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Abstract

This master thesis will investigate one solution to the problem issues with nested
stochastic simulation arising when the future value of a portfolio need to be
calculated. The solution investigated is the Least-squares Monte-Carlo method,
where regression is used to obtain a proxy function for the given portfolio value.
We will further investigate how to generate an optimal regression function that
minimizes the number of terms in the regression function and reduces the risk
of overfitting the regression.

Keywords: LSMC, Least Squares Monte-Carlo, Solvency, SCR, Regression,
Nested stochastic simulation, Stochastic modelling

Danielsson, Gistvik 2014 v



vi



Acknowledgements

We would like to thank our supervisor at the university, Jörgen Blomvall for
his extensive knowledge and valuable input regarding optimization throughout
this thesis. We would also like to thank our supervisors at Kidbrooke Advisory;
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Chapter 1

Introduction

A common approach when measuring financial risk is to try to estimate a dis-
tribution of future profits and losses over a certain time horizon. From this
distribution one can then calculate many risk measures e.g. the Value-at-Risk
(VaR). The VaR measure is problematic in some aspects and when misinter-
preted or misunderstood the effects can be dire, however it is widely used and
incorporated in several regulatory capital frameworks (e.g. Solvency II, Basel
III, EMIR etc.). When Monte-Carlo simulation is used to calculate VaR for
a given time horizon it is common to set up a model with outer, (often real
world1) scenarios with all the (measurable) risk factors that affect the value of
the assets and liabilities that are to be incorporated in the VaR calculation, and
then value the portfolio in each of these scenarios.

In many cases these portfolios contain payoffs whose value can only be cal-
culated using numeric simulation based methods. Then one has a very time-
consuming computational problem since for every outer scenario a large number
of inner, (often risk neutral2) scenarios given the outcome of the outer scenario,
need to be simulated in order to value the portfolio. This is called nested
stochastic simulation3. In practice it is common that the number of scenarios
are of the order 10,000 or larger for both the inner and outer simulations which
gives a total number of 10,0002 scenarios. Each simulation usually takes so long
that the total time required for the entire run, even with a large computational
capacity, is too long for the method to be feasible in practise.

In this thesis we will look further into a method called Least-squares Monte-
Carlo (LSMC) method developed by Longstaff and Schwartz (2001), but applied
to the calculation of the future value of a portfolio of assets and liabilities, in
order to estimate a distribution for the portfolio value. In the original article
by Longstaff and Schwartz (2001), the method was used to approximate the
expected value of continuation for American options. When the Least-squares
Monte-Carlo method is applied to VaR calculations, the regression is used to
estimate the parameters of a proxy function for the value of the portfolio at a
given time in the future (Bauer et al., 2010). This method obviates the need for

1The parameters in the real world scenarios are based on historical data.
2Risk neutral scenarios are scenarios that correctly replicates market prices for a given

market setting.
3A nested simulation, is a simulation that is performed in two steps. In this case first outer

scenarios are generated, secondly inner simulation is performed for each outer scenario.
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2 Chapter 1. Introduction

almost all the inner simulations and thus greatly reduces the calculation time
and makes simulation a much more viable option for VaR calculations.

1.1 Problem background

The future value of a portfolio can be approximately found by simulation. First
we may simulate outer scenarios for the risk factors influencing the value of the
portfolio, such as term structure of interest rates one year from now. Then we
perform an inner simulation to determine the value of the assets and liabilities
in the portfolio at a future point in time reached by the outer simulation. These
two layers of simulations form a nested stochastic simulation. In the financial
industry today the need for nested simulations arise in a number of different
situations. For American options, nested simulations are used when the ex-
pected payoff from continuation is calculated. When the capital requirement
for banks and insurance companies are calculated, nested simulations are also
used since these calculations requires a valuation of assets in the future. A third
situation where a need for nested simulation arises is the calculation of credit
risk, since this requires a valuation of the assets in the future conditioned on
the counterparty default.

1.1.1 Value-at-Risk calculations

An important problem in finance is the VaR calculations that has to be per-
formed in order to calculate the size of a possible loss for a given confidence
level and a given time horizon. Least-sqaures Monte-Carlo is e.g. used when
calculating capital requirements or counterparty credit exposure.

Capital requirement The upcoming regulations, such as Basel III and Sol-
vency II, targeting banking and insurance industry in the European Union are
forcing these institutions to carry out capital requirement calculations on their
entire balance sheets. The capital requirement under Solvency II is denoted Sol-
vency Capital Requirement (SCR), and is the capital required for an insurance
company to hold as protection against losses during a one year time horizon.
The amount of required capital from Solvency II a company must hold is defined
as x,

P (Available capital at t1year ≥ 0|Available capital at t0 = x) ≥ 99.5%, (1.1)

which is the amount that guarantees that the company is solvent at time t1year
with a 99.5% probability (Bauer et al., 2010). When the SCR is calculated, a
market consistent valuation of the portfolio has to be performed as of one year
in the future. Many insurance products has embedded options and do not have
a closed form solution for their value, this increases the complexity since they
must be valued with methods using nested path-dependent simulations. This
type of simulation is very time consuming and, therefore when used in practice,
not many scenarios are generated. The lack of scenarios yields bad precision
and results from the simulation may be inconclusive. Therefore the insurance
industry are searching for methods to overcome these problems and one method
commonly used is the LSMC approach.
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Counterparty credit exposure The credit exposure is the exposure to a
counterparty, given that the counterparty defaults. This type of valuation also
requires nested simulations, since both outer (often real world), and market con-
sistent inner, scenarios must be generated in order to calculate the risk exposure
at a specified time in the future. When the portfolios to be valued consists of
American, or other path dependent exotic derivatives then the simulation also
becomes path-dependent. As in the case with insurance companies and SCR,
these simulations are very time consuming. To overcome this problem banks
are using the LSMC method to value the derivatives. These methods have
previously been used by Schöftner and Wien (2008) and Kan et al. (2010).

1.2 Purpose

The purpose of this master thesis is the estimation, model selection and eval-
uation of regression functions, in a Least-squares Monte-Carlo framework for a
portfolio of European put options whose risk profile resembles that of a simple
life insurance product.

1.3 Problem description

This thesis will investigate the estimation, model selection and evaluation of
regression functions, used to determine the future value of an insurance portfolio,
in a Least-squares Monte-Carlo (LSMC) framework. In order to determine what
is a good result a number of criteria need to be postulated. The focus will be
on the following criteria:

• The goodness of fit of the regressed model4

• The runtime of the simulation

• The complexity of the regressed model

With these criterion we can investigate which regression function gives the best
result in our LSMC solution. We will do the investigation by looking at the
value of a simple insurance product modelled by a portfolio of put options, at
a future point in time.

In order to decide the best possible calibration method that satisfies the
criteria specified above we will investigate how to calibrate a set of regression
functions.

The runtime of the LSMC simulation will be compared with the runtime of
the full nested stochastic simulation.

1.4 Limitations

The following limitations have been applied during the creation of this thesis:

• We are investigating the LSMC using stochastic volatility jump diffusion
(SVJD) for the stock price process, and the Hull-White one factor model
for the interest rate process.

4The goodness of fit describes how well the regression function fits a set of observations
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• We are using postulated SDE parameters rather than performing a cali-
bration to market data.

• The number of scenarios for the full nested stochastic simulation are lim-
ited to 10,000 for both outer and inner scenarios.

• The number of scenarios for calibrating the regression function are limited
to 50,000 outer scenarios and 16 inner scenarios per outer scenario.

• We are using regression functions with maximum polynomial order of
three.

1.5 Disposition

In Chapter 2 we will present the theory for the LSMC model and how the re-
gression is solved. The chapter also describes the performance measures used
and some of the problems with the regression, in particular the one with over-
fitting of the data. The short-rate model, the stochastic volatility process and
the pricing of relevant financial instrument is described later on in this chapter.
Chapter 3 describes the necessary theory for the scenario generation that is used
for the outer, real world and inner, risk neutral scenarios. In this chapter the
regression functions are described as well as how the regression is solved using a
column generating optimization algorithm. Chapter 4 describes how the theory
presented in Chapter 2 and 3 is used and implemented. Chapter 5, Results,
presents the results obtained from the study as well as results used to evaluate
each model. In Chapter 6 we describe some advantages and drawbacks with
our model as well as potential areas for future research. The chapter is finalised
with a discussion of when the LSMC method is an inappropriate method to
use. Lastly a short summary of the conclusions we have drawn from our work
is presented.



Chapter 2

Theoretical background

This chapter gives the reader a thorough background and a description of the
models and assumptions used in this thesis. This chapter is ordered in the
following way, first in Section 2.1 the LSMC method is described. Section 2.2
describes how the least-squares regression is solved using the normal equations.
This part also covers some of the problems with the use of regression as well
as the different performance measures that are used to evaluate the regression.
In Section 2.3 the theory about the Hull-White one factor short rate model is
presented. Next section, Section 2.4, describes the modelling of excess return for
stocks. Section 2.5 covers the pricing of financial instruments used as a proxy
for the insurance portfolio.

2.1 Least-squares Monte-Carlo

Least-squares Monte-Carlo is a simulation method which combines a Monte-
Carlo simulation with a least-squares regression. The goal with the regression
depends on the application, but the general practise is to take advantage of the
information between the outer scenarios, in order to reduce the total number of
scenarios but still keep an accurate valuation. The method is mainly used when
there is a need to perform a nested simulation for the valuation of the assets and
liabilities. This is the case when American style derivatives are valued or when
the future value of some asset has to be estimated, as in the case with capital
requirement and credit exposure calculations. For the American style deriva-
tives, the regression function is used to approximate the conditional expected
value of continuation (Longstaff and Schwartz, 2001). For capital requirement
and credit exposure the regression function is used to approximate a function
for the asset value at some time in the future (Bauer et al., 2010)(Schöftner
and Wien, 2008). Since this thesis is focused on capital requirement for the
insurance industry, this will be the point of inquiry for the following sections.

2.1.1 Application to capital requirement calculations

As was stated above, the use of the regression function in the capital requirement
case is to approximate a proxy function for the value of some portfolio of assets
and liabilities at a specific time in the future. To calculate the future value of a

Danielsson, Gistvik 2014 5



6 Chapter 2. Theoretical background

portfolio in general two types of scenarios are used. As described in (Hibbert),
they are called real world scenarios and risk neutral scenarios. Real world
scenarios are scenarios where the parameters are obtained from historical data.
The risk neutral scenarios are based on the assumption of no arbitrage and are
market consistent meaning that they accurately replicate the market prices and
are used in the valuation of the assets and liabilities. When a real world scenario
is simulated then risk neutral scenarios can be used to model the arbitrage free
prices for the market setting given the real world scenario. An overview of
such a nested simulation can be seen in Figure 2.1. Here the outer real world
scenarios are used to move the risk factors forward one year. Each of the end-
points of the outer scenarios are used as starting points for a set of inner risk
neutral scenarios. Since the inner risk neutral scenarios are market consistent
they are used to calculate the value of the assets in the insurance portfolio. In
the nested stochastic approach the portfolio is valued as the mean of all the
simulated values as shown in Figure 2.1, where yij corresponds to risk neutral
simulation i, in the market setting according to real world simulation j. Xj is a
vector that contains all the inner risk neutral scenarios, for real world scenario
j. V [Xj ] is the value of the portfolio at time t1year in real world simulation j,
and is calculated as the average of the V [yij ] which is the portfolio value at time
t1year in risk neutral simulation i in the market setting according to real world
simulation j.

”Real-World”,  
outer scenarios 

”Risk-Neutral”, 
 inner scenarios 

Time 

Market evolution 

𝑉 𝑋1 =
𝑉 𝑦11 + 𝑉 𝑦21 + ⋯ + 𝑉[𝑦𝑚1]

𝑚
 

𝑉 𝑋2 =
𝑉 𝑦12 + 𝑉 𝑦22 + ⋯ + 𝑉[𝑦𝑚2]

𝑚
 

𝑉 𝑋𝑛 =
𝑉 𝑦1𝑛 + 𝑉 𝑦2𝑛 + ⋯ + 𝑉[𝑦𝑚𝑛]

𝑚
 

⋮ 

𝑉 𝑝𝑜𝑟𝑡𝑓𝑜𝑙𝑖𝑜 =
𝑉[𝑋1] + 𝑉[𝑋2] + ⋯ + 𝑉[𝑋𝑛]

𝑛
 

𝑡1 𝑦𝑒𝑎𝑟 

𝑦11 

𝑦21 

⋮ 

𝑦𝑚1 

𝑉[𝑋1] 

𝑉[𝑋2] 

𝑉[𝑋𝑛] 

⋮ 

Figure 2.1: Portfolio valuation from a nested stochastic simulation.

For the LSMC approach there is no need for the same amount of inner
scenarios. An example of this can be seen in Figure 2.2. A portfolio value is
calculated at t1year, for each of the real world scenarios. The regression is done
over the portfolio values V [X1], V [X2],...,V [Xn] at t = 1 year, taking advantage
of the cross-sectional information between the outer scenarios. An example of
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this type of regression is shown in Figure 2.3.

”Real-World”, outer scenarios 
”Risk-Neutral”, inner scenarios 

Time where regression 
takes place 

Time 

Market evolution 

𝑦11 

𝑦12 

𝑦13 

𝑦1𝑛  

⫶ 

⫶ 

⫶ 

”risk-neutral” scenarios 

𝑡1 𝑦𝑒𝑎𝑟 

𝑉[𝑋1] = 𝑉 𝑦11  

⫶ 

𝑉[𝑋2] = 𝑉 𝑦12  

𝑉[𝑋𝑛] = 𝑉 𝑦1𝑛  

Figure 2.2: Least-squares Monte-Carlo simulation.

𝑋𝑗 

Portfolio value at 
time 1 year, 𝑉[𝑋𝑗] 

Regressed function for 
portfolio value at time 1 
year 

Portfolio values 

Figure 2.3: Least-squares Monte-Carlo regression.

This regression is performed on the portfolio values one year in the future,
obtained using the inner, risk neutral scenarios. The resulting function can then
be used to value the portfolio by evaluating the function for an outer scenario.
The risk parameters can be set to what they are today or what they are projected
to be and given decent robustness of the calibrated function, one should get an
accurate value. A very simplified example of the regressed model could then
look like,

Vportfolio = β0 + β1(r − r̄) + β2(S − S̄) + β3(σ − σ̄) + ε, (2.1)

where the βs are the regressed coefficients for the risk parameters, S is the
stock value, S̄ is the mean of the stock values, σ is the stock volatility, and σ̄
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is the mean of the volatility, r is the rate, r̄ is the mean of the rate and ε is an
error term. The regressed model comes from solving in a least-square sense the
equation system,

V [X1]
V [X2]

...
V [Xn]

 =


1 r1 − r̄ S1 − S̄ σ1 − σ̄
1 r2 − r̄ S2 − S̄ σ2 − σ̄
...

...
...

...
1 rn − r̄ Sn − S̄ σn − σ̄



β0

β1

β2

β3

+


ε1
ε2
...
εn

 . (2.2)

2.1.2 Regression approach

To be able to construct the LSMC model, the need for a suitable regression
function arises. The regression function consists of different types of polynomials
described later. The variables in the polynomials are represented by some or
most of the underlying risk factors driving the value of the asset and liabilities.
These functions will consist of powers of the individual variables, as well as
cross terms between these variables. There are two different ways to set up
these polynomials and each way requires a different way of solving the regression
which will be presented later on in this thesis.

One of the regression functions presented consists of terms with limited
order, and limited number of cross terms. This type of regression function will
be solved as a linear regression problem, as described in Section 2.2.1.

The second regression function is a more general one that has a much higher
limit on the number of terms with higher power and cross terms. The regression
function will start with very few terms and then use an optimization algorithm to
increase the number of terms, but only include the ones statistically significant
and the ones that explains the most of the information in the data.

2.2 Least-squares regression

Least-squares regression is a standard method to approximate the solution of
overdetermined systems of equations. The application of linear regression is
applicable in a plethora of areas and analysis that involve statistics or large sets
of data. For the regression there are some assumptions that need to be satisfied
for the result to be reliable.

Assumptions Most linear regression models make several assumptions re-
garding the predictor and response variables as well as assumptions relating to
their relationship. These assumptions have to be satisfied in order to guarantee
a trustworthy model as stated by Osborne and Waters (2002). The resulting
model may be good even if all of the assumptions are not satisfied but it is not
certain.

• Weak exogeneity In this setting this means that the input variables can
be treated as fixed values and not random i.e., they are error free.

• Linearity This is an assumption regarding the response variables. It
means that they are linear with respect to the coefficients β of the under-
lying predictor variables.
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• Constant variance (homoscedasticity) This is an assumption that
only holds for very specific settings. It means that regardless of the size
of the predictor variables the error in the response variables will have the
same variance.

• Independence of errors The assumption states that the errors of one
response variable is uncorrelated with all other response variables errors.

• Lack of multicollinearity When using least squares the matrix con-
sisting of the regression variables must be of full rank i.e., the matrix
must have independent column vectors otherwise the matrix will be ill-
conditioned.

Ill-conditioned problem To improve accuracy and decrease round-off errors
in the least-squares regression it is important to keep the conditioning num-
ber1 of the matrix with the explanatory variables as small as possible (Björck,
1996). Since the conditioning number can be approximated using the largest
and smallest entries in the diagonal of the matrix with the explanatory vari-
ables, it is important to keep this quotient as small as possible. One common
method, that is also used in this thesis, is by centering the factors that make
up the matrix around their mean.

2.2.1 Linear regression

The simplest implementation of linear regression is to fit a straight line to a
number of observed data points. The linear model can be written as,

b = Aβ + ε. (2.3)

This would be an example regression function fitted to the data points. In
Equation (2.3), b ∈ Rn×1 is a vector containing the response variables, A ∈
Rn×p+1 is a design matrix that contains the explanatory variables, β ∈ Rp+1×1

is vector of coefficients and the vector ε ∈ Rn×1 is a vector containing error
terms. Assume we have done n simulations with different inputs stored in A
which yielded n values stored in b, we then want to fit the model as much as
possible to the resulting data. This is done by minimizing the sum of the squares
of the sample errors,

SSres =

n∑
i=1

ε̂2i =

n∑
i=1

(bi −Ai,1...p+1β̂)
2
, (2.4)

where SSres is the sum of the squared errors which should be minimized. This
can be equivalently written in matrix notation,

min
β

1

2
‖Aβ − b‖22. (2.5)

This is an optimization problem which is calculated so that Aβ is the best
possible approximation in a least squares sense to b. The problem is solved by
solving the normal equations (

(
ATA

)
β = ATb), and this is relatively easily

done using one of many methods developed.

1The conditioning number of an matrix can be approximated as κ(A) ≥ maxi |ai,i|
mini |ai,i|

(Björck,

1996).
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QR decomposition A simple and effective method to solve the normal equa-
tion is the QR decomposition. Let A ∈ Rn×p+1 and b ∈ Rn×1 and let Q ∈ Rn×n
be an orthogonal matrix. Given the fact that orthogonal transformations pre-
serve the Euclidean length one can rewrite Equation (2.5) with the equivalent,

min
β

1

2
‖QT (Aβ − b)‖22. (2.6)

The point of inquiry now is how to choose Q so Equation (2.6) is easy to
solve. From the QR decomposition theorem (1.3.1) in (Björck, 1996), a matrix
A ∈ Rn×p+1 can be decomposed using the orthogonal matrices Q ∈ Rn×n,
Q1 ∈ Rn×p+1, and Q2 ∈ Rn×(n−p+1) in the following way,

A = Q

(
R
0

)
=
(
Q1 Q2

)(R
0

)
= Q1R, (2.7)

where R ∈ Rp+1×p+1 is upper-triangular matrix with positive diagonal ele-
ments. This yields the following solution (proof can be found in Appendix D),

Rβ = Q1
Tb. (2.8)

This equation system is easily solved since R is upper triangular.

2.2.2 Performance measures

With a regressed model function it is very important to see how well the model
fits the behaviour of the modelled system. Typically what one does is gather
a large set of data and divide it into two parts (Picard and Cook, 1984). One
part is used to produce the regression function and the other part is used to
validate the function. To validate a regressed function it is appropriate to look
at the ”goodness of fit” i.e. how well the model fits the data points. A mea-
sure often used when validating models is the χ-square test which, assumed
that the variables are multivariate normally distributed, can compare the re-
sulting model covariance matrix with the empirical covariance matrix as stated
in (Schermelleh-Engel et al., 2003). Since we can not assume that our variables
follow a multivariate normal distribution, such a method of determining the va-
lidity of our model is not ideal, nor does it give much additional information of
the goodness of fit. The performance measures that we are using are described
in the paragraphs below.

R-square A commonly used performance measure for regression analysis is
the coefficient of determination, also called R-square, denoted R2 which is de-
fined as,

R2 ≡ 1− SSres
SStot

, (2.9)

where,

SStot =
∑
i

(bi − b̄)2 The total sum of squares, (2.10)

and,

SSres =
∑
i

(bi − b̂i)2 The sum of squares of residuals, (2.11)
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where bi is the observed value, b̄ is the mean of the observed data and b̂i is the
predicted or modelled value. R2 compares the variance of the model’s errors
with the total variance of the dataset. In regression R2 can be said to explain
how well the regressed function approximates the real data. R2 is between zero
and one where one represents a perfect fit to the data. Caution must be advised
when using R2, since when the predictors are calculated with ordinary least
squares, R2 increase monotonously as the number of variables included in the
regression is increased.

Adjusted R-square Adjusted R2 usually denoted R̄2 penalize the R2 value
when additional variables are included. This will result in a worse R̄2 value if one
keeps adding unnecessary regression variables. The adjusted R2 is calculated
as,

R̄2 = 1− (1−R2)
n− 1

n− p− 1
, (2.12)

where n is the the sample size and p is the total number of regressors, this gives
that n − 1 and n − p − 1 are the degrees of freedom. n − 1 are the degrees of
freedom for the variance of the true portfolio value and n−p−1 of the estimate
of the underlying portfolio error variance.

Cross-validation One way to test how well the regressed model fits the mod-
elled situation is to use a method called cross-validation. In normal cases cross-
validation is done by first splitting the data into two parts; where the regression
is done on the first part, and the model is validated by checking how well
it fits the data in the second part (Picard and Cook, 1984). In this setting
however, one can first run a full fitting-simulation (outer- and inner simula-
tion) to calibrate the regression function. Secondly, one can run only the outer
validation-simulation and then both use the calibrated regression function to
calculate the portfolio value, as well as calculate the portfolio values using a full
nested Monte-Carlo simulation. These two portfolio distributions can be used
to calculate the out of sample R2 values, moments, and absolute price errors,
as well as using t-tests, described in Appendix H, to obtain confidence intervals
for the measures.

Out of sample R2 Out of sample R2 is closely related to R2 obtained from
the regression since it relates the unexplained variance to the total variance in
the data. The definition used is the following,

R2 ≡ 1− SSres
SStot

, (2.13)

where,

SStot =
∑
i

(bi − b̄)2 The total sum of squares, (2.14)

and,

SSres =
∑
i

(bi − b̂i)2 The sum of squares of residuals, (2.15)

where bi is the value given by the full nested Monte-Carlo, b̄ is the average
of all bi, and b̂i is the value predicted by the regression function. The out



12 Chapter 2. Theoretical background

of sample R2 explains how well the portfolio distribution obtained with the
regression functions explains the portfolio distribution obtained with the full
nested Monte-Carlo simulation.

Comparison of moments Another method to perform cross-validation
is to compare the moments, i.e. mean, variance, skewness and kurtosis of the
distribution of the portfolio values. The distribution can have a positive or
negative skew. Where positive means that the mass of the distribution is skewed
to the right, a negative skew means that the mass of the distribution is skewed
to the left. Kurtosis is a measure of the peakedness of the distribution, a high
value means that most of the distributions mass is located near the mean, and
a low value means that the mass is more widely spread.

A definition of mean, variance, skewness, and kurtosis is given in (Abramowitz
and Stegun, 1964) and are shown below, where n is the number of scenarios and
given that the scenarios are equally likely to happen,

Mean = µV = E [V ] , (2.16)

Variance = σ2
V = V ar [V ] = E

[
(V − µV )

2
]

= E
[
V 2
]
− (E [V ])

2
, (2.17)

Skewness = γV =
E
[
(V − µV )

3
]

E
[
(V − µV )

2
]3/2 =

E
[
V 3
]
− 3µV σ

2
V − µ3

V

σ3
V

, (2.18)

Kurtosis =βV =
E
[
(V − µV )

4
]

E
[
(V − µV )

2
]2

=
E
[
V 4
]
− 4E

[
V 3
]
µV + 6E

[
V 2
]
µ2
V − 3µ4

V

σ4
V

, (2.19)

where,

E
[
V k
]

=
1

n

n∑
i=1

vki , (2.20)

and where vki is the value of the portfolio in scenario i. A derivation of Equation
(2.18) and Equation (2.19) can be found in Appendix C.

Time performance The time aspect for most applications is an important
factor. As a benchmark the time required to do a full nested stochastic sim-
ulation is used to compare it with the time demanded by the LSMC method.
This means that we perform a nested stochastic simulation and LSMC simu-
lations. With the nested stochastic simulation as a benchmark we can then
compare different models with different levels of complexity and appearances
from a pure time efficiency view. The LSMC method that is applied can from
a time perspective be divided into three parts. The time it takes to:
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• Create the outer scenarios

• Solve the optimized or simple regression

• Total time for the LSMC

The time for the outer scenarios are used in two ways, firstly as a part of the
total time for a calibration simulation of the LSMC, but also to measure the
time required when the calibrated regression function is reused for calculating
the portfolio distribution.

Complexity of regression functions One of our criterion for a good re-
gression model was as described in Section 1.3, the complexity of the regression
function. This is difficult to measure since there are to our knowledge no de-
veloped methods for measuring the complexity of polynomials. We are however
measuring the following properties:

• Order The order of the polynomial is the maximum order of the terms.

• Number of terms The total number of terms in the polynomial.

• Number of cross terms The total number of cross terms in the poly-
nomial.

Another important aspect of the complexity of the regression functions is how
easy it is to visualize the properties of the polynomial, and how simple to get a
sense of which terms have the highest impact on the final price. These last obser-
vations are hard to measure analytically so they will be measured by manually
inspecting the final regression function.

2.3 Short rate model

The short rate model for the term structure of interest rates used for outer and
inner scenarios are the Hull-White one factor model described in (Hull, 2011).
It is used because of its simplicity and the fact that it is well known, widely
accepted and gives closed form expressions for zero coupon bond prices. It is a
one factor model, which means that the randomness in the interest rate comes
from one source of uncertainty. The model can be fitted to the current term
structure of interest rates. The model can lead to negative rates, that depending
on the view, might be a drawback of the model. The general formulation of the
equation for the short rate has the following form,

dr(t) = (θ(t)− ar(t)) dt+ σdW (t), (2.21)

where θ(t) is a time-dependent drift, a is a reversion rate and W (t) is a standard
Brownian motion. How the model parameter θ(t) is calculated is described in
Section 2.3.2, one way of calibrating a, and σ is described in Appendix B.2.

By using Ito-calculus as shown in (Park) to integrate Equation (2.21) one
arrives at the following equation for the short rate,

r(t) = f(0, t) +
σ2

2a2

(
1− e−2at

)
+ σ

∫ t

0

ea(s−t)dω(s). (2.22)
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Since Equation (2.22) can not be solved analytically, which can be seen in the
appearance of the last integral, the solution to the differential equation instead
has to be solved with a numerical solution called Euler-Maruyama, described in
Appendix A, the discretization is shown in Section 4.1.1.

2.3.1 Bond pricing in the Hull-White framework

Hull and White in (Hull, 2011) formulated a closed form formula for the value
of a zero-coupon bond with principal 1 at time t and maturity T . This value is
used as a discount factor in the simulation,

P (t, T ) = A(t, T )e−B(t,T )r(t), (2.23)

where r(t) is the instantaneous rate at time t and where B(t, T ) is described as,

B(t, T ) =
1− e−a(T−t)

a
, (2.24)

and where A(t, T ) is described via its logarithm as,

lnA(t, T ) = ln
P (0, T )

P (0, t)
−B(t, T )

∂ lnP (0, t)

∂t
− 1

4a3
σ2
(
e−aT − e−at

) (
e2at − 1

)
.

(2.25)
If R(t, T ) is defined as the continuously compounded yield between t and T ,
then the price can be equated as,

P (t, T ) = e−R(t,T )(T−t), (2.26)

and by using Equation (2.23) and Equation (2.26), the yields for all the matu-
rities can be determined as,

R(t, T ) = − lnA(t, T )−B(t, T )r(t)

T − t
. (2.27)

2.3.2 Determination of θ(t)

The values of θ(t) is determined by Equation (2.28) according to (Hull, 2011),

θ(t) =
∂f(0, t)

∂t
+ af(0, t) +

σ2

2a

(
1− e−2at

)
, (2.28)

where f(0, t) is the instantaneous forward rate given by,

f(0, t) = t
∂R(0, t)

∂t
+R(0, t), (2.29)

where R(0, t) is the continuously compounded interest rate from time 0 to time
t. The proof of Equation (2.29) can be found in Appendix B.1.

2.4 Stochastic volatility jump diffusion modelling
of stocks

When modelling a stock process it is common to use a geometric Brownian
motion and assume the volatility to be constant. However in reality there are
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fat tails in the distribution of stock returns that will not be captured by this
model. To capture this stochastic variance and jumps can be added to the
model, i.e. by using a model called Stochastic volatility jump diffusion (SVJD)
or the Bates model (Bates, 1996). This model is a combination of two models
called the Heston stochastic volatility model described in (Heston, 1993) and
Merton’s jump diffusion model described in (Merton, 1976). Merton’s jump
diffusion model consists of a SDE which models the process for the asset price.
The SDE can be divided into one continuous part denoted C and one discrete
(discontinuous) part denoted d. The continuous part consists of a Brownian
motion. The discrete part is modelled by a compound Poission process with
independent jumps drawn from the lognormal distribution. The Heston part
of the Bates model captures the general appearance of a modelled volatility
surface. The Bates model is formulated in equations (2.30) - (2.33),

dSCt = SCt (µedt+
√
V (t)dWS(t)), (2.30)

where WS(t) is a Wiener process2, µe is the yearly excess return for the stock,
with the stochastic diffusion process for V (t),

dV (t) = κ(θ − V (t))dt+ ε
√
V (t)dWV (t), (2.31)

where θ is the long term variance (mean of the variance), ε is the volatility of
volatility and κ is the mean-reverting ”speed”. Note that WS(t) and WV (t) are
correlated with ρ.

dSdt = Sdt (−λµ̄dt+ (J − 1)dN(t)) , (2.32)

where the notation St is used because at certain points there will be a jump and
the path at those points i.e., at t will no longer be continuous and the right and
left limits of the path will not be equal. The complete Bates model is described
in Equation (2.33),

dSt = St

(
(µe − λµ̄)dt+

√
V (t)dWS(t) + (J − 1)dN(t)

)
dV (t) = κ(θ − V (t))dt+ ε

√
V (t)dWV (t), (2.33)

where N(t) is the number of random jumps over the period [0, t] and is de-
termined by the Poisson process with parameter λt. The random jump size J
is drawn from the log-normal distribution with parameters µJ and σJ and is
proportional to the current asset value St, µ̄ = E[J ]− 1 = exp(µJ + 1

2σ
2
J)− 1.

A further description of the implementation of the compound Poisson jump
process can be found in Section 4.1.2.

2The Wiener process, W (t), is a stochastic process in continuous time with the properties,
as stated in (Yates and Goodman, 1999),

• W (t), t ≥ 0

• W (0) = 0

• W have independent increments W (t)−W (s) that are normally distributed with mean=
0 and variance t− s for 0 ≤ s ≤ t.
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2.5 Pricing of financial instruments

The proxy insurance portfolio will consist of simple financial instruments such as
European put options. This section describes how these instruments are valued.

A European option gives the holder the right to buy (call option) or sell
(put option) an asset for a pre-determined strike price K at the time T . The
valuation of such options can be accomplished in a couple of ways under the
SVJD model. One way is by using numerical integration as in a Black-Scholes-
style formula described in (Kangro et al., 2004) and (Bates, 1996), however the
method used is a full Monte-Carlo simulation.

2.5.1 Monte-Carlo simulation

Monte-Carlo simulation is a method that simulates paths for the underlying
processes and then discounts the payoff from the option, where it is assumed
that the stock follows a stochastic volatility jump diffusion model. This gives
the following value for a call option in each simulation, the option price is then
obtained as the average of the discounted payoffs,

C = e−r(T−t)EQ [max (ST −K, 0)] , (2.34)

and the value of a put option,

P = e−r(T−t)EQ [max (K − ST , 0)] , (2.35)

where EQ is the risk neutral expectation.



Chapter 3

Model

This chapter contains a short section, Section 3.1, regarding the real world and
the risk neutral scenarios and how to generate them. Then follows a section
explaining how regression functions are generated, where the theory in para-
graph General regression function generation is our own result when developing
a polynomial generator. The last section is our own solution of quickly finding
the most appropriate terms to include in the regression function.

3.1 Scenario generation

We will use two different types of scenarios in our simulation, one for the outer,
and one for the inner simulation. The two types of scenarios used are real world,
for the outer, and risk neutral for the inner scenarios. In this section some of the
properties and the advantages of using both types of scenarios are explained.
The main difference is that the real world scenarios are based on historical data,
while the risk neutral scenarios are generated to be consistent with market prices
(Britt, 2000). The simulation is constructed so the real world scenarios will be
generated for the first year. These scenarios become starting points for the risk
neutral scenarios used to value the insurance portfolio.

3.1.1 Real world scenarios

A real world scenario is as stated above, a scenario whose parameters are esti-
mated using historical prices and interest rates. A possibility is to incorporate
economic variables such as GDP or inflation in the model, since regulators often
define stressed scenarios in terms of these variables (Jakhria et al., 2013). These
types of scenarios are commonly used when one is interested in the distribution
for the value of some asset or portfolio of assets.

3.1.2 Risk neutral scenarios

A risk neutral scenario is where the underlying parameters have been estimated
so that they are consistent with market prices, this means that the scenarios
should replicate no-arbitrage market prices. This type of scenario are used
for the inner simulation, i.e. for the valuation of the portfolio given an outer
scenario as starting point. In our case the ”current market setting” is given from

Danielsson, Gistvik 2014 17
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the simulated real world scenarios, thus, one has valuations for a wide variety
of possible market settings.

3.2 Regression functions

We will investigate how different regression functions affects the results from
the regression by using two types of functions, one standardized, and one that
is obtained through optimization. First, we will look at functions consisting of
regular polynomials, and second on polynomials consisting of orthogonal func-
tions (the properties of orthogonal functions is described in Appendix E). These
types of functions have previously been tested and proven to have good perfor-
mance when used in LSMC models by Moreno and Navas (2003) and Longstaff
and Schwartz (2001). The difference in the result between the functions will be
measured using the performance measures described in Section 2.2.2. The two
different types of regression functions are described in the paragraphs below.

Regular polynomials A general polynomial can be written as y = f(x, β, g(·)),
where x ∈ RN×1 is a vector containing the risk factors, and β ∈ R(pN+m1+1)×1

is a vector containing the coefficients for each variable, g(·) is a set of functions
describing each of the cross terms. In this case N is the number of different risk
factors, and p the order of the polynomial, and m1 is the number of cross terms,

y = f(x, β, g(·)) = β0 +

N∑
i=1

p∑
j=1

β(i−1)p+jx
j
i +

m1∑
i=1

βpN+igi(x). (3.1)

The first double summation in Equation (3.1) describes all the individual power
terms. The last sum describes all the cross terms between the risk factors.
An attractive quality of the regular polynomials is that they are fairly easy to
visualize, and it is easy to get a sense of which factors have the largest impact
on the function value. In Equation (3.2) an example of a simple regression
function consisting of just two risk factors is presented. The two factors are the
centered stock price S − S̄ and the centered rate r − r̄, chosen since they are
two of the factors that drives the price of the proxy insurance portfolio. Here
the polynomial has N = 2, p = 3 and m1 = 3,

f(S, r) =β0 + β1(S − S̄) + β2(S − S̄)2 + β3(S − S̄)3

+β4(r − r̄) + β5(r − r̄)2 + β6(r − r̄)3

+β7(S − S̄)(r − r̄) + β8(S − S̄)2(r − r̄) + β9(S − S̄)(r − r̄)2. (3.2)

Laguerre polynomials The type of orthogonal polynomial used is the La-
guerre polynomial, which is orthogonal under the weight function w(x) = e−x,

Ln =

n∑
k=0

n!

(k!)2(n− k)!
(−x)k =

n∑
k=0

(
n

k

)
(−x)k

k!
. (3.3)

We will only use these orthogonal polynomials as regular polynomials, i.e. we
will not use them to set up an orthogonal basis. Nor will we center the Laguerre
polynomials, since they do not create ill-conditioned matrices for our problem.
The five first polynomials are shown in Table 3.1.
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Laguerre polynomials

L0(x) = 1

L1(x) = −x+ 1

L2(x) = 1
2 (x2 − 4x+ 2)

L3(x) = 1
6 (−x3 + 9x2 − 18x+ 6)

L4(x) = 1
120 (−x5 + 25x4 − 200x3 + 600x2 − 600x+ 120)

Table 3.1: The first five Laguerre polynomials.

The graphs for the first five Laguerre polynomials are presented in Figure 3.1.
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Figure 3.1: The first five Laguerre polynomials.

A regression function consisting of the orthogonal Laguerre polynomials
would have the following form, again with N = 2 risk factors, polynomial order
p = 3 and m1 = 3 cross terms,

f(S, r) = β0+β1L1(S) + β2L2(S) + β3L3(S)

+β4L1(r) + β5L2(r) + β6L3(r)

+β7L1(S)L1(r) + β8L2(S)L1(r) + β9L1(S)L2(r). (3.4)

General regression function generation As well as the simple regression
functions described in Equation (3.2) and Equation (3.4), we will also investigate
how a more general function with more terms affect the performance of the
regression. The general polynomial in Paragraph Regular Polynomials can be
further defined as a combination of factors rather than a ”set of functions of
cross terms”. Our function generation is described in Equation (3.5) below
where N is the number of risk factors and p is the order of the polynomial,

f(x1, ..., xN ) = β0 +

N∑
i=1

p∑
j=1

β(i−1)p+jg(xi, j)︸ ︷︷ ︸
Np terms

+

N−1∑
k=1

N∑
l=k+1︸ ︷︷ ︸

(N−1)N
2 terms

p−1∑
i=1

p−i∑
j=1︸ ︷︷ ︸

(p−1)p
2 terms

β
Np+H[k−2]

∑k−1
q=1 (N−q)+(l−(k+1))

(p−1)p
2 +H[i−2]

∑i−1
q=1(p−q)+jg(xk, i)g(xl, j), (3.5)

where g(x, i) is an arbitrary function i.e. g(x, i) = (x− x̄)i, where x̄ is the mean
of x for regular polynomial and, g(x, i) = Li+1(x) for Laguerre polynomials,



20 Chapter 3. Model

H[z] is Heaviside step function defined as,

H[z] =

{
0 if z < 0

1 if z ≥ 0
. (3.6)

In this general case when the cross terms are limited to be between pairs of the

terms, the number of terms in the polynomial are m = Np+ (N−1)N
2

(p−1)p
2 .

3.3 Regression with additional constraints

We are using linear regression with additional linear constraints to select which
of the terms in the general regression function described in Equation (3.5) are the
most appropriate to use. This method addresses the problem with overfitting,
this occurs when there are more explanatory variables in the regression function
than needed, or as stated by Hawkins (2004), ”A model is overfit if its predictions
are no better than those of another simpler model”. A consequence of this would
be what the regression function tries to model is the noise in the sample data.

The problem is solved by first setting some of the coefficients for the ex-
planatory variables to be zero, and then repeatedly solving the optimization
problem and in each iteration including the explanatory variable that improves
the goodness of fit the most. It is important to note when solving these types of
convex optimization problems, that the solution obtained is the global optimum.
This is due to the fact that a general linear regression problem is a convex opti-
mization problem, and that linear equality constraints span a convex set (Boyd
and Vandenberghe, 2004). Another point to note is that since it is a quadratic
optimization problem, it has an analytical solution. The optimization problem
we are using to decide which terms are optimal to include is the one described
in Equation (3.7),

min
β

1

2
‖Aβ − b‖22 =

1

2
(Aβ − b)T (Aβ − b)

s.t. βi = 0, i ∈ D, (3.7)

where A ∈ Rn×m is the input data of the explanatory variables for N different
risk factors and n simulations, β ∈ Rm×1, and b ∈ Rn×1 is the result series
of the simulations. D is a set representing which terms shall be excluded from
the optimization and m is defined in Paragraph General regression function
generation. The A matrix will increase in size very quickly as the number of
risk factors N and the order p increases. The special case with N = 2 and p = 3
is displayed in Equation (3.8),

A =

 x∗11 (x∗11)2 (x∗11)3 x∗12 (x∗12)2 (x∗12)3 x∗11x
∗
12 (x∗11)2x∗12 x∗11(x∗12)2

...
...

...
...

...
...

...
...

...
x∗n1 (x∗n1)2 (x∗n1)3 x∗n2 (x∗n2)2 (x∗n2)3 x∗n1x

∗
n2 (x∗n1)2x∗n2 x∗n1(x∗n2)2

 ,

(3.8)
where x∗ij is the centered explanatory variables (i.e. x∗ij = xij − x̄·j , where x̄·j
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is the mean of explanatory variable j) and,

b =


value simulation 1
value simulation 2

...
value simulation n

 . (3.9)

This quadratic optimization problem has an analytical solution, that is obtained
by solving the normal equations with reduced matrices. These matrices only
contain terms that do not correspond to βi = 0, i ∈ D. The reduced optimiza-
tion problem, that now contains N1 terms, is given in Equation (3.10) below,
where Ā ∈ Rn×N1 , β̄ ∈ RN1×1,

min
β̄

1

2
‖Āβ̄ − b‖22. (3.10)

The solution to the reduced optimization problem in Equation (3.10) is obtained
with QR-decomposition of the reduced matrices, as described in Section 2.2.1,
where Q1 ∈ Rn×N1 and R ∈ RN1×N1 is upper-triangular matrix with positive
diagonal elements,

RRβ̄ = QT
1,Rb. (3.11)

To decide which new term to include in the regression function, we will calculate
how much each of the excluded terms improve the objective function value. This
is done by solving the optimization problem in Equation (3.10) iteratively with
one additional term (term i) at a time, holding all of the terms β̄ constant,

where, Ã =
(
Ā Ai

)
∈ Rn×N1+1, β̃ =

(
β̄
βi

)
∈ RN1+1×1, Ai ∈ Rn×1 and

βi ∈ R1×1,

min
βi

1

2
‖Ãβ̃ − b‖22

= min
βi

1

2
(Āβ̄ + Aiβi − b)T (Āβ̄ + Aiβi − b)

= min
βi

1

2
β̄T ĀT Āβ̄ +

1

2
β2
i A

T
i Ai + β̄T ĀTAiβi − βiAT

i b− β̄T ĀTb +
1

2
bTb.

(3.12)

The solution to the optimization problem in Equation (3.12) is obtained in the
equation below,

∂

∂βi

(
1

2
β̄T ĀT Āβ̄ +

1

2
β2
i A

T
i Ai + β̄T ĀTAiβi − βiAT

i b− β̄T ĀTb +
1

2
bTb

)
= 0⇔

βiA
T
i Ai + β̄T ĀTAi −AT

i b = 0⇔

βi =
AT
i b− β̄T ĀTAi

AT
i Ai

. (3.13)

When the optimal value for each βi, i ∈ D has been calculated, it is necessary to
calculate how much each one of them improves the objective function in order
to choose which one to add. This is done by evaluating the objective function
value ( 1

2 β̄
T ĀT Āβ̄ + 1

2β
2
i A

T
i Ai + β̄T ĀTAiβi − βiAT

i b− β̄T ĀTb + 1
2bTb), but
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only taking into account the terms that contains βi. The term that is finally
added is the one which has the largest positive improvement on the objective
function value,

Improvement due to term i = (3.14)

−
(

1

2
β2
i A

T
i Ai + β̄T ĀTAiβi − βiAT

i b

)
.

The optimization problem (3.10) will be solved multiple times, adding new terms
in each iteration. The inclusion of additional terms will be monitored by the
adjusted R2 goodness of fit measure (described in Section 2.2.2) so that the
extra terms do not model white noise. We will also use a t-test to test if the
coefficient for the added variable is with statistical significance non-zero, by
formulating the null hypothesis H0 : βi = 0, and use the t-test described in
Appendix H to decide if the hypothesis can be rejected or not. By doing this
the resulting model should end up with an appropriate amount of terms with a
good fit without overfitting to the data.



Chapter 4

Mathematical model

This chapter describes the manifestation of the mathematical model underlying
our LSMC simulation. First scenarios are generated for the short rate as well
as stock excess returns for both the real world and risk neutral worlds, this is
described in Section 4.1. The scenarios in the real world simulation are used as
starting points for the risk neutral scenarios. Section 4.2 describes how the risk
neutral scenarios are used to calculate the value of the insurance portfolio. This
gives one portfolio value for each real world scenario. The portfolio values are
then regressed over the explanatory variables (i.e. stock price, stock volatility
and interest rate) to get a proxy function for the portfolios value under different
scenarios, this is described in Section 4.3.

Figure 4.1: Outline of the implementation.

4.1 Scenario generation

In order to generate our two types of scenarios we need to model the interest
rate curve and the stock excess return, these scenarios are then used to calculate
the value of the portfolio.
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4.1.1 Short rate model

Equation (2.21) (dr(t) = (θ(t)− ar(t)) dt + σdW (t)) is solved using the Euler-
Maruyama method in the following way, with a daily discretization ∆t = 1 day,

rk+1 = rk + (θ(tk)− ark) ∆t+ σ
√

∆tzk+1. (4.1)

where r0 is a short rate, θ is calculated as described in Section 2.3.2, a and σ
can be obtained by optimization as seen in Appendix B.2 but here we will set
them to constants based on input from of our supervisors. A further discussion
about the performance and the efficiency of the Euler-Maruyama method can
be found in Appendix A.

4.1.2 Discretization of the stock price process

We model the stock price with a stochastic volatility jump diffusion model
namely the Bates model also defined in Section 2.4,

dS(t)

S(t)
= (µe − λµ̄)dt+

√
V (t)dWS(t) +

Jump process ≡X(t)︷ ︸︸ ︷
(J − 1)dN(t) (4.2)

dV (t) = κ(θ − V (t))dt+ ε
√
V (t)dWV (t),

where µe is the excess return of the stock, λ, µ̄ are parameters for the jump
process, WS(t) and WV (t) are correlated Wiener processes for the stock and
variance of the stock with correlation parameter ρ. κ, θ, ε are positive constants
which are specific to the variance process and which is chosen with the aid of
our supervisors.

We model the stock price process with a ”quadratic exponential discretiza-
tion” found in (Andersen, 2008) extended to fit our process,

Ŝ(t+ ∆t) =Ŝ(t)exp
(

(µe − λµ̄)∆t+
ρ

ε

(
V̂ (t+ ∆t)− V̂ (t)− κθ∆t

)
(4.3)

+ ∆t

(
κρ

ε
− 1

2

)(
γ1V̂ (t) + γ2V̂ (t+ ∆t)

)
+
√

∆t
√

1− ρ2

√
γ1V̂ (t) + γ2V̂ (t+ ∆t) · Z +X(t+ ∆t)

)
= Ŝ(t)exp

(
(µe − λµ̄)∆t+K0 +K1V̂ (t) +K2V̂ (t+ ∆t) (4.4)

+

√
K3V̂ (t) +K4V̂ (t+ ∆t) · Z +X(t+ ∆t)

)
,

where Z is a random Gaussian variable which is independent of V̂ and generated
to be correlated with the random samples in the interest rate. The constants
Ki are defined as,

K0 = −κρθ
ε

∆t, K1 = γ1∆t

(
κρ

ε
− 1

2

)
− ρ

ε
,

K2 = γ2∆t

(
κρ

ε
− 1

2

)
+
ρ

ε
, K3 = γ1∆t(1− ρ2), K4 = γ2∆t(1− ρ2).
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Ki depend on the time step and the constants γ1 and γ2 which are set to either
γ1 = 1, γ2 = 0 this being an Euler like setting or γ1 = γ2 = 1

2 which would be a
central discretization as described in (Andersen, 2008). Ideally, the parameters
would be moment matched however this is not within the scope of this thesis.
Algorithm 1 shows the discretization of the stock process.

Result: The next value of the stock process: Ŝ(t+ ∆t).
Given V̂ (t) generate the next variance sample V̂ (t+ ∆t)
Use the random correlated sample Z.
Given Ŝ(t), V̂ (t) and V̂ (t+ ∆t) compute Ŝ(t+ ∆t)

Algorithm 1: Algorithm to generate the asset price process.

The generation of the jump process uses a simulation scheme of a compound
Poisson process (Tankov and Voltchkova, 2009), described in Algorithm 2 where
the jump value is shifted by a factor of one to increase the probability of negative
jumps.

Result: Discretization of jump process X(t).
Simulate the number of jumps, N∆t, from the Poisson distribution with
parameter λ∆t;

Simulate N∆t uniform random variables (jump times) {Ui}N∆t
i=1 on the

interval [0,∆t];

Simulate N∆t log-normal variables {Ji}N∆t
i=1 with parameters µJ and σJ ;

Define the jump process as: X(t) =
∑N∆t

i=1 (Ji − 1)1Ui≤t
Algorithm 2: Algorithm to discretize the jump process.

The discretization of the process for the variance is described in Algorithm
2 and is based on a QE-scheme (quadratic exponential) described in Section
3.2 in (Andersen, 2008), which is a discretization method that uses a moment
matching technique between the estimated volatility and the actual volatility.
It uses two different discretization techniques depending on the level of the
volatility, where the variable ψc ∈ [1, 2] is used to decide which one to use.
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Result: Discretization of stochastic volatility model.
Fix ψc ∈ [1, 2], set time step ∆t and set V̂ (0) = V (0);
while t ≤ T do

Compute m = θ +
(
V̂ (t)− θ

)
e−κ∆t;

Compute s2 = V̂ (t)ε2e−κ∆t

κ

(
1− e−κ∆t

)
+ θε2

2κ

(
1− e−κ∆t

)2
;

Compute ψ = s2

m2 ;
Use uniform random number UV ;
if ψ ≤ ψc then

Compute b =
√

2ψ−1 − 1 +
√

2ψ−1
√

2ψ−1 − 1;

Compute a = m
1+b2 ;

Compute ZV = Φ−1(UV );

Set V̂ (t+ ∆t) = a(b+ ZV )2;

else

Compute p = ψ−1
ψ+1 ;

Compute β = 1−p
m ;

Set V̂ (t+ ∆t) = Ψ−1(UV = u; p, β) =

{
0 0 ≤ u ≤ p
β−1 ln

(
1−p
1−u

)
p < u ≤ 1

;

end
Set t = t+ ∆t;

end
Algorithm 3: Algorithm to discretize the variance process.

In table G.1 in Appendix G we list the bounds for variables values used in
the discretizations for the real world simulation, and in table G.2 in Appendix
G the bounds for the variables values used for the risk neutral simulation.

4.1.3 Generation of correlated samples

We introduce a correlation between the process for the short rate, and the
process for the stock. The correlation will be based on Equation (4.5),

C = LLT (Cholesky decomposition)

Y = LX, (4.5)

where C ∈ Rn×n is the correlation matrix, based on the historical data, L ∈
Rn×n is a lower triangular matrix, X ∈ Rn×1 is a vector with N(0, 1) variables,
and Y ∈ Rn×1 is a vector with the correlated samples, which means that Y
contains normally distributed variables used in the short-rate model and the
SVJD. We show that this method generates random samples with the right
correlation in Appendix F.

4.2 Portfolio valuation

The portfolio will be valued at the time t1 year, at the end of the real world
simulation. Since the portfolio consists of long positions in put options, that
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does not age over the time t1 year, with maturity T and strike price K, the
portfolio value for real world scenario i can be expressed as,

P i = Di(t1 year, T + t1 year)EQ
[
max

(
K − SiT , 0

)]
, (4.6)

where P i is the value of the put option in real world scenario i, andDi(t1 year, T+
t1 year) is a discount factor from T + t1 year to t1 year for scenario i. If there are
multiple risk neutral scenarios for each real world scenario, then the portfolio
value for that scenario will be calculated as the mean of the values for the risk
neutral scenarios.

4.3 Regression functions

We are using two types of regression functions to regress the portfolio values
onto the explanatory (risk) variables, one type of polynomial which consists of
all terms and cross terms to a maximum order, and one other type of polynomial
with an arbitrary order p, and an optimized number of terms m. This regression
enables us to create a proxy function for the portfolio value, for a given set of
underlying explanatory (risk) variables.

4.3.1 Linear regression

The regression model that will be implemented is b = Aβ + ε, described in
Section 2.2.1. The problem solved in a least square sense using the follow-

ing minimization problem minβ
1

2
‖Aβ − b‖22. The normal equations gives the

following solution,

β =
(
ATA

)−1
ATb, (4.7)

where A ∈ Rn×m is a matrix containing the explanatory variables, b ∈ Rn×1 is
a vector containing the response variables (portfolio values), and β ∈ Rm×1 is
a vector consisting of coefficients. n is the number of simulations, and m− 1 is
the number of explanatory variables. Each row in the matrix A will consist of
the explanatory variables in the regression functions defined in Section 3.2.

4.3.2 Linear regression with optimized regressors

The algorithm that is used to get the optimal regression function is defined in
Algorithm 4 according to the method described in Section 3.3. The maximum
number of terms that is allowed in the regression function is denoted Nmax.
The general regression function that will be used in this setting is the function
described in Equation (3.5) in Section 3.2. At first the number of terms in the
regression function is very limited (hence the reduced matrices), but with each
iteration in the optimization more and more terms are added, until the optimal
regression function, given our constraints, is obtained. To increase the accuracy
and condition number of the matrices, at first each column in the matrix with
the response variables is normalized with respect to the standard deviation of
the column. When the algorithm is completed, these normalizing factors will
be incorporated in the betas from the regression by dividing each beta with the
respective normalizing factor.
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Result: An optimal regression function
Normalize each column in A with its standard deviation;
Define the reduced matrices Ā, β̄ from A and β and the set D;
while R̄2 improves & Number of terms ≤ Nmax do

Solve for all i ∈ D minβi
1

2
‖Ãβ̃ − b‖22, βi =

AT
i b−β̄T ĀTAi

AT
i Ai

;

Calculate which βi improves the objective function the most from
equation: −

(
1
2β

2
i A

T
i Ai + β̄T ĀTAiβi − βiAT

i b
)
;

Update the reduced matrices Ā, β̄ and the set D with the term that
gives the largest improvement;

Solve the regression minβ̄
1

2
‖Āβ̄ − b‖22;

Calculate R̄2;
Use t-test to check if βi is statistically significant, if not remove from
regression function and end loop;
Update the number of terms;

end
Incorporate the normalizing factor into β̄, by dividing each element with
its respective normalizing factor.

Algorithm 4: Algorithm for deciding optimal regression function
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Results

In this chapter the results from the thesis are presented. The results presented
are based on the four portfolios shown in Table 5.1. To be able to test the
efficiency of our optimization algorithm the portfolios have different number
of underlying factors. The parameters for the stock, volatility, jump and rate
processes can be found in Appendix G.

Portfolios

1 underlying Stock Option type Maturity Strike (nominal) Underlying

Option 1 EU put 0.5 Years 1300 Stock 1

3 underlying Stocks,
portfolio 1

Option type Maturity Strike (nominal) Underlying

Option 1 EU put 0.5 Years 1300 Stock 1

Option 2 EU put 0.6 Years 1200 Stock 2

Option 3 EU put 0.7 Years 1100 Stock 3

3 underlying Stocks,
portfolio 2

Option type Maturity Strike (nominal) Underlying

Option 1 EU put 0.5 Years 800 Stock 1

Option 2 EU put 0.6 Years 850 Stock 2

Option 3 EU put 0.7 Years 750 Stock 3

5 underlying Stocks Option type Maturity Strike (nominal) Underlying

Option 1 EU put 0.5 Years 1300 Stock 1

Option 2 EU put 0.6 Years 1200 Stock 2

Option 3 EU put 0.7 Years 1100 Stock 3

Option 4 EU put 0.7 Years 1000 Stock 4

Option 5 EU put 0.8 Years 1000 Stock 5

Table 5.1: Portfolios used when testing the model, where an at-the-money option
would have had a strike of 1, 000. All the different options in each portfolio are
based on separate stock processes.

The results denoted full nested simulation presented in tables below are
generated using a full nested simulation with 10,000 outer and 10,000 inner
scenarios. The simple and optimized polynomials are calibrated with 50,000
outer scenarios and 16 inner scenarios per outer. The outer scenarios from
the full nested Monte-Carlo simulation are then inserted into the generated
polynomials in order to obtain the quantiles, moments, and errors for the model
presented in the tables in Section 5.1 and 5.2.
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Section 5.1 shows results for how the goodness of fit depends on the poly-
nomial used for the regression function. The section also shows results for the
difference in goodness of fit between the simple regression and the optimized
regression. The next section, Section 5.2, investigates what impact a shift in
the start values for the underlying stock processes has on the goodness of fit.
Section 5.3 investigates the complexity of each regression function, in the terms
of the order of the polynomial, the number of cross-terms and the total number
of terms in the polynomial. The last section in this chapter, Section 5.4, in-
vestigates the difference in runtime between the full nested simulation and the
LSMC simulation, and which parts of the LSMC algorithm that has the most
impact on the runtime. In Section 5.5 we further investigate how polynomials
of higher order affect the goodness of fit.

5.1 Goodness of fit

This sections evaluates and compares the goodness of fit for the regressed model
using four different methods, the goodness of fit shown in figures 5.1-5.4, the R2

values from the regression in Table 5.2, the quantiles of the portfolio value in
Table 5.3 and the four moments of the portfolio value distribution in Table 5.4.
To evaluate the quantiles and moments we have compared the values from the
full nested simulation with the values given from LSMC. In the ideal case the
values given by the regression should coincide with the ones given by the full
nested simulation (since the portfolio values given by the full nested simulation
are taken as the true portfolio values).

In figures 5.1-5.4 the fit of regular regressed polynomials compared to a full
nested simulation is shown for the different types of portfolios described in Table
5.1 (Laguerre polynomials show the same patterns and are therefore not shown
here, but can be found in Appendix I (figures I.1-I.4)). The goodness of fit
graphs shows prices for 100 outer validation scenarios where the green circles
are the prices from a full nested simulation. The blue circles are the prices given
by evaluating the regression function at the outer scenarios.
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Figure 5.1: Goodness of fit plots, one underlying stock, regular polynomials.
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(b) Fit of simple regression

Figure 5.2: Goodness of fit plots, three underlying stocks, portfolio 1, regular
polynomials.
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(b) Fit of simple regression

Figure 5.3: Goodness of fit plots, three underlying stocks, portfolio 2, regular
polynomials.
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Figure 5.4: Goodness of fit plots, five underlying stocks, regular polynomials.

The conclusion to be drawn from figures 5.1-5.4 is that the goodness of fit
for each portfolio defined in Table 5.1 is good. This is further substantiated by
the R2 values, which are close to one, shown in Table 5.2.

Table 5.2 shows the R2 values from the regression. We have chosen to omit
the adjusted R2 values since they are approximately the same as the R2 values.
This is due to the fact that the number of observations are much larger than
the number of regressors in regression function. The conclusion from Table
5.2 is as stated above, that the goodness of fit in the regression is good. An
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R2 values from the regression

1 underlying stock R2

Simple, regular regression function 0.9934

Optimized, regular regression function 0.9934

Simple, Laguerre regression function 0.9933

Optimized, Laguerre regression function 0.9933

3 underlying stocks, portfolio 1

Simple, regular regression function 0.9920

Optimized, regular regression function 0.9920

Simple, Laguerre regression function 0.9920

Optimized, Laguerre regression function 0.9917

3 underlying stocks, portfolio 2

Simple, regular regression function 0.9740

Optimized, regular regression function 0.9738

Simple, Laguerre regression function 0.9743

Optimized, Laguerre regression function 0.9730

5 underlying stocks

Simple, regular regression function 0.9916

Optimized, regular regression function 0.9915

Simple, Laguerre regression function 0.9915

Optimized, Laguerre regression function 0.9909

Table 5.2: R2 for the regressions, the definition of R2 can be found in the
paragraph ”R-square” in Section 2.2.2.

important observation to make is that the R2 from the optimized regression
never exceeds the value from the simple regression, this is simply because the
simple regression contains more terms. As was stated in Paragraph ”R-square”
in Section 2.2.2, the R2 value is an increasing function of the number of terms.
However one should take into account that the probability of overfitting the
regression increases with the number of terms, and therefore the optimized
regression might still be as good as the simple regression when the initial values
of the processes are shifted.

Table 5.3 shows the nominal quantiles for the value of the portfolio distri-
bution. The comparison between the full nested simulation and the different
regression functions need to be done for each portfolio separately since they
contain different instruments.
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Quantiles for the portfolio values

1 underlying stock 0.995 0.99 0.95 0.5 0.05 0.01 0.005

Full nested simulation 852.6 809.0 667.8 271.7 24.6 6.4 3.9

Simple R regression function 861.0 818.9 670.5 271.4 17.9 -3.7 -6.2

Optimized R regression function 861.0 818.8 670.5 271.4 17.9 -3.7 -6.1

Simple L regression function 862.9 819.0 670.9 270.7 18.3 -3.7 -6.8

Optimized L regression function 857.5 819.5 673.2 270.1 19.6 -7.6 -10.7

3 underlying stocks, portfolio 1

Full nested simulation 1683.8 1580.1 1313.2 676.7 204.7 93.2 65.6

Simple R regression function 1692.2 1587.4 1312.4 676.0 206.3 87.7 51.7

Optimized R regression function 1693.1 1586.7 1311.9 676.1 206.2 86.8 53.1

Simple L regression function 1694.4 1588.4 1313.7 676.3 206.1 86.8 52.3

Optimized L regression function 1693.4 1592.2 1313.4 675.2 206.2 86.2 49.2

3 underlying stocks, portfolio 2

Full nested simulation 648.5 559.1 389.6 86.6 5.8 1.8 1.1

Simple R regression function 665.4 561.0 384.6 90.9 1.4 -5.7 -7.5

Optimized R regression function 666.4 560.7 384.8 90.5 1.3 -5.8 -7.8

Simple L regression function 661.3 562.0 384.4 90.8 1.5 -5.3 -7.2

Optimized L regression function 663.0 561.7 384.3 90.9 1.2 -6.6 -9.2

5 underlying stocks

Full nested simulation 2181.5 2058.8 1702.2 906.4 317.5 168.9 118.4

Simple R regression function 2194.2 2053.2 1697.1 907.3 318.4 164.5 109.2

Optimized R regression function 2196.8 2049.2 1697.2 907.2 318.6 161.1 108.0

Simple L regression function 2197.3 2059.8 1698.9 907.9 317.4 162.6 115.6

Optimized L regression function 2202.6 2063.7 1699.7 907.3 319.0 156.5 112.3

Table 5.3: Quantiles for the portfolio values given by the regression functions
and by a full nested Monte-Carlo simulation. R stands for regular and L for
Laguerre.

The first conclusion drawn from Table 5.3 is that there is no systematic
difference between the optimized and simple regressions. The same is true for
the comparison between the regular and Laguerre polynomials. An important
conclusion from Table 5.3 is that in general the LSMC seems to systematically
overestimate the high quantiles and underestimate the low quantiles of the port-
folio distribution. It should also be noted there is a possibility that the quantiles
from the regression functions might be negative even though the portfolio only
consists of long positions in options. This situation arises since the regression
function introduces small price errors, and when the true prices are close to
zero, these errors might introduce negative portfolio values.

Table 5.4 show the first four nominal moments for the portfolio distribution.
The results presented in table are quite satisfying, since all moments from LSMC
are close to the moments given by full nested simulation. Again as was stated
above, optimized and simple regression, both regular and Laguerre polynomials
seems to perform equally well.
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Moments for the portfolio values

1 underlying stock Mean Variance Skewness Kurtosis

Full nested simulation 299.0 40210.0 1.0 3.0

Simple R regression function 299.0 40167.0 1.0 3.0

Optimized R regression function 299.0 40167.0 1.0 3.0

Simple L regression function 299.0 40139.0 1.0 3.0

Optimized L regression function 299.0 40152.0 1.0 3.0

3 underlying stock, portfolio 1

Full nested simulation 706.4 114089.3 0.5 2.9

Simple R regression function 710.0 113840.0 0.5 3.0

Optimized R regression function 706.4 113861.0 0.5 3.0

Simple L regression function 706.4 114046.0 0.5 3.0

Optimized L regression function 706.4 114003.0 0.5 3.0

3 underlying stock, portfolio 2

Full nested simulation 126.9 16366.0 1.7 6.7

Simple R regression function 127.0 16368.0 1.7 6.7

Optimized R regression function 127.0 16367.0 1.7 7.2

Simple L regression function 126.9 16348.0 1.7 7.1

Optimized L regression function 126.9 16379.0 1.7 7.3

5 underlying stock

Full nested simulation 945.8 178118.7 0.5 3.1

Simple R regression function 945.7 178041.0 0.5 3.1

Optimized R regression function 945.8 178034.0 0.5 3.1

Simple L regression function 945.9 178114.0 0.5 3.1

Optimized L regression function 945.9 178165.0 0.5 3.1

Table 5.4: Moments for the portfolio values given by the regression and a full
nested Monte-Carlo simulation, how the moments are defined can be seen in
paragraph ”Comparison of moments” in Section 2.2.2. R stands for regular and
L for Laguerre.

5.2 Robustness

In Section 5.2.1 we show confidence intervals for R2 and absolute mean error
from the cross-validation simulations. R2 is calculated as described in Paragraph
Out of sample R2 in Section 2.2.2. We also investigate if it can be stated that
one model is better with statistical significance than another measured in R2

or absolute mean error. Section 5.2.2, and 5.2.3, contains the results regarding
the quantiles and moments for the distribution of the portfolio value from the
cross-validation simulations.

To investigate the robustness of the model we will use cross-validation de-
scribed in Section 2.2.2. We also shift the initial value for the most impactful
stock process relative to the start value they had in the calibration simulation.
We use a shift of either +30% or −30%. The general impact of a shift in the
underlying stock is shown in Figure 5.5. It is evident that the fit is best for
zero shift, and that it gets worse for larger shifts. In Figure 5.6 the impact of a
±50% shift in the underlying variance is shown, since this figure indicates that
the model is stable under variance shifts, we chose not to investigate variance
shifts further in this thesis. Since Figure 5.5 only shows the robustness for one
portfolio, the results for the rest of the portfolios will be presented in tables in
the following sections.
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Figure 5.5: The goodness of fit (measured by out of sample R2 and absolute
mean error) for a portfolio with one underlying stock where a regular polynomial
is used in the regression, and where the stock is shifted between ±30% from its
initial value.
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Figure 5.6: The goodness of fit (measured by out of sample R2 and absolute
mean error) for a portfolio with one underlying stock where a regular polynomial
is used in the regression, and where the variance is shifted between ±50% from
its initial value.
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5.2.1 Confidence interval for R2 and absolute mean error

In this section we are using t-test described in Appendix H with 15 simulations
to obtain confidence intervals for out of sample R2 (Table 5.5) and absolute
mean error (Table 5.7). Where the absolute mean error is calculated as the
absolute value of the difference between the portfolio values given by the re-
gression function and the ones given by the full nested simulation. We also
investigate the difference in out of sample R2 between optimized and simple
regression (Table 5.6) and the difference in absolute mean error between simple
and optimized regression (Table 5.8).

t-statistic 95% confidence interval for the out of sample R2, given
a shift in initial value for one stock process

−30% 0% 30%

1 underlying stock

Simple, R R2 [0.9822,0.9897] [0.9974,0.9978] [0.9712,0.9791]

Optimized, R R2 [0.9822,0.9898] [0.9974,0.9978] [0.9709,0.9788]

Simple, L R2 [0.9830,0.9897] [0.9970,0.9978] [0.9710,0.9788]

Optimized, L R2 [0.9833,0.9896] [0.9970,0.9977] [0.9722,0.9797]

3 underlying stock, portfolio 1

Simple, R R2 [0.9890,0.9909] [0.9937,0.9951] [0.9883,0.9908]

Optimized, R R2 [0.9891,0.9911] [0.9937,0.9950] [0.9886,0.9911]

Simple, L R2 [0.9890,0.9913] [0.9937,0.9950] [0.9857,0.9899]

Optimized, L R2 [0.9906,0.9924] [0.9925,0.9949] [0.9854,0.9901]

3 underlying stock, portfolio 2

Simple, R R2 [0.9772,0.9855] [0.9862,0.9901] [0.9590,0.9706]

Optimized, R R2 [0.9772,0.9853] [0.9859,0.9898] [0.9603,0.9723]

Simple, L R2 [0.9826,0.9860] [0.9840,0.9905] [0.9526,0.9696]

Optimized, L R2 [0.9793,0.9852] [0.9764,0.9870] [0.9495,0.9701]

5 underlying stocks

Simple, R R2 [0.9872,0.9892] [0.9918,0.9937] [0.9892,0.9911]

Optimized, R R2 [0.9873,0.9894] [0.9919,0.9936] [0.9891,0.9913]

Simple, L R2 [0.9877,0.9904] [0.9915,0.9933] [0.9876,0.9904]

Optimized, L R2 [0.9896,0.9919] [0.9912,0.9932] [0.9853,0.9898]

Table 5.5: The 95% double sided confidence interval obtained using t-test as
described in Appendix H, for out of sample R2 from the cross-validation. L
stands for Laguerre and R stands for Regular.

Table 5.5 show that the goodness of fit measured by out of sample R2 is good
even when the initial stock value is shifted ±30%. There are two interesting
conclusions to draw from Table 5.5 and these are that the goodness of fit is
better when the stock is shifted so the options are more in the money, and that
the portfolio 2, with 3 underlying stocks has lower out of sample R2 values than
the rest of the portfolios. This due to the options being far out of the money.

By investigating the values in Table 5.6 and observing that the difference in
out of sample R2 is close to zero with 95% confidence level, the conclusion is
that the two regressions seems to perform equally well.
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t-statistic 95% confidence interval for the difference in out of sample
R2 for the optimized and simple regression, given a shift in initial
value for one stock process

−30% 0% 30%

1 underlying stock

Regular R2 (10−3) [-0.0870,0.2073] [-0.0039,0.0010] [-0.9003,0.3789]

Laguerre R2 (10−3) [-0.2965,0.5060] [-0.2389,0.0914] [0.4390,1.6015]

3 underlying stock, portfolio 1

Regular R2 (10−3) [-0.1325,0.4102] [-0.1992,0.0438] [-0.2579,0.8530]

Laguerre R2 (10−3) [0.4628,2.1835] [-1.4246,0.1163] [-1.2261,1.0478]

3 underlying stock, portfolio 2

Regular R2 (10−3) [-0.5639,0.4863] [-0.7153,0.0845] [-0.6696,3.6231]

Laguerre R2 (10−3) [-5.0614,0.9703] [-9.3581,-1.7395] [-8.9168,6.3204]

5 underlying stocks

Regular R2 (10−3) [-0.0323,0.4120] [-0.0996,0.1464] [-0.3957,0.5169]

Laguerre R2 (10−3) [0.8222,2.4888] [-0.5419,0.0084] [-2.8920,-0.0793]

Table 5.6: The 95% double sided confidence interval obtained using t-test as
described in Appendix H, for the difference between out of sample R2 for the
optimized regression and out of sample R2 for the simple regression.

In the following two tables, Table 5.7 and 5.8 it is only possible to compare
the confidence intervals for the absolute mean error for the difference regressions
within each portfolio (this is due to the fact that each portfolio consists of
different options, and therefore are worth different amounts).

The conclusions from the two tables (Table 5.7 and 5.8) are the same, that
is, it cannot be stated with statistically significance anything about which poly-
nomial performs best. Another thing, although expected, to note from Table
5.7 is that the mean error increases with the shift, and that it is larger for pos-
itive stock shifts. This is consistent with the results presented in earlier in this
section.
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t-statistic 95% confidence interval for the absolute mean error,
given a shift in initial value for one stock process

−30% 0% 30%

1 underlying stock

Simple, R mean error [12.3749,14.1393] [8.3784,8.7540] [15.1659,16.8921]

Optimized, R mean error [12.3481,14.1387] [8.3816,8.7547] [15.2150,16.8866]

Simple, L mean error [12.2057,14.8139] [8.3201,8.9625] [15.6659,17.4385]

Optimized, L mean error [12.3911,15.0269] [8.4381,9.0112] [15.5296,17.3156]

3 underlying stock, portfolio 1

Simple, R mean error [25.5185,27.1783] [21.3412,22.6067] [21.6277,23.0332]

Optimized, R mean error [25.2863,26.9065] [21.4094,22.7006] [21.5232,22.4346]

Simple, L mean error [25.0718,27.3037] [20.9562,22.1656] [22.2964,23.3479]

Optimized, L mean error [23.4478,25.4909] [21.4164,22.8121] [21.9427,23.1561]

3 underlying stock, portfolio 2

Simple, R mean error [12.7174,14.6200] [8.9103,9.7234] [13.2783,15.2938]

Optimized, R mean error [13.0352,14.7614] [8.9927,9.8739] [12.8498,15.0543]

Simple, L mean error [12.9123,13.9697] [8.6216,9.5021] [13.7231,15.3518]

Optimized, L mean error [13.3513,15.0745] [9.4506,10.3931] [12.9450,15.2984]

5 underlying stocks

Simple, R mean error [35.8330,37.8335] [31.4071,33.3728] [29.8130,31.3647]

Optimized, R mean error [35.3351,37.5000] [31.3481,33.3613] [29.9343,31.3352]

Simple, L mean error [34.5881,37.4479] [31.2291,33.2389] [30.2499,31.6758]

Optimized, L mean error [31.5517,34.7257] [31.3802,33.7764] [30.7620,33.7058]

Table 5.7: The 95% double sided confidence interval obtained using t-test as
described in Appendix H, for the absolute mean error from cross-validation. L
stands for Laguerre and R stands for Regular.

t-statistic 95% confidence interval for the difference in absolute
mean error between the simple and optimized regression, given
a shift in initial value for one stock process

−30% 0% 30%

1 underlying stock

Regular mean error [-0.0104,0.0378] [-0.0090,0.0051] [-0.0849,0.0414]

Laguerre error [-0.3744,-0.0240] [-0.2010,0.0343] [0.0315,0.2276]

3 underlying stock, portfolio 1

Regular mean error [-0.0621,0.5661] [-0.1956,0.0335] [-0.1390,0.8420]

Laguerre mean error [0.8270,2.6098] [-0.8688,-0.2380] [-0.3444,0.8899]

3 underlying stock, portfolio 2

Regular mean error [-0.4481,-0.0111] [-0.2307,-0.0021] [0.0046,0.6634]

Laguerre mean error [-1.5216,-0.0222] [-1.1809,-0.5393] [-0.4595,1.2909]

5 underlying stocks

Regular mean error [-0.0059,0.8372] [-0.1669,0.2373] [-0.7454,0.6535]

Laguerre mean error [1.6408,4.1177] [-0.7938,0.1053] [-2.5518,0.0097]

Table 5.8: The 95% double sided confidence interval obtained using t-test as
described in Appendix H, for the difference between absolute mean error for the
simple regression and the absolute mean error for the optimized regression.

5.2.2 Comparison of quantiles

In this section we will present data that shows the nominal quantiles for the
portfolio distribution, given an initial shift of ±30% in the underlying stock.
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Table 5.9 show the quantiles for the positive shift and Table 5.10 the quantiles
for the negative shift.

Quantiles of the portfolio value when one stock process is shifted +30%

1 underlying stock 0.995 0.99 0.95 0.5 0.05 0.01 0.005

Full nested simulation 713.3 665.5 485.9 80.0 1.8 0.4 0.2

Simple R regression function 720.6 672.5 488.4 88.9 -8.6 -24.7 -34.5

Optimized R regression function 720.5 672.5 488.4 88.8 -8.6 -24.6 -34.5

Simple L regression function 716.3 670.9 487.5 85.0 -20.3 -52.9 -73.1

Optimized L regression function 714.7 667.1 488.5 85.1 -19.5 -32.3 -37.1

3 underlying stock, portfolio 1

Full nested simulation 1492.6 1373.0 1108.0 504.8 115.5 46.0 30.3

Simple R regression function 1488.2 1379.9 1106.5 499.3 107.3 21.4 4.0

Optimized R regression function 1487.5 1382.7 1108.0 499.9 108.8 25.0 11.2

Simple L regression function 1488.5 1385.0 1106.8 502.3 114.3 27.1 12.2

Optimized L regression function 1493.5 1379.0 1105.5 507.5 119.7 39.5 22.8

3 underlying stock, portfolio 2

Full nested simulation 529.6 465.7 311.4 55.8 3.0 0.9 0.5

Simple R regression function 556.3 482.2 319.0 68.2 -0.7 -58.0 -112.7

Optimized R regression function 560.5 478.8 318.8 66.6 -0.9 -63.2 -112.7

Simple L regression function 554.4 481.0 318.2 67.5 -0.6 -68.6 -122.3

Optimized L regression function 558.2 482.3 316.6 66.1 -1.3 -70.1 -123.8

5 underlying stocks

Full nested simulation 2019.4 1885.5 1516.6 737.2 215.9 104.5 77.6

Simple R regression function 2030.8 1900.4 1515.6 730.5 200.8 87.7 54.8

Optimized R regression function 2031.1 1899.1 1514.7 731.6 204.5 90.0 57.8

Simple L regression function 2033.0 1898.8 1514.6 736.7 209.9 97.9 66.0

Optimized L regression function 2035.1 1894.7 1513.0 739.8 219.0 104.4 70.0

Table 5.9: Quantiles for the portfolio values, where the initial value for one
stock in each portfolio is shifted +30%, given by the regression functions and a
full nested Monte-Carlo simulation. R stands for regular and L for Laguerre.
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Quantiles of the portfolio value where one stock process is shifted -30%

1 underlying stock 0.995 0.99 0.95 0.5 0.05 0.01 0.005

Full nested simulation 985.0 951.8 850.9 570.1 271.3 167.1 131.8

Simple R regression function 1007.0 970.5 876.2 572.8 265.0 168.9 138.2

Optimized R regression function 1007.0 970.5 876.2 572.8 265.0 168.9 138.2

Simple L regression function 1013.6 977.2 882.5 574.2 263.2 167.1 136.4

Optimized L regression function 1028.3 987.7 886.6 571.2 264.4 173.0 141.2

3 underlying stock, portfolio 1

Full nested simulation 1845.4 1782.1 1535.4 954.8 470.7 310.7 261.7

Simple R regression function 1872.5 1809.1 1553.4 960.9 461.1 305.0 252.4

Optimized R regression function 1876.6 1813.0 1554.7 960.7 461.1 304.2 252.2

Simple L regression function 1869.8 1804.7 1549.7 960.5 460.8 305.2 250.5

Optimized L regression function 1873.1 1808.3 1549.4 956.6 461.9 309.5 258.2

3 underlying stock, portfolio 2

Full nested simulation 758.3 692.4 512.2 179.5 20.5 6.8 4.8

Simple R regression function 795.6 705.1 510.3 179.5 28.9 6.6 2.7

Optimized R regression function 795.7 702.8 510.1 179.3 28.8 6.7 2.6

Simple L regression function 803.4 708.3 520.1 183.0 26.1 4.8 0.4

Optimized L regression function 800.6 709.3 521.0 186.3 25.5 2.7 -3.9

5 underlying stocks

Full nested simulation 2355.8 2238.6 1931.1 1181.4 598.2 389.2 335.0

Simple R regression function 2384.7 2270.0 1945.2 1186.3 585.0 376.5 321.5

Optimized R regression function 2391.8 2276.1 1945.0 1186.9 584.7 377.2 326.2

Simple L regression function 2394.0 2275.5 1944.8 1184.9 588.7 378.7 329.8

Optimized L regression function 2387.0 2273.8 1937.7 1182.8 587.6 387.9 329.0

Table 5.10: Quantiles for the portfolio values, where the initial value for one
stock in each portfolio is shifted -30%, given by the regression functions and a
full nested Monte-Carlo simulation. R stands for regular and L for Laguerre.

From the two tables (Table 5.9 and 5.10) the same pattern as was discussed
in Section 5.1 arises. The pattern is that, there seems to be a systematic un-
derestimation of low quantiles and a overestimation of high quantiles. This
systematic error is greater when the stock has a positive shift than when it has
a negative shift, which agrees with the conclusions in Section 5.2.1.

It is important to note that the second three factor portfolio performs really
bad when there is a positive stock shift, the performance of this portfolio is
worse than the others since its options are initially more out of the money than
the others and then for a positive stock shift, is shifted even further.

5.2.3 Comparison of moments

This section presents the comparison of nominal moments for the portfolios
when one stock is shifted ±30%. The first table, Table 5.11, corresponds to a
+30% shift and the second table, Table 5.12, corresponds to a −30% shift in
the initial value for the underlying stock.
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Moments for the portfolio values when one stock process is shifted +30%

1 underlying stock Mean Variance Skewness Kurtosis

Full nested simulation 144.0 26311.0 1.0 5.0

Simple R regression function 146.0 27567.0 1.0 5.0

Optimized R regression function 146.0 27567.0 1.0 5.0

Simple L regression function 142.0 28165.0 1.0 4.0

Optimized L regression function 142.0 28228.0 1.0 4.0

3 underlying stock, portfolio 1

Full nested simulation 543.1 95428.0 0.7 3.2

Simple R regression function 538.2 97149.0 0.7 3.2

Optimized R regression function 539.4 96731.0 0.7 3.2

Simple L regression function 542.4 95877.0 0.7 3.2

Optimized L regression function 547.3 94125.0 0.7 3.3

3 underlying stock, portfolio 2

Full nested simulation 93.6 11049.0 1.9 7.6

Simple R regression function 100.6 12517.0 1.2 9.8

Optimized R regression function 99.1 12575.0 1.2 10.2

Simple L regression function 99.8 12632.0 1.2 10.2

Optimized L regression function 98.5 12805.0 1.1 10.9

5 underlying stock

Full nested simulation 784.5 160710.0 0.7 3.3

Simple R regression function 778.2 164219.0 0.7 3.4

Optimized R regression function 779.9 163324.0 0.7 3.4

Simple L regression function 784.3 162121.0 0.7 3.4

Optimized L regression function 787.0 160595.0 0.7 3.4

Table 5.11: Moments for the portfolio values, where the initial value for one
stock is shifted -30%, given by the regression functions and a full nested Monte-
Carlo simulation. R stands for regular and L for Laguerre.
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Moments for the portfolio values when one stock process is shifted -30%

1 underlying stock Mean Variance Skewness Kurtosis

Full nested simulation 569.0 30774.0 0.0 3.0

Simple R regression function 573.0 34080.0 0.0 3.0

Optimized R regression function 573.0 34081.0 0.0 3.0

Simple L regression function 575.0 34895.0 0.0 3.0

Optimized L regression function 574.0 35609.0 0.0 3.0

3 underlying stock, portfolio 1

Full nested simulation 971.7 104164.0 0.3 3.0

Simple R regression function 977.1 109337.0 0.3 3.0

Optimized R regression function 977.3 109491.0 0.3 3.0

Simple L regression function 976.7 108898.0 0.3 3.0

Optimized L regression function 973.9 108932.0 0.3 3.0

3 underlying stock, portfolio 2

Full nested simulation 211.8 25135.0 1.1 4.4

Simple R regression function 213.7 24187.0 1.3 5.2

Optimized R regression function 213.6 24207.0 1.3 5.2

Simple L regression function 216.8 25133.0 1.2 5.0

Optimized L regression function 218.8 25027.0 1.2 5.0

5 underlying stock

Full nested simulation 1212.4 167430.0 0.4 3.1

Simple R regression function 1217.6 174076.0 0.4 3.1

Optimized R regression function 1217.7 174150.0 0.4 3.1

Simple L regression function 1216.1 173120.0 0.4 3.1

Optimized L regression function 1213.9 172186.0 0.4 3.1

Table 5.12: Moments for the portfolio values, where the initial value for one
stock process is shifted -30%, given by the regression functions and a full nested
Monte-Carlo simulation. R stands for regular and L for Laguerre.
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The conclusion from Tables 5.11 and Table 5.12 is that nothing general can
be said about the performance of the simple or optimized regression polynomials,
neither of the regular or Laguerre polynomials. Overall the polynomials present
roughly the same statistical properties as the full nested Monte-Carlo.

5.3 Complexity of the model

The complexity of the regressed model is measured by the criteria posted in the
Paragraph ”Complexity in regression functions” in Section 2.2.2 and is shown
in Table 5.13. The simulation is performed with the portfolio specified in Table
5.1, and the values are the average of 15 calibration simulations.

Order Total number
of terms

Number of
cross terms

1 underlying stock

Simple, regular regression function 3 18.0 9.0
Optimized, regular regression function 3 12.5 5.3
Simple, Laguerre regression function 3 18.0 9.0
Optimized, Laguerre regression function 3 11.1 5.1

3 underlying stock, portfolio 1

Simple, regular regression function 3 84.0 63.0
Optimized, regular regression function 3 37.5 21.8
Simple, Laguerre regression function 3 84.0 63.0
Optimized, Laguerre regression function 3 34.5 22.5

3 underlying stock, portfolio 2

Simple, regular regression function 3 84.0 63.0
Optimized, regular regression function 3 44.4 25.9
Simple, Laguerre regression function 3 84.0 63.0
Optimized, Laguerre regression function 3 35.2 22.1

5 underlying stocks

Simple, regular regression function 3 198.0 165.0
Optimized, regular regression function 3 55.7 30.1
Simple, Laguerre regression function 3 198.0 165.0
Optimized, Laguerre regression function 3 46.3 29.9

Table 5.13: Complexities of the regression function, for the portfolios defined in
the Table 5.1. The values presented is the average of 15 calibration simulations.

The first conclusion from Table 5.13 is that our optimization works, it dras-
tically reduces the number of terms in the regression function. The decrease in
the number of terms is not surprising an increasing function of the number of
underlying processes and polynomial degree, i.e. an increasing function of the
number of possible terms to include in the regression function. It is interesting
to note that the optimized regression with Laguerre polynomials systematically
have fever terms than the optimized regression with regular polynomials. This
might indicate that the Laguerre polynomials are better to use, however from
a complexity perspective it is important to take into account the fact that each
Laguerre polynomial can be considered to be more complex since each term in
the Laguerre polynomials is in itself a function of the underlying factors.

The reduction in terms is also important from at time performance perspec-
tive, since the time it takes to evaluate a polynomial with fewer terms is shorter
than with more terms.
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5.4 Runtime

The evaluation of time performance is done comparing a full nested Monte-Carlo
simulation with 10,000 outer scenarios and 10,000 inner scenarios for each outer
scenario, with the LSMC with 50,000 outer scenarios, and 16 inner scenarios
per outer. Table 5.14 shows the runtime for a full nested simulation and for a
LSMC simulation. The time performance is measured on a computer with an
Intel Core i7-4770, 3.40GHz CPU and 8, 00 GB of RAM, running windows 7
and MATLAB R2012a.

LSMC Full nested

Number of
stocks

Outer
scenarios

Optimized
regression

Simple
regression

Total time Total time

1 stock 2.2s 0.4s 0.065s 25.9s 3, 038.9s
3 stocks 6.1s 2.8s 0.5s 97.1s 8, 217.3s
5 stocks 10.0s 5.6s 0.9s 181.2s 13, 397.5s

Table 5.14: Runtime for the simulation. In the total time both the time for
optimized and simple regression is included.

From Table 5.14 it is clear that the LSMC outperforms the full nested simu-
lation from a time performance perspective. The time it takes to calibrate and
use the LSMC model is about 78−117 times shorter than the time it takes to run
a full nested simulation. In the case when the regression function is reused, the
time performance improvement increases drastically since the LSMC method
then only requires a set of outer scenarios to be used. In this setting the LSMC
model is about 1, 000− 2, 000 times faster than the full nested simulation.

It is also important to note that the runtime of the optimized regression is
about six times longer than the runtime of the simple regression. When the
polynomial is reused, the optimized polynomial contains fewer terms and there-
fore the time it takes to evaluate it is shorter than for the simple polynomial.
Since the polynomials are intended to be reused multiple times, the time perfor-
mance for the optimized polynomial will in total be better than for the simple
polynomial.

5.5 Stability comparison between simple and op-
timized regression

To further investigate the difference in stability between the simple and opti-
mized regression we have performed a simulation with maximum order of six.
The results in terms of absolute mean error and out of sample R2 are shown in
Figure 5.7. Adding terms with high order will increase the fit but it will also
make the simple regression more unstable, especially under shifts in the under-
lying processes which can be seen in the spikes in the goodness of fit graphs.
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Figure 5.7: The goodness of fit (measured by the out of sample R2 and the
absolute mean error) for portfolio two with three underlying stocks where a
regular polynomial is used in the regression, and where the stock is shifted
between ±30% from its initial value. The maximum degree of the polynomial
is six.
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Chapter 6

Discussion and conclusions

In this chapter we go through some of the advantages and drawbacks of our
model, we also present potential areas for future research as well as giving
guidelines for when it is improper to use the model.

If one considers the values resulting from a full nested stochastic simulation
as correct, one has a benchmark to compare the values from the different re-
gressed polynomial functions with. Looking at the tables for quantiles (Table
5.3), one can see that the quantiles for the optimized and simple polynomial
overestimate the portfolio value for high quantiles and underestimate the value
for low quantiles for both Laguerre and regular polynomials.

There is very little difference in the polynomial between the simple and
optimized polynomials when there’s only one underlying stock, but the difference
increases for a larger number of options depending on different stocks as can
be seen in Table 5.13. This is to be expected since the number of terms in
the polynomials increases drastically with the number of underlying factors,
especially in the simple polynomials (for one underlying stock with maximal
order three, the simple polynomial has 19 terms, for five underlying stocks it
has 198. This is of course dependent on the maximum order allowed when
performing the polynomial generation).

The optimization will discard terms that do not add explanatory value with
any statistical significance and in general there are far fewer terms in the op-
timized polynomials. The difference in the number of terms increases rapidly
with the number of underlying factors and maximum polynomial order. There
are far fewer cross terms in the optimized polynomials suggesting that many
of the terms lack proven statistical explanatory power, however the optimized
polynomials still contain a large portion of cross terms meaning that some cross
terms adds explanatory power.

As mentioned in Section 5.5 the optimized polynomial show better perfor-
mance when including polynomial terms with higher order. A better comparison
however would be to compare the simple and optimized regression functions us-
ing the same amount of terms but allowing the optimized to choose appropriate
terms from a wider range. Our results suggests that the fit and stability would
be greater for the optimized polynomial.

The Laguerre polynomials can be considered to be more complex since each
term in the Laguerre polynomials is in itself a function of the underlying fac-
tors. With the Laguerre polynomials we observe the same structure that the
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optimization decrease the number of cross terms and total number of terms dras-
tically. A noteworthy aspect is that the decrease in number of terms does not
seem to decrease the fit for validation scenarios. Furthermore, the results show
that the decrease in terms gives a more robust function that is less sensitive to
shifts in the underlying factors. Overall the model seems to be rather robust
even for large shifts in the underlying value meaning that a recalibration of the
polynomial is not required for minor changes in the underlying parameters. But
caution should be taken when the portfolio consists of options that are far out
of the money since this reduces the fit.

6.1 Advantages

In this section we will describe the advantages of our model. We will focus on
two main parts, the time performance (Section 6.1.1) and the general regression
function generation (Section 6.1.2).

6.1.1 Time performance

The most obvious benefit with the LSMC method over the full nested simula-
tion when calculating the portfolio distribution, is with no doubt the decreased
runtime of the simulation. The time it takes to calibrate the LSMC model is
between 78−117 times shorter than the runtime of the full nested simulation, as
can be seen in table 5.14. Because the LSMC model shows stability under shift
in the underlying variables the runtime improvement over the full nested sim-
ulation is further increased since the LSMC model can be used multiple times
without a need for recalibration. When the regression function is reused, it is
only necessary to generate a full set of outer scenarios, and the time required
for the LSMC model is in this case between 1, 000 − 2, 000 faster than the full
nested simulation.

Since the runtime is so heavily decreased, it would be possible to improve the
goodness of fit for the LSMC by increasing the number of inner scenarios and
still have an algorithm that runs much faster than the full nested simulation.

6.1.2 General regression function generation

A common way of generating regression functions for LSMC applications in the
market today is by user input, or by predefining the polynomials. Our way of
generating general functions, and then using optimization to decide which terms
to include is not only fast, and free of user input, it also maintains the fit in the
regression as well as decreases the risk of overfitting the regression. The risk of
overfitting is reduced since the optimized polynomial generally has fewer terms
than the predefined polynomial as mentioned above and as can be seen in Table
5.13 and Figure 5.7.

Since our optimization takes advantage of the properties of the least-squares
regression the optimization is very efficient and requires only vector-vector mul-
tiplications. The advantages of using the optimized polynomial, the decrease
in complexity and decreased risk of overfitting, are in our opinion greater than
the slight decrease in time performance compared with a predefined polynomial
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(the time the regression takes can almost be neglected in comparison with the
time it takes to generate the scenarios for the outer and inner simulations).

6.2 Drawbacks

Few models are perfect and LSMC is no exception, there are some drawbacks we
have discovered throughout the work with this thesis. One drawback is that a
polynomial of the types used in the thesis is poorly adapted to model piecewise
constant behaviour. For example when a large part of the simulated scenarios
lie where the options in the portfolio are out of the money, the portfolio value is
close to zero which requires the terms of the polynomial to either approach zero
or at least cancel each other out in that region. In other regions the portfolio
may have values that differs vastly from zero which require the terms to display
a different behaviour. This is a property regular polynomials are ill-equipped
to exhibit. This also applies to portfolios where there are large intervals for
the underlying processes and where the portfolio value is constant. A possible
solution to this is presented in Section 6.3. An example of a portfolio with
this kind of payoff is shown in Figure 6.1, where the portfolio is modelled by a
butterfly option with 0.3 years to maturity.
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Figure 6.1: Example of a poorly fitted regression, where the portfolio is modelled
by a butterfly option with 0.3 years to maturity.

Another drawback of the LSMC is that the least-squares regression mini-
mizes the sizes of the price errors regardless of relative size. This will in practise
mean that the regression will minimize the large price errors, and hence the fit
of the regression will adapt for large portfolio values and not adapt as much for
small values. For a portfolio which for a number of simulations spans a large
value interval the regression will focus on fitting the upper interval since that’s
where the large absolute errors lie. This would be a problem if one is interested
in the relative error over the entire interval.

To be able to get data points for the regression over a large interval the
method of simulating the calibration scenarios requires the number of simula-
tions to be quite high. This is to ensure that there are also extreme scenarios
to regress over which increases the fit in the tails of the portfolio distribution.

The possibility of the regression function to introduce negative portfolio val-
ues might be a drawback, depending on what instruments the portfolio consists
of. When the portfolio only consists of long positions in options, then it is with
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no doubt a drawback. When the portfolio also consists of short positions it is
required of the regression function to take negative values to be able to model
the true portfolio and therefore it is not seen as a drawback.

6.3 Future research

Some possible areas for future research that can be done to improve the fit of
the regression are:

• Local regression: a method that divides the span of possible values into
smaller sections, and then performs one regression in each section. This
method improves the fit when small and large values are modelled at the
same time and when the behaviour of the portfolio value is piecewise con-
stant allowing the regressed model to be zero at some intervals and follow
other distributions elsewhere. This method might introduce continuity
issues at the endpoints of the sections.

• Re-sampling scheme: use some sort of re-sampling scheme, to add more
scenarios where the fit of the regression is the worst. This can be done by
splitting the interval of possible factor values into sections, and sampling
independently in each section. Caution is advised when using this method
since the distribution of the calibration scenarios are no longer the same
as the distribution for the real world scenarios.

• Minimize the error in implied volatility: instead of minimizing pricing
errors in the least-squares regression, one could minimize the error in
implied volatility. This method would be applicable for most types of
portfolios since they can in general be written as a combination of stocks,
zero coupon bonds, and vanilla options. In this case would LSMC only
add value for the part of the portfolio consisting of vanilla options since
stocks and zero coupon bonds doesn’t require nested simulation for their
valuation. Hence it would be possible to calculate the implied volatility
for the portfolio used in the LSMC. The advantage of this approach would
be that, since the implied volatility for out of the money options is often
high (because of the volatility smile), it would result in the regression
penalizing error for out of the money options more than when minimizing
absolute price errors.

• Use higher order polynomials: the fit shown in Figure 5.7 indicates that
it would be interesting to further investigate the impact on the fit in
the regression when polynomials of higher order are used and when the
portfolio consists of instruments with more complex payoff functions. It
would also be interesting to see if the difference between the simple and
optimized regression increases with higher order polynomials.



Chapter 7

Final remarks

In the Purpose (Section 1.2) and Problem description (Section 1.3), a number of
questions to be answered were posted. The questions and the respective answers
are presented in the bullet-list below.

• Which regression function gives the best result? The two investigated
functions, regular and Laguerre shows approximately the same goodness
of fit, but the regular polynomial is considered less complex. Therefore
the regular polynomial is considered to give the best result.

• What is the best way of calibrating the model? The best way of calibrat-
ing is using LSMC together with our regression function optimizer. The
optimized polynomial decreases the complexity in the regression function
and also decreases the risk of overfitting the regression.

• What is the performance of LSMC compared to a full nested Monte-Carlo?
There is a huge runtime improvement when using LSMC, however there
is a risk of getting less accurate results from the simulation.

Further on, we have come to a number of conclusions and guidelines which
are summarized in the bullet-list below:

• The optimization heavily reduces the number of factors in the regression
function, and the difference in number of terms in the simple and optimal
polynomial increase with the number of risk factors.

• The LSMC performs well when the underlying variables are shifted. The
goodness of fit is still good with a ±30% shift in the underlying stock
(given that the options are not shifted too far out of the money).

• The runtime is in our setting reduced by a factor of about 100 to the full
nested Monte-Carlo in the calibration simulation, and reduced by a factor
of 1, 000− 2, 000 when the polynomial is reused.

• Caution is advised using this model over too large intervals of portfolio
values and with portfolios that have large sections where the portfolio
value does not change even though the underlying parameters does. Some
of these problems we think would be solvable using local regression and
by minimizing the error in implied volatility instead of price errors.

Danielsson, Gistvik 2014 51



52 Chapter 7. Final remarks



Bibliography

Abramowitz, Milton and Stegun, Irene A. Handbook of Mathematical Functions:
With Formulars, Graphs, and Mathematical Tables, volume 55. DoverPubli-
cations.com, 1964.

Andersen, Leif. Simple and efficient simulation of the Heston stochastic volatility
model. Journal of Computational Finance, 11(3):1, 2008.

Bates, David S. Jumps and stochastic volatility: Exchange rate processes im-
plicit in deutsche mark options. Review of financial studies, 9(1):69–107,
1996.

Bauer, Daniel; Bergmann, Daniela, and Reuss, Andreas. Solvency II and nested
simulations–a least-squares Monte Carlo approach. In Proceedings of the 2010
ICA congress, 2010.
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Appendix A

Numerical solution to a
general SDE

The Euler or Euler-Maruyama method described in (Sauer, 2012) and in (Glasser-
man, 2004) approximates the numerical solution for a general stochastic differ-
ential equation by discretizing the Equation (A.1),{

dX(t) = a(t,X)dt+ b(t,X)dW (t)

X(0) = X0.
(A.1)

The discretization of X which we can denote X̂ on the interval [t0, tn], which is
split into n sub-intervals where t0 < t1 < ... < tn and X(0) = X̂(0) is expressed
in Equation (A.2). The solution is defined as an iterative function, whose initial
value is X(0) = X0,{

X̂0 = X0

X̂i+1 = X̂i + a(ti, X̂i)∆ti+1 + b(ti, X̂i)∆Wi+1,
(A.2)

where ∆ti+1 = ti+1 − ti, and ∆Wi+1 = W (ti+1) −W (ti). Wi is a Brownian
motion, which means that ∆Wi is calculated as,

∆Wi = zi
√

∆ti, (A.3)

where zi is a variable that has standard normal N(0, 1) distribution.

Convergence and discretization error This method has been proven to
have acceptable convergence results, which is determined in (Sauer, 2012). The
convergence rate is shown in (Glasserman, 2004) to be O(

√
∆t) in the same book

Glasserman also suggest a way of improving the convergence rate to O(∆t)
by expanding the diffusion term. This improvement is sometimes called the
Milstein scheme. For the Hull-White one factor model however, the described
improvement of the scheme, shown in Equation (A.4) will clearly not yield a
better convergence rate since the additional diffusion term includes a term b′

which for the Hull-White one factor model with constant volatility equals 0,

X̂i+1 = X̂i+a(ti, X̂i)∆ti+1+b(ti, X̂i)∆Wi+1+
1

2
b′(ti, X̂)b(ti, X̂)((∆Wi+1)2−∆ti+1).

(A.4)
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It is important when discretizing to keep track of and to limit the discretization
error which is often defined as,

εD := |E[f(Xt)]− E[f(X̂t)]|. (A.5)

Making sure that the error term εD is small is necessary to ensure that our
estimate of E[f(Xt)] is unbiased. Controlling the error size in the discretiza-
tion is commonly done comparing the absolute value of the difference between
estimates with ∆t respectively ∆t

2 timesteps as,

|Xi

(
∆t

2

)
−Xi(∆t)|, (A.6)

if Equation (A.6) is sufficiently small the discretization is acceptable if not then
halving the timestep until a sufficiently small error is obtained is the common
practice. Decreasing the time step sizes does however increase the computational
time substantially.



Appendix B

Derivation of results for the
Hull-White one factor
model

B.1 Derivation of instantaneous forward rate

f(0, t) = lim
∆t→0

f(t, t+ ∆t) = lim
∆t→0

R(0, t+ ∆t) (t+ ∆t)−R(0, t)t

∆t

= lim
∆t→0

R(0, t+ ∆t)∆t+ t (R(0, t+ ∆t)−R(0, t))

∆t

=R(0, t) + t lim
∆t→0

R(0, t+ ∆t)−R(0, t)

∆t

=t
∂R(0, t)

∂t
+R(0, t) (B.1)
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B.2 Calibration of model parameters for Hull-
White one factor model

The method that is used to calibrate the short rate model, is a method that
tries to match the current volatilities of the spot rate curve with the volatilities
of the spot rates implied by the model, described in (Park).

The process for the spot rate is calculated by applying Ito’s lemma on the
equation for the spot rate in Equation (2.27), which yields the following expres-
sion,

dR(t, T ) =
1
2σ

2B2(t, T )− r(t)
T − t

dt+
σB(t, T )

T − t
dW (t), (B.2)

and the discretized equation is the following, again with the aid of the results
in Appendix A, and after rearranging the terms,

∆R(tk+1, T ) = R(tk+1, T )−R(tk, T ) =
1
2σ

2B2(tk, T )− r(tk)

T − tk
∆t+

σB(tk, T )

T − tk

√
∆tzk+1.

(B.3)
Equation (B.3) together with the fact that zk+1 ∼ N(0, 1) implies that the
standard deviation of ∆R(tk+1, T ) is,

σ∆R(tk+1, T ) =
σB(tk, T )

T − tk

√
∆t. (B.4)

If T = tk+τ , B(tk, tk+τi) = 1−e−aτ
a then Equation (B.4) reduces to an equation

for the volatility that is independent of the time tk. The interpretation of τi in
these equations is the maturity given in years for the spot rate,

σ∆R(τi) =
σ(1− e−aτi)

aτi

√
∆t. (B.5)

The goal is then to try to minimize the difference between the model volatility
as given by Equation (B.5) and the volatility of the change in spot rates in the
market. The volatility for the market spot rates are calculated using the last
180 days of data, and assuming that there is 252 banking days per year and
that the average of the daily return is zero,

σmarket∆R (τi) =
√

252

√√√√ 1

N − 1

N∑
j=1

(
∆Rmarketj (τi)

)2
, (B.6)

where N = 180, ∆Rmarketj = Rmarketj+1 (τi) − Rmarketj (τi) and τi is the maturity
in years for each of the spot rates in the market that are used. The objective
function for the optimization problem is the following where the sum of squares
for the difference in volatility is minimized,

min
a,σ

P∑
l=1

(
σ(1− e−aτl)

aτl

√
∆t− σmarket∆R (τl)

)2

, (B.7)

where P is the number of spot rates, and τl is the maturity for spot rate l.



Appendix C

Derivation of skewness and
kurtosis

Skewness = γV =
E
[
(V − µV )

3
]

E
[
(V − µV )

2
]3/2 =

E
[
(V − µV )

3
]

(σ2
V )3/2

=
E
[
V 3
]
− 3µV E

[
V 2
]

+ 3µ2
V E [V ]− µ3

V

σ3
V

=
E
[
V 3
]
− 3µV

(
E
[
V 2
]
− µV E [V ]

)
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V

σ3
V

=
E
[
V 3
]
− 3µV σ
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V − µ3

V

σ3
V

(C.1)

Kurtosis = βV =
E
[
(V − µV )

4
]

E
[
(V − µV )

2
]2

=
E
[
V 4 − 4V 3µV + 6V 2µ2

V − 4V µ3
V + µ4

V

]
σ4
V

=
E
[
V 4
]
− 4E

[
V 3
]
µV + 6E

[
V 2
]
µ2
V − 3µ4

V

σ4
V

(C.2)
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Appendix D

QR decomposition

From the QR decomposition theorem (1.3.1) in (Björck, 1996), a matrix A ∈
Rn×m can be decomposed using the orthogonal matrices Q ∈ Rn×n, Q1 ∈
Rn×m, and Q2 ∈ Rn×(n−m) in the following way,

A = Q

(
R
0

)
=
(
Q1 Q2

)(R
0

)
= Q1R, (D.1)

where R ∈ Rm×m is upper-triangular matrix with positive diagonal elements.
Since A has full column rank, R is non-singular (Heath, 2005). This factori-
sation can be obtained by various methods e.g. by Householder reflections or
Givens rotations. With the QR factorization complete the solution to the nor-
mal equations is given from, (when A is non-singular!)(

ATA
)
β = ATb⇒ β =

(
ATA

)−1
ATb, (D.2)

if A = Q1R we will have on the left side,(
ATA

)
β =

(
(Q1R)T (Q1R)

)
β = RT QT

1 Q1︸ ︷︷ ︸
=I

Rβ = RTRβ, (D.3)

where QT
1 Q1 = I since Q1 is orthogonal, and on the right side,

ATb = (Q1R)Tb = RTQT
1 b, (D.4)

which gives us,

RTRβ = RTQT
1 b⇒ Rβ = QT

1 b, (D.5)

where the last implication follows from the fact that R is non-singular, and thus
the inverse of RT exists.
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Appendix E

Orthogonal functions

Orthogonal functions are a set of functions whose inner product is zero, <
f, g >= 0, ∀f 6= g, (Abramowitz and Stegun, 1964). Where < f, g > is defined
in Equation (E.1), ∗ is the complex conjugate of f and w(x) is a non-negative
weight function,

< f, g >=

∫
f∗(x)g(x)w(x)dx. (E.1)

Orthogonal functions have the same properties as orthogonal vectors, which
means that they are linearly independent. This means that Equation (E.2) is
satisfied only if ci = 0, i = 1, 2, ..., n. Where {f1(x), f2(x), ..., fn(x)}, is a set of
n orthogonal functions,

c1f1(x) + c2f2(x) + ...+ cnfn(x) = 0. (E.2)

The use of orthogonal functions in regression analysis originates from the era
before the modern computer. This is due to the fact that the computations that
need to be done in a regression analysis with orthogonal polynomials are very
simple and standardized. If the model can be rewritten so that it is given by
orthogonal functions in the following way,

Yi =

P∑
j=1

αjfj(xi) = αX, (E.3)

where X contains the orthogonal functions {f1(x), f2(x), ..., fP (x)}. Since <
fi, fj >= 0, ∀i 6= j, the multiplication XTX reduces to a diagonal matrix,

where each element is calculated as Aj,j =
∑N
i=1 (fj(xi))

2
, ∀j = 1, 2, 3..., P .

Inverting a diagonal matrix is equivalent to inverting each element on the di-
agonal separately. According to (Draper and Smith, 1998) these results implies
that the coefficients αj are calculated as,

αj =

∑N
i=1 Yifj(xi)∑N
i=1 (fj(xi))

2
∀j = 1, 2, 3..., P. (E.4)

What is most interesting to note about Equation (E.4) is that each αj is only
dependent on the orthogonal function fj(x), what this means is that there is
no need to recompute any of the coefficients when a new term is added. This
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means that it is easy and fast to increase the degree of the polynomial, and that
once a coefficient has been calculated, it doesn’t change its value.

These properties are easy to use and easy to take advantage of when there is
only one predictor variable in the regression. When there are multiple predictor
variables, the creation of an orthogonal basis is too complicated mathematically
and too difficult to implement for it to be a reasonable solution for the scope of
this thesis. Therefore we use the orthogonal functions in the same way as we
use the regular polynomials.



Appendix F

Derivation of correlated
samples

The correlation of a variable is defined as CY = E
[
YYT

]
, using this property

yields the following,

CY =E
[
YYT

]
Y=LX

=︸︷︷︸ E [LX (LX)
T
]

= E
[
LXXTLT

]
=L E

[
XXT

]
︸ ︷︷ ︸

=I Since X∼N(0,I)

LT = LLT = C, (F.1)

where LLT = C is the Cholesky decomposition of C.
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Appendix G

Parameters for processes

The values of the parameters used in the stock process can be found in Table G.1
for the real world simulation, and in Table G.2 for the risk neutral simulation.

Variable Initial value Lower bound Upper bound

Stock and volatility parameters

µe 0.02 0 0.2
S(0) 1000 700 1300
ε 0.15 0.1 1.0
θ 0.1 0.0025 0.25
κ 0.5 0.01 3.0
ρ −0.8 −0.98 −0.55
λ 0.1 0 0.3
µJ −0.2 −0.4 −0.05
σJ 0.2 0.1 0.3
γ1 0.5 0 1
γ2 0.5 0 1
ψC 1.5 1 2
σ2(0) 0.05 0.025 0.75

Rate parameters

a 0.8 0.8 0.8
σRate 0.08 0.08 0.8
r(0) 0.02 0.02 0.02

Table G.1: Variable values used in discretization in real world simulation.
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Variable Initial value Lower bound Upper bound

Stock and volatility parameters

µe 0 0 0
S(0) 1000 700 1300
ε 0.15 0.1 1.0
θ 0.1 0.0025 0.25
κ 0.5 0.01 3.0
ρ −0.8 −0.98 −0.55
λ 0.1 0 0.3
µJ −0.2 −0.4 −0.05
σJ 0.2 0.1 0.3
γ1 0.5 0 1
γ2 0.5 0 1
ψC 1.5 1 2
σ2(0) 0.05 0.025 0.75

Rate parameters

a 0.8 0.8 0.8
σRate 0.08 0.08 0.8
r(0) 0.02 0.02 0.02

Table G.2: Variable values used in discretization in risk neutral simulation.



Appendix H

t-test

A t-test or Student’s t-test is a statistical test where we use it to test if the null
hypothesis is supported. If it is the test statistics follows a t-distribution. A
null hypothesis, often denotedH0, is usually a hypothesis regarding the expected
value of the variable under investigation.

As an example we would like to test whether an extra explanatory variable
adds explanatory power with statistical significance in the regression,

Y = β0 + β1x1 + β2x2 + ...+ βkxk + ε, (H.1)

where ε ∼ N(0, σ2). We first state the null hypothesis that it does not: H0:

βi = 0 since β̂i ∼ N
(
βi, σ

2hii
)

where X is the design matrix for the regression
and (XTX)−1 = (hij)

k
i,j=0 we can use the statistic,

T0 =
β̂ − 0

S
√
hii

(H.2)

where S is the normalized residual sum of squares, and S
√
hii is the standard

error for the least square estimator β̂. Under the null hypothesis T0 ∼ t(n−k−1)
where n − k − 1 are the degrees of freedom. If |t0| > tα/2,n−k−1 we reject the
null hypothesis where t0 is given from the Equation (H.2) and tα/2,n−k−1 is
the value of the t distribution at confidence level α

2 with n − k − 1 degrees of
freedom.
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Appendix I

Additional plots
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Figure I.1: Goodness of fit plots, one underlying stock, Laguerre polynomials.
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Figure I.2: Goodness of fit plots, three underlying stocks, portfolio 1, Laguerre
polynomials.
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(b) Fit of simple regression

Figure I.3: Goodness of fit plots, three underlying stocks, portfolio 2, Laguerre
polynomials.
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Figure I.4: Goodness of fit plots, five underlying stocks, Laguerre polynomials.
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var och en att läsa, ladda ner, skriva ut enstaka kopior för enskilt bruk och
att använda det oförändrat för ickekommersiell forskning och för undervisning.
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