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Abstract

Our focus in this paper is on the fundamental system of partial differential
equation with boundary conditions (the continuous problem) that all types
of numerical methods must respect. First, a constant coefficient hyperbolic
system of equations which turns into a variable coefficient system of equations
by transforming to a non-cartesian domain is considered. We discuss possible
formulations of time-dependent boundary conditions leading to well-posed
or strongly well-posed problems. Next, we re-use the previous theoretical
derivations for the problem with boundary conditions applied at the wrong
position and/or with an incorrect normal (a typical result with a less than
perfect mesh generator). Possible error sources are discussed and a crude
error estimate is derived.

Keywords: hyperbolic system, initial boundary value problems, erroneous
computational domains, curved domains

1. Introduction

We discuss two issues in this paper. Firstly, how to choose boundary
condition that lead to an energy-estimate and a strongly well-posed problem
where the solution can be estimated in all types of data [2]. Secondly we
use the previously obtained knowledge to study the effect of an inaccurate
geometry description. The erroneous geometry description leads to boundary
conditions applied at the wrong position and/or with an incorrect normal.

The rest of this paper proceeds as follows. In section 2, we study a
hyperbolic problem on a general 2-dimensional domain and derive strongly
well-posed boundary conditions. In section 3, we analyze the problem with
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erroneously placed boundaries. Finally we summarize and draw conclusions
in section 4.

2. Well-posedness and Boundary Conditions

Consider the following hyperbolic system of equations in two dimensions,

Vt + (ÂV )x + (B̂V )y = 0 (x, y) ∈ Ω, t ∈ [0, T ]
LV = g(x, y(t)) (x, y) ∈ δΩ, t ∈ (0, T ]

V (x, y, 0) = f(x, y) (x, y) ∈ Ω, t = 0.
(1)

The solution is represented by the vector V = V (x, y, t). Â and B̂ are
symmetric M ×M matrices. Ω is the spatial domain with the boundary δΩ.
L is the boundary operator defined on δΩ. f(x, y) ∈ RM and g(x, y(t)) ∈ RM

are data to the problem.
We let multiply (1) by V T , integrate in space and use Green’s Theorem.

By rearranging and defining ‖V ‖2 =

∫
Ω

V TV dx we obtain,

‖V ‖2
t +

∮
δΩ

V T ((Â, B̂) · n)V ds = 0, (2)

where n is the outward pointing unit normal vector from Ω. The matrix
Ã = ((A,B) · n) is symmetric due to the fact that A and B are symmetric.
Using the symmetry property we can rearrange Ã as,

Ã = XΛXT , X = [X+, X−], Λ =

[
Λ+ 0
0 Λ−

]
, (3)

where X+ and X− are the eigenvectors corresponding to the positive and
negative eigenvalues of Ã. The matrix Λ containing the eigenvalues is divided
into a positive definite and negative semi-definite diagonal block Λ+ and Λ−.
By using (3) in (2) we obtain,

‖V ‖2
t +

∮
δΩ

(XT
+V )TΛ+(XT

+V ) + (XT
−V )TΛ−(XT

−V ) ds = 0. (4)

For (4) to be an estimate we need to impose boundary conditions on (XT
−V )T .

We consider boundary conditions on the form,

LV = (XT
− −RXT

+)V = g, (x, y) ∈ δΩ, (5)
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where R is a matrix of appropriate size. Using (5) in (4) we obtain,

‖V ‖2
t = −

∮
δΩ

(XT
+V )T (Λ+ +RTΛ−R)(XT

+V ) + gTΛ−R(XT
+V )

+ (R(XT
+V ))TΛ−g + gTΛ−g ds.

(6)

Rewriting (6) in matrix form gives,

‖V ‖2
t = −

∮
δΩ

[
XT

+V
g

]T [
Λ+ +RTΛ−R (Λ−R)T

Λ−R Λ−

] [
XT

+V
g

]
ds. (7)

By adding and subtracting gTGg, where G is sufficiently positive semi-
definite we get,

‖V ‖2
t = −

∮
δΩ

[
XT

+V
g

]T [
Λ+ +RTΛ−R (Λ−R)T

Λ−R G

]
︸ ︷︷ ︸

M

[
XT

+V
g

]
+ gT (|Λ−|+G)g ds.

(8)

For this to be an estimate we need M to be positive semi-definite. To prove
that M is positive semi-definite we multiply from the left and right with a
matrix such that,

M̃ =

[
I C
0 I

]T [
Λ+ +RTΛ−R (Λ−R)T

Λ−R G

] [
I C
0 I

]
(9)

Note that the multiplication with the same matrix from the left and right
will not change the definiteness. We choose C = −(RTΛ−R+ Λ+)−1(Λ−R)T ,
where (RTΛ−R + Λ+) must be positive definite, that is

(RTΛ−R + Λ+) > 0 (10)

This choice of matrix C leads to the following diagonal matrix,

M̃ =

[
Λ+ +RTΛ−R 0

0 −(Λ−R)T (RTΛ−R + Λ+)−1(Λ−R) +G

]
. (11)

By choosingG such that the Schur complement −(Λ−R)T (RTΛ−R+Λ+)−1(Λ−R)+
G becomes positive semi-definite, M̃ becomes positive semi-definite. Hence
we need G such that,

G ≥ (Λ−R)T (RTΛ−R + Λ+)−1(Λ−R), (12)

to make M̃ and thus also M positive semi-definite. We have proved
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Proposition 1. The problem (1) with boundary condition (5), subject to
(10) and (12) is strongly well-posed

Proof. By integrating (8) in time with the conditions (10) and (12) leads to
the estimate,

‖V ‖2 ≤ ‖f‖2 +

∫ T

0

∮
gT (
∣∣Λ−∣∣+G)g ds dt. (13)

Remark 1. Condition (10) and (12) selects the possible matrices R that can
be used.

Remark 2. The estimate (13) augmented with a volume term due to a forc-
ing function will be used below in order to estimate possible geometry errors.

3. Errors due to an erroneous computational domain

The analysis in the previous chapter were based on the matrix Ã = (A,B)·
n, which in turn is a function of the geometry of the computational domain.
In this section we will consider the potential errors caused by an erroneous
geometry description.

A transformation from the Cartesian coordinates into curvilinear coordi-
nates of the problem (1) is given by

x = x(ξ, η), y = y(ξ, η)
ξ = ξ(x, y), η = η(x, y)

(14)

The chain-rule is employed to interpret the system (1) in terms of the curvi-
linear coordinates as

Vt + (ξxÂ+ ξyB̂)Vξ + (ηxÂ+ ηyB̂)Vη = 0, (15)

where 0 ≤ ξ ≤ 1, 0 ≤ η ≤ 1, 0 ≤ t ≤ T . The Jacobian matrix of the
transformation is

[J ] =

 xξ yξ 0
xη yη 0
0 0 1

, (16)
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where (Vξ, Vη, Vt)
T = [J ](Vx, Vy, Vt)

T . The relation between [J ], and its in-
verse, which transforms the derivatives back to the Cartesian coordinates
leads to the metric relations

Jξx = yη, Jξy = −xη
Jηx = −yξ, Jηy = xξ,

(17)

in which J=xξyη−xηyξ>0 is the determinant of [J ].
By multiplying (15) with J and using (17), we replace the coefficients in

terms of derivatives of the curvilinear coordinates. Equation (15) can now
be rewritten as

JVt + [(JξxÂ+ JξyB̂)V ]ξ
+ [(JηxÂ+ JηyB̂)V ]η = [(Jξx)ξ + (Jηx)η]ÂV

+ [(Jξy)ξ + (Jηy)η]B̂V.

(18)

All non-singular coordinate transformations, fulfills the Geometric Conser-
vation Law (GCL) [1], which is summarized as

(Jξx)ξ + (Jηx)η = 0,
(Jξy)ξ + (Jηy)η = 0.

(19)

Thanks to (19), the right hand side of (18) is identically zero which results
in the conservative form of the system.

The transformed problem in the presence of initial and boundary condi-
tions that we will consider in this paper is

JVt + (AV )ξ + (BV )η = 0, (ξ, η) ∈ Ω, t ∈ [0, T ],
LV = g(t, ξ, η), (ξ, η) ∈ δΩ, t ∈ [0, T ],
V = f(ξ, η), (ξ, η) ∈ Ω, t = 0,

(20)

where
A = JξxÂ+ JξyB̂, B = JηxÂ+ JηyB̂. (21)

In (20), L is the boundary operator, g is the boundary data and f is the
initial data.

The energy method (multiply with the transpose of the solution and in-
tegrate over the domain Ω and time-interval [0, T ]) applied to (20) leads
to ∫ T

0

∫ ∫
Ω

[V TJ(V )t + V T (AV )ξ + V T (BV )η] dξ dη dt = 0. (22)
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By adding and subtracting V T
t JV +V T

ξ AV +V T
η BV to the integral argument

in (22), we get∫ T

0

∫ ∫
Ω

[(V TJV )t + (V TAV )ξ + (V TBV )η] dξ dη dt =∫ T

0

∫ ∫
Ω

[(V T
t JV ) + (V T

ξ AV ) + (V T
η BV )] dξ dη dt.

(23)

However, the right hand side of (23) is zero, since the matrices J , A and B
are symmetric, and V solves equation JVt+AVξ+BVη = 0, as a consequence
of the GCL. Integration of (23), and the use of the Green-Gauss theorem,
yields

||V (T, ξ, η)||2J = ||f(ξ, η)||2J −
∫ T

0

∮
δΩ

V T [(A,B) · n] V ds dt, (24)

where the norm is defined by ||V ||2J =
∫∫

Ω
V TJ V dξ dη. In (24), n is the

unit normal vector pointing outward from the Ω, and ds is an infinitesimal
element along the boundary of Ω.

By following the same procedure as in the previous section we can easily
bound the time-integral in (24) and show that (18) is strongly well-posed.

3.1. Errors due to wrong position of boundary

Consider two hyperbolic problems

Ut + ÂUx + B̂Uy = 0 (x, y) ∈ Ωc (25)

Vt + ÂVx + B̂Vy = 0 (x, y) ∈ Ωe, (26)

posed on two nearby domains. The two domains, depicted in Figure 1, are
both mapped to the unit square. We consider domain Ωc to be the correct
one and Ωe to be the erroneous one obtained for example by a faulty mesh-
generator. The transformed equations are

J cUt + AcUξ +BcUη = 0 (27)

JeVt + AeVξ +BeVη = 0, (28)

where the transformations are given in (21) and

Ai = J iξixÂ+ J iξiyB̂, Bi = J iηixÂ+ J iηiyB̂, i = c, e. (29)

Our first result follows immediately. Since Ac 6= Ae, Bc 6= Be we realize that
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Figure 1: A schematic of two different geometry descriptions both mapped to the unit
square.

• The wave-speeds given by the eigenvalues of the matrices will differ,
and that (28) will have the wrong wave speeds.

Next we consider well-posedness for (27)-(28) and by the energy-method we
get (

‖W‖2
J

)
t

+

∫ 1

0

W TAW
∣∣∣1
0
dη +

∫ 1

0

W TBW
∣∣∣1
0
dξ = 0, (30)

where W represents both U and V in (27)-(28). A closer look at the first
boundary term reveal that∫ 1

0

W TAW
∣∣∣1
0
dη =

∫
W T (JξxÂ+ JξyB̂)W

∣∣∣1
0
dη. (31)

Clearly the metric terms influence the eigenvalues of A. We can write,

A = J(Â, B̂) · ∇ξ = J |∇ξ|(Â, B̂) · n ds, (32)

since n = ∇ξ
|∇ξ| at ξ = const. The relation (32) leads directly to the conclusion

that the two discrete formulations will lead to different normals and hence
different eigenvalues of the boundary matrices. This paves the way for the
second, third and fourth conclusions, see Figure 2:

• Erroneous normals will lead to erroneous eigenvalues of the matrices,
and maybe the wrong number of boundary condition. This will lead to
lack of uniqueness.

• Erroneous normals might lead to the imposition of the wrong data
at the boundary. Consider for example the solid wall no penetration
condition (u, v) · n = 0 for the Euler equations.

7



	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  

	  
	  
	  
	  
	  
	  

(c)	  =	  correct	  geometry	  
	  (e)	  =	  erroneous	  geometry	  
	  

nc	  
	  

nc	  
	  

1	  

2	  
3	  

2	  

1	  

3	  

-‐ normal	  wrong	  at	  right	  position	  
	  

-‐ normal	  right	  at	  wrong	  position	  
	  

-‐ normal	  wrong	  at	  wrong	  position	  
	  

Possible	  error	  sources:	  

ne	  
	  

ne	  
	  

ne	  
	  

nc	  
	  

Figure 2: A schematic of the erroneous and correct (nc = correct normal, ne = erroneous
normal) boundary definitions.

• Boundary conditions with data for δΩc but imposed at δΩe will lead to
inaccurate results.

Consequently, the wrong position and form of the boundary can lead to
an ill-posed problem and inaccurate results. The errors induced by the wrong
position and form of the boundary might be more important than the order
of accuracy and specific discretization technique one is using.

By a direct use of the technique in the previous part of the paper we
obtain the error estimate

‖∆U‖2 ≤ e2βT

(
‖∆f‖2 +

∫ T

0

e−2βt

(∮
∆gT (|Λ−|+G)∆gds+

1

2β
‖∆F‖2

)
dt

)
,

where the error ∆U = U − V , β = arbitrary positive constant, ‖φ‖2 =∫∫
φTφJ cdξdη and the non-conventional data are

∆f = f c(ξ, η)− f e(ξ, η)
∆g = (Lc − Le)V + (gc − ge)
∆F = ∆JVt + ∆AVξ + ∆BVη,
∆J = J c − Je, ∆A = Ac − Ae, ∆B = Bc −Be

Lc,e = (Xc,e
− )T −Rc,e(Xc,e

+ )T
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The data is non-conventional since it mainly consist of the erroneous solution
and it’s gradients.

Note also, that the estimate is not very encouraging. Even with exact
boundary data ge = gc, the boundary error is only reduced, not eliminated.
The volume term in the estimate probably looks worse than it is, since one
can choose the different transformations such that the metric terms are the
same in the interior of the computational domains.

4. Summary and Conclusions

We derived energy estimates and strongly well-posed boundary conditions
for a constant coefficient hyperbolic system of equations on a general 2D
domain.

The problem with an erroneous computational domain was considered.
By transforming the problem with an erroneous domain and the problem with
a correct domain to the unit square, and comparing the result, we conclude
that this will lead to solutions with incorrect wave-speeds.

Further, we conclude that misplacing the boundary conditions might lead
to lack of uniqueness and hence an ill-posed problem. Also, incorrect normals
and erroneous position of the boundary will lead to a mismatch of boundary
data and inaccurate results.

By using the theory from the previous part of the paper, we derived an
error estimate which describes the erroneous effects from imposing incor-
rect data, imposing incorrect boundary conditions and having an erroneous
computational domain.

It was also concluded that the errors caused by an inaccurate geometry
description might effect the solution more than the accuracy of the specific
discretization technique used.

Finally we conclude that the problem with inaccurate geometry descrip-
tions is similar to the problem with non-reflecting boundary conditions but
most likely worse.
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