be evaluated in these cases. Instead, we
generally work with the characteristic function of the distribution family. Two
different common parametrisations of the α-stable distribution are presented in
Definitions 2 and 3.

Definition 2 (α-stable distribution, parametrisation 0) An univariate α-
stable distribution denoted by A(α, β, γ, η) has the characteristic function

φ(t|θ) =

{
exp

{
iηt− γα|t|α

[
1 + iβ tan

(
πα
2

)
sgn(t)

(
|γt|1−α − 1

)]}
if α 6= 1,

exp
{
iηt− γ|t|

[
1 + 2iβ

π sgn(t) ln (γ|t|)
]}

if α = 1,

where α ∈ [0, 2] denotes the stability parameter, β ∈ [−1, 1] denotes the skewness
parameters, γ ∈ R+ denotes the scale parameter and η ∈ R denotes the location
parameter.

Definition 3 (α-stable distribution, parametrisation 1) An univariate α-
stable distribution denoted by A(α, β, γ, η) has the characteristic function

φ(t|θ) =

{
exp

{
iηt− γα|t|α

[
1− iβ tan

(
πα
2

)
sgn(t)

]}
if α 6= 1,

exp
{
iηt− γ|t|

[
1 + 2iβ

π sgn(t) ln(t)
]}

if α = 1,

where α ∈ [0, 2] denotes the stability parameter, β ∈ [−1, 1] denotes the skewness
parameters, γ ∈ R+ denotes the scale parameter and η ∈ R denotes the location
parameter.



The parametrisation in Definition 2 is referred to as the zero-parametrisation
in [21]. This parametrisation is preferred since to that it results in a simple char-
acteristic function and is continuous in all the parameters. The parametrisation
in Definition 3 is referred to as the one-parametrisation and is useful in alge-
braic evaluations. In this work, we use the one-parametrisation as it is easy to
simulate from.

As previously mentioned, there exists three special cases in which the charac-
teristic function can be inverted to obtain the PDF. The Gaussian distribution
N (η, c2) is recovered by using {α, β, γ, η} = {2, 0, γ, c}, the Cauchy distribution
C(η, c) by {1, 0, c, η} and the Lévy distribution L(η, c) by {1/2, 1, c, η}. Here, we
use the zero-parametrisation in Definition 2 with η and c denoting the location
and scale parameter, respectively.

Even if the PDF cannot be written down analytically, it can be estimated
by numerical integration. In Figure 5, we present the PDF for different values
of the parameters α and β, keeping the other parameters fixed. We see that
the α-stable distribution can capture both skewed distributions and heavy tails.
This is why they have been used in finance [18, 10] to model returns and stock
prices.

A.2 Simulating random variables

Even if the pdf often is intractable for α-stable distributions, it is quite simple to
simulate from them using results from [5]. In Propositions 1 and 2, we present
methods for simulating random variables from the two parametrisations of the
distribution.

Proposition 1 (Simulating α-stable variable, parametrisation 0) Assume
that we can simulate w ∼ Exp(1) and u ∼ U(−π/2, π/2). Then, we can obtain
a sample from A(α, β, 1, 0) by

ȳ =


Sα,β

sin[α(u+Bα,β)]

(cosu)α/2

[
cos[u−α(u+Bα,β)]

w

] 1−α
α

if α 6= 1,

2
π

[(
π
2 + βu

)
tan(u)− β log

π
2w cosu
π
2 +βu

]
if α = 1,

(15)

where we have introduced the following notation

Sα,β =
[
1 + β2 tan2

(πα
2

)]− 1
2α

,

Bα,β =
1

α
arctan

(
β tan

(πα
2

))
.

A sample from A(α, β, γ, η) is obtained by the transformation

y =

{
γ
(
ȳ − β tan(πα2 )

)
+ η if α 6= 1,

γȳ + η if α = 1.

Proposition 2 (Simulating α-stable variable, parametrisation 1) Assume
that we can simulate w ∼ Exp(1) and u ∼ U(−π/2, π/2). Then, we can obtain
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Figure 5: Estimated probability density functions for α-stable distributions
when varying the stability parameter α ∈ [0, 2] (upper) and the skewness param-
eter β ∈ [−1, 1] (lower). We use β = 0 when varying α and α = 0.5 when varying
β. The location and scale parameters are kept fixed at {γ, η} = {1, 0}. Here,
we use the zero-parametrisation in Definition 2 of the α-stable distribution.



a sample from A(α, β, 1, 0) by

ȳ =


sin[α(u+Tα,β)]

(cos(αTα,β) cos(u))1/α

[
cos[αTα,β+(α−1)u]

w

] 1−α
α

if α 6= 1,

2
π

[(
π
2 + βu

)
tan(u)− β log

π
2w cosu
π
2 +βu

]
if α = 1,

(16)

where we have introduced the following notation

Tα,β =
1

α
arctan

(
β tan

(πα
2

))
.

A sample from A(α, β, γ, η) is obtained by the transformation

y =

{
γȳ + η if α 6= 1,

γȳ +
(
η + β 2

πγ log γ
)

if α = 1.

A.3 Parameter estimation

The moments of α-stable distributions does not always exist for all parameters.
For example, the mean exists if α > 1 but not otherwise. Also the variance is 2γ2

if α = 2, but does not exist otherwise. This makes parameter estimation difficult
in the general case using the usual sample statistics for mean and variance.

One approach to estimate the parameters in the distribution is presented in
[20] and is based on sample quantiles of the data. These statistics are used in
combination with tabled values to estimate the parameters of the distribution.
The various sample statistics are

ν̂α =
q̂95(x)− q̂5(x)

q̂75(x)− q̂25(x)
, ν̂β =

q̂95(x) + q̂5(x)− 2q̂50(x)

q̂95(x)− q̂5(x)
, ν̂γ =

q̂75(x)− q̂25(x)

γ
,

where q̂k(x) denotes the k sample quantile of the data x. The location param-
eter η can be estimated using a similar expression with the estimates of the
other parameters. As previously mentioned, these statistics can be used with
the tables in [20] to estimate the parameters of an α-stable distribution. The
statistics are also useful as near-sufficient statistics in ABC-based algorithms.


