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Abstrat

The thermomehanial fatigue (TMF) stress relaxation of the single-rystal

nikel-base superalloy MD2 has been analysed and modelled in this paper. In-

phase and out-of-phase TMF experiments in the nominal [001], [011] and [111]
rystal orientations have been performed. The TMF yle onsists of two load-

ings eah with a 100 h long hold-time. A simple rystallographi reep model,

based on Norton's reep law, has been developed and used in onjuntion with a

rystal plastiity model. The model takes anisotropy and tension/ompression

asymmetry into aount, where the anisotropi behaviour is based on the rys-

tallographi stress state. The values of the reep parameters in the anisotropi

expression were determined by inverse modelling of the onduted TMF experi-

ments, a parameter optimisation were performed. The developed model predits

the stress relaxation seen in the TMF experiments with good orrelation.

Key words: Single-rystal superalloy, Thermomehanial fatigue, Creep,

Stress relaxation, Anisotropy, Parameter optimisation

1. Introdution

The market for renewable energy tehnologies is ontinuing to grow, and an

inrease of renewable soures like wind and solar power is expeted. Sine the

prodution by suh soures annot be atively planned, the grid must be built

in suh a way that the wind or solar energy an be e�iently reeived when

there is suh prodution, but also so that one an manage over periods where
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there is none. In short, this means that the wind and solar energy power must

be balaned by other power soures that an be regulated (up and down) on a

minute-by-minute basis. This an, for instane, be ahieved by gas turbines [1℄,

and an inreasing demand for gas turbines designed to stand high numbers of

starts and stops an therefore be foreseen. The omponents in the hot setions

of the gas turbine will experiene thermomehanial fatigue (TMF) loading, i.e.,

both thermal and mehanial yling. Further, during the steady-state ondi-

tion, also known as hold-time, under servie load the omponents will undergo

reep deformation if the temperature is su�iently high, and the stress state

will relax.

The hottest omponents in a power generating gas turbine are the blades and

guide vanes of the �rst turbine stage. These are mainly produed in the state-

of-the-art material, preferable single-rystal nikel-base superalloys whih have

exellent mehanial properties in very hot environments [2℄. These materials

will inrease the e�ieny of the gas turbine as a higher operating temperature

an be ahieved ompared to other materials, whih in turn redues the fuel on-

sumption, leading to redued environmental e�ets and lower operating osts [3℄.

Single-rystal nikel-base superalloys have a fae-entered-ubi rystal stru-

ture [4℄, with well de�ned rystallographi slip planes and slip diretions. The

material exhibit a well known elasti anisotropy and anomalous plasti be-

haviour, suh as plasti anisotropy and tension/ompression asymmetry, whih

are dependent on the rystallographi struture of the material. As the ompo-

nent is loaded, plasti �ow will eventually our, and the deformation will take

plae along the rystallographi slip planes, also known as rystal plastiity, see

eg. Haupt [5℄ or Roters et al. [6℄.

There are two main types of TMF yles whih an a�et the omponents of

the gas turbine, the in-phase (IP) TMF yle and the out-of-phase (OP) TMF

yle. In the IP ase the temperature is yled in-phase with the applied me-

hanial strain, and in the OP ase the temperature is yled in reverse to the

mehanial strain. The typial di�erenes between the two types an be seen

in Han et al. [7℄, where the deformation and damage mehanisms of the �rst

generation single-rystal superalloy SRR99 was investigated for both IP and

OP onditions. A display of the two di�erent load yles and the orrespond-

ing hysteresis loops, where one an observe the unsymmetrial shape of the

stress-strain urve, an be found. The OP TMF behaviour with hold-time of

the single-rystal superalloy CMSX-4 was investigated in Moverare et al. [8℄,

where a pratial TMF proedure is desribed. It is stated that the OP ase

is typially the one for the hottest region of a omponent, where a loal point

might experiene ompression at the peak temperature, a so alled hot-spot.

At omparative low temperatures, at least in the ase of gas turbines, 100 −
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500◦C, a single-rystal superalloy is not likely to undergo reep deformation.

As the omponents experiene a TMF yle, in whih room temperature ondi-

tions might be reahed, it is thus ruial that the low temperature onstitutive

behaviour of the material is orretly aptured. In the work of Qin and Bassani

[9, 10℄ a physially inspired room temperature rystal plastiity model was de-

veloped using Shmid and non-Shmid stresses to take the observed anomalous

plasti behaviour into aount. The model manages to alulate the relative

size of the tension/ompression asymmetry in the [001], [011] and [1̄11] rys-
tallographi diretions. This model was later enhaned by Leidermark et al.

[11℄ to inorporate further non-Shmid stresses to be able to desribe the low

temperature behaviour of a single-rystal nikel-base superalloy. A omparison

with experimentally made tension and ompression tests of the single-rystal

nikel-base superalloy MD2 were made with good agreement.

At higher temperatures, in the area of approximately 600− 800◦C, the single-
rystal material will start to experiene time dependent deformation, reep, and

in ombination with the long hold-times at the steady-state ondition resulting

in relaxation of the stress state. There are many di�erent types of reep models

for single-rystal nikel-base superalloys, Ma et al. [12℄ proposed a mirosopi

disloation model using disloation glide and limb to aount for the reep de-

formation of the single-rystal superalloy CMSX-4. Another disloation model

is presented in Zhu et al. [13℄, whih ouples the alloy hemistry to the reep

deformation. A marosopi visoplasti model using the Orowan's assump-

tion, that reep strain rate is proportional to the density of the mobile dislo-

ations, has been ombined with a rate-independent rystal plastiity approah

by Staroselsky and Cassenti [14℄ to aommodate for the material behaviour of

the single-rystal nikel-base superalloy PWA1484 in both LCF and OP TMF

tests. In the paper of Ghosh et al. [15℄ an anisotropi disloation reep model is

desribed, whih inludes otahedral and ube slip in ombination with a dam-

age parameter that is dependent on the disloation density. The model is able

to predit the anisotropi reep response for a limiting set of experimental data.

A phenomenologial mirosopi-marosopi model based on rate-dependent

rystal plastiity using a damage parameter following Kahanov's reep damage

evolution for eah slip system has been onsidered in the work of Vladimirov

et al. [16℄. The derived model was �t to uniaxial test data and validated for

a multiaxial test ase where a good agreement with primary, seondary and

tertiary reep was obtained. Instead of inorporating the damage on the rys-

tallographi level MaLahlan et al. [17℄ introdued a global damage tensor

derived from the strain rate tensor to desribe the reep deformation.

For even higher temperatures, 800 − 1100◦C, the material is also likely to un-

dergo mirostrutural hanges, so alled rafting. Rafting is a time dependent

proess, that requires some indued plastiity, whih gradually degrade the γ/γ′-
mirostruture and a�ets the mehanial properties of the material, for more

details see eg. Epishin et al. [18℄ and/or Leidermark et al. [19℄.
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The objetive of this paper is to model the TMF stress relaxation behaviour,

reep deformation, observed in the single-rystal nikel-base superalloy MD2.

Experiments have been made, where the three rystallographi orientations

[001], [011] and [111] have been investigated both in IP and OP TMF. Two

TMF yles eah with a hold-time of 100 h have been applied, from whih the

reep response of the material is obtained. A new simplisti reep model is de-

veloped based on the reep deformation along the rystallographi slip planes.

The model uses an anisotropi expression following the basi Norton reep law

to de�ne the amount of reep �ow in eah slip system. The TMF stress re-

laxation response from the experiments is used in an inverse modelling proess

(parameter optimisation) in whih the reep parameters are determined through

urve-mapping with the response from the FE-simulations. From the seen re-

sults of the parameter optimisation a good response is obtained, able to desribe

the anisotropi behaviour of the superalloy.

2. Experiment

The hemial omposition of the investigated single-rystal nikel-base superal-

loy MD2 is Ni, 5.1Co, 6.0Ta, 8.0Cr, 8.1W, 5.0Al, 1.3Ti, 2.1Mo, 0.1Hf, 0.1Si (in

wt.%). The material was solution heat treated at 1275◦C for 8 h followed by a

two stage ageing proess for 3 h at 1100◦C and 24 h at 850◦C. Six smooth test

speimens were mahined from ast bars with their longitudinal axes nominally

parallel to the [001], [011] and [111] rystal diretions, two in eah diretion.

The diameter of the speimens is approximately 6 mm and the parallel length

is 24.58 mm, for more details regarding the geometry of the speimen please see

Figure 1. During the asting proess a perfet aligned bar is almost impossible

to ahieve, thus all ast bars have a small misalignment in rystal orientation.

The misalignment from the ideal longitudinal (primary) rystal orientations,

denoted θ, varied between 1.8◦ and 6.2◦ for the speimens. The deviation from

the ideal seondary rystal orientation (SCO), denoted φ, is of less onern than
the primary deviation as the speimens are smooth and round. The nominal

seondary rystal orientation an be either the [100], [1̄00], [010] or [01̄0] dire-
tion, for the nominal primary rystal orientation [001]. The misalignments and
the individual diameters are listed in Table 1 for eah speimen and the mis-

alignments are de�ned aording to Figure 2. It is to be pointed out that θ and
φ are de�ned with respet to the nominal [001] rystal orientation regardless of

primary orientation in the respetive test speimens.

The speimens were alternately subjeted to either an IP or an OP TMF yle,

i.e. Rε = εmin/εmax is equal to 0 and −∞ respetively, where the temperature

ranged between 100◦C and 750◦C in the loading. The mehanial strain range

(∆εmech) of 1%, 0.7% and 0.6% were applied for the [001], [011] and [111] rys-
tal orientations, respetively. The di�erene in applied mehanial strain range
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Table 1: The experimental test speimens misalignment, diameter and applied strain range.

Speimen θ (◦) φ (◦) Diameter (mm) ∆εmech (%)

EIP [001] 1.80 30.9 6.29 1.0
EOP [001] 6.20 40.7 6.31 1.0
EIP [011] 43.3 0.40 6.33 0.7
EOP [011] 43.1 0.60 6.34 0.7
EIP [111] 51.4 39.6 6.00 0.6
EOP [111] 53.2 42.6 6.00 0.6

is due to the fat that an initial equivalent inelasti strain (∼ 0.5%) is to be

present in the speimens for the di�erent rystal orientations at the start of the

hold-time. The TMF loading yle was done in the following sequene: loading

from 100◦C to 750◦C at a loading rate of 5◦C/s, a hold-time of 100 h was applied
followed by an unloading with the reversed properties as in the loading stage,

this sequene was then applied one more time to ahieve two TMF yles, see

Figure 3 for a more detailed overview.

The experimental TMF tests were performed in an Instron servo-hydrauli TMF

mahine using indution heating and fored air-ooling for rapid temperature

hanges. The testing mahine was arefully aligned to prevent bukling of the

speimens. A high-temperature extensometer with a gauge length of 12.5 mm

was used during the tests, and in order to obtain the mehanial strain, the in-

dued thermal strain was subtrated from the total strain. For a more detailed

desription of the experimental proedure see Segersäll et al. [20℄.

The reasons why only six test speimens were used in the study were due to the

high manufaturing ost and availability of the single-rystal speimens, and

onsequently the statistial unertainties in the analysis are bound to inrease.

3. Modelling

Modelling of the material behaviour has been made in a large deformation on-

text, as the omponents made of single-rystal material in a gas turbine might

experiene large deformation when loaded. Subsequently, the following relations

have been used in a number of FE-simulations to apture the responses seen in

the experimental testing.

When a body is deformed the on�guration is hanged from the referene to the

urrent on�guration whih may be desribed by use of the total deformation

gradient F , see e.g. Haupt [5℄. By introduing an intermediate on�guration

the total deformation gradient tensor an be multipliatively split into an elasti
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(mm)

Figure 1: The geometry of the investigated test speimens.

and an inelasti part [21℄

F = F
e
F
in

(1)

where the inelasti deformation gradient tensor F
in

represents the hange be-

tween the referene and the intermediate on�guration, physially represented

by shearing of the lattie, and where the elasti deformation gradient tensor

F
e
represents the deformation done by elastially strething and rotating the

lattie from the intermediate to the urrent on�guration [5℄. From the above

statement it an be onluded that the veloity gradient tensor an be expressed

in the following way

L = Ḟ F
−1 = Ḟ

e
F
e−1

+ F
e ˙
F
in
F
in−1

F
e−1

(2)

where the quantity

˙
F
in
F
in−1

= L
in

is the inelasti veloity gradient tensor de-

�ned in the intermediate on�guration.

In single-rystal nikel-base superalloys the inelasti deformation ours due to

slip on the ative slip systems [22℄, whih an be represented by the inelasti
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Figure 2: De�nition of the speimen misalignments with respet to the nominal primary

([001]) and seondary rystal orientations (SCO).
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Figure 3: The TMF yle whih was used in the experiments and FE-simulations of this study.

veloity gradient tensor de�ned in the intermediate on�guration aordingly to

L
in =

∑

α

γ̇αsα ⊗ n
α

(3)

where γ̇α is the inelasti shear strain rate on slip system α, and where sα and n
α

are the slip and normal diretions on the slip plane, respetively, de�ned in the

intermediate on�guration. The numerial update of the inelasti deformation

gradient tensor an be performed by applying a bakward-Euler sheme on the

inelasti veloity gradient tensor, thus yielding







∆tn+1L
in
n+1 = ∆F

in
n+1F

in−1

n+1 =
(

F
in
n+1 − F

in
n

)

F
in−1

n+1 = I − F
in
n F

in−1

n+1

∆tn+1L
in
n+1 =

∑

α

∆γαn+1s
α ⊗ n

α
(4)

where ∆γαn+1 = ∆tn+1γ̇
α
is the inremental inelasti shear strain. By setting

the two equations equal and with further manipulations the new updated in-

elasti deformation gradient tensor F
in
n+1 for the next iteration step is reeived
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aording to

F
in
n+1 =

(

I −
∑

α

∆γαn+1s
α ⊗ n

α

)−1

F
in
n (5)

A two-step onstitutive material model approah is used by sequentially ombin-

ing reep and plastiity. The problem is solved sequentially by �rst performing

an elasti preditor step, then a reep orretor step is done where the result

from the elasti preditor step is taken as initial values. This solution then

de�nes a trial state for the plasti orretor step, whih if it is loated outside

of the yield surfae, is inrementally solved bak to the yield surfae. Note that

three possible senarios might happen; a pure elasti response an be obtained,

or the elasti preditor step might end up outside the yield surfae and the

reep orretion takes the stress bak to an elasti state, or if the yield funtion

is larger than zero after the reep orretion has been performed then the plas-

ti orretion step will take the stress bak to the yield surfae, see Figure 4.

Worth pointing out is that the reep �ow is onsidered ontinuous during the

whole proess in ontrast to the plasti �ow. Consequently, as the sequential

partitioning of the orretor step between reep and plastiity is present, the

inelasti veloity gradient tensor is additively deomposed into a plasti part

and a reep part following the work of Staroselsky and Cassenti [14℄ aordingly

to

L
in = L

p +L
cr

(6)

Therefore, the numerial approah for determining the inelasti deformation

gradient tensor in eah timestep is due to the aumulation of the inremental

shear strain in the plasti and reep step, in the following way

∆γα = ∆γα,p +∆γα,cr (7)

Thus, to obtain the shear strain rates a �ow rule for eah of the two steps has

to be set up, one for plastiity and one for reep.

(a)

E

l

a

s

t

i



Creep

fα = 0
(b)

E

l

a

s

t

i



Creep

fα = 0

()

E

l

a

s

t

i



Creep

Plastiity

fα = 0

Figure 4: The inelasti deformation gradient is iteratively updated following an elasti trial

and reep step, where the trial state might end up either (a) under or (b) above the yield

surfae, and also followed by a () plasti orretor step, if fα > 0 at the end of the reep

step.
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3.1. Plasti �ow

The rystal plastiity model presented in Leidermark et al. [11℄ has been used in

this work. The model is based on rystal plastiity and takes Shmid as well as

non-Shmid stresses into aount, thus able to desribe the tension/ompression

asymmetry as well as the plasti anisotropy observed for this material. Twelve

unique slip systems are onsidered, α = 1, . . . , 12, resulting in twelve yield fun-

tions, one for eah slip system. As negligibly small hardening was observed in

monotoni loading the following perfet plasti yield funtions have been set up

fα = σαe −Gr (8)

where Gr is the slip resistane on the slip plane, whih has the same value for

all slip systems, and where the following marosopi equivalent stresses have

been employed

σαe =
∣

∣ταpb
∣

∣+ κ1 |ταcb|+ κ2 |ταsb|+ κ3τ
α
pe + κ4τ

α
se + κ5σ

α
pn (9)

with the following stress omponents; ταpb is the resolved shear stress (Shmid

stress) in the lose-paked diretion of slip system α and the other �ve ταcb, τ
α
pe,

ταse, τ
α
sb and σ

α
pn are non-Shmid stresses. These stress omponents at in di�er-

ent diretions on the otahedral, ube and seondary slip planes and have been

onsidered based on inspiration from rystallographi mehanisms ourring on

the miro level in the rystal [23℄. It is to be noted that the Shmid and non-

Shmid stresses, in this modelling ontext, represent the mean value stresses

over a matrix with ordered γ′-partiles. Furthermore, κ1 through κ5 are weight
fators that desribe how the non-Shmid stresses a�et the yield limit. The

�rst three terms in the equivalent stress expression handle the anisotropy and

the last three terms manifest the tension/ompression asymmetry. The weight

fators and Gr are temperature dependent, thus yielding di�erent impats on

the yield riteria as the temperature hanges. It an be seen in Leidermark et

al. [11℄ how the weight fators κ1 through κ5 and Gr are determined by exper-

imentally obtained yield data for a given temperature.

The plasti �ow rule of a single-rystal superalloy an be desribed by shearing

along the slip diretion, thus the following non-assoiated �ow rule has been

adopted

γ̇α,p = λ̇α,p
∂gα

∂ταpb
(10)

where the �ow is in the diretion of the resolved shear stress (Burgers' vetor),

hene

gα =
∣

∣ταpb
∣

∣

(11)

and where, in order to handle rate independent perfet rystal plastiity, the

following visoplasti �ow funtion was used

λ̇α,p = γ̇0

〈(

σαe
Gr

)m

− 1

〉

(12)
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where γ̇0 and m are regularisation parameters given the values 0.1 and 10,
respetively, in order to obtain the sharp orner of the perfetly plasti behaviour

in the stress-strain urve.

3.2. Creep �ow

The fous in this work is on the modelling of the TMF stress relaxation in

the investigated single-rystal material. Hene, the reep model needs to be

able to desribe the stress relaxation during the long hold-times whih the test

speimens were exposed to in the experiments. Steady-state seondary reep is

onsidered and modelled, due to the observed TMF stress relaxation behaviour

seen in the experiments and from a set of performed uniaxial reep tests of the

material in question, whih have been reported in Segersäll et al. [20℄. At a

su�iently large temperature, disloation will start to move on the slip planes,

yielding a reep �ow. A basi assumption is thus, that the reep �ow rule will

have a similar form as the plasti one, hene a non-assoiate �ow along the slip

diretion, as in Equation (11), will also be appropriate here

γ̇α,cr = λ̇α,cr
∂gα

∂ταpb
= λ̇α,cr sgn

(

ταpb
)

(13)

S

t

r

e

s

s

(

M

P

a

)

Time (h)

EIP [001] EOP [001] EIP [011] EOP [011] EIP [111] EOP [111]

Figure 5: The experimentally obtained stress relaxation urves.

The equivalent stress de�ned above in Equation (9) is also used, as the observed

stress relaxation shows a tension/ompression asymmetry, see Figure 5. Thus,

by using a simple Norton reep law applied individually on all slip systems the
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following �ow funtion is found

λ̇α,cr = C

(

σαe
Gr

)n

A(T ) (14)

where C and n are parameters desribing the reep response (stress relaxation),

and where A(T ) is an Arrhenius term aounting for the thermal ativation

A(T ) = A0 e−
Q
RT

(15)

with the universal gas onstant R = 8.3144621 J/(mol K), the ativation energy
Q, a onstant A0 and the temperature T (given in K).

By observing the experimental stress relaxation urves found in Figure 5, one

an see that the responses are di�erent for the di�erent rystal orientations, thus

implying that an anisotropi behaviour is present, whih needs to be addressed.

The orientation dependene of C has been examined, a more detailed disussion

is given in Setion 4.1.1, and determined by a projetion of the normalised stress

state in the rystallographi diretions of the 〈011〉 and 〈111〉 families. The

following de�nition of the anisotropi reep funtion C is given

C = b0 + b1x1(DS) + b2x2(DS) (16)

where b0, b1 and b2 are linear regression parameters determined from the per-

formed parameter optimisation, DS is the normalised stress diretion tensor

[24℄, based on the seond Piola-Kirhho� stress tensor S in the following way

DS =
S√
S:S

(17)

and �nally, the x1(DS) and x2(DS) are the maximum values of the projetions

of the normalised stress diretion tensor in the rystal diretions of the 〈011〉 and
〈111〉 families (misalignment taken into aount) and are de�ned aordingly to







x1(DS) = max
(

〈011〉DS 〈011〉T
)

x2(DS) = max
(

〈111〉DS 〈111〉T
)

(18)

The unique diretions whih the two rystallographi families onsist of are

given in Table 2. All of these rystal diretions are evaluated, and onsequently

di�erent values are generated aordingly to the rystallographi orientation of

the speimen (FE-model). The maximum value is due to that the rystal dire-

tion that gives the largest value is the diretion in whih the speimen is loaded.

The maximum values of the projetions quantify the amount of reep �ow ob-

tained in the ertain rystallographi diretion with respet to the stress state.

With this above derived approah one is able to predit the reep response in

a multiaxial stress state, as well as an uniaxial one, due to that the projetions
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Table 2: The rystal diretions evaluated in eah rystallographi diretion family.

〈011〉 [011], [01̄1], [110], [11̄0], [101], [1̄01]
〈111〉 [111], [1̄11], [11̄1], [1̄1̄1]

yield di�erent values.

The reep exponent n was not onsidered to follow an anisotropi behaviour,

more details regarding this an be found in Setion 4.1.1. The reep param-

eters b0, b1, b2 and n were determined through inverse modelling (parameter

optimisation) of the experimental stress relaxation urves.

4. Simulations

In the simulations of the TMF yle, only a short setion over the middle of the

test speimen was modelled and analysed. The reason for this was to obtain

the orret onstant mehanial strain range over the strain gauge length dur-

ing the TMF yle, espeially during the long hold-times. The mesh program

TrueGrid

R©
[25℄ was used to model and mesh the test speimens, taking onsid-

eration to the di�erent diameters of the test speimens. The FE-model ontains

4800 eight-noded solid brik elements with redued integration and default hour-
glass ontrol. As the test speimens are ylindrial a so alled butter�y-mesh

was adopted to obtain an adequate mapped mesh, the FE-model an be seen in

Figure 6. A onvergene study with respet to the length of the speimen was

performed to see if the anisotropy or if the bending of the speimen in�uened

the stress-strain state in the model. From this analysis no signi�ant �aws ould

be observed, and as a onsequene the short setion was used in the TMF analy-

sis. A virtual extensometer was applied over the strain gauge length, measuring

the relative motion of two nodes. The global stress state in the speimens was

extrated by taking the total boundary fore in the longitudinal diretion at the

top of the model and divide it with the nominal area of the parallel setion in

the middle.

The impliit solver in the FE-software LS-DYNA

R©
version 971 [26℄ was used in

the analysis of the experimental TMF yles. The rystal plastiity and reep

behaviour of the material had been implemented into an user-de�ned material

subroutine for the FE-software. The introdued kinemati relations are used

to inrementally update the stress state in the body under onsideration using

a bakward-Euler approximation, see e.g. [27℄, in ombination with a Newton-

Raphson iterative sheme, in an impliit stress update algorithm. Due to numer-

ial omplexities with the rystal plastiity model regarding ative slip systems,

the initial sti�ness method was used, see e.g. [28℄. The initial sti�ness method

means that the elasti tangent sti�ness tensor is never updated throughout the

12



Figure 6: The FE-model of the small straight setion of the test speimens used in the

simulations showing the mapped butter�y mesh.

Table 3: The elasti onstants, units in GPa.

Temp. (

◦
C) C11 C12 C44 C11 − C12

23 246.1 154.4 130.1 91.63
208 241.0 155.9 121.1 85.13
418 231.8 152.3 113.7 79.52
600 221.2 148.0 106.8 73.25
700 219.9 150.4 103.0 69.56
812 212.7 147.5 98.68 59.89

analysis, only the initial sti�ness is alulated and used in eah of the iterations.

The elasti sti�ness is based on the temperature dependent elasti onstants

found in Table 3, whih were determined by resonane measurements. Further-

more, the rystal plastiity-reep model needs the κ-values and the slip resis-

tane Gr, as an be found in Table 4. These were obtained from experimental

monotoni tension and ompression tests performed at di�erent temperatures

and determined as spei�ed in Leidermark et al. [11℄. In the FE-simulations

interpolations between the di�erent temperatures of the elasti and plasti pa-

rameters were used.
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Table 4: The rystal plastiity onstants at di�erent temperatures.

Temp. (

◦
C) κ1 κ2 κ3 κ4 κ5 Gr (MPa)

20 0.27027 0.29002 −0.045656 0.001031 0.048297 541.63
500 0.65033 0.36121 −0.0077911 −0.1163 0.082087 573.87
750 0.44910 0.34594 0.12689 −0.23686 0.16189 514.18

Table 5: The stress relaxation parameters from the urve-�tting.

Speimen EIP [001] EOP [001] EIP [011] EOP [011] EIP [111] EOP [111]

ai (MPa) 814.67 731.16 706.55 730.50 548.16 544.03
bi −0.05926 −0.06541 −0.07220 −0.06530 −0.07259 −0.08531

4.1. Parameter optimisation

To obtain good values for the parameters onerning the reep behaviour, b0,
b1, b2 and n, an optimisation was arried out. In the optimisation a urve-

mapping operation was performed, in whih the alulated response of the stress

relaxation from eah FE-simulation was ompared to the one obtained in the

respetive experimental test. The optimisation tool LS-OPT

R©
version 4.2 [29℄

was utilised in the evaluation proess of the urve-mapping, with the built-in

urve-mapping tool.

4.1.1. Parameter sreening

The optimisation tool LS-OPT

R©
needs initial values and also maximum and

minimum values of eah parameter to perform the optimisation. The determi-

nation of the initial values to be used in the parameter optimisation are extrated

from the experimental tests. This was ahieved by performing a sreening of

the parameters used in the optimisation proess. The sreening was done in

the following way; �rst the experimental stress relaxation tests from Figure 5

were adopted into general power-law expressions by urve-�tting, only the re-

laxation part of the stress-time urve was of interest, thus yielding global stress

relaxation versus time responses aording to

σi = ait
bi

(19)

where i = 1, 2, . . . , 6 is the index of the respetive test, values of ai and bi an
be found in Table 5.

The next step was to evaluate the stress relaxation rate, thus the above equations

were di�erentiated with respet to the time

σ̇i = aibit
bi−1

(20)
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Table 6: The elasti sti�ness for eah of the three nominal rystallographi orientations, units

in GPa.

E[001] E[011] E[111]

95 170 254

This was done so that the global reep strain rates ould be determined from the

additively deomposed total strain rate, where the total strain is εtot = εe + εcr.
As the stress relaxation tests were onduted at a onstant strain range, hene

the di�erentiated equation with respet to time of the total strain is

ε̇tot = ε̇e + ε̇cr = 0 ⇒ ε̇cr = −ε̇e (21)

and taking into aount that εe = σ/E, the following relationship is obtained

ε̇cr = − σ̇

E
(22)

This method was used by Woodford [30℄ who derived an alternative approah to

evaluate onstant load reep tests by using onstant strain tests (TMF yling)

on the basis of the work done by Hart [31℄. Furthermore, in the work of Segersäll

et al. [20℄ it was shown how this method ould be applied to a single-rystal

superalloy undergoing TMF stress relaxation. The obtained reep strain rates

were ompared to regular uniaxial reep experiments with satisfying agreement.

At three stress states in eah of the six tests the global reep strain rates were

evaluated by the above desribed proedure, using the elasti sti�nesses aord-

ing to the ones stated in Table 6. The three evaluated states of the TMF stress

relaxation urve are:

1) the �rst onset of stress relaxation (start of the �rst hold-time),

2) the region in the �rst hold-time, where the stress relaxation urve has a

pronouned slope hange (the bend of the urve), and

3) the very end of the stress relaxation (end of the seond hold-time).

A more detailed overview of the positions an be found in Figure 7. After the

reep strain rate evaluation from the stress relaxation tests an analytial al-

ulation in MATLAB

R©
[32℄ was performed. The extrated global reep strain

rates and stresses were then projeted down on the rystallographi slip systems,

to determine the amount of reep shear strain rate γ̇α,cr and equivalent stress

σαe , i.e. the rystallographi equivalene of the global stress relaxation response.
When these rystallographi entities were known for eah test the parameters

in the rystallographi Norton reep law ould be established. A urve-�tting

proedure for eah rystal orientation and load ase was done taking onsider-

ation to the misalignment in orientation of the real test speimens, see Figure

8. The determined onstants are stated in Table 7 and de�ned aordingly as
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in Equation (14). As an be seen in Figure 8 the slopes of the urves are more

or less the same, whih onstitutes an isotropi reep exponent n. Furthermore,
one an observe that the positions of the interposing urves are di�erent, whih

leads to that the reep funtion C is dependent on orientation, thus anisotropi.

Due to this, the C funtion is given the anisotropi form as stated in Equation

(16).

σ

t

σ1

t1

σ2

t2

σ3

t3

σ̇1 ⇒ ε̇c1

σ̇2 ⇒ ε̇c2 σ̇3 ⇒ ε̇c3

Figure 7: The shemati view of the evaluation points of the reep strain rates and orre-

sponding stresses and stress rates.

EIP [001] EOP [001] EIP [011] EOP [011] EIP [111] EOP [111]

σe/Gr

γ̇
c
r

Figure 8: The experiened rystallographi reep shear strain rate versus the equivalent stress

divided by the slip resistane in the six experiments.

To determine the initial values of b0, b1 and b2 in the expression of the reep

funtion C, the following least square regression model was set up based on the

�tted values

Xb = C (23)

and in more detail, with all the spei� entities spei�ed, the equation system
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Table 7: The reep �ow onstants determined for eah rystal orientation and load ase.

CIP [001] CIP [011] CIP [111] COP [001] COP [011] COP [111]

0.0016633 0.0037115 0.0017528 0.0011747 0.018461 0.015354
nIP [001] nIP [011] nIP [111] nOP [001] nOP [011] nOP [111]

17.88 14.85 14.78 16.29 16.31 12.72

Table 8: The initial values and the minimum and maximum values obtained from the on�-

dene interval for the reep parameters.

b0 b1 b2 n
initial 0.0018723 −0.0204587 0.0300536 15.4717
minimum −0.0086001 −0.0339413 0.0198531 12.0087
maximum 0.0123448 −0.0069762 0.0402540 18.9347

to be solved is

















1 x1,IP [001] x2,IP [001]

1 x1,IP [011] x2,IP [011]

1 x1,IP [111] x2,IP [111]

1 x1,OP [001] x2,OP [001]

1 x1,OP [011] x2,OP [011]

1 x1,OP [111] x2,OP [111]
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COP [111]

















(24)

By solving the equation system above, using the least square method, the initial

values are reeived, see Table 8.

As stated previously, LS-OPT

R©
requires the minimum and maximum value

of eah parameter to perform an optimisation, thus a on�dene interval for

the regression oe�ients b̄i is set up aording to e.g. Myers et al. [33℄.

A 95% (100(1− ψ)%) on�dene interval following normal t-statistis with

dof = 6− 3 = 3 degrees of freedom has the following appearane

bi − tψ/2,dof

√

σ̂2(XT
X)−1

ii ≤ b̄i ≤ bi + tψ/2,dof

√

σ̂2(XT
X)−1

ii (25)

where tψ/2=0.025,dof=3 = 3.182 is the t distribution, σ̂2 = (CT
C − b

T
X
T
C)/dof

is the estimate of the error variane, and where (XT
X)−1

ii is the (i, i)th element
of the matrix (XT

X)−1
. The maximum and minimum value obtained from the

on�dene interval for eah parameter an be found in Table 8. In the table

one an see that the minimum of b0 is negative. If ombined with the others

parameters in a ertain way during an optimisation step the total of C might

also beome negative, this is not a desired property. To aount for this during

the optimisation a MaCauly braket is used for the expression of C, aording
to

C = 〈b0 + b1x1(DS) + b2x2(DS)〉 (26)
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If C would beome negative then C = 0 and a poor orrelation with the exper-

imental TMF stress relaxation is obtained, thus the evaluation values for the

parameters in the meta-model of the optimisation step in question are onsid-

ered bad estimates.

Regarding the reep exponent n (slope of the urve), whih does show a little

di�erene between the rystal orientations, but the outome of hanging the

exponent for the di�erent the rystal orientations is negligible small. Based on

this it is thus motivated to use a normal mean value of the n parameter between

the orientations as an initial value aording to

n̄ =
1

N

N
∑

i=1

ni (27)

Inserting the values found in Table 7 yields a mean value of n̄ = 15.4717. The
maximum and minimum value of the reep exponent are determined by using a

orreted sample standard deviation

s =

√

√

√

√

1

N − 1

N
∑

i=1

(ni − n̄)
2

(28)

and a 95% on�dene interval whih orresponds to 1.959964 standard devia-

tions, thus the values are derived from

n̄− 1.959964s≤ n̄ ≤ n̄+ 1.959964s (29)

leading to the minimum and maximum values of 12.0087 and 18.9347 respe-

tively, a summary an be found in Table 8.

4.1.2. Computational aspets of the optimisation

Due to the number of variables and that di�erent rystal orientations at both

IP and OP TMF were analysed, the parameter optimisation was onduted

using a meta-model based on a radial basis funtion network with spae �ll-

ing, ontaining 294 evaluation points in total. This number of evaluations are

based on the following: eah load ase (2) ontains three rystal orientations

(3) whih are to be evaluated at eight simulation points (8) per iteration, the
number of iterations are set to six (6), plus one veri�ation run (2 · 3), hene;
2 · 3 · 8 · 6 + 2 · 3 = 294 FE-simulations were arried out.

To handle the large amount of FE-simulations in the optimisation a large Linux-

based luster at the National Superomputer Centre (NSC) [34℄ in Linköping,

Sweden, was used. The Linux-based luster, named Kappa, ontains 364 HP

ProLiant DL170h G6 omputational servers and two HP proliant DL980 G7
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Table 9: The optimised values of the reep parameters.

b0 b1 b2 n
−0.00224667 −0.022414 0.040254 12.0087

huge nodes with large amounts of memory, hene giving a ombined peak per-

formane of 27 TFLOPS. The omputational servers are equipped with two Intel
Xeon E5520 quad-ore proessors with 24 or 72 GB RAM eah. The huge nodes

have 1 TiB RAM and eight Intel Xeon E7-2800 proessors with eight ores eah,
giving 64 ores in total. Thus, in total Kappa has 3040 omputational ores.

The omputational nodes ommuniate with eah other over a high-speed net-

work of In�niBand.

Eah of the FE-simulations in the parameter optimisation was performed using

eight ores on a omputational server, where the average time for a simulation

took roughly 1.3 lok hours.

4.2. Thermally ativated proess

The thermally ativated reep proess during the TMF yle is handled by the

Arrhenius term in the rystallographi Norton reep law. The Arrhenius term

is disregarded in the evaluation proess of the above derived reep parameters

as the temperature is held onstant during the TMF stress relaxation (long

hold-time). The parameters in the reep expression were de�ned at 750◦C and

due to this fat, the Arrhenius term is to yield unity at 750◦C to ahieve the

orret evaluated values. The onstants in the Arrhenius term are de�ned by

taking the logarithm of the expression and performing a regression using reep

strain rates from uniaxial reep tests at T1 = 700◦C and T2 = 750◦C with the

same stress state and normalising the reep strain rate around 750◦C of the

logarithmi expression

[

1 − 1
RT1

1 − 1
RT2

] [

lnA0

Q

]

=

[

lnA(T1)
lnA(T2)

]

(30)

with A(700◦C) = 0.20212 and A(750◦C) = 1 yielding Q = 264730 J/mol and

A0 = 3.273 · 1013.

5. Results and disussion

From the above performed parameter optimisation the reep parameters were

determined, and the obtained TMF stress relaxation behaviour an be seen in

Figure 9 with the optimised values as stated in Table 9. When omparing the

di�erenes between the simulated and experimentally obtained stress relaxation

urves, one an see a good orrelation. It an be noted that during the seond
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hold-time in the TMF yle of the two simulated [111] rystal orientations the
orrelation is slightly dereased. In these ases, the seond loading in the TMF

yle yields muh higher stress ompared to the other orientations relative to

the relaxed stress state of the �rst hold-time. One reason for this behaviour an

be, as the [111] rystal orientation is the sti�est one, that an internal numerial

sti�ness is present in the analyses. This behaviour needs further investigations

to be handled, so that a better orrelation an be reahed. Though, eventually

the stress state of the two [111] rystal orientations relaxes down to the experi-

mental level in the end of the seond hold-time.

S

t

r

e

s

s

(

M

P

a

)

Time (h)

EIP [001] EOP [001] EIP [011] EOP [011] EIP [111] EOP [111]

SIP [001] SOP [001] SIP [011] SOP [011] SIP [111] SOP [111]

Figure 9: The TMF stress relaxation urves from the simulations ompared to the experimen-

tally obtained ones (E - experiment and S - simulation).

Regarding the anomalous plasti behaviour, one an see that the anisotropy and

the relative tension/ompression asymmetry for the respetive rystal orienta-

tions are present. The pronouned tension/ompression asymmetry for the [001]
rystal orientation, where the IP ase leads to a higher stress state than the OP

ase, is aounted for and so is also the less pronouned opposite asymmetry

in the [011] orientation and the small di�erene in the [111] orientation. The

ombination of the equivalent stresses σαe with the anisotropi reep expression

manage to desribe the experimentally observed asymmetry in tension (IP) and

ompression (OP) as well as the anisotropy with satisfying results.

In general the experiments in the [111] rystal orientations were more demand-
ing than the other two rystal orientations. This an be observed in Figure 5,
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where the experimental urves experiene a lot of disturbane. A reason for this

might be the high sti�ness in the [111] orientation and the disturbane should

be referred to instabilities in the TMF testing mahine and not the mirostru-

ture. The dip of the experimental OP [111℄ at the end of the seond hold-time

(t ≈ 170 h) might be due to experimental problems of the TMF testing mahine

and is not to be misunderstood as a real material behaviour. As we an see that

the behaviour of the stress relaxation ontinues as before, but with a translation

in stress level.

Conerning the parameter optimisation in LS-OPT, 6 iterations and a veri�-

ation run were performed. When taking a look at the reeived result of the

optimised values of the reep parameters in the veri�ation run, the multiobje-

tive was equal to 0.319. A detailed overview of all the optimisation steps was

performed and a better response was found in the optimisation step 4.1, with a

multiobjetive of 0.267. Thus yielding the optimised set of parameters whih is

onsidered as the �nal result of the optimisation. A possibility during an opti-

misation step is that the estimate an be worse than in the previous step, whih

is unexpeted as the result should beome more optimal or yield the same value

with inreasing optimisation steps. In the optimisation proess, the program is

searhing for a global optimum, but it might end up in a loal optimum. From

the result of the veri�ation run we see that it is not as good as the one in the

optimisation step 4.1, thus indiating a loal optimum and the global optimum

of the investigated interval is found in step 4.1.

On the basis of the above mentioned optimisation, another interesting thing to

point out is that the optimised value for the reep exponent n is equal to the

minimum value obtained in the sreening proess. This sets pressure on the

rightfulness of the sreening, ould it have been performed in an other way or

is it satisfying. As the optimised value of n is found to be one of the limits

it is likely that some more onsiderations have to be made. The limits are

not physially determined and a thought is to let the reep exponent be freely

determined in the optimisation, hene no limits would be set. In the parameter

sreening proess the limits for the parameters b0, b1 and b2 are de�ned by a 95%
on�dene interval and this method has also been used for the reep exponent n.
Thus, from the above, one an motivate the proedure from a onsistently point

of view that the same approah has been used in the two sreening proedures.

6. Conlusions

• A model for the plasti and reep behaviour of the single-rystal nikel-

base superalloy MD2 has been set up, where the anisotropy and ten-

sion/ompression asymmetry are aounted for.
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• The developed model is able to desribe the anisotropi stress relaxation

behaviour of the material in question with good orrelation to the per-

formed TMF experiments.

• The question of �nding the true global optimal solution for the reep

parameters is a matter for further work, even though, as mentioned above,

the found one gives a satisfatory result.
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