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SAMMANFATTNING 

Diffusa leversjukdomar är ett växande problem och en vanlig dödsorsak världen över. I de senare 

stadierna innebär behandlingen ofta leverresektion eller transplantation och i bedömningen av vilka 

åtgärder som ska vidtas är det vitalt med en korrekt skattning av leverns funktion. Den gyllene standarden 

för den sortens bedömning är för närvarande att göra en leverbiopsi vilken har ett antal nackdelar. Som ett 

alternativ har en metod, som involverar magnetisk resonanstomografi och mekanistisk modellering av 

levern, utvecklats vid Linköpings Universitet. Ett av hindren som denna metod behöver övervinna för att 

kunna nå klinisk användning är tidsåtgången för parameterskattningar. I detta projekt har metodiken inom 

metamodellering testats som en potentiell lösning på detta hastighetsproblem. Metamodellering 

involverar att skapa modeller av modeller med hjälp av utförlig modellsimulering och matematiska 

verktyg. Med hjälp av regressionsmetoder, klusteralgoritmer och optimering har flera olika metoder för 

parameterskattning utvärderats. Resultaten visar att flera, men inte alla, parametrar kunde skattas 

tillfredställande med metamodellering samt att metamodellering kan vara ett mycket värdefullt verktyg 

vid modellering av biologiska system. Med fortsatt utveckla skulle metamodellering kunna ta denna icke-

invasiva metod för parameterskattning ett stort steg närmare klinisk användning. 
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ABSTRACT 

Diffuse liver disease is a growing problem and a major cause of death worldwide. In the final stages the 

treatment often involves liver resection or transplant and in deciding what course of action is to be taken it 

is crucial to have a correct assessment of the function of the liver. The current “gold standard” for this 

assessment is to take a liver biopsy which has a number of disadvantages. As an alternative, a method 

involving magnetic resonance imaging and mechanistic modeling of the liver has been developed at 

Linköping University. One of the obstacles for this method to overcome in order to reach clinical 

implementation is the speed of the parameter estimation. In this project the methodology of metamodeling 

is tested as a possible solution to this speed problem. Metamodeling involve making models of models 

using extensive model simulations and mathematical tools. With the use of regression methods, clustering 

algorithms, and optimization, different methods for parameter estimation have been evaluated. The results 

show that several, but not all, of the parameters could be accurately estimated using metamodeling and 

that metamodeling could be a highly useful tool when modeling biological systems. With further 

development, metamodeling could bring this non-invasive method for estimation of liver function a major 

step closer to application in the clinic. 
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1 BACKGROUND 

Diffuse liver disease is a major problem and one of the leading medical causes of death worldwide. When 

planning the treatment of diffuse liver disease it is crucial for the success and safety of the procedure to 

correctly assess the function of the liver. Currently the “gold standard” for assessing liver function is to 

take a biopsy, which has several disadvantages, but a novel method involving magnetic resonance 

imaging (MRI) and systems biology shows great potential. In order to make the MRI-method viable for 

real-time diagnostics, a faster way of estimating the relevant parameters is required. One possible way of 

doing this is by the use of metamodeling. The focus of this thesis is to evaluate whether a method called 

metamodeling can be used to estimate liver function. 

1.1  DIFFUSE LIVER DISEASE 
Diffuse liver disease (DLD) is a state in which a disease is diffusely spread throughout the entire liver. 

The opposite, localized liver disease, includes diseases localized to one or more distinct parts of the liver 

leaving the rest of the liver unaffected. DLD is not inherently more serious or progressed than localized 

liver disease, but liver diseases are classified into these categories due to the different methods of 

diagnosis and treatment. (Kadah, et al., 2004) 

There is no clear consensus regarding what is defined as a DLD, and what is a result of such a disease, but 

there are a number of key components that are involved. One of these key components is inflammation. 

Liver inflammation, also called hepatitis, can be caused by many things, of which viral infection is one of 

the more common. The prevalence of viral hepatitis varies greatly between countries, the highest being 

observed in development countries, where a prevalence of up to 5-10 % is not uncommon (www.who.int, 

2013). Another common cause of liver inflammation is a disease called steatosis. Steatosis, commonly 

called fatty liver disease, is a metabolic syndrome which involves accumulation of fat within the liver 

hepatocytes. Steatosis is generally divided into two categories, alcoholic and non-alcoholic, based on the 

patient’s daily intake of alcohol. The two categories are clinically indistinguishable but require different 

treatment and have different causes. (Dancygier, 2010) The non-alcoholic case is considered one of the 

most common diseases in the Western world, with a prevalence of about 20 -30 % in adults. Development 

of non-alcoholic steatosis is often associated with obesity and type 2 diabetes and its prevalence is likely 

to increase with the spread of obesity throughout the Western world. (Ferkolj, et al., 2008) Alcoholic 

steatosis is through its definition correlated with excessive alcohol consumption, and it has a much higher 

mortality rate than the non-alcoholic version of steatosis. (Dancygier, 2010) Apart from what is 

mentioned above there are many other causes for DLD but they are all similar in their progression. In the 

early stages, many are non-symptomatic, but progressed DLD can have serious consequences.  

In the later stages of DLD the complications can include decreased liver function and states called fibrosis 

and cirrhosis. Fibrosis is the natural response to liver damage or inflammation, and is defined by the 

formation of scar tissue and increased collagen deposition in the liver. Fibrosis decreases the liver 

function and continuous progression of untreated fibrosis eventually leads to the advanced state; cirrhosis. 

Cirrhosis is the final stage of every chronic progressive liver disease and involves fibrosis, disturbance of 

the growth and proliferation of hepatocytes, and loss of hepatocytes. (Dancygier, 2010) It has also been 

shown that cirrhosis increases the risk of liver cancer (Persson, et al., 2012). 
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1.1.1 Treatment 

For patients that have reached the final stages of DLD with fibrosis, loss of liver function and cirrhosis 

the options are limited. Since there currently exists no method for reversing the process, the treatment 

involves stopping the progression and, in the worst case scenario, liver transplant. (Dancygier, 2010) 

Liver transplant is the final option for dealing with loss of liver function and involves replacing the liver. 

Since there is a much higher demand than supply concerning livers for transplant, as with most other 

organs, the process in which the recipients for the liver are chosen is rigorous, to say the least. The criteria 

for liver transplant may differ somewhat between countries, but in general the same evaluation is done. 

The evaluation involves weighing the potential risks of the procedure, the life expectancy without 

transplant, the general health status, and with other physiological and social factors. (Dancygier, 2010) 

However, with the limited supply of liver supply, there is a need for other treatments as well. 

Liver resection is another common treatment for patients with DLD and is an alternative to transplant 

when the liver is not completely destroyed. Liver resection involves surgical removal of parts of the liver 

in order to stop the progression of the disease. Once the most severely damaged part is removed the 

remaining part of the liver can, providing it is large and healthy enough, keep up the necessary liver 

function, thanks to the large residual capacity of the liver. In other word, a correct assessment of liver 

function is crucial when planning liver resection and over estimating the capacity of the remaining liver 

can have fatal consequences. (Dancygier, 2010)  

In summary, when deciding whether transplant or resection is the right course of action, and also when 

planning a resection, it is crucial to have a correct assessment of liver function. 

1.1.2 Methods for diagnosis and estimation of liver 

function 

Below the existing methods for evaluating liver function and are described. Since liver function is highly 

correlated with liver damage, which is generally easier to assess, many of the methods described are more 

focused towards assessing damage to the liver rather than assessing liver function directly. 

Liver biopsy 

Liver biopsy has for a long time been considered the “gold standard” for assessing liver damage such as 

inflammation, fibrosis, and cirrhosis, but the method also has some major disadvantages. Biopsy gives a 

relatively good assessment of the morphological properties of the liver, but the analysis is only conducted 

on a small part of the liver. (Ferkolj, et al., 2008) In the average biopsy the analysis is conducted on 

approximately 1/50 000 part of the liver. (Bravo, et al., 2001) Apart from only evaluating a small part of 

the liver, biopsy has the drawback of being an invasive procedure, and not without risk for the patient. 

The risks of complications vary between different methods of biopsy but are general between 3-7 %. The 

major complications involve internal bleeding, which in some cases can be fatal. (Vijayaraghavan, et al., 

2011)  

Indocyanine green test 

One of the methods commonly used to assess liver function in relation to surgery is the indocyanine green 

(ICG) test. Indocyanine green is a dye that is almost completely eliminated through the bile, and the 

elimination is performed by active transport. The test is conducted by injecting the dye into the patient 

and measuring the retention in the body after 15 minutes. This measurement is called ICG-R15. 

Decreased liver function results in slower transport and therefore higher retention rates. (Seyama & 
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Kokudo, 2009) One disadvantage of ICG tests is that they are inherently global and cannot be developed 

to assess the function in different parts of the liver. 

Serum assays 

There exists several different methods for detecting liver damage based on analyzing blood serum. These 

analyses are based on measuring a number of biochemical markers that are related to liver function or 

liver damage. These biomarkers involve primarily enzymes and polysaccharides. By analyzing a number 

of biomarkers, it is possible to detect inflammation in the liver, as well as to assess the level of fibrosis. 

(Rossi, et al., 2013) While serum assays are quick and relatively non-invasive methods, the disadvantage 

is that they cannot be used to assess the function and damage in different parts of the liver, in other words 

only a global assessment is obtained. 

Imaging techniques 

Many attempts have been made to use medical imaging techniques to replace the analysis normally done 

by a liver biopsy. Below some of the most common imaging techniques are described. 

Ultrasonography 

Ultrasonography (US) is an imaging technique, which has potential to be used for diagnosis of DLD. US 

can be used to evaluate several aspects of liver morphology, including fatty infiltration, size, and shape of 

the liver. Liver images acquired from US are generally analyzed manually, or through image analysis. 

The results are then compared to other organs in order to compute the parameters used to diagnose the 

disease. Morphological changes such as increased wall thickness can be interpreted as signs of infection 

but since every morphological change generally has a number of possible causes, the diagnosis is not 

always straight forward. Cirrhosis can affect the liver in a number of ways visible through US, but there is 

no single observable manifestation that can be used to accurately diagnose cirrhosis. (Tchelepi, et al., 

2002) It has however been shown that US can be used to estimate level of fibrosis based on the stiffness 

of the liver. This is done using a method called elastography where the propagation of a wave is studied 

on its way through the liver. (Wang, et al., 2009) More automated US diagnosis systems have been 

developed using algorithms for image analysis. By selecting regions of interest from the liver and using a 

technique called quantitative tissue characterization, there has been progress made concerning automated 

diagnosis of diffuse liver disease. The aim is to be able to differentiate between normal, cirrhotic, and 

fatty infiltrated livers using this process. (Kadah, et al., 2004) Another method uses contour detection to 

semi-automatically identify the shape of the liver. The objective is to use the shape data in combination 

with clinical information and quantitative results from blood test to assess the stage to which the liver 

disease has progressed. (Ribiero, et al., 2011) 

Computer tomography 

Multidetector computer tomography (CT) is another common imaging technique which can be used to 

assess the morphological aspects of the liver. There is no universal CT imaging-protocol for investigating 

the liver, but a multitude of different methods can be used depending on what specific question should be 

answered. These methods include both normal and contrast enhanced CT-imaging, and within the latter 

there are many different approaches depending on the suspected liver condition. (Boll & Merkle, 2009) In 

general, CT-imaging can be used to assess the presence of fatty infiltration and hepatic lesions and is also 

commonly used for planning of liver transplant in order to identify which parts of the donor organ that are 

suitable for transplant as well as planning the transplant procedure (Kamel, et al., 2001).   
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Magnetic resonance imaging 

Another imaging technique, which has great potential with regards to diagnosis of DLD, is MRI. MRI is 

the focus of this thesis and is therefore addressed more thoroughly.  

The principles of MRI involve magnetic fields and particle spins. The patient is first placed in a strong 

magnetic field that forces the nuclear spins, which normally are completely random, to align. In this new 

aligned spin state, the atoms can be excited using pulses of radiofrequency energy. The rate with which 

the atoms return to the aligned spin state can then be measured. Since this rate is affected by the 

environment of the atom, this method can be used to generate images of the tissue. The final signal of the 

MRI is the frequency with which the atoms relax to the aligned state. While many different atoms behave 

this way, hydrogen is most commonly used because it responds strongly to magnetic fields and is 

abundant in the human body. There also exist several different contrast agents for MRI that work by 

increasing the relaxation speed of the hydrogen atoms in water molecules. This change in relaxation speed 

is dependent on both tissue type and contrast agent concentration, which makes the contrast agents 

versatile in their uses. (Brown & Semelka, 2003) The effect of contrast agent concentration on the protons 

is called relaxivity and is of the unit 𝑚𝑜𝑙−1𝑠−1.  

MRI can, in much the same way as CT and US, be used to assess the morphology of the liver and does so 

without the use of ionizing radiation and with higher resolution. MRI can for example be used to perform 

elastography and thereby assess the level of fibrosis. The use of cell specific MRI-contrast agents also 

greatly increases the possibilities for MRI-imaging. One example is a contrast agent that is only absorbed 

into Kuppfer cells, a type of macrophages present in the liver, and makes it possible to visualize liver 

lesions. (Boll & Merkle, 2009)  

A method that shows great potential for evaluating liver function involves using Dynamic Contrast 

Enhanced-MRI (DCE-MRI) to calculate the hepatic uptake rate, 𝑘ℎ𝑒𝑝. 𝑘ℎ𝑒𝑝 can be calculated using time 

series MRI-data of patients after injection of the liver specific contrast agent Gd-EOB-DTPA (EOB). The 

data used is that of the hepatobiliary phase which occurs after the EOB has had time to spread through the 

blood and extracellular extravascular space. In this phase the contrast agent is accumulated in the 

hepatocytes and also excreted through the bile. Firstly the fraction of the amount of EOB that has been 

absorbed into the hepatocytes and the amount of EOB in the blood and extracellular extravascular space is 

calculated. This time data is then fit to a linear curve where 𝑘ℎ𝑒𝑝 is the slope of the curve. By using this 

method on healthy volunteers as well as patients with hepatobiliary diseases, it has been shown that 𝑘ℎ𝑒𝑝 

decreases is decreased for patients with reduced liver status. (Dahlqvist Leinhard, et al., 2012) 

Using the method of calculating 𝑘ℎ𝑒𝑝 to assess liver function is one of the most promising methods for 

non-invasive assessment of liver function, but it does have some disadvantages. Firstly it does not fully 

utilize the available data since only the later time points are used and thereby it does not consider the 

dynamics of the earlier phase. Secondly, the result does not provide any insight into the mechanics behind 

the observed behavior. An area of science which has potential to aid in both these aspects is systems 

biology. 

1.2 SYSTEMS BIOLOGY 
Systems biology is a field which has evolved quite recently with the development of computers and 

computational tools. It primarily involves using mathematical modeling in combination with experimental 

data in order to gain better understanding of biological systems. (Cedersund & Roll, 2009) 
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1.2.1 Why systems biology? 

Systems biology is in principle a way of extracting the maximum information from biological data. The 

progress made in the fields of biochemistry and information technology over the last decades has resulted 

in increased possibilities for measurements in biological systems. All this new data however, results in a 

need for new methods in order to analyze the data properly. As illustrated in Figure 1, systems biology is 

an area of science in which the aim is to use this data in more efficient ways and make it more useful. By 

combining the previous knowledge available concerning the different parts of the system with 

mathematical modeling and statistical analysis, the entire biological system can be analyzed and much 

more knowledge gained from the data. (Motta & Pappalardo, 2012) 

 

Figure 1: The aim of systems biology. Using systems biology it is possible to gain more information and more interpretable 

results from the given data. 

1.2.2 Methodology in systems biology 

Systems biology is in many ways an iterative process and there is no automated workflow that works for 

every situation. In Figure 2 the common steps used in systems biology is described. Depending on the aim 

and previous results, the process may be changed both regarding what steps are taken and also in what 

order. (Cedersund & Roll, 2009) 

 

Figure 2: Methodology in systems biology. The iterative process of modeling based on the experiments and conducting 

experiments based on the modeling results gradually increases the understanding of the system and refines the models. Which 
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step is the final one may differ depending on the problem formulation but once the model and data fulfill the requirements in the 

problem formulation the iterative process is broken. 

Problem formulation 

When modeling a biological system there is always an underlying purpose or question to be answered. 

The model and experimental design should always be done with this predefined aim in mind. This aim 

influences not only what should be modeled but also how it should be modeled. (Motta & Pappalardo, 

2012) The aims in systems biology can range all the way from gaining understanding of the structure of a 

system to developing methods for prediction or diagnosis.  

Model formulation 

While a model can be defined in many ways, such as verbal, diagrammatic or physical, in systems 

biology it typically involves mathematical formulation. The model type can primarily vary in four 

different aspects. Firstly it can be time discrete or continuous. Secondly it can involve spatial distribution 

or treat the system compartments as homogeneous. Thirdly, objects can be treated as individual or in 

bulk, i.e. every individual cell is modeled or the entire population is modeled together. Finally models can 

either be stochastic or deterministic, meaning they can either involve random changes in the system or 

not. (Motta & Pappalardo, 2012) 

A common way of formulating time continuous systems biology models is by the use of differential 

equations. When defining such models the denotation state and symbol 𝑥 is used for the variables that are 

changing with time in the systems, such as concentrations or amounts of different substances. The states 

are defined by the differential equations governing their change over time as well as their initial values. 

The unknown constants governing the system are denoted parameters, 𝑝, and include such things as 

kinetic constants for transports, reactions involving the states, and sometimes also the initial values for the 

states. The symbol ŷ is used for the model representation of the measurable output of the system. The 

final part of these models is the input 𝑢.While the input can, like the model states 𝑥 and the simulated 

output ŷ, be time dependent, it is not affected by the system. Equations 1 through 3 give the general 

description for a systems biology model built in this way. 

ẋ = 𝑓(𝑥, 𝑝, 𝑢) (1) 

ŷ = 𝑔(𝑥, 𝑝, 𝑢) (2) 

𝑥(0) = 𝑥0 (3) 

(Cedersund & Roll, 2009) 

Model evaluation and core predictions 

The general basis for evaluating a systems biology model is fitting the model to experimental data and 

evaluating how well the model can describe this data. Fitting the model to data is commonly done by 

varying the model parameters and using some kind of cost function that calculates how good the 

simulated output fits the experimental data. An optimization algorithm is then used to find the parameter 

sets that minimize the cost. (Cedersund & Roll, 2009)  

By analyzing the residuals (measured value - simulated value) conclusions can be drawn about the models 

ability to describe the data. Cost functions are often based on calculating the sum of squares of the 

residuals weighted by the variance of the measurement. This cost function is chosen because the 

calculated cost with this definition can be related to the maximum likelihood function and therefore the 

cost contains information regarding how likely it is to have received this set of measured data if the model 

is correct. Using a χ2-test the size of the residuals can be tested with a chosen level of certainty. Too large 
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residuals will result in the model being discarded. Also the correlation of the residuals can be tested using 

a whiteness test with the null hypothesis that the residuals are randomly distributed. There are also a 

number of other tests that can be conducted in order to determine if one model is significantly better than 

another. Using the notations described for time continuous differential equation based model, the cost 

calculation is as described in equation 4. 

𝑉(𝑝) =
1

𝑁
∑∑

(𝑦𝑖(𝑡𝑗) − ŷ𝑖(𝑡𝑗))
2

𝜎𝑖(𝑡𝑗)
2

𝑗𝑖

 
(4) 

(Cedersund & Roll, 2009) 

Once one or several models have been acquired that can describe the existing data sufficiently well, the 

next step is often to acquire predictions from the model that can be tested by experiment. Such predictions 

are commonly called core predictions, and they should be of the kind that the model can be discarded if 

the prediction is not fulfilled. One way of identifying a core prediction is by determining the uncertainty 

of the model parameters, given the current data, and then sample the parameter space, sufficiently 

densely, to yield simulations covering all the acceptable behaviors of the current model. The aspects 

common to all these simulations can be called core predictions, and from these new experiments can be 

designed in order to test that the model is physiologically accurate. (Cedersund & Roll, 2009) 

1.2.3 Model sloppiness and identifiability 

Model sloppiness is a concept concerning how well defined the correlation between input and output is. 

In a mathematically sloppy model there are several combinations of parameter values that give rise to the 

same, or similar, output. This can result in parameters not being able to be uniquely defined and can be a 

major problem when fitting models to data. The problem of sloppiness can be further increased by the 

presence of random error in the measurements. (Tøndel & Martens, 2014) 

Model sloppiness is a common problem in biological systems since the measurements often relate to the 

behavior of the entire system and not individual parameters. The result is often unidentifiable parameters 

which is when parameter values corresponding to the observed measurements cannot be determined with 

sufficient accuracy. Sloppiness can arise both from model formulation itself but also the measurements 

and the experimental setup used to collect them. One method for acquiring identifiable parameters is 

taking some parameter values from literature, thereby fixating them and giving a more physiologically 

correct model. (Gutenkunst, et al., 2007) This on the other hand implies assuming relatively small 

variation within the population. In all potentially sloppy models, it is important when estimating 

parameters to not only give the parameter set resulting in the best fit but also to assess the possible ranges 

of the parameters and determine the certainty of the model predictions (Gutenkunst, et al., 2007).  

1.2.4 Systems biology in estimation of liver function 

A novel method for estimation of liver function using systems biology has been developed at Linköping 

University. The method involves mechanistic modelling of uptake, movement, and elimination of a 

contrast agent, studied by MRI. By studying the flux of the contrast agent EOB, and fitting the data to a 

model of the system, the kinetic parameters of the transport can be estimated. (Forsgren, et al., 2014) It 

has been shown that these kinetic parameters are correlated with liver function and give better estimations 

of liver function than the method of calculating the hepatic uptake rate, 𝑘ℎ𝑒𝑝. (Forsgren, 2014) 
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Modeling of contrast agent movement 

The model, described visually in Figure 3, was developed to be as simple as possible while still able to 

describe the experimental data. This was done in order to acquire a model with well-defined parameters. 

The model has three states that represent the concentration of EOB in the hepatocytes, blood plasma, and 

extracellular extravascular space. Several more complex models as well as some simplifications were 

rejected in the model development process because they either could not describe the data sufficiently 

well or did not yield identifiable parameters. (Forsgren, et al., 2014) 

 

Figure 3: Model description. Visual representation of the model described in (Forsgren, et al., 2014). Each arrow represents a 

transport of contrast agent and each oval represent a state inside the model.  

There are also a number of additional assumptions not visible in the visual model description. Firstly, the 

injection of EOB is modeled as a constant influx into the blood plasma until all the injected EOB has 

reached the blood. Secondly, the transport between blood plasma and extracellular extravascular space is 

modelled as pure diffusion and there is no exchange between extracellular extravascular space and 

hepatocytes. Thirdly, the transport from blood plasma to hepatocytes as well as the inverse transport is 

modeled with law of mass action kinetics. Finally, the contrast agent elimination from the body to the bile 

and urine is modeled as non-reversible mass action flow out of the system from the hepatocytes and blood 

stream respectively. The transport from hepatocytes to bile have been shown to be mediated by an ATP-

driven transport protein and is expected to demonstrate Michaelis-Menten kinetic behavior, but results 

show that the system can be described  sufficiently well with the simplification of assuming law of mass 

action kinetics. (Forsgren, et al., 2014)  

The system is described by equations 5 through 14, as well as the definitions in Table 1. 

𝑢 = {
𝑘𝑠𝑦𝑟 ∗ 𝐶𝐸𝑂𝐵        0 ≤ 𝑡 ≤ 𝜏

0                                  𝑡 > 𝜏
 (5) 

𝑣1 = 𝑘𝑑𝑖𝑓𝑓 ∗ 𝐶𝑝 ∗ (1 − 𝐴𝑙𝑏) (6) 

𝑣2 = 𝑘𝑑𝑖𝑓𝑓 ∗ 𝐶𝑒  (7) 

𝑣3 = 𝑘𝑝ℎ ∗ 𝐶𝑝 ∗ (1 − 𝐴𝑙𝑏) (8) 

𝑣4 = 𝑘ℎ𝑝 ∗ 𝐶ℎ (9) 

𝑣5 = 𝐶𝐿𝑟 ∗ 𝐶𝑝 ∗ (1 − 𝐴𝑙𝑏) (10) 
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𝑣6 = 𝑘ℎ𝑏 ∗ 𝐶ℎ (11) 

𝑑𝐶ℎ
𝑑𝑡

= 𝑣3 − 𝑣4 − 𝑣6 (12) 

𝑑𝐶𝑝

𝑑𝑡
=
(−𝑣3 + 𝑣4) ∗ 𝑉𝑙 ∗ 𝛾𝑙,ℎ − 𝑣5 + (𝑣2 − 𝑣1) ∗ 𝑉𝑒 + 𝑢

𝑉𝑝
 (13) 

𝑑𝐶𝑒
𝑑𝑡

= 𝑣1 − 𝑣2 (14) 

 

Symbol Unit Definition 

𝑢 𝑠−1 Input to the system, the injection rate of contrast agent into the blood stream. 

𝜏 𝑠 Constant that cancels the injection of contrast agent after a specific time. 

𝑣1 - 𝑣6 𝑀/𝑠 Reaction rates describing transports between the compartments in the model. 

𝐶ℎ, 𝐶𝑝, 𝐶𝑒 𝑀 
The states of the model, describing concentration of contrast agent in the 

hepatocytes, blood plasma and extracellular extravascular space. 

𝐶𝐸𝑂𝐵 𝑀 Concentration of contrast agent in the syringe. Constant. 

𝑉𝑙, 𝑉𝑝, 𝑉𝑒 𝐿 
Volumes of the liver, blood plasma and extracellular extravascular space. 

Constant. 

𝛾𝑙,ℎ 1 Fraction of the liver than consists of hepatocytes. Constant. 

𝑘𝑠𝑦𝑟, 𝐶𝐿𝑟  𝑠−1 
Constants governing the rate of injection of the contrast agent and the elimination 

of the contrast agent through the urine. 

𝐴𝑙𝑏 1 
Constant representing the fraction of contrast agent in the plasma that is bound to 

serum albumin and therefore not transportable. 

𝑘𝑝ℎ, 𝑘ℎ𝑝, 

𝑘ℎ𝑏, 𝑘𝑑𝑖𝑓𝑓 
𝑠−1 

Parameters governing the transport of the contrast agent between the three 

compartments and out of the system through the bile. 

Table 1: Definitions regarding the model described in 1.2.4. The table contains all the inputs, reaction rates, states, constants 

and parameters used in the model.  

The parameters to be estimated in this system are the rate constants 𝑘𝑝ℎ, 𝑘ℎ𝑝, 𝑘ℎ𝑏, and 𝑘𝑑𝑖𝑓𝑓 and of these, 

the parameter 𝑘𝑝ℎ is the one that is believed to best describe the liver function. It has also been shown that 

reducing 𝑘𝑝ℎ while keeping all other parameters intact results in a much lower fraction of contrast agent 

amount eliminated through the bile. (Forsgren, et al., 2014) 

Data acquisition and data treatment 

The MRI-data, collected from the liver, spleen, and portal vein, are modeled to correspond to different 

linear combinations of the three states 𝐶ℎ, 𝐶𝑝, 𝐶𝑒. Data is collected from these three areas by selecting 

regions of interest (ROI) in the MRI-images, and following these points through the course of the 

experiment. The ROI’s were placed manually by a radiologist. An example of how the MRI-images and 

the processed data looks can be seen in Figure 4 and Figure 5. The liver is modeled to consist of 

hepatocytes, blood plasma, and extracellular extravascular space of specific fractions while the spleen is 

modeled to contain only blood plasma and extracellular extravascular space, and the portal vein to only 

contain blood plasma. The spleen cells are not included in the model and are assumed not to affect the 

signal since the contrast agent does not enter the splenic cells. Apart from the volume fractions 𝛾𝑖,𝑘 [1] of 

the liver and spleen, the in situ relaxivity 𝑟𝑘 [𝑚𝑜𝑙−1𝑠−1] of hepatocytes, blood plasma, and extracellular 

extravascular space must be known in order to calculate simulated MRI-signal from the concentrations. 

Relaxivity values in different tissues relates the concentration of contrast agent to signal intensity of the 

MRI and have been acquired from literature. The general form for any of the simulated measurements can 
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be seen in equation 15. In this equation, 𝑐𝑘 and 𝑟𝑘 is the concentration of contrast agent and relaxivity 

value in compartment 𝑘 and 𝛾𝑖,𝑘 is the fraction of tissue 𝑖 that consists of compartment 𝑘. 

ŷ𝑖 =∑𝑐𝑘 ∗ 𝛾𝑖,𝑘 ∗ 𝑟𝑘
𝑘

 (15) 

(Forsgren, et al., 2014) 

 

Figure 4: MRI-image of the liver 30 minutes after injection of contrast agent. The liver is the light grey area and the spleen can 

be seen to the bottom right, marked by the green arrow. The pink area marked by the red arrow represents one of the regions of 

interest in which the signal was quantified. Original image from (Forsgren, et al., 2014), used in accordance with copyright 

regulations. Image has been cropped and modified. 

 

Figure 5: Example of time series of data quantified from regions of interest in the DCE-MRI-images. The panels show data from 

the liver, vein, and spleen respectively. The data plotted is the MRI-signal with the starting value, before injection of contrast 

agent, subtracted. Each plot shows the mean and standard deviation, for each time point, as calculated from several regions of 

interest. Data was supplied by Mikael Forsgren, Linköping University. 
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The MRI-data used was collected during a study by Dahlqvist Leinhard et al. at Linköping University in 

the Center for Medical Imaging and Visualization (CMIV) and consisted of data from ten healthy 

volunteers. The contrast agent was administered directly into the blood stream by bolus injection. The 

model has also been validated by testing against data acquired in a different manner, more specifically by 

blood sampling. (Forsgren, et al., 2014) 

Current methods for parameter estimation 

The current method for estimating the kinetic parameters involve optimization, by simulating the model 

and comparing with experimental data. The cost of the parameters are calculated as the sum of squares of 

the residuals weighted by the measurement variance. The parameters that give the lowest cost are found 

by using an optimization algorithm based on the simulated annealing algorithm (described further in 

section 2.4). A profile likelihood approach is then used where the parameters are varied one at a time, 

while the other parameters are optimized to fit the data, in order to find the parameter uncertainties given 

the existing data. This results in intervals that, hopefully, include all the parameter values that can 

describe the current data. (Forsgren, et al., 2014) 

This process is time consuming and if the method is to be viable for diagnosis a more efficient method for 

estimating the kinetic parameters is required. A method that could possibly be used for parameter 

estimation, but that has not previously been applied to this problem, is metamodeling. 

1.3  METAMODELING 
Metamodeling is a way of modeling used in many different areas of science and engineering and involves 

the construction of models describing other models. With the models in areas such as biology and 

medicine becoming more and more complex, and the computational power and time needed to estimate 

the parameters increasing drastically, metamodeling provides methods for gaining better understanding of 

the very complex relationships between input and output as well as creating simpler models for fast 

simulations. Metamodels are created from data generated by simulating the original model and aim to 

describe the relationship between the data and not the underlying mechanism. (Tøndel & Martens, 2014) 

In Figure 6 the basic principles of metamodeling are described. 

Metamodeling can be conducted in two different directions, commonly referred to as classical and inverse 

metamodeling. These two directions of metamodeling have different uses and can give different insight 

into the system. In classical metamodeling, the models aim to describe the output, which in this case is the 

simulated measurements ŷ(𝑡𝑖), as a function of the input, which is the parameters, much in the same way 

as normal models.  

𝑜𝑢𝑡𝑝𝑢𝑡 = 𝑓(𝑖𝑛𝑝𝑢𝑡) 

In contrast, inverse metamodeling aims to describe the system in the opposite direction, and thereby 

supply models that can give the system inputs, being the parameters, as a function of the output, which is 

the measurements. (Tøndel, et al., 2012) 

𝑖𝑛𝑝𝑢𝑡 = 𝑓(𝑜𝑢𝑡𝑝𝑢𝑡) 
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Figure 6: Basic principles of metamodeling. First the original model is simulated to acquire tables of parameter values and the 

corresponding simulated output. Metamodels are then generated from this data. A metamodel can be of two different types and is 

classified by the direction in which the model is constructed to function. The first, called a classical metamodel, function by 

taking parameter values as input and giving simulated measurements as outputs. The second, called an inverse metamodel, 

instead take measurements as input and give the corresponding parameter values as output. 

These two different directions of metamodeling have different uses. Classical metamodeling can be used 

to identify how the outputs are sensitive to changes in the different inputs and can help reveal model 

sloppiness, see section 1.2.3. Classical metamodels can also be used to generate very fast simulations for 

the system as the original, more complex, model can be replaced by the simplified metamodel. This 

metamodel is then sometimes referred to as a surrogate model. Inverse metamodeling can give 

information about the co-variation patterns in the output. As long as the output of the system can be 

measured, the inverse metamodel can also be used for predicting parameter values. In order to acquire the 

maximum understanding of the system, these two methods should be used together. (Tøndel & Martens, 

2014) 

When using metamodeling for parameter estimation there are two primary methods to choose from, or 

combine. These are inverse metamodeling, which is described above, and direct look-up (DLU). DLU 

involves using the large tables of simulated data and the corresponding parameter values to directly look 

for the simulated output that is most similar to the observed. DLU may be more suitable than inverse 

metamodels in some situations but the required sampling density of the parameter space could also be 

much higher for DLU. (Tøndel & Martens, 2014) 

1.4  WOLFRAM MATHCORE 
Another party involved in this project is Wolfram MathCore, which is a branch of Wolfram Research 

situated in Linköping Sweden. Wolfram MathCore is specifically in charge of the modeling software 

SystemModeler and have previously cooperated with different groups within Linköping University that 

work with modeling. Wolfram MathCore are interested in this project primarily because the method of 

metamodeling could potentially be a very useful tool to use together with SystemModeler. Moreover 

MathCore has previously worked with the specific liver model on which the metamodeling is to be 

conducted. 
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1.5  AIMS AND GOALS 
The aim of this thesis work is to evaluate the potential for using metamodeling to speed up the estimation 

of the kinetic parameters required to estimate liver function. Also the tools used in metamodeling are to 

be implemented into Mathematica and SystemModeler. If the parameter estimation can be conducted fast 

and accurately enough, the model-based method for assessment of liver function described in 1.2.4 will be 

one step closer to clinical application. 

The model is to be analyzed using metamodeling and the methods of inverse metamodeling and direct 

look-up will be used to estimate parameter values from data. Also the methodology of metamodeling is to 

be evaluated in relation this liver model. 
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2 METHODS 

2.1  SOFTWARE 
The software used during the project were Mathematica, Wolfram SystemModeler and MATLAB. 

2.1.1 Mathematica and Wolfram SystemModeler 

Mathematica and Wolfram SystemModeler are software developed by Wolfram Research, a company 

situated in Champaign, Illinois. Apart from USA, Wolfram Research has local offices in many countries, 

including one in Linköping, Sweden. Mathematica is a computational tool used in many areas of science 

and education that aim to be the ultimate platform for computations. Wolfram SystemModeler is a 

modeling tool based on the Modelica language that can be used to model, simulate, and visualize systems 

in various areas of science and engineering. Mathematica and Wolfram SystemModeler are highly 

integrated and can together be used to analyze systems in many ways. (www.wolfram.com, 2014) The 

versions used were Mathematica 9 and Wolfram SystemModeler 4. 

Wolfram SystemModeler is the environment in which the mechanistic model was simulated and 

Mathematica was used to create and validate metamodels as well as perform DLU. 

2.1.2 MATLAB 

MATLAB is a software developed by Mathworks, a company situated in Massachusetts, USA. MATLAB 

is a programming environment that can be used for data analysis, simulation and calculations within many 

areas. (www.mathworks.se, 2014) The version used was MATLAB R2013b with a student license. 

MATLAB has been used to both generate data and to create and validate metamodels. 

Systems Biology Toolbox 2 

The Systems Biology Toolbox for MATLAB is a free open source toolbox developed for systems biology 

research. It contains functions within dynamic modeling, simulation, parameter estimation as well as 

other tools useful for systems biology modeling. (www.sbtoolbox2.org, 2013) 

The version used was SBtoolbox2 and the toolbox was primarily used to simulate the original mechanistic 

model in order to acquire simulated output and conduct optimizations. 

2.2  METAMODELING 
The general methodology that has been used for metamodeling involves three steps. The first is data 

generation, when the original mechanistic model is simulated in order to acquire simulated measurements. 

The second is metamodel generation, which in turn involves several sub steps. The third step is validation 

of metamodels, described in section 2.5, where the models predictive ability is tested. Through iteration 

of these steps, especially the steps involved in generation of the models, the methods have been developed 

and extended to be able to handle different kinds of systems. 

Since the aim is to predict parameter values from measurements, the focus has been firstly on inverse 

metamodeling, secondly on direct look-up, and finally, to a much smaller extent, on classical 

metamodeling.  Some classical metamodeling has however been conducted in order to analyze the 

mechanistic liver model. 

The common denotations used below are the following: 
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𝑋 the data that is to be the input to the metamodel 

𝑌 the data that is to be the output to the metamodel 

 

As the direction of metamodeling varies, what data is used as 𝑋 and 𝑌 also varies. In classical 

metamodeling 𝑋 is the parameters to the model (𝑝 in systemsbiology) and 𝑌 is the simulated output (ŷ in 

systems biology) while in inverse metamodeling it is reversed. 

2.2.1 Data generation 

In order to acquire data for creation of the metamodels the original model based on differential equations 

was simulated to create artificial measurements. The parameters to be estimated were varied over 

different levels and the simulated measurements at specific time points, based on real experimental 

setups, were saved for use in metamodeling. The general method for creating the data sets is described in 

Figure 7. 

 

Figure 7: General method for data generation. Firstly the parameter values are fed into the mechanistic model. The model then 

gives the simulated measurements corresponding to that specific parameter combination. After applying some constraints to 

eliminate unrealistic parameter combinations the remaining parameter combinations and the corresponding measurements are 

saved in tables for use in metamodeling. Each row of the parameter matrix now contains a parameter combination and the same 

row in the measurement matrix contains the corresponding simulated MRI-measurements. 

Two separate constraints were applied in order to eliminate unrealistic parameter sets. For the specific 

experimental setup used to acquire the data, the concentration of contrast agent in the blood plasma three 

hours after injection is always at least 1 % of the total injected dose (Forsgren, et al., 2014). Also it has 

been found that for patients not having extreme kidney failure, a patient group for which this method is 

not intended, no more than 60 % of the total amount of injected contrast agent is eliminated through the 

bile (Forsgren, 2014). After simulation, every result was tested to see if the parameter set yielded output 

contradictory to the above constraints, and if they did, the parameter set and simulated data was discarded 

and not used for creation of metamodels. 
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The simulations in MATLAB were conducted using SBtoolbox2 and the model was converted from txt-

file to MEX-model for simulation. The simulation for metamodeling in Mathematica was conducted 

using SystemModeler or a model implementation in c-code. 

2.2.2 Regression methods 

Metamodeling is generally described as data-driven modeling, which means the models are constructed 

from data and not from the underlying mechanistic structures. Therefore, regression methods are an 

important part of metamodeling and are commonly used when generating the models. (Tøndel & Martens, 

2014) Below the two regression methods used to create metamodels are described. 

Principal component regression and least squares regression 

Principal components regression (PCR) is a method used to compress a given set of data upon its 

principal components. The principal components are a number of variables describing most of the 

variation in the original data. This method is often used when the data consists of many variables 

suspected to have a lot of covariance, which is often the case in biological measurements. Using PCR it is 

possible to identify the most prominent information and reduce the redundancy and noise in the data. 

(Martens & Næs, 1989) If the data 𝑋 is regarded as dependent on some underlying variables, known or 

unknown, such as 𝑋 = 𝑓(𝐶) then it can be argued that PCR is approximately the truncated Taylor 

expansion of this causal structure (Martens, et al., 2013). In Figure 8 an example of how PCR can be used 

to reduce the number of variables in data can be seen. 

 

Figure 8: Visualization of PCR. The figure shows data in two dimensions, which can be measurements for example, that clearly 

have some covariation since they appear to follow a linear relationship. Using PCR a new dimension, or variable, has been 

identified that explains almost all of the variation within the data. This new dimension is called a principal component or score. 

The matrix that calculated the value of the scores is called a loading matrix. 

Equation 16 describes how the principal components, being the columns of the matrix 𝑇 and commonly 

called scores, relate to the original data by the loading matrix 𝑃 and a matrix 𝐸 containing the residuals. 

(Yaroshchyk, et al., 2012) Once the principal components have been identified, they can be submitted to 

linear least squares regression in order to identify how they relate to the output. 

𝑋 = 𝑇 ∗ 𝑃′ + 𝐸 (16) 
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Least squares regression is a statistical method of fitting data to an over-determined system. The method 

involves an assumption that the residuals, defined the same way as described in section 1.2.2, are 

normally distributed. In linear least squares regression the output is assumed to relate in a linear fashion to 

the inputs and the models are therefore very simple. Through this assumption, the estimation of the 

parameters governing the input-output relationship can be done automatically by solving some simple 

equations including the output and input data and a model relating the input to the output is generated. 

(Montgomery, et al., 2007) With the scores calculated from PCR, the model for linear least squares 

regression is a simple matrix multiplication. Equations 17 describe the general model form for least 

squares regression. 𝑀 is here the matrix for calculating the output 𝑌 from the scores. 𝐹 is the error 

meaning the difference between the observed 𝑌 and the prediction given by 𝑇 ∗ M. Equation 18 show the 

general form for calculating the prediction Ŷ from new observations 𝑇𝑛𝑒𝑤. 

𝑌 = 𝑇 ∗ M + 𝐹  (17) 

Ŷ = 𝑇𝑛𝑒𝑤 ∗ 𝑀  (18) 

This approach was used when generating metamodels in Mathematica. The loadings were calculated from 

the covariance matrix of the data and was then used to compute the scores for both calibration data (the 

data used to generate the metamodel) and new observations for which Ŷ is to be calculated. The values of 

the scores were then used to either generate global models or to cluster the data and then generate local 

model (see Local metamodeling). The least squares regression was conducted using the built in 

Mathematica symbol, or function, NonlinearModelFit.  

Partial least squares regression 

Partial least squares regression (PLSR) is a combination of least squares regression and PCR more 

suitable when the aim is to predict or calculate the value of some other variables based on the data. One of 

the disadvantages of PCR is that the principal components are based on the most prominent variation of 

the original variables, independent on whether these components are relevant to the output 𝑌. The 

components might therefore describe the variation of the data very well but have no predictive ability 

what so ever. PLSR however also takes the output into account when calculating the principal 

components. (Mateos-Aparicio, 2011) In other words, PLSR chooses the principal components with the 

aim to maximize the variance in 𝑌, which is the variable to be predicted, that is explained by these 

components. This maximization is done by estimating the scores and loadings by using not only the 𝑋-

data but also the 𝑌-data. (Martens & Næs, 1989) 

𝑋 = 𝑇 ∗ 𝑃′ + 𝐸  (19) 

𝑌 = 𝑇 ∗ 𝑄′ + 𝐹 (20) 

Ŷ = 𝑋𝑛𝑒𝑤 ∗ 𝐵 (21) 

Equations 19 and 20 above describe how the principal components 𝑇 relate to the input data, 𝑋, and the 

variables to be predicted, 𝑌. 𝑃 and 𝑄 are the loading matrixes for 𝑋 and 𝑌 and relate the 𝑋 and 𝑌 data to 

the principal components. The matrixes 𝐸 and 𝐹 contain the residuals, which in this model is all the 

variability that cannot be described by the principal components. The predictions for Y are done by 

projecting X on the principal components and then calculating the prediction from the principal 

components but these calculations can be lumped together, to form the prediction matrix B. In equation 

21, the simplified form for calculating the prediction Ŷ from new observations 𝑋𝑛𝑒𝑤 is shown. 

(Yaroshchyk, et al., 2012) 

This approach was used when generating metamodels in MATLAB and involved the MATLAB function 

plsregress. Plsregress is a MATLAB function that PLSR on a dataset. The inputs to the function are 
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matrixes containing 𝑋- and 𝑌-data as well as the number of principal components that are to be used for 

the regression. X and Y must have the same number of rows, in this case corresponding to parameter sets 

in Y and the corresponding simulated output in 𝑋, but can have different numbers of columns. 

(www.mathworks.se, 2014) The output from plsregress include X-loadings, Y-loadings, X-scores, Y-

scores, a prediction matrix beta, the percentage of variance explained by each principal component and 

the mean square error.  

The outputs from the PLSR that has primarily been used for metamodeling are the X-loadings and the 

prediction matrix beta. The X-loadings are used to calculate the scores for new measurement which in 

turn are used when clustering the data (see Local metamodeling). The matrix beta is what defines the 

PLSR-model and is used to calculate the prediction. Apart from these matrixes, several others have been 

used to validate the model but they are not central to the metamodeling. 

2.2.3 Non-linearity 

Since the methods described above are linear it is necessary to use other tools in order to be able to 

describe non-linear systems, which most biological systems are. Depending on the complexity of the 

system, the need for these tools might vary and combinations can also be used. (Tøndel & Martens, 2014) 

In this section the methods that have been used for dealing with non-linearities are described. 

Modification of data 

One method to describe a non-linear relationship between the 𝑋- and 𝑌-variables is to modify the existing 

𝑋- or 𝑌-variables or to add new 𝑋-variables computed from the existing ones. If prior knowledge exists 

regarding the structure of the data then this can be used in order to gain better variables, 𝑋𝑛𝑒𝑤, for 

prediction. In equation 22 the most general form of data modification can be seen.  

𝑋𝑛𝑒𝑤 = 𝑓(𝑋) 
(22) 

Also modifying the existing 𝑋-variables and using both the original and modified variables for prediction 

may yield better prediction. One simple modification is creating polynomial data by multiplying the 

variables with each other. Normally all data is centered before this by subtracting the mean of the data for 

each variable. (Martens & Næs, 1989) Equation 23 shows an example where data in two dimensions have 

been modified by adding the squares and a linear combination of 𝑋1 and 𝑋2. 

𝑋𝑛𝑒𝑤 = [  𝑋1, 𝑋2, (𝑋1 − �̅�1 )
2, (𝑋2 − �̅�2 )

2, (𝑋1 − �̅�1 ) ∗ (𝑋2 − �̅�2 ) ] (23) 

When modifying the data in such a way, often some of the interpretability of the result can be lost and 

also the error structure of the data can become more complex (Isaeva, et al., 2012). Extra variables that 

are seen to not be vital to the system should be eliminated after screening to avoid overfitting to data 

(Martens & Næs, 1989). 

The modifications that have been done involve both 𝑋- and 𝑌-data. In the case of inverse metamodeling 

the logarithmic values of the parameters to be predicted have been used when the range of the parameter 

values ranged over several orders of magnitude. The aim of this was to ensure sufficient precision in the 

lower parameter ranges, which would otherwise have been prioritized down by the algorithms. The 𝑋-

data has been modified by adding the squares and linear combinations of the data before regression. In the 

cases when PCR and least squares regression was used, the modification of the 𝑋-data was done after the 

scores were computed but the modification was done on the original data when PLSR were used. In the 

case of PLSR there was not much choice in the matter since the scores are calculated together with the 

regression model and therefor the scores cannot be modified in such a way. In PCR however the choice 

was made to add the squares of the scores instead of the original data. This could possibly be a more 
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suitable approach since the scores can be regarded as the relevant information in the data and therefore 

less are likely to propagate errors. 

Local metamodeling 

Another way of dealing with non-linear systems is by approximating the system with a number of local 

linear or non-linear models. This can be done by dividing the data into subsets and applying the 

regression methods to each of these subsets in order to create several local models. The division of data 

points into subsets can be done by clustering methods such as the c-means clustering. (Tøndel, et al., 

2011) The potential benefits of local models is exemplified in Figure 9. 

 

Figure 9: Local modeling. This figure exemplifies the potential benefits of local modeling in the case of both X and Y-data in one 

dimension. As can be seen, the data points (blue) appear to have different relationships between X and Y in different areas. 

Providing that the subsets of data can be identified from the values of the X-data, local models (green and magenta) can be 

constructed that together give a better description of the system behavior than the global model (red). 

C-means clustering is a tool in data analysis used to identify unknown structures in any kind of data. It 

involves assigning, to each of the data points, a membership to different clusters based on the distance 

from the data point to the cluster center. A cost is defined, based on the membership of each data point 
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and the distance from the data points to the cluster centers, which the c-means clustering function then 

seeks to minimize. By iteratively updating the data point memberships and cluster centers the algorithm 

finds the cluster allocation that minimizes the cost. (Berget, et al., 2008) 

When applying c-means clustering to PCR- or PLSR-metamodeling it should be done using their X-

scores, meaning in the principal component dimensions, and not the X-data itself and there are two main 

reasons why this is favorable. Firstly it is less computationally demanding to cluster on the X-scores that 

generally have a reduced rank in comparison to the original X-data. Secondly the clustering is done on the 

dominant factors in X and therefore the clusters should better reflect the structure of the data. (Tøndel, et 

al., 2011)  

The method used to generate local models in principle involve three steps. Firstly the data was submitted 

to either PCR or PLSR in order to compute the scores. Secondly the data points were clustered based on 

their scores, using one of the algorithms described below. Thirdly, after the data points were clustered, the 

local models were created the same way as a global model by either PLSR or least squares regression. In 

figure 9 the workflow for generating local models is visualized for both PLSR and PCR metamodels. 

 

Figure 10: Generation of local models. The methods for generating local models vary somewhat depending on whether the 

metamodel is based on PLSR or PCR and least squares regression. For PLSR metamodels (top) the X- and Y-data is first 

subjected to PLSR in order to acquire the X-scores. The X-scores are then clustered and then the original X- and Y-data is used 

to generate a local model for each cluster, using PLSR. For PCR metamodels (bottom) the X-data is subjected to PCR in order to 

acquire the X-scores. The X-scores are clustered and then a local model is generated with least squares regression for each 

cluster using the X-scores as input variables. 

Since a data point can belong to a cluster partially, a choice must be made as to which data points will be 

used to create each local model, and for this two different approaches were used. The first approach did 

not allow for a data point to be used for calibrating several local models and each data point was then 

used only once, for the local model corresponding to the closest cluster. The second approach allowed for 

a data point to be used for calibrating several local models. Then a limit was set at one divided by the 
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number of clusters used, and all data points with membership higher than this value was used for 

calibrating the local model.  

For prediction, all of the local models were used. When calculating the prediction for new values, the data 

point is first given a membership based on the algorithm used to create the clusters and its distance to the 

cluster centers. The data point is then given a prediction for each of the local models and those predictions 

are weighted together based on the membership values in order to acquire the final prediction.  

Below, the different algorithms used to cluster the data is described. The functions used were developed 

from the function FCMclust from the FUZZCLUST toolbox developed by Janos Abonyi for MATLAB. 

The original FCMclust script performed fuzzy c-means clustering and it has been altered both regarding 

the input to the function and the algorithm itself and the algorithms described below have been 

implemented in both MATLAB and Mathematica. The cost, which is the criterion that the algorithm 

minimizes, and the constraints are what vary between the algorithms. In the functions used, the 

initialization of the algorithm was done by randomizing the starting position of the cluster centers within 

the space spanned by the data.  

The common denotations used are as follows. 

𝑁 number of data points 

𝐶 number of clusters 

𝐽 the cost that the algorithm is to minimize 

𝑧𝑖 data point i 

𝑣𝑗  center for cluster j 

𝑢𝑖,𝑗 membership of data point i to cluster j 

𝑑𝑖,𝑗 distance from data point i to cluster j 

 

Plots where the different clustering algorithms have been applied to an example data set in two 

dimensions are available in the appendix, section 6.1, Figure 25, Figure 26, and Figure 27. 

Fuzzy c-means clustering  

Fuzzy c-means clustering is based on minimizing the criterion J defined in equation 24.  

𝐽 =∑∑𝑢𝑖,𝑗
𝑚 ∗ 𝑑𝑖,𝑗

2

𝑁

𝑖=1

𝐶

𝑗=1

 (24) 

Under the constraints described in equations 25 and 26. 

𝑢𝑖,𝑗 ∊ [0,1] (25) 

∑𝑢𝑖,𝑗

𝐶

𝑗=1

= 1 (26) 

 

The parameter 𝑚 is called the fuzzifier parameter and decides the degree of sharing of data points among 

the clusters. For higher values of 𝑚 the data points’ membership is more spread out among the clusters. 

Standard value for the fuzzifier parameter is 𝑚 = 2 since it has been shown to give good results. (Berget, 

et al., 2008) 
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The algorithm calculates the membership values based on the distance to the cluster centers as described 

in equation 27. 

𝑢𝑖,𝑗 = (∑(
𝑑𝑖.𝑗

𝑑𝑖,𝑘
)

2
(𝑚−1)⁄𝐶

𝑘=1

)

−1

 (27) 

Cluster centers are then calculated by weighing the data points by their membership using equation 28. 

𝑣𝑗 =
∑ (𝑢𝑖,𝑗

𝑚 ∗ 𝑧𝑖)
𝑁
𝑖=1

∑ 𝑢𝑖,𝑗
𝑚𝑁

𝑖=1

 (28) 

This process is then repeated until the improvement in cost 𝐽 is less than a determined value at which time 

the clustering is complete. (Berget, et al., 2008)  

Crisp c-means clustering 

Crisp c-means clustering is in principle the same as fuzzy c-means clustering but with the fuzzifier 

parameter 𝑚 = 1. This results in a constraint that each data point must have 100 % membership to one 

cluster and 0 to the others. Thus the clustering is no longer “fuzzy” and the allowed membership values 

are only 0 and 1. The constraints that apply are now changed according to equations 29 and 30. 

𝑢𝑖,𝑗 ∊ {0,1} (29) 

∑𝑢𝑖,𝑗

𝐶

𝑗=1

= 1 (30) 

The criterion to be minimized is the same as in fuzzy c-means clustering and the cluster centers are 

calculated in the same way but the calculation of the membership matrix, described in equation 31, is now 

much simpler. 

𝑢𝑖,𝑗 = {
1                 𝑑𝑖,𝑗 = 𝑚𝑖𝑛𝑘(𝑑𝑖,𝑘)

0                        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒      
 (31) 

(Berget, et al., 2008) 

Polynomial fuzzy c-means clustering 

It has been shown that both fuzzy and crisp c-means clustering has problems dealing with high 

dimensional data. The resulting clusters have a strong tendency to all gather at the center of the data, 

independently of where the cluster centers are initialized. The problem is visualized in Figure 11. Another 

clustering algorithm that does not exhibit the same behavior is the polynomial fuzzy c-means clustering. 

(Winkler, et al., 2012)  
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Figure 11: Placement of cluster centers in a specific dimension. The histogram shows the distribution of the data points in one of 

the, in this case 20, data dimensions. The cluster centers position in this dimension, calculated with fuzzy c-means clustering, is 

marked with an X on the x-axis. As can be seen all of the 10 cluster centers are placed together despite the fact that the histogram 

shows that there are tendencies of clusters within the data. 

Polynomial fuzzy c-means clustering is a combination of crisp c-means clustering and fuzzy c-means 

clustering with the fuzzifier parameter 𝑚 =  2. The algorithm has a parameter beta that can be interpreted 

as the relative distance at which the clustering becomes crisp (the data points closer to the cluster than this 

belong 100 % to one cluster). Very close to a cluster center the clustering becomes crisp while in the areas 

right between cluster centers the clustering is fuzzy. (Winkler, et al., 2012) 

The criterion to be minimized in polynomial fuzzy c-means can be seen in equation 32. 

𝐽 =∑∑(
1 − 𝛽

1 + 𝛽
𝑢𝑖,𝑗

2 +
1 − 𝛽

1 + 𝛽
𝑢𝑖,𝑗) ∗ 𝑑𝑖,𝑗

2

𝑁

𝑖=1

𝐶

𝑗=1

 (32) 

The equation for calculating the membership matrix is somewhat more complicated for polynomial fuzzy 

c-means since the requirement of non-negative membership values is not naturally fulfilled. The 

calculations involve sorting the clusters based on the distance from the data point to the cluster and 

successively increasing the number of clusters to be included in the calculation as long as no membership 

values become negative. For all clusters not included in the calculation the membership value is set to 0. 

The complete form for this calculation can be seen in equation 33. 

𝑢𝑖,𝑗 =

{
 
 

 
 

1

1−𝛽
∗ (

1+(𝑐𝑖−1)∗𝛽

∑ (
𝑑𝑖,𝑗

2

𝑑𝑖,𝜑(𝑘)
2)

𝑐𝑖
𝑘=1

)                 𝜑(𝑗) ≤ 𝑐𝑖

0                                            𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  (33) 

𝑐𝑖 in equation 33 is the number of clusters included and 𝜑(𝑘)is the sorted position of cluster 𝑘 based on 

its distance to data point 𝑖. The cluster centers are then calculated similarly to fuzzy and crisp c-means 

clustering as seen in equation 34. 
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𝑣𝑗 =

∑ ((
1 − 𝛽
1 + 𝛽

𝑢𝑖,𝑗
2 +

1 − 𝛽
1 + 𝛽

𝑢𝑖,𝑗) ∗ 𝑧𝑖)
𝑁
𝑖=1

∑ (
1 − 𝛽
1 + 𝛽

𝑢𝑖,𝑗
2 +

1 − 𝛽
1 + 𝛽

𝑢𝑖,𝑗)
𝑁
𝑖=1

 (34) 

(Winkler, et al., 2011) 

2.2.4 Direct look-up 

Another method commonly used in metamodeling that does not actually involve generating any models is 

direct look-up (DLU). DLU, using tables of simulated input and output data, can be viewed as the very 

extreme of local metamodeling where there is one cluster for each data point. Each local model then 

consists of only one set of values and predictions for new values are done by weighing together the values 

of the saved data points that are closest to the new observation. Using DLU for parameter estimation may 

require very dense sampling in order to yield good estimations but can be useful with sloppy or extremely 

non-linear models. (Tøndel & Martens, 2014) 

DLU was, similarly to the data clustering, done by, for each new observation, calculating membership 

values based on the distance to the closest calibration data points. The distance was calculated either by 

using the simulated measurements right away or by first conducting PLSR or PCR and then using the 

scores. The functions for finding the closest data points were knnsearch in MATLAB and Nearest in 

Mathematica. The number of calibration data points used to calculate the prediction was varied and the 

membership calculation was conducted using the same equations as in the clustering algorithms, where 

the calibration data points were treated as clusters. Once the memberships were calculated the final 

prediction was done by summing up the parameters corresponding to the closest saved calibration data 

points multiplied by the membership values. 

2.3  METROPOLIS-HASTINGS SAMPLING 
One of the methods that have been used, when generating the data used for metamodeling, is called 

Metropolis-Hastings sampling. The aim of using this method was to acquire a data set that reflected the 

“true” distribution of parameters within the patient population. The Metropolis-Hastings algorithm is a 

method developed to generate samples from a target density function based on random sampling. The 

algorithm works by moving in the sample (parameters) space based on a function that generates the next 

sample candidate from the last sample, accepting some samples while rejecting others. The probability of 

accepting a sample is calculated from the probability density function 𝑓(𝑠(𝑖)) that for the method to work 

is to be proportional to the true distribution which is to be sampled. The probability of accepting sample 

no 𝑘 is calculated from the fraction 𝑓(𝑠(𝑘))/𝑓(𝑠(𝑘−1)) and the sample is always accepted if 𝑓(𝑠(𝑘)) >

𝑓(𝑠(𝑘−1)). The main point is that with enough samples the resulting distribution should follow that of the 

true distribution. (Chib & Greeenberg, 1995) 

The functions required for the algorithm to work were the function to generate a random sample and the 

probability distribution function used to calculate the probability of acceptance. The random sample 

function was developed as to enable either logarithmically or linearly spanned parameter space and take 

random steps regulated in length by the set range of the parameters. The probability density function was 

based on simulating the sample parameters and comparing to patient data from another study previously 

conducted. The patients in the study all had indications of liver damage and they were later diagnosed 

with different levels of fibrosis using liver biopsy (Norén, et al., 2013). A cost was calculated for each 

patient based on how well the simulation fit the data and one divided by the lowest cost squared was 
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returned as a value to the probability density function. In Figure 12, Metropolis-Hastings sampling is 

exemplified with a simple distribution function.  

 

Figure 12: Visualization of Metropolis-Hastings sampling. In the three plots the increasing number of samples (blue) can be 

seen, from 500 to the left to 5000 on the right. The distribution that the sampling is to mimic, visualized in red, is inversely 

proportional to the distance to the point (15, 15). In the figure to the right a distribution is starting to emerge where the density of 

samples is lower further from the point (15, 15). When Metropolis-Hastings sampling was used during the project, the sampling 

was done in four dimensions (since there was four parameters to be estimated) and the distribution that the sampling was to 

mimic was based on how well the simulations fit the available patient data. 

2.4  PARAMETER ESTIMATION THROUGH OPTIMIZATION 
Another method used for parameter estimation is optimization, which is the current method for parameter 

estimation. The optimization functions used are simannealingSB, a function from the SBtoolbox in 

MATLAB, and simannealingSBAOclusteringL which is an extension of simannealingSB. Cost functions 

were used for all optimizations that simulated the original liver model, using SBtoolbox2, and compared 

the simulated value to data acquired either from patients or from other simulations.  

The algorithm used in the optimization functions is based on the method of simulated annealing. 

Simulated annealing is a global optimization method that works, somewhat similar to the Metropolis-

Hastings algorithm, by moving randomly in the parameter space, accepting some moves and rejecting 

others. The possibility of accepting a step is related to the cost of the new parameter combination, which 

in this case has been calculated by comparing the simulated output from the model to data, compared to 

the cost of the last parameter combination. This difference is then scaled by a factor called the 

temperature. The temperature regulates the willingness of the algorithm to take steps that increase the cost 

and is reduced after a set number of steps. The result is that the algorithm accepts almost all steps at the 

start, regardless of increase or decrease in cost, and at the end only accepts steps that decrease the cost. 

This method is suitable for optimization problems that are likely to have several local, but not global, 

minima since it enables the search to temporarily move to areas of higher cost. There is however no 

guarantee that the algorithm finds the global optimum. (Press, et al., 2002) 

Optimization has been used for three different purposes during the project. Firstly as a benchmarker in 

order to assess how well the metamodeling methods used for parameter estimation work in relation to the 

traditional approach. The data that was used for these optimizations was simulated output generated from 

the mechanistic liver model. Secondly optimization has been used to find reasonable starting parameters 

for the Metropolis-Hastings sampling. In this case the data used were time series of real patient data 

extracted from MRI-images. Finally optimization has also been used in conjunction with direct look up in 
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order to assess if a combination of these methods could yield fast and accurate estimations. The data in 

this case was simulated output from the mechanistic liver model. 

When optimization was conducted in combination with DLU, the method was based on using DLU to 

reduce the parameter space for the optimization. Firstly DLU was conducted on a large data set in order to 

estimate maximum error in the DLU prediction. For each of the data points for which the parameter were 

to be estimated using optimization, the starting guess for the optimization was set as the parameter 

combination given by the DLU prediction. The parameter space in which the optimization algorithm was 

allowed to move was set as the starting guess plus/minus the maximum prediction error found and 

increased by 20 % in each direction.  

2.5  MODEL VALIDATION 
In order to test the acquired metamodels and the other methods for parameter estimation the results were 

subjected to the following tests to investigate the accuracy and precision of the parameter estimations. 

2.5.1 Explained variance 

One way of testing if the model can describe the relationship between 𝑋- and 𝑌-data is to look at the 

explained variance, measured in percentage. The explained variance in 𝑋 references the variation in data 

that is captured by the principal components and the explained variance in 𝑌 is the variation that can be 

described by regression upon the principal components. In short this represents the size of the residuals 𝐸 

and 𝐹, defined in the section Partial least squares regression, in relation to the total variation in 𝑋 and 𝑌. 

When using the function plsregress, the explained variance is given from the function for one, two and up 

to the chosen number of principal components and can easily be plotted. For models created using local 

modeling, it is, however, not as easy to calculate the explained variance, since the total model is a linear 

combination of several models. Therefore this method is only used to analyze global models. 

2.5.2 Plotting the prediction 

Plotting the predicted value against the real value is a good way of visualizing how well the parameter 

estimation works. The real parameter value is here defined as the parameter combination that was used to 

generate a set of simulated measurements and the predicted parameter value is the value that is given by 

the specific parameter estimation method. The predicted values are calculated in different ways depending 

on the estimation method but the resulting plot has the same appearance. The plotted data points should, 

for a perfect prediction follow the line (1, 1) and the deviation from this line constitute the model error. 

From these plots it is possible to identify non-linearity, which can sometimes be seen as a curved shape, 

and the model precision can be seen as the width of the area in which the data points gather around the 

line (1, 1). Examples of plots indicating good and bad predictive ability can be seen in Figure 13. 
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Figure 13: Examples of prediction plotted against real parameter values. The left plot indicates that the metamodel has good 

predictive ability as the predicted value lies very close to the real value for all simulations. The right plot indicates that the 

metamodel cannot completely describe the system, since significant deviation from the line (1,1) can be seen. 

2.5.3 Plotting the prediction error 

While the prediction error can be seen as the deviation from the line (1,1) when plotting predicted vs. real 

value there is also some advantage to also plotting it separately. This is primarily because it often is hard 

when plotting predicted vs. real value to assess how the prediction error is distributed because of the 

extreme amount of data points plotted. A figure better suited to visualize the distribution of the error is a 

histogram of the predicted-real value. Visualizing the error through histogram makes it easier to see for 

example how common it is with errors of a certain magnitude. 

2.5.4 Mean square error of prediction 

The plots previously described can be regarded as to give qualitative information regarding how well the 

model predicts parameter values but there are also benefits to having quantitative measurements with 

which to compare models and methods. One such way of assessing the accuracy of the prediction is by 

calculating the mean square error of prediction, MSEP. MSEP is the average squared prediction error 

over the entire dataset, simply the mean of squared residuals. Since the size of the MSEP is highly related 

to the average size of the parameter to be estimated, the MSEP has been calculated for each parameter 

individually.  

2.5.5 Cross validation 

Cross validation is a method for validation used to reduce the possibility of overfitting to data. Cross 

validation is based on removing a subset of the data from the calibration and then predicting this data 

using the calibrated model. The model can then be evaluated based on how well the data not used for 

calibration can be predicted. Full cross validation is when the data is divided into a number of M groups 

and the calibration is then done M times where each time one of the groups of data is removed to be used 

for cross validation. This can be time consuming since it involves doing several calibrations but is a good 

way of validating the models while still using all the data for calibration. (Martens & Næs, 1989) 

In all initial experiments full cross validation with five groups has been used. Then the metamodels were 

generated using only four of these subsets and the model was evaluated by checking how well the 

metamodel performed on the fifth subset. The data was divided into groups using either the MATLAB 

function crossvalind, which randomly divides the data into different groups, or by randomizing in a 
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similar way in Mathematica. The test regarding prediction, prediction error and mean square error were 

then conducted on not only the data used for model calibration but also the data that was saved for 

validation.  

2.6  TIME ESTIMATION 
Since the aim is to find a faster method for parameter estimation, the computational time needed to 

estimate parameters for a single patient has been calculated for the different methods used. The time 

estimations were conducted using a Hewlet Packard EliteBook 8570p with a dual core, 2.80 GHz, Intel i5 

processor, 8 GB of RAM, and 64-bit Windows 7 operating system. The times were estimated by applying 

the method to data sets containing at least 1000 sets of simulated data and conducting analysis on the time 

profile. The most time consuming parts were studied to see whether they related to the number of data 

sets or not and the remaining time was divided by the number of data sets. In the case that loading of data 

was a significant contributor to the time used, the data files were cleared of most of the data not needed 

for prediction and new data loading times were calculated. 
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3 RESULTS 

The results indicate that metamodeling can be used to estimate some, but possibly not all, of the 

parameters in the system. The accuracy and precision of the estimations also vary greatly with the 

parameter range in which the metamodel is to function. The metamodels are also one to two orders of 

magnitude faster than ordinary optimization. 

3.1  METAMODELING FOR PARAMETER ESTIMATION  
The results show that metamodeling can indeed be used for parameter estimation but possibly not for all 

parameters. 

The data set used to compare models and evaluate the result was data set two (see section 3.2.1). This data 

set was chosen since the parameter ranges were estimated to be physiologically realistic and that the 

extensions done in later data sets did not yield better predictions. See section 3.2.1 for more results and 

evaluation of data sets. In order to take full advantage of the complete parameter level design, a separate 

set of simulations were conducted to be used for validation data. In this validation data the parameter 

values were randomized within the parameter space spanned by data set three and the same constraints 

applied as described in section 2.2.1Fel! Hittar inte referenskälla.. The y-variables, being the four 

parameters 𝑘𝑝ℎ, 𝑘ℎ𝑝, 𝑘ℎ𝑏, and 𝑘𝑑𝑖𝑓𝑓, were modified before the models were generated by taking the 

natural logarithm of the first three but keeping the real values for 𝑘𝑑𝑖𝑓𝑓. This was done since the ranges of 

𝑘𝑝ℎ, 𝑘ℎ𝑝, and 𝑘ℎ𝑏 were estimated to be too large for the metamodels to be able to handle with precision. 

The four different methods used, inverse PLSR-models, inverse PCR-models, DLU and DLU in 

combination with optimization, are compared regarding their predictive ability. Since the aim of this 

project was to implement a new method for parameter estimation, the currently used method, 

optimization, has been used for benchmarking. In Table 2 the mean square error of prediction is presented 

for each of the methods of prediction. Which settings were used for each method is described in the 

sections below.  

Method 
Mean square error of prediction (MSEP) 

Time (s) 
𝒍𝒏( 𝒌𝒑𝒉 ) 𝒍𝒏( 𝒌𝒉𝒑 ) 𝒍𝒏( 𝒌𝒉𝒃 ) 𝒌𝒅𝒊𝒇𝒇 

PLSR-model 8.735 ∗ 10−4 1.359 ∗ 10−1 3.122 ∗ 10−1 9.141 ∗ 10−12 0.5 

PCR-model 7.166 ∗ 10−4 6.446 ∗ 10−2 1.477 ∗ 10−1 1.656 ∗ 10−13 0.5 

DLU 7.618 ∗ 10−3 5.253 ∗ 10−2 1.956 ∗ 10−1 4.426 ∗ 10−9 8 

DLU+optimization 3.845 ∗ 10−4 1.994 ∗ 10−1 8.317 4.034 ∗ 10−10 14 

Optimization 7.002 ∗ 10−4 5.821 ∗ 10−1 7.433 1.312 ∗ 10−9 50 

Table 2: Summary of the results regarding prediction of parameters using five different methods. For each of the parameters, the 

lowest mean square error of prediction has been marked in green. Note that for the three first parameters the predicted value is 

the natural logarithm of the parameter value while for the last it is the real parameter value. The times in the final column are 

the approximate times needed to estimate parameter values, for one set of data, using the specified methods. The PLSR- and 

PCR-models used had 15 principal components and used 15 local second order models. The DLU was conducted using the 

PLSR-scores of the simulated data and calibrated using the 10 closest data points. The optimizations were conducted by the 

simulated annealing algorithm. Further specific settings for each method are described in the sections below. 

3.1.1 Inverse PLSR-metamodels 

The models described below are a subset of the multitude of PLSR metamodels generated. The models 

were chosen with the aim of showing the potential of metamodeling as well as exemplify the different 

ways a PLSR-metamodel can be calibrated.  
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The final model 

The metamodel that was finally chosen as the best inverse PLSR-metamodel model was a metamodel 

consisting of several local non-linear models. The global model was generated by conducting PLSR, with 

15 principal components, on the data with the added modification of squared 𝑋-variables. The data was 

then clustered using polynomial c-means clustering (beta=0.6) and 15 clusters. The local models were 

also PLSR models with 15 principal components but before local models were created, the data used for 

each local model was modified by adding squared 𝑋-variables. This is the PLSR-model for which the 

MSEP is given in Table 2. 

The predictive ability of the resulting model varied with the parameter. The parameter 𝑘𝑑𝑖𝑓𝑓, seen in 

Figure 17, could be predicted almost perfectly and the residuals are within 3 % of the parameter values. 

The parameter 𝑘𝑝ℎ could be predicted with good accuracy and precision, as seen in Figure 14. The 

maximum residual size was 0.15 which means that the predicted value is never off by more than 17 % 

(after transforming from logarithmic back to real value). For the parameter 𝑘ℎ𝑝, the prediction, seen in 

Figure 15, could be regarded as acceptable for the higher parameter values while a significant deviation 

could be seen for the lower parameter values. For the parameter 𝑘ℎ𝑏, the predictive ability of the model 

was relatively poor. The precision was relatively low in the entire range and a systematical error could be 

discerned in the lower parameter ranges, as seen in Figure 16. Plots of predicted versus real parameter 

values, as well as histograms of the prediction error, can be seen in Figure 14, Figure 15, Figure 16, and 

Figure 17. 

 

Figure 14: Prediction for the natural logarithm of the parameter 𝑘𝑝ℎ using the PLSR-metamodel. The plot to the left shows 

predicted parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). The histogram to 

the right shows the prediction error. All the data plotted is validation data which was not used to generate the model. 
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Figure 15: Prediction for the natural logarithm of the parameter 𝑘ℎ𝑝 using the PLSR-metamodel. The plot to the left shows 

predicted parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). The histogram to 

the right shows the prediction error. All the data plotted is validation data which was not used to generate the model. 

 

 

Figure 16: Prediction for the natural logarithm of the parameter 𝑘ℎ𝑏 using the PLSR-metamodel. The plot to the left shows 

predicted parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). The histogram to 

the right shows the prediction error. All the data plotted is validation data which was not used to generate the model. 
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Figure 17: Prediction for the parameter 𝑘𝑑𝑖𝑓𝑓  using the PLSR-metamodel. The plot to the left shows predicted parameter value 

plotted against the real parameter value and the black line plotted is the line (1, 1). The histogram to the right shows the 

prediction error. Note the difference in scale between the different plots. All the data plotted is validation data which was not 

used to generate the model. 

The approximate time to estimate parameter values for a single patient using this method in MATLAB 

was 0.5 seconds. The absolute majority of this time was taken up by loading the data needed for the 

model from the file. The time would increase by approximately 0.3 milliseconds for each subsequent 

estimation. 

Since the aim was to study how good the parameter estimations could become for each method, plots for 

other PLSR metamodels, as described in the following sections, are omitted. In the cases where the results 

differed from the model described above, these results are described these are described in general terms, 

and not with exact numbers and figures, since the large number of metamodels would make the report 

unnecessarily long and complex. 

Global models 

The global models generated, consisting of only one PLSR model, had, not surprisingly, somewhat higher 

MSEP for all parameters compared to the corresponding local models. The parameter 𝑘𝑑𝑖𝑓𝑓 could 

however be predicted with great accuracy using even global model and even linear global models worked 

very well (MSEP~10−10 ). For the parameter 𝑘ℎ𝑏 the prediction was not significantly worse for the 

global models compared to the local models. For 𝑘𝑝ℎ and 𝑘ℎ𝑝 the prediction was worse than for the local 

models and some curvature could be seen when plotting the prediction against real parameter values 

which indicated that the metamodel cannot successfully describe the system. 

Worth to note regarding the global models is that when plotting the explained variance it could be seen 

that it only takes about seven principal components to explain the majority of the variance in 𝑋. Despite 

this, the explained variance in 𝑌 continued to increase with more principal components, as can be seen in 

Figure 18. Relating this to the interpretation that the principal components can be seen as the truncated 

Taylor expansion, it indicates that almost none of the information available in the X-data, i.e. the 

simulated measurements, is lost. 
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Figure 18: Explained variance for PLSR-model. The figure shows the explained variance in the X- and Y-data for a global PLSR-

model where the X-data was first modified by adding the squares of the X-values. 

Linear models 

Linear local models showed approximately the same results as the global non-linear. The prediction for 

parameter 𝑘𝑑𝑖𝑓𝑓 and 𝑘ℎ𝑏 was not significantly worsened. The prediction for 𝑘𝑝ℎ and 𝑘ℎ𝑝 was however 

not as good as for the quadratic model. The MSEP was increased significantly for 𝑘𝑝ℎ and for both 𝑘𝑝ℎ 

and 𝑘ℎ𝑝 some curvature would be seen when plotting predicted against the real parameter values.  

Modifying number of PLSR components 

Models with a lesser number of principal components showed somewhat reduced predictive ability 

compared with the final model. At ten principal components, the MSEP was increased significantly for 

𝑘𝑝ℎ but for 𝑘ℎ𝑝 and 𝑘ℎ𝑏 the MSEP was essentially the same. MSEP for 𝑘𝑑𝑖𝑓𝑓 was increased by a factor of 

40 but the prediction was still so accurate that the increase did not matter. At seven principal components 

however the prediction for 𝑘𝑑𝑖𝑓𝑓 was not as accurate and some curvature could be seen when plotting 

predicted against real parameter values.  

Modifications regarding clustering 

There are three primary ways the metamodels have been varied regarding the clustering. The first is the 

number of clusters, which sets how many local models are to be generated. Increasing the number of 

clusters to 20 did not provide any improvement regarding prediction. By analyzing the values of the 

PLSR and PCR scores, which are used to cluster the data, it became apparent that in most dimensions the 

scores were approximately normally or evenly distributed. The result was that the clustering algorithm 

was not primarily finding clusters but dividing one major cluster into different parts. The second variation 

regards the clustering algorithm. The algorithm that has primarily been used is polynomial clustering 

which is more suitable for data of higher dimensions. If the clustering is done in fewer dimensions, fuzzy 

or crisp clustering can be used. The final variation concerns the parameter beta which is used to set at 
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what distance the clustering becomes crisp. This parameter was varied between 0.3 and 0.7 but no 

patterns were found between values for beta and predictive ability. 

3.1.2 Inverse PCR-models 

The PCR-model used for comparison was chosen to have similar settings as the final PLSR-model. The 

model was generated by conducting principal component regression on the data and selecting the 15 

components explaining the majority of the variation. The data was then clustered using polynomial c-

means clustering (beta=0.6) and 15 clusters but using only the five first principal components. This 

modification was done since the first principal components should account for the major part of the 

variation and therefore be sufficient for identifying potential clusters in the data. After the data was 

clustered, local second order, i.e. also the squares of the scores were used as predictors, models were 

generated using NonlinearModelFit. The PCR-models can be modified in the same ways as the PLSR-

models but the comparisons are made using only this model. 

The predictive ability of this PCR-model was somewhat better than the corresponding PLSR-model. The 

MSEP was lower for all four parameters and, as can be seen in Figure 19, the systematic error found for 

the lower values of 𝑘ℎ𝑝 was not as apparent. The prediction for 𝑘ℎ𝑏, as seen in appendix Figure 30, was 

better than that given by the PLSR-model but some curvature could be seen, indicating that the model 

could not describe the system completely. The precision of the 𝑘ℎ𝑏 prediction was, while still better than 

that of the PLSR-model, quite bad. For 𝑘𝑝ℎ and 𝑘𝑑𝑖𝑓𝑓 the results, seen in appendix Figure 28 and Figure 

31, were similar to those of the PLSR-model. The plots for all four parameter are available in the 

appendix, section 6.2, Figure 28, Figure 29, Figure 30, and Figure 31.  

 

Figure 19: Prediction for the natural logarithm of the parameter 𝑘ℎ𝑝 using the PCR-metamodel. The plot to the left shows 

predicted parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). The precision 

appears to be higher than that of the corresponding PLSR-model and the systematic error in the lower range of 𝑘ℎ𝑝 is not as 

apparent in this plot as in Figure 15Fel! Hittar inte referenskälla.. The histogram to the right shows the prediction error. All the 

data plotted is validation data which was not used to generate the model. 

The approximate time to estimate parameter values for a single patient using this method in Mathematica 

is 0.5 seconds. The absolute majority of this time is used to load the files containing the data from model 

generation. The time would increase by approximately 23 milliseconds for each subsequent estimation. 

The time to generate these models in Mathematica however was much longer than the time needed to 
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generate the PLSR-models in MATLAB. The majority of this time was used to cluster the data and 

despite efforts to speed up the clustering it still took hours instead of minutes, which was the case in 

MATLAB.  

3.1.3 DLU 

Several different settings for DLU were tested out and the settings giving the lowest MSEP were chosen 

for comparison. First PLSR, with 15 principal components, was conducted on the calibration data and the 

scores were calculated for the calibration and validation data. The X-scores were then used to calculate 

membership values for each validation sample to the 10 closest calibration data points, using the 

equations from polynomial c-means clustering and beta set at 0.5.  

DLU gave the lowest MSEP for 𝑘ℎ𝑝 and, as seen in appendix Figure 33, the systematic error that could be 

observed in the lower parameter range for PLSR- and PCR-models could not be observed for the DLU-

prediction. For the other parameters however the MSEP was higher than the PCR-model and for 𝑘𝑝ℎ and 

𝑘𝑑𝑖𝑓𝑓 also higher than the PLSR-model. For 𝑘ℎ𝑏 the MSEP was not significantly increased compared to 

the PLSR- and PCR-models but despite this, as seen in Figure 20, a decrease in precision, most apparent 

in the lower parameter range, could be observed. The plots for all four parameters are available in the 

appendix, section 6.3, Figure 32, Figure 33, Figure 34, and Figure 35. 

 

Figure 20: Prediction for the natural logarithm of the parameter 𝑘ℎ𝑏 using direct look-up. The plot to the left shows predicted 

parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). As can be seen the precision 

is quite poor, especially in the lower parameter range. The histogram to the right shows the prediction error. 

The approximate time to estimate parameter values for a single patient using this method in MATLAB 

was 8 seconds. The majority of this time relates to loading of the files containing all the saved simulated 

data. The time would increase by approximately 1.4 milliseconds for each subsequent estimation. 

3.1.4 DLU combined with optimization 

The method of combining DLU and optimization was based on the same DLU setup as described in 

section 3.1.3 followed by a relatively short global optimization. The optimization algorithm was set to 

start at a temperature 100 times higher than the cost of the DLU estimate which was the initial guess. The 

temperature was reduced by a factor of 10 every 200 iterations and finally 400 iterations were done on 

temperature 0. 
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The resulting prediction was better than DLU for some of the parameters but worse for others. For 𝑘𝑝ℎ 

and 𝑘𝑑𝑖𝑓𝑓 the MSEP is reduced and the plots of predicted against real parameter values looked almost 

perfect for both parameters. For 𝑘𝑝ℎ the best prediction acquired, seen in appendix Figure 36, was from 

this method. For 𝑘ℎ𝑝 and 𝑘ℎ𝑏 however, the resulting prediction was actually worse than that of DLU. As 

seen in Figure 21, the same systematic error that was generated by the PLSR- and PCR-models in the 

lower range of 𝑘ℎ𝑝 existed after optimization. The plots for 𝑘ℎ𝑏, as seen in Figure 22, indicated that the 

optimization had problems with finding the global optimum. The prediction for 𝑘𝑑𝑖𝑓𝑓, seen in appendix 

Figure 39, was, similarly to the other estimation methods used, basically perfect. The plots for all four 

parameters are available in the appendix, section 6.4, Figure 36, Figure 37, Figure 38, and Figure 39. 

 

Figure 21: Prediction for the natural logarithm of the parameter 𝑘ℎ𝑝 using direct look-up followed by optimization. The plot to 

the left shows predicted parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). 

While the precision in the higher parameter range appears to be good, a systematical error can be seen in the lower range. The 

histogram to the right shows the prediction error. 

 

Figure 22: Prediction for the natural logarithm of the parameter 𝑘ℎ𝑏 using direct look-up followed by optimization. The plot to 

the left shows predicted parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). As 
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seen the optimization often give parameter values much lower than the real value. The histogram to the right shows the 

prediction error. 

The approximate time to estimate parameter values for a single patient using this method in MATLAB 

was 14 seconds. About 10 seconds is related to the DLU and is not dependent on the number of 

estimations. The time would increase by approximately 3.5 seconds for each subsequent estimation. 

3.1.5 Pure optimization 

As a benchmarker, a standard optimization using simannealingSB has been conducted for a sample of 

1000 data points. The optimization algorithm was set to start at a temperature 10 000 times higher than 

the cost of the starting guess, which was the same for all optimizations. The temperature was reduced by a 

factor of 10 every 2000 iterations and finally 4000 iterations were done at temperature 0.  

The approximate time to estimate parameter values for a single patient using this method in MATLAB 

was 50 seconds. The majority of this time relates to the optimization algorithm and therefore the time is 

directly proportional to the number of estimations. 

Comparing the estimation methods above to optimization, showed that the predictive ability of 

optimization was very similar to that of DLU combined with optimization. The plots of predicted against 

real parameter values, seen in appendix, section 6.5, Figure 40, Figure 41, Figure 42, and Figure 43, 

looked similar, with the exception that there appeared to be some outliers when using only optimization 

that were not there when combined with DLU. The prediction of 𝑘ℎ𝑏 using only optimization, seen in 

appendix Figure 42, appeared to have a tendency to end up at the lower boundary of the permitted 

parameter range. The PLSR- and PCR-models have marginally higher MSEP for 𝑘𝑝ℎ but significantly 

lower for the other parameters. Plots of predicted against real parameter values, as well as histograms of 

the prediction error, are available in the appendix, section 6.5, Figure 40, Figure 41, Figure 42, and Figure 

43. 

3.1.6 Summary 

The parameters 𝑘𝑝ℎ and 𝑘𝑑𝑖𝑓𝑓 could be predicted accurately using several different methods, the fastest of 

which was PLSR-models. The parameter 𝑘ℎ𝑝 could be predicted best using DLU. None of the methods 

used were able to predict the values of 𝑘ℎ𝑏 very well and the methods involving optimization appeared to 

have tendencies towards ending in local optima far away from the real value.  

3.2  DATA COMPLEXITY 
Four different data sets were created during the project. Below the data sets as well as the results that have 

come from analysis of the different data sets. The primary reference model used to compare the different 

data sets was the PLSR-model described in The final model. 

3.2.1 Data sets 

The data sets created are described below. Apart from the different settings described below the data 

generation followed the general method that is described in section 2.2.1Fel! Hittar inte referenskälla.. 

Data set 1 

A first set of simulations were conducted in order to have data to use for development of the primary 

functions necessary for metamodeling. The six time points, in which the simulated measurements were 

saved, were taken from the initial experimental setup which has been used to gather data up to this point.  
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The parameters were varied in four levels, and the parameter ranges were set based on the estimated 

parameter ranges from the MRI-data of healthy subjects used in (Forsgren, et al., 2014). The ranges used 

can be seen in Table 3. The parameter levels within those ranges were set manually and were 

approximately linearly spaced for the parameters 𝑘𝑝ℎ, 𝑘ℎ𝑏, and 𝑘𝑑𝑖𝑓𝑓 while the levels of 𝑘ℎ𝑝 were 

approximately logarithmically spaced because of the wide range in values. A scaling parameter ξ, relating 

the MRI-signal to contrast agent concentration, was also included in this simulation. ξ can normally be 

computed right away from the MRI-measurements but it was included in this case to determine if it could 

affect the estimation of other parameters. The levels of ξ were linearly spaced within the selected 

parameter range. 

Parameter Min max 

𝑘𝑝ℎ 3.5 ∗ 10−3 6.5 ∗ 10−3 

𝑘ℎ𝑝 5.0 ∗ 10−5 6 ∗ 10−4 

𝑘ℎ𝑏 2.0 ∗ 10−4 6.5 ∗ 10−4 

𝑘𝑑𝑖𝑓𝑓 1.0 ∗ 10−3 2.5 ∗ 10−3 

ξ 1.45 1.75 
Table 3: Parameter ranges for data set 1 

The data set included 512 simulations which is half of the 1024 possible combinations of the parameter 

levels. A design matrix was used that maximizes the statistical coverage of the data. The design matrix 

was supplied by Harald Martens and was developed based on the principles of multi-level binary 

replacement described in (Martens, et al., 2010). 

In this initial simulation setup the constraints regarding simulated measurements described in section 

2.2.1 were not yet implemented. 

Data set 2 

Once the tools for metamodeling had been developed a second set of simulation data, designed to cover a 

greater parameter range, was conducted. The parameters were varied in 16 levels, and the ranges, seen in 

Table 4, were estimated from a set of optimizations previously done on the system where both healthy 

people and patients with severely reduced liver function were included. The parameter levels were set as 

logarithmically equally spaced for the parameters 𝑘𝑝ℎ, 𝑘ℎ𝑝, and 𝑘ℎ𝑏, but linearly spaced for 𝑘𝑑𝑖𝑓𝑓. The 

parameter ξ was removed after discussion with the supervisor since it could be estimated directly from the 

data. The experimental design was set up to include all possible combinations of the four parameters 

yielding 65 536 simulations. For this dataset the time points were also changed to correspond to planned 

future experiments thought to give better parameter estimations. This experimental setup had denser 

sampling over a slightly longer time, resulting in 23 time points. 

Parameter Min max 

𝑘𝑝ℎ 7.0 ∗ 10−4 7.0 ∗ 10−3 

𝑘ℎ𝑝 5.0 ∗ 10−6 2.0 ∗ 10−2 

𝑘ℎ𝑏 1 ∗ 10−5 7 ∗ 10−4 

𝑘𝑑𝑖𝑓𝑓 7 ∗ 10−4 3 ∗ 10−3 
Table 4: Parameter ranges for data set 2 

Data set 3 

A third dataset was created with the aim to assess whether measurements in the bile could improve the 

estimations. This dataset included, apart from the measurements in the liver, spleen and vein, simulated 
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measurements of the amount of contrast agent eliminated through the bile. The experimental setup was, 

with this exception, identical to data set two. 

Data set 4 

A final dataset was created using Metropolis-Hastings sampling. The aim of using this function to 

generate data was to eliminate unrealistic parameter combinations which could make it harder for the 

metamodels to describe the system. Starting position of the samples for the algorithm, as well as the 

parameter ranges, were based on data previously acquired from patients with hepatobiliary disease. Firstly 

a global optimization was conducted for each set of patient data, using simannealingSBAOclusteringL, in 

order to find the parameter set giving the lowest cost. Then those sets of patient data for which no other 

set of patient data gave a lower cost for the optimal parameter set were selected and those parameter sets 

were used as starting points for the algorithm. The parameter ranges were expanded from those used in 

previous simulations to be at least ten times higher and lower than all of the starting points. The resulting 

parameter ranges can be seen in Table 5. 

Parameter Min max 

𝑘𝑝ℎ 7.0 ∗ 10−4 5.1 ∗ 10−1 

𝑘ℎ𝑝 1.3 ∗ 10−9 5.0 

𝑘ℎ𝑏 1.1 ∗ 10−9 2.9 ∗ 10−2 

𝑘𝑑𝑖𝑓𝑓 1.2 ∗ 10−4 1.5 ∗ 10−1 
Table 5: Parameter ranges for data set 4 

3.2.2 Analysis 

The results regarding the data sets primarily pertain to three themes. The first is the elimination of 

irrelevant parameter combinations in the parameter space. The second is the complexity of describing the 

system as related to parameter ranges. The third is the simulated measurements in the bile. 

Relevant parameter combinations 

The two tools used to eliminate physiologically unrealistic parameter combinations were the constraints 

described in 2.2.1 and Metropolis-Hastings sampling which is described in 2.3.  

The constraint regarding concentration in blood plasma appeared to be relevant while the constraint 

regarding total amount eliminated through the bile did not. Not a single parameter combination was 

discarded due to the constraint on bile elimination. The constraint of concentration in the blood plasma 

however resulted in many discarded parameter combinations and should therefore have helped somewhat 

to reduce the parameter space. It can be seen when plotting histograms of the parameter levels that most 

of the discarded parameter combinations were in the higher levels of 𝑘𝑝ℎ and the lower levels of 𝑘ℎ𝑝. 

Histograms of the occurrences of the different parameter levels in data set two are available in the 

appendix, section 6.6, Figure 44. 

Analysis of the Metropolis Hastings simulations showed that while the algorithm succeeded in thinning 

out the number of simulations in parts of the parameter space, no significant areas were completely 

eliminated. The only part of the parameter space which was found to be empty was the area with high 

values for 𝑘𝑝ℎ and the low values of 𝑘ℎ𝑝, which can be seen in Figure 23. However, as seen in the second 

part of the same figure, the same area appears to be empty for data set two which indicates that it is the 

constraints, and not the algorithm, that rejects these parameter combinations. Furthermore the parameter 

ranges were increased significantly because of the positions of the starting positions. This either points to 

unrealistic parameter estimations from the optimizations conducted or that the parameter ranges used for 
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the other data sets were not wide enough to accommodate the parameter combinations that can occur in 

patients. 

 

Figure 23: Plots of the resulting parameter values for 𝑘𝑝ℎ and 𝑘ℎ𝑝 in data sets four and two. Note that, since the permitted 

parameter ranges were different in the data sets, the scales on the axes differ between the plots. Both plots indicate that the 

parameter combinations where 𝑘𝑝ℎ is high and 𝑘ℎ𝑝 is low have been rejected 

There was also reason to doubt that the resulting samples in data set four were representative to the 

patient data used. By comparing the resulting samples to the patient data it was concluded that one of the 

patients accounted for over 95 % of the samples. The data for this patient gave the best fit for 75 607 of 

the 78 294 accepted simulations, basically rendering the data from other patients redundant. 

Parameter ranges 

Applying the same PLSR-model to data sets one, two, and four indicated, not surprisingly, that the 

complexity of describing the system is highly correlated with parameter ranges. For data set one, which 

was analyzed using 10 principal components instead of 15 since the number of data points in the set was 

not high enough to accommodate 15, the parameters 𝑘𝑝ℎ, 𝑘ℎ𝑏, and 𝑘𝑑𝑖𝑓𝑓 could be predicted with 

satisfactory precision. For 𝑘ℎ𝑝, some curvature could be observed in the plots of predicted against real 

parameter values , seen in appendix Figure 46, but the deviation was not very high and the MSEP was 

acceptable. The MSEP was higher for data set one than data set two for 𝑘ℎ𝑝 and 𝑘𝑑𝑖𝑓𝑓 but lower for 𝑘𝑝ℎ 

and 𝑘ℎ𝑏. Plots of the prediction for all parameters using data set one are available in the appendix, section 

6.7, Figure 45, Figure 46, Figure 47, and Figure 48. 

For data set four however, none of the parameters could be estimated with acceptable accuracy and 

precision. The MSEP for all four parameters was significantly increased compared to data set two and 

systematic errors as well as poor precision could be seen for all parameters. This was especially apparent 

for 𝑘𝑑𝑖𝑓𝑓 as can be seen in Figure 24. Plots of the prediction for all parameters using data set four are 

available in the appendix, and section 6.8, Figure 49, Figure 50, Figure 51, and Figure 52. The mean 

square errors for the PLSR-model prediction using the different data sets can be seen in Table 6. 

  

 

 



43 

 

Data set 
Mean square error of prediction (MSEP) 

𝒍𝒏( 𝒌𝒑𝒉 ) 𝒍𝒏( 𝒌𝒉𝒑 ) 𝒍𝒏( 𝒌𝒉𝒃 ) 𝒌𝒅𝒊𝒇𝒇 

1 8.099 ∗ 10−5 8.506 ∗ 10−1 5.726 ∗ 10−3 8.969 ∗ 10−10 

2 8.735 ∗ 10−4 1.359 ∗ 10−1 3.122 ∗ 10−1 9.141 ∗ 10−12 

4 2.390 6.332 1.743 ∗ 101 1.208 ∗ 10−3 
Table 6: Mean square error of prediction when applying the PLSR model described in The final model to data sets two and four 

and a similar PLSR model but with 10 principal components to data set one. Note that since the parameter ranges are different, 

the MSEP values for 𝑘𝑑𝑖𝑓𝑓 , for which the regression was not done on the logarithmic parameter values, may not be directly 

comparable between data sets. 

 

Figure 24: Prediction for parameter 𝑘𝑑𝑖𝑓𝑓  in data set four using the PLRS-metamodel. The plot to the left shows predicted 

parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). The histogram to the right 

shows the prediction error. As can be seen the deviation and prediction error is significant. All the data plotted is validation data 

which was not used to generate the model. 

Analysis of the system by classical metamodeling further supports that the system becomes increasingly 

complex with wider parameter ranges. For data set one, the classical metamodels could describe the 

system with relatively simple models. While some minor curvature could be seen when plotting predicted 

against real simulated measurement, the prediction was still acceptable. For data set two however, the 

precision of the predictions was substantially reduced and some systematic error could be seen. Applying 

the same type of model to data set four resulted in extremely poor predictions. The predicted simulated 

measurements deviated significantly from the real values and systematic errors were abundant for most of 

the measurements. The precision was also poor and the prediction errors were of the same scale as, or 

larger than, the real values.  

Bile measurements 

The result of comparing data sets two and three indicated that the measurements in the bile did not 

significantly increase the accuracy or precision of the parameter estimations. The same systematical error 

could be seen in the lower ranges of 𝑘ℎ𝑝 and the precision of 𝑘ℎ𝑝 and 𝑘ℎ𝑏 was not improved. In fact the 

MSEP was slightly increased for all four parameters. Data set three was also subjected to DLU but no 

improvement could be seen compared to data set two.
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4 DISCUSSION 

4.1 METAMODELING FOR ESTIMATION OF LIVER FUNCTION  
The results show that reliable parameter estimations can be acquired for several of the parameters using 

the metamodeling tools described.  

One of the relevant questions to ask in regard to the results was why the PCR-models appear to give 

better results than the PLSR-models. This result was intuitively odd since PLSR can do exactly what PCR 

can, but should choose the principal components so that the prediction is better. The most likely 

explanation to this result was the fact that the X-variable modifications, being the addition of the squares 

of each variable, were conducted differently. While the models compared had the same number of 

principal components, the fact that the modifications for PCR were done after the scores were computed, 

as mentioned in the section Modification of data, resulted in an increased number of regression variables 

for PCR compared to PLSR. It is possible that it would have been more suitable to compare models with 

different number of principal components and the same number of regression variables instead. The 

method of adding the squares of the scores, and not of the original variables, is however intuitively better 

since the values of the scores should be more relevant and stable than the unprocessed data. If it is 

possible to make such a modification on the PLSR-algorithm, which is not unlikely, it could potentially 

improve the PLSR-models. 

The results of parameter estimation by DLU clearly show that the accuracy was somewhat lacking. One 

reason for this was most likely that the sampling was not dense enough. Increasing the sampling density 

does however significantly increase the time needed to both create the sample data set and load the data 

for the estimation. If the sampling density was to be doubled, the number of simulations would increase 

by a factor of sixteen and it is not impossible that this increase in sample density would still not be 

enough to acquire the desired accuracy.  

DLU in combination with optimization did not yield great estimations for all parameter but the results 

still indicated that the method has great potential in systems biology in general. The results showed 

significantly less outliers, compared to only optimization, which indicated that performing DLU before 

optimization can improve the reliability of the optimization. It must be noted however that the pure 

optimizations conducted were relatively short and it is possible that longer optimizations are able to 

reduce the number of outliers. The fact that much shorter optimizations were able to find the correct, or 

very close to correct, parameter value after using DLU indicated that DLU can also be used to speed up 

the optimizations. Based on the fact that the MSEP for 𝑘ℎ𝑏 increased compared to DLU and decreased 

compared to pure optimization, it can be concluded both that the optimization can move the prediction 

away from the correct parameter value and that conducting DLU first does not guarantee that the 

optimization result is improved for all parameters. 

The parameter estimation results could also give some information regarding the underlying mechanistic 

model. Firstly, the systematical error in prediction seen in the lower parameter ranges of 𝑘ℎ𝑝 is most 

likely related to the model design and the parameter ranges. The fact that 𝑘𝑝ℎ and 𝑘ℎ𝑝 regulate transports 

that operate in opposite directions can result in unidentifiability for one or both of the parameters. In this 

case 𝑘ℎ𝑝 has been allowed to reach much lower parameter values than 𝑘𝑝ℎ and this gives that in the lower 

parameter range of 𝑘ℎ𝑝, the reaction controlled by 𝑘ℎ𝑝 is effectively zero as compared to the opposite 

reaction controlled by 𝑘𝑝ℎ. The result is that the simulated output from the model does not change, in any 
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significant way, if 𝑘ℎ𝑝 decreases below a certain point. This however does not only result in the fact that 

the parameter cannot be accurately determined but also that it probably is not physiologically relevant to 

determine it in that range since the change does not affect the system. Therefore the systematical error in 

𝑘ℎ𝑝 seen for almost all of the parameter estimation methods could be regarded as acceptable. This also 

opens up for the possibility to reduce the parameter space of 𝑘ℎ𝑝 in which the models are calibrated. The 

fact that the optimization methods had trouble finding the correct parameter values for 𝑘ℎ𝑏 indicated that 

𝑘ℎ𝑏 affected the output of the system to a lesser degree and that there were several local minima to the 

cost function. One theory was that, since 𝑘ℎ𝑏 regulates the transport from the hepatocytes to the bile, 

measurements in the bile would improve the estimations. As shown in the results however, this did not 

appear to be the case. No optimizations were conducted on data set three however, which included the 

bile measurements, and this should be tested before the thought is completely discarded. 

A relevant question to ask is which of the methods used has shown the best results, and the answer is not 

straight forward. Firstly it could be concluded that which method gave the best estimations varied with 

the parameter. The parameter 𝑘𝑑𝑖𝑓𝑓 could be estimated with great accuracy using almost all of the 

methods used and therefore it could be disregarded in the question of which method was the best. The 

precision of 𝑘𝑑𝑖𝑓𝑓 prediction using DLU was significantly lower than for the other methods so in that 

regard DLU is not the best method with the current sampling density. The parameter 𝑘𝑝ℎ, which is 

thought to be the most relevant parameter for estimating liver function, could be estimated with relatively 

high accuracy for all methods, possibly with the exception of DLU. If a higher accuracy is required, using 

DLU in combination with optimization can help since it appeared to fine tune the prediction significantly. 

Regarding 𝑘ℎ𝑝, as noted above, the systematical error in the lower ranges was not a deemed a problem. 

The precision of the prediction did however vary between the different methods. The best precision, 

disregarding the lower parameter ranges, could be seen for the methods using optimization. The 

parameter for which the prediction was worst, and also varied the most, was 𝑘ℎ𝑏. For this parameter, the 

methods showing the most promising results were the inverse PLSR- and PCR-models. The reason that 

DLU did not qualify, despite the fact that the MSEP was lower for DLU than the PLSR-model, was that 

the largest prediction errors were twice as large as those of the PLSR-model. Basically DLU give good 

estimations for 𝑘ℎ𝑏 most of the time but, since the prediction error sometimes is very high, it is not 

reliable enough. The estimation methods involving optimization show tendencies towards getting stuck in 

local minima of the cost function and give predictions that are outright terrible. All in all, the PCR- and 

PLSR-models were the most promising since they could give relatively accurate predictions and also 

work very fast. The metamodels have been shown to predict 𝑘𝑝ℎ with relatively small error which makes 

the methods viable candidates when estimating the liver function.  

The result that it is more complex to describe the system with wider parameter ranges makes sense 

intuitively, but the reason behind it is not completely clear. One possible explanation is that the system 

behaves in different ways depending on in which ranges the parameters are. If this was the case, a higher 

number of local models should be able to give better predictions. This however was not the result found.  

It is possible that the number of local models was not increased enough to see this result but at very high 

numbers of clusters the algorithms had troubles finding clusters which is why this was not further 

examined. Also, as noted in the results, the scores were found to be approximately normally or evenly 

distributed in most dimensions. This indicates that the behavior of the system is not radically different for 

some parameter values but that there is a smooth transition, which could have made it harder for the 

clustering algorithms to find suitable clusters for the calibration of local models.  
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To sum up metamodeling shows great potential to be used for parameter estimation but there are also 

some limitations. PLSR-metamodels appear to be the most promising method for parameter estimation 

and will hopefully be able to describe data sets with wider parameter ranges if the tools for eliminating 

the unrealistic parameter values are developed further. 

4.2  POSSIBLE METAMODELING DEVELOPMENTS 
There are a number of possible developments regarding metamodeling of this system.  

Before any method is viable for use on patients, noise should be added to the simulated data used for 

calibration and validation. This should be done in order to investigate how sensitive the estimation 

method is to noise in the real MRI-data. It is highly likely that the number of principal components in the 

PCR- and PLSR-models must be reduced once noise is added since the principal components only 

describing a small amount of the variation in the 𝑋-data could be drowned by the noise. The importance 

of using methods like PCR and PLSR as compared to normal regression methods will also increase when 

noise is added since these methods work like a filter that can reduce the effect of noise. 

The generated metamodels could also be further analyzed in order to gain better understanding of the 

system. Metamodeling can be used in many other ways other than with the pure aim of parameter 

estimation, as in this thesis, and one of these is to analyze the system. By studying the resulting 

metamodels, more specifically the scores and loadings, information can be gained regarding what the 

metamodels are actually doing which can then be related to how the system behaves. Once a model has 

been found that is deemed to accurately describe the system, conducting such an analysis would be a 

natural step to take. 

Another extension that would make the methods used here more interesting is to modify the method to 

not only give a single parameter value as prediction but a range or distribution in which the true parameter 

most likely lies. One simple method of doing this would be to generate samples of the “true” 

measurement values based on the estimated standard deviation in the measurements. This could be done 

by estimating a distribution of the true measurement for each of the measurements. By applying each 

combination of these measurement samples to the method, a histogram mimicking the distribution of the 

most likely range in which the parameter lies could be acquired. Since there is also an error in the 

predictions given it would be possible to estimate a distribution in which the true parameter lies by 

creating a function that describes the mean square error as a function of the estimated parameter value.  

As mentioned above, the design of the data set used for calibration is highly relevant for the result. 

Further developing the tools for generating suitable parameter combinations on which to calibrate the 

models is something that should be done for this system. Firstly it must be determined which parameter 

ranges are possible and relevant in order to be certain that the models are able to describe the possible 

behaviors of the system but also to not calibrate the models on unnecessarily large parameter spaces. 

Secondly, the tools for eliminating areas within the parameter space should be developed in order to 

eliminate the unrealistic parameter combinations. As the results showed, one of the constraints used 

appeared to have been useful but it should be investigated whether there are other constraints that can be 

applied. These constraints could apply to either the simulated output of the model but also to the 

parameter combinations themselves. Metropolis-Hastings sampling could also potentially aid in 

eliminating unrealistic parameter combinations. The method did not appear to help in that regard in this 

project but it is still possible that it could, with better patient data and further work, be a useful tool.  
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4.3  METAMODELING IN SYSTEMS BIOLOGY 
Apart from this specific liver model, metamodeling could potentially aid in other systems biology work as 

well. The most promising aspect, which could potentially be applied to almost all the work done in 

systems biology, is the use of DLU as a way of getting more accurate optimizations. The optimizations 

appeared to have an easier time finding the correct parameter values and the time needed was also greatly 

reduced, making it a very useful combination. Since DLU is a very simple method involving little theory 

there is also a very small threshold for implementation and understanding. 

However, all systems are not suitable for metamodeling. Firstly it should be noted that since the kind of 

metamodeling conducted in this thesis is completely based on the correctness of the underlying 

mechanistic model, it should foremost be used in cases where the model has already been thoroughly 

validated. Metamodeling can be used to analyze a system using only data but that methodology is more 

focused on a kind of system analysis that has not been done in this project. Secondly, regarding the data 

for calibration, it is also worth to note that what is measured, and also at what times, affects how well the 

metamodeling works. This is of course true for all systems biology since the measurements must capture 

the behavior of the system but it is especially relevant in metamodeling since the metamodels describe the 

relationship between parameters and the measured entities at the specific time points and says nothing  

about the measured entities at other times. Since it is often the case in systems biology that not everything 

can be measured, the importance of choosing suitable times for measuring the entities that can be 

measured is further increased. 

4.4  SOCIETAL, FINANCIAL, AND ETHICAL ASPECTS 
The societal, financial, and ethical aspects of this work primarily relate to the larger problem of estimating 

liver function and not specifically to the method of parameter estimation.  

The use and development computer aided diagnosis has increased over the last decades and it is becoming 

more and more common. Apart from the financial benefits of removing some of the workload from the 

clinical staff there are benefits in eliminating the human error and the subjectivity of the process. Despite 

this there is somewhat of a resistance, from the public as well as the people working in health service, 

against moving the diagnosis from the doctors and to some automated system. This resistance will 

hopefully decrease with time, but the final decision regarding course of action and treatment will most 

likely stay in the hands of humans. That means that the aim of methods like these should be to give the 

best possible information on which to base these decisions and to do so as efficiently as possible and at a 

cost that does not deny any part of the population medical care. 

The existence of functional non-invasive methods for diagnosis of diffuse liver disease may also lead to 

more discovered cases since the threshold for conducting the procedure should be lower compared to a 

biopsy. This in turn should lead to lower costs for the society since earlier discovery can result in a larger 

portion of the patients avoiding serious complications through life style change or medication.  
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5 OUTLOOK 

Zooming out to see the big picture, let’s look at the clinical relevance of this work. Methods like these, 

involving non-invasive imaging techniques, are better than using liver biopsy for several reasons. Firstly, 

biopsy itself is not a very accurate method, despite it being the “gold standard”. Secondly, non-invasive 

methods decrease the risk for the patients and avoid unnecessary and unpleasant surgical procedures. 

Compared to ICG-R15, which is also commonly used, this method has great potential for development in 

order to assess liver function in different parts of the liver. This is something that would greatly aid 

surgeons in planning for liver resection and can never be done using methods that work on a global scale. 

If the parameter estimation for this model can be done fast and accurately enough for a diagnosis to be 

ready as soon as the MRI-is done, a major step towards application in real time use has been taken.  

Currently there is however another step that must be sped up and that is the identification of regions of 

interest from the MRI-images. Since it is currently done manually, by a radiologist, it is not only time 

consuming but also expensive. Attempts are being made to develop image processing tools that can 

calculate the concentration of contrast agent in each compartment automatically, thereby removing that 

manual step from the process. 

Some possible extensions of the metamodeling that has been conducted during this project were 

mentioned in the discussion. There is however another possible continuation of this project that involves 

combining metamodeling with mixed effect modeling. Mixed effect modeling is a modeling approach that 

involves making assumptions regarding the distribution of the parameters within a population and has 

previously been shown to give more stable parameters estimations with this liver model. If, and how, 

these approaches could be combined is not currently known but it is possible that the combination could 

remedy some of the problems that have been encountered regarding parameter estimation through 

metamodeling. 
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6 APPENDIX 

6.1  EXAMPLE PLOTS FOR CLUSTERING ALGORITHMS 

 

Figure 25: Resulting cluster centers and membership values after clustering a data set in two dimensions by fuzzy c-means. The 

color of the data point represents the membership, red and green being the extremes. The two crosses shows the resulting cluster 

centers. Note that while some data points appear to have full membership to one of the clusters they all, in fact, have some degree 

of membership to both clusters. 
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Figure 26: Resulting cluster centers and membership values after clustering a data set in two dimensions by crisp c-means. The 

color of the data point represents the membership, red and green being the extremes. The two crosses show the resulting cluster 

centers. Since crisp clustering requires each data point to belong to only one cluster, all data points are either completely green 

or completely red. 
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Figure 27: Resulting cluster centers and membership values after clustering a data set in two dimensions by polynomial c-means. 

The color of the data point represents the membership, red and green being the extremes. The two crosses show the resulting 

cluster centers. Note that the data points close to the cluster centers have complete membership to one cluster while some of the 

data points in between are shared 
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6.2  PLOTS PCR-MODEL: PARAMETER ESTIMATIONS FOR 

DATA SET TWO 

 

Figure 28: Prediction for the natural logarithm of the parameter 𝑘𝑝ℎ using the PCR-metamodel. The plot to the left shows 

predicted parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). The histogram to 

the right shows the prediction error. All the data plotted is validation data which was not used to generate the model. 

 

Figure 29: Prediction for the natural logarithm of the parameter 𝑘ℎ𝑝 using the PCR-metamodel. The plot to the left shows 

predicted parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). The histogram to 

the right shows the prediction error. All the data plotted is validation data which was not used to generate the model. 
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Figure 30: Prediction for the natural logarithm of the parameter 𝑘ℎ𝑏 using the PCR-metamodel. The plot to the left shows 

predicted parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). The histogram to 

the right shows the prediction error. All the data plotted is validation data which was not used to generate the model. 

 

Figure 31: Prediction for the parameter 𝑘𝑑𝑖𝑓𝑓  using the PCR-metamodel. The plot to the left shows predicted parameter value 

plotted against the real parameter value and the black line plotted is the line (1, 1). The histogram to the right shows the 

prediction error. All the data plotted is validation data which was not used to generate the model. 
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6.3  PLOTS DLU: PARAMETER ESTIMATIONS FOR DATA SET 

TWO 

 

Figure 32: Prediction for the natural logarithm of the parameter 𝑘𝑝ℎ using direct look-up. The plot to the left shows predicted 

parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). The histogram to the right 

shows the prediction error.  

 

Figure 33: Prediction for the natural logarithm of the parameter 𝑘ℎ𝑝 using direct look-up. The plot to the left shows predicted 

parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). The histogram to the right 

shows the prediction error.  
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Figure 34: Prediction for the natural logarithm of the parameter 𝑘ℎ𝑏 using direct look-up. The plot to the left shows predicted 

parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). The histogram to the right 

shows the prediction error. 

 

Figure 35: Prediction for the parameter 𝑘𝑑𝑖𝑓𝑓  using direct look-up. The plot to the left shows predicted parameter value plotted 

against the real parameter value and the black line plotted is the line (1, 1). The histogram to the right shows the prediction 

error. 



61 

 

6.4  PLOTS DLU + OPTIMIZATION: PARAMETER 

ESTIMATIONS FOR DATA SET TWO 

 

Figure 36: Prediction for the natural logarithm of the parameter 𝑘𝑝ℎ using direct look-up followed by optimization. The plot to 

the left shows predicted parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). The 

histogram to the right shows the prediction error. 

 

Figure 37: Prediction for the natural logarithm of the parameter 𝑘ℎ𝑝 using direct look-up followed by optimization. The plot to 

the left shows predicted parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). The 

histogram to the right shows the prediction error. 
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Figure 38: Prediction for the natural logarithm of the parameter 𝑘ℎ𝑏 using direct look-up followed by optimization. The plot to 

the left shows predicted parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). The 

histogram to the right shows the prediction error. 

 

Figure 39: Prediction for the parameter 𝑘𝑑𝑖𝑓𝑓  using direct look-up followed by optimization. The plot to the left shows predicted 

parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). The histogram to the right 

shows the prediction error. 
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6.5  PLOTS OPTIMIZATION: PARAMETER ESTIMATION FOR 

DATA SET TWO 

 

Figure 40: Prediction for the natural logarithm of the parameter 𝑘𝑝ℎ using optimization. The plot to the left shows predicted 

parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). The histogram to the right 

shows the prediction error. 

 

Figure 41: Prediction for the natural logarithm of the parameter 𝑘ℎ𝑝 using optimization. The plot to the left shows predicted 

parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). The histogram to the right 

shows the prediction error. 
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Figure 42: Prediction for the natural logarithm of the parameter 𝑘ℎ𝑏 using optimization. The plot to the left shows predicted 

parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). The histogram to the right 

shows the prediction error. 

 

Figure 43: Prediction for the parameter 𝑘𝑑𝑖𝑓𝑓  using optimization. The plot to the left shows predicted parameter value plotted 

against the real parameter value and the black line plotted is the line (1, 1). The histogram to the right shows the prediction 

error. 
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6.6  PARAMETER DISTRIBUTION IN DATA SET TWO 

 

Figure 44: Histograms over the occurrences of the different parameter levels for data set two. The maximum number of 

occurrences possible for a single parameter level in data set two (marked in the histograms with a black line) is 163 = 4096. In 

the higher ranges for 𝑘𝑝ℎ and the lower ranges for 𝑘ℎ𝑝 the number of occurrences is much lower, meaning the constraints have 

discarded many parameter combinations in those areas. For 𝑘ℎ𝑏 and 𝑘𝑑𝑖𝑓𝑓  however, no clear pattern can be discerned. 
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6.7  PLOTS PLSR-MODEL: PARAMETER ESTIMATION FOR 

DATA SET ONE 

 

Figure 45: Prediction for the natural logarithm of the parameter 𝑘𝑝ℎ in data set one using the PLRS-metamodel. The plot to the 

left shows predicted parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). The 

histogram to the right shows the prediction error. All the data plotted is validation data which was not used to generate the 

model. 

 

Figure 46: Prediction for the natural logarithm of the parameter 𝑘ℎ𝑝 in data set one using the PLRS-metamodel. The plot to the 

left shows predicted parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). The 

histogram to the right shows the prediction error. All the data plotted is validation data which was not used to generate the 

model. 
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Figure 47: Prediction for the natural logarithm of the parameter 𝑘ℎ𝑏 in data set one using the PLRS-metamodel. The plot to the 

left shows predicted parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). The 

histogram to the right shows the prediction error. All the data plotted is validation data which was not used to generate the 

model. 

 

Figure 48: Prediction for the parameter 𝑘𝑑𝑖𝑓𝑓  in data set one using the PLRS-metamodel. The plot to the left shows predicted 

parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). The histogram to the right 

shows the prediction error. All the data plotted is validation data which was not used to generate the model. 
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6.8  PLOTS PLSR-MODEL: PARAMETER ESTIMATION FOR 

DATA SET FOUR 

 

Figure 49: Prediction for the natural logarithm of the parameter 𝑘𝑝ℎ in data set four using the PLRS-metamodel. The plot to the 

left shows predicted parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). The 

histogram to the right shows the prediction error. All the data plotted is validation data which was not used to generate the 

model. 

 

Figure 50: Prediction for the natural logarithm of the parameter 𝑘ℎ𝑝 in data set four using the PLRS-metamodel. The plot to the 

left shows predicted parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). The 

histogram to the right shows the prediction error. All the data plotted is validation data which was not used to generate the 

model. 
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Figure 51: Prediction for the natural logarithm of the parameter 𝑘ℎ𝑏 in data set four using the PLRS-metamodel. The plot to the 

left shows predicted parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). The 

histogram to the right shows the prediction error. All the data plotted is validation data which was not used to generate the 

model. 

 

Figure 52: Prediction for the parameter 𝑘𝑑𝑖𝑓𝑓  in data set four using the PLRS-metamodel. The plot to the left shows predicted 

parameter value plotted against the real parameter value and the black line plotted is the line (1, 1). The histogram to the right 

shows the prediction error. All the data plotted is validation data which was not used to generate the model. 


