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Abstract

In this diploma work, two versions of the discrete nonlinear Schrödinger
(DNLS) equation are used to model a nonlinear layered photonic crystal
system; the cubic DNLS (cDNLS) equation and the saturable DNLS (sDNLS)
equation. They both have site-dependent coefficients to break mirror sym-
metry with respect to propagation direction, as well as to describe the linear
and nonlinear properties of the system. Analytical solutions taking on plane
wave form are, via the backward transfer map, used to derive a transmission
coefficient as well as a rectifying factor to quantify the diode effect. The
effect of varying site-dependent coefficients is studied in detail.
Numerical simulations of Gaussian wave packets impinging on the system,
using open boundary conditions, show the breaking of parity symmetry.
Evidence of a change in the wave packet dynamics occurring in the transition
between the cubic and the saturable DNLS model is presented. A saturated
system prevents the wave packet from getting stuck in the nonlinear lattice
layers. The transmission properties were found to be very sensitive to slight
changes of the system parameters.



Contents

1 Introduction 1
1.1 The idea of a wave diode . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Model of the system . . . . . . . . . . . . . . . . . . . . . . . . . . 1

2 Particle transmission in a continuous system 2
2.1 Derivation of Schrödinger’s equation for a free particle starting from

Maxwell’s equations . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
2.2 Potential barriers . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

3 Introduction to the Discrete Nonlinear Schrödinger Equation 9

4 Theoretical Analysis 12
4.1 The cubic DNLS equation . . . . . . . . . . . . . . . . . . . . . . . 12
4.2 The saturable DNLS equation . . . . . . . . . . . . . . . . . . . . . 21
4.3 Density plots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
4.4 Rectifying factor . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

5 Diode examples 36

6 Numerical simulations 38

7 Experimental predictions 49

8 Conclusions 49

9 Acknowledgment 50

10 References 51

11 Mathematica code 52



1 Introduction

In this diploma work the goal is to study different models of a wave diode in a
nonlinear system. The idea is to analyze asymmetric wave propagation in a layered
photonic crystal system, in which the center consists of N nonlinear, nonmirror
symmetric layers (Fig. 1 ). This kind of system was proposed by S. Lepri and G.
Casati in [1], an article that laid the foundation for this work.

Figure 1: Sketch of the system.

1.1 The idea of a wave diode

In our everyday lives we encounter different kinds of diodes. The most recognizable
ought to be the Light Emitting Diode, usually abbreviated LED. A diode is a
nonlinear electrical component that only conducts a current in one direction. It is
of interest to investigate the possibility of having a corresponding model for waves
in general, such as light in optical fibers. In this study, the focus is on a system
with nonlinear photonic crystals, for which a wave diode was proposed in [2]. The
idea is to let the nonlinear medium break the parity symmetry by itself, rather
than having to apply an external magnetic field.

1.2 Model of the system

In this work we will discuss different modifications of the Discrete Nonlinear
Schrödinger (DNLS) equation namely the cubic (cDNLS) and the saturable (sDNLS).
The DNLS equation is one of the most fundamental nonlinear lattice dynamical
models. Its more famous and integrable sibling NLS has a wide range of applications.
It describes generically modulated waves in systems with strong dispersion and
weak nonlinearity, e.g. self-focusing of laser light in dielectrics, propagation of
signals in optical fibers etc [3]. The DNLS model has sparked intense interest in the
area of nonlinear optics. For example, it can be used to describe the distribution
of light solitons in AlGaAs waveguide arrays [4].
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2 Particle transmission in a continuous system

Before beginning to discuss the discrete nonlinear case it may be wise to take
a brief moment and revisit something simple and familiar to all. Starting from
Maxwell’s equation it is possible to ”derive” a continuous version of Schrödinger’s
equation for a free particle.

2.1 Derivation of Schrödinger’s equation for a free particle
starting from Maxwell’s equations

∇ ·D = ρ ∇× E = −∂B
∂t

(2.1)

∇ ·B = 0 ∇×H = J +
∂D

∂t
(2.2)

In the equations above we have the electric displacement field D, electric field E,
magnetic flux density B and the magnetizing field H. ρ is the charge density. J is
the electric current density given by J = σE, where σ is the electrical conductivity.
The relationship between the fields in a homogeneous, isotropic medium is:

D = ε0εrE B = µ0µrH (2.3)

The permittivity, or dielectric function, ε (= ε0εr) and the permeability µ (= µ0µr)
are related through the speed of light in the following way: 1/c2 = ε0εrµ0µr. Before
starting we remind ourselves of the useful vector calculus identity, ∇× (∇× ζ) =
∇(∇ · ζ)−∇2ζ, where ζ is an arbitrary vector. Applying this identity, together
with (2.3), on (2.1) gives

∇(∇ · E)−∇2E = − ∂

∂t
(∇×B) (2.4)

∇
( ρ

ε0εr

)
−∇2E = −µ0µr

∂

∂t

(
J +

∂D

∂t

)
(2.5)

∇
( ρ

ε0εr

)
−∇2E = −µ0µr

∂

∂t

(
σE + ε0εr

∂E

∂t

)
(2.6)

We will consider a free particle in a dielectric (nonconducting) medium, meaning
that both ρ and σ are put to zero. This reduces (2.6) to something simple:

∇2E =
1

c2
∂2E

∂t2
(2.7)

which is well-known as the electromagnetic wave equation. Before proceeding we
will make the upcoming calculations simpler by only looking at one dimension,
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choosing z to be our direction of propagation. We thusly replace the Laplace
operator by ∇2 → ∂2

∂z2
. Arranging both terms on the left hand side and assuming

solutions on plane wave form:(
∂2

∂z2
− 1

c2
∂2

∂t2

)
E0e

i(kz−ωt) = 0 (2.8)(
− k2 +

ω2

c2

)
E0e

i(kz−ωt) = 0 (2.9)

where we have the spatial frequency k = 2π/λ and the temporal frequency ω = 2πν.
Solving (2.9) gives c = ω/k = νλ, which is the wave propagation speed, in this
case the speed of light. We can use these relations to express a photon’s energy
ε = ~ω (not to be confused with ε, used on the previous page) and momentum
p = ~k. Putting this in our solution ansatz gives us:

E(z, t) = E0e
i
~ (pz−εt) (2.10)

Using this together with (2.8) leads to the following:

1

~2

(
− p2 +

ε2

c2

)
E0e

i
~ (pz−εt) = 0 (2.11)

From this we find something (almost) familiar.

ε2 = p2c2 (2.12)

Recall the energy-momentum relation from modern physics:

ε2 = (pc)2 + (m0c
2)2 (2.13)

So we can reassure ourselves that we are dealing with the special case of photons
(massless particles, i.e. m0 = 0). This brings up a slight problem. We want to
arrive at a wave equation for particles with nonzero rest mass. We can bypass
this by modifying (2.11) and instead of dealing with an electric field, we simply
consider an arbitrary wave function Ψ . Doing this leads us to:

1

~2

(
− p2 +

ε2

c2
−m2c2

)
Ψ0e

i
~ (pz−εt) = 0 (2.14)

We can now go ”backwards” since we know that ∂
∂z
→ ip~ and ∂

∂t
→ −i ε~(

∂2

∂z2
− 1

c2
∂2

∂t2
− m2c2

~2

)
Ψ0e

i
~ (pz−εt) = 0 (2.15)
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Similar to that of (2.10) we have an ansatz demanding

Ψ(z, t) = Ψ0e
i
~ (pz−εt) (2.16)

Taking a glance at (2.15) one notices that it is the relativistic Klein-Gordon equation
[5]. Written on its general form for some wave function ψ:

1

c2
∂2

∂t2
ψ −∇2ψ +

m2c2

~2
ψ = 0 (2.17)

Knowing that the Schrödinger equation isn’t relativistic, makes it evident that
some necessary assumptions need to be made in order to arrive at a non-relativistic
equation. Let us consider and approximate ε2 = p2c2 + m2c4. Recall from basic
calculus:

√
1 + x = 1 +

1

2
x− 1

8
x2 +

1

16
x3 − 5

128
x4 + ... (2.18)

In this case we discard terms of degree higher than one, leaving us with the first
two terms in the expansion.

ε2 = p2c2 +m2c4 (2.19)

ε = mc2
√

1 +
p2

m2c2
(2.20)

ε ≈ mc2
(

1 +
1

2

p2

m2c2

)
(2.21)

ε ≈ mc2 +
p2

2m
(2.22)

If we take a quick look at the last term p2

2m
= m2v2

2m
= mv2

2
= τ we recognize it as the

classical kinetic energy. Now, let us substitute this into the wave function (2.16):

Ψ(z, t) = Ψ0e
i
~ (pz−mc

2t−τt) (2.23)

= e−
i
~mc

2tΨ0e
i
~ (pz−τt) (2.24)

= e−
i
~mc

2tΦ (2.25)

where

Φ = Ψ0e
i
~ (pz−τt) (2.26)

Since in (2.21) we assumed that p2

m2c2
<< 1, i.e. p2 << m2c2, we can conclude that

e−
i
~mc

2t in (2.24) will oscillate much faster than e−
i
~ τt. Using this fact will help
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simplifying. We start by differentiating Ψ with respect to time:

∂Ψ

∂t
=

∂

∂t

(
e−

i
~mc

2tΦ
)

(2.27)

= − i
~
mc2e−

i
~mc

2tΦ+ e−
i
~mc

2t∂Φ

∂t
(2.28)

∂2Ψ

∂t2
= −m

2c4

~2
e−

i
~mc

2tΦ− 2i

~
mc2e−

i
~mc

2t∂Φ

∂t
+ e−

i
~mc

2t∂
2Φ

∂t2
(2.29)

The two first terms are large compared to the last one. We can discard the small
one and keep the other two terms. We plug this approximation in (2.15). This
gives us

∂2Ψ

∂z2
− 1

c2
∂2Ψ

∂t2
− m2c2

~2
Ψ = 0 (2.30)

e−
i
~mc

2t

(
∂2Φ

∂z2
− 1

c2
(−m

2c4

~2
Φ− 2i

~
mc2

∂Φ

∂t
)− m2c2

~2
Φ

)
= 0 (2.31)

e−
i
~mc

2t

(
∂2Φ

∂z2
+

2im

~
∂Φ

∂t

)
= 0 (2.32)

−∂
2Φ

∂z2
=

2im

~
∂Φ

∂t
(2.33)

We finally arrive at the Schrödinger equation for a free particle:

− ~2

2m

∂2Φ

∂z2
= i~

∂Φ

∂t
(2.34)

2.2 Potential barriers

A potential barrier is a temporary change in a given system’s potential energy.
A particle may reflect and partially continue to propagate through the barrier.
Classically a particle should not penetrate the barrier if its energy is higher than
that of the particle. We will see that the probability to find a particle on the
ulterior side of the barrier is nonzero. Let Ψ denote the plane-wave solution of the
Schrödinger equation for a free particle. As usual it will take on the form

Ψ(z, t) = Ψ0e
i(±kz−ωt) (2.35)

The sign of the spatial part decides the movement direction: ψ(z) = e+ikz moves
right and ψ(z) = e−ikz moves left. In this analysis we will concentrate on stationary
states, effectively meaning we will cancel out the common factor e−iωt appearing in
all Ψ(z, t) (assuming that the wave function may be expressed as a product of a
spatial and a temporal part). The Schrödinger equation for a free particle is

∂2ψ(z)

∂z2
= −2mE

~2
ψ(z) = −k2ψ(z) (2.36)
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where k =
√

2mE
~2 . When introducing the potential step, the jump in potential

must be taken in consideration. In the figure below (Fig. 2 ), a potential barrier of
”height” U0 and width L is shown. The potential energy is given by

U(z) =

{
U0 0 < z < L
0 otherwise

Figure 2: A particle approaching a potential barrier.

A slight modification is made by adding a potential energy term to our
Schrödinger equation in order to deal with the step. Written on a perhaps more
recognizable form:

Eψ(z) = − ~2

2m

∂2ψ(z)

∂z2
+ U(z)ψ(z) = Hψ(z) (2.37)

where H is the Hamiltonian. In our case it is convenient to have it on the form

∂2ψ(z)

∂z2
=

2m(U(z)− E)

~2
ψ(z) = α2ψ(z) (2.38)

where α =
√

2m(U(z)−E)
~2 . Remember that U(z) = 0 for z < 0 and z > L.

In the region z < 0, we have incident and reflected waves. The inside of the
barrier, 0 < z < L, is classically forbidden. The propagation speed is not real,
since τ = p2

2m
< 0. This means that the classical notion of kinetic energy is not

applicable. In a sense, the particle-like properties are lost and only the wave-like
nature of the particle penetrates the barrier. However, the wave function is nonzero
and since the quantity |ψ|2 is real and because the wave propagates through the
barrier, there is a probability of finding transmitted particles for z > L.
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Mathematical solutions in the regions assume the form:

ψz<0(z) = Ie+ikz +Re−ikz (2.39)

ψ0<z<L(z) = Ae+ik
′z +Be−ik

′z (2.40)

ψz>L(z) = Te+ikz (2.41)

Starting out from smoothness requirements one can, after some algebraic work,
derive the reflection and transmission coefficients for this system. For more details,
see [6].

Crefl =
|R|2

|I|2
=

sinh2[
√

2m(U0 − E)L/~]

sinh2[
√

2m(U0 − E)L/~] + 4(E/U0)(1− E/U0)
(2.42)

Ctrans =
|T |2

|I|2
=

4(E/U0)(1− E/U0)

sinh2[
√

2m(U0 − E)L/~] + 4(E/U0)(1− E/U0)
(2.43)

Figure 3: Probability for reflection and transmission for a potential barrier of
height 0.20 eV.

Classically we do not expect any transmission for E/U0 < 1, but as we can see
in Fig. 3 the probability is nonzero. As expected Ctrans + Crefl = 1 is satisfied, i.e.
the probability is conserved. Another thing to notice is that reflection dominates
for E < U0 and transmission for E > U0. However, this system can not be used to
model a diode since it is mirror symmetric, meaning the transmission is independent
of the direction of propagation.
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Let us take a quick step back. From our knowledge of electronics we know that
a (electric) diode is a discrete component with the property of only conducting
electric current in one direction.
It is also nonlinear in the sense that the relation between current and voltage
is exponential. It is a consequence of having conducting electrons with different
kinetic energy. Also, the amount of electrons with low energy is higher than those
with high.
The electron energy distribution follows a so-called Maxwell-Boltzmann distribution.
For more details, see [7].

With this in mind, ought we not need a nonlinear system to model a wave diode?
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3 Introduction to the Discrete Nonlinear Schrödinger

Equation

Let us go back to the beginning. We will once again limit ourselves to nonconducting
media in the absence of sources and reintroduce Maxwell’s equations,

∇ ·D = 0 ∇× E = −∂B
∂t

(3.1)

∇ ·B = 0 ∇×H =
∂D

∂t
(3.2)

Once again,

D = εE(= ε0E + P) B = µH (3.3)

where the newly introduced P is the charge polarization, or dipole moment per
unit volume. For the time being, the permittivity ε is still a scalar. When applying
the previously mentioned vector calculus identity on (3.1), we once again end up
with wave equation (2.7). This time written on another form:(

∇2 − µε ∂
2

∂t2

)
E = 0 (3.4)

Having wave propagation in a waveguide in mind, we let z be the direction of
propagation and we seek a solution on the form

E =
1

2

(
E⊥(x, y)ei(kzz−ωt) + E∗⊥(x, y)e−i(kzz−ωt)

)
(3.5)

Where E⊥(x, y) is the variation of the electric field in the plane perpendicular to
the z -axis. If E⊥ is constant, i.e. E0, we get the familiar plane wave solution.
Writing the electric displacement field in terms of charge polarization we get
D = εE = ε0E + P. This is the part when nonlinearity will start to play its role.
Expanding P in a Taylor series gives

P = ε0χ
(1)E + ε0χ

(2)EE + ε0χ
(3)EEE + · · · (3.6)

where electric susceptibilities χ(n) are tensors connecting the electric field with the
charge polarization. Having inversion symmetric materials in the waveguide, e.g.
isotropic materials, means that all even-order susceptibilities will vanish. These
kinds of materials are said to have a Kerr type nonlinearity [8]. The nonlinear
effect is governed by the third order susceptibility. Let us then stop the expansion
in (3.6) at order 3 and throw out the even susceptibility term. As a change of
notation, I will write the tensor product EEE as E3. This leaves us with

P = ε0χ
(1)E + ε0χ

(3)E3 (3.7)

9



Rearrange (3.4)

∇2E = µε
∂2E

∂t2
= µ

∂2D

∂t2
= µ

∂2(ε0E + P)

∂t2
(3.8)

Together with (3.7)(
∇2 − µε0

∂2

∂t2

)
E = µ

∂2P

∂t2
= µ

∂2

∂t2

(
ε0χ

(1)E + ε0χ
(3)E3

)
(3.9)

(3.9) can be rewritten using the following common notation for the permittivity
ε = ε0(1 + χ(1)). This results in(

∇2 − µε ∂
2

∂t2

)
E = µε0χ

(3) ∂
2

∂t2
E3 (3.10)

This equation is similar to (3.4), but it has a perturbation in the right hand side.
We now assume that this difference will change the solution (3.5) in the following
way:

E =
1

2

(
ψ(r)ei(kzz−ωt) + ψ∗(r)e−i(kzz−ωt)

)
(3.11)

where ψ(r) now depends on the direction of propagation z. Assuming a specific
direction of polarization (3.10) reduces to a scalar equation, and if we substitute
the perturbed solution (3.11) we deduce the following equation, describing the
evolution of ψ(r):(
∇2 − µε ∂

2

∂t2

)
E − µε0χ(3) ∂

2

∂t2
E3 =( ∂2

∂z2
+∇2

⊥ + µεω2
)1

2

(
ψei(kzz−ωt) + ψ∗e−i(kzz−ωt)

)
−

µε0χ
3 ∂

2

∂t2
1

8

(
3|ψ|2ψei(kzz−ωt) + 3|ψ|2ψ∗e−i(kzz−ωt)+

ψ3e3i(kzz−ωt) + ψ∗3e−3i(kzz−ωt)
)

= 0 (3.12)

The generation of third harmonics is neglected, so the last two terms are discarded.
The complex amplitude is assumed to be slowly varying in z, so ∂2ψ

∂z2
can be neglected.

If we focus separately on ψ we get:

1

2
(2ikz

∂ψ

∂z
− k2zψ)ei(kzz−ωt) + (∇2

⊥ + µεω2)
1

2
ψei(kzz−ωt)

− µε0χ3 ∂
2

∂t2
3

8
|ψ|2ψei(kzz−ωt) = 0 (3.13)
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Glancing back at (3.4),(3.5) we can work out that k2z = µεω2. By making this
substitution, replacing ∂2

∂t2
→ −ω2, canceling the common factor ei(kzz−ωt) and

finally scaling the equation by a factor of 2, leaves us with

2ikz
∂ψ

∂z
+∇2

⊥ψ + µε0ω
2χ33

4
|ψ|2ψ = 0 (3.14)

for the evolution of ψ in a single waveguide. This is a continuous nonlinear
Schrödinger equation. In order to turn this into a discrete equation, used to model
a discrete number of coupled sites, we start by replacing the continuous Laplace
operator. Recall from calculus:
First derivative

f ′(x) = lim
δ→0

f(x+ δ)− f(x)

δ
(3.15)

More importantly the second derivative

f ′′(x) = lim
δ→0

f(x+ δ) + f(x− δ)− 2f(x)

δ2
(3.16)

Let us then replace ∇2
⊥ by ψ(r + d) +ψ(r− d)− 2ψ(r) ≡ ψ1 +ψ−1− 2ψ0, where d

is the spacing between the waveguide sites. What we now have instead is a coupling
operator between the zero:th waveguide and its two neighbors. Generalizing this
for the n:th waveguide: ψn+1 + ψn−1 − 2ψn. Inserting this new operator in (3.14)
results in the equation for ψn(z):

2ikz
∂ψn
∂z

+ ψn+1 + ψn−1 − 2ψn +
3

4
µε0ω

2χ3|ψn|2ψn = 0 (3.17)

In order to turn (3.17) into the Discrete Nonlinear Schrödinger (DNLS) equation

we first scale it by ψn → ψne
− iz

kz to get rid of the linear ψn term. Rescale it using

z → αz and ψn → βψn where α = 1/2kz and β = 1/
√

3
4
µε0ω2χ3. Putting all this

together finally yields the DNLS equation.

i
∂ψn
∂z

+ ψn+1 + ψn−1 + |ψn|2ψn = 0 (3.18)

For more details, see [9][10].
This equation can be used to describe nonlinear waveguide arrays within the tight
binding approximation [11]. (Consider an electron moving through a crystal lattice.
What the tba says, is basically that the crystal potential is assumed to be so
strong that the electron will be trapped for a long time before moving between ions
throughout the lattice. It follows that in its captivity, orbiting the ion, the state
function is uninfluenced by other atoms.)
Systems consisting of coupled, identical and equally spaced waveguides, forming
an array or lattice, possess all the essential characteristics of a photonic crystal
structure. Within such systems, discrete optical dynamics can arise.
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4 Theoretical Analysis

Down below (Fig. 4 ) is the photonic crystal system which we will investigate. It
consists of n layers and as depicted the middle N ones are nonlinear. The system
will be modeled by the DNLS equation with site-dependent coefficients to describe
both the linear and nonlinear properties.

Figure 4: Sketch of the system.

4.1 The cubic DNLS equation

The time-dependent DNLS equation with site-dependent coefficients for the wave
function φ at site n will generally take on the form

iφ̇n = Vnφn − C(φn+1 + φn−1) + αn|φn|2φn (4.1)

where Vn is the potential at site n, C determines how strong the coupling is to the
adjacent sites, and αn is the strength of the nonlinearity at site n. If αn < 0 it
is a so-called focusing nonlinearity, while for αn > 0 it is defocusing. In order to
tie (4.1) to our system, we must let t→ z, meaning ∂/∂t→ ∂/∂z. The equation
represents a Hamiltonian system for the conjugated pairs φn and iφ∗n, that can be
derived from the Hamiltonian

H =
∑
n

[
− C(φ∗nφn+1 + φnφ

∗
n+1) + Vn|φn|2 +

1

2
αn|φn|4

]
(4.2)

so that the equation of motion is derived from (see [10])

i
∂φn
∂z

=
∂H

∂φ∗n
(4.3)

Analytical integration of this system is not trivial. To simplify the analysis we
introduce a new set of variables φn(z) = ψn exp(−iωz) where the ψn are independent
of z. Substituting this into (4.1) and letting C = 1 turns it into the cubic DNLS
equation proposed in [1,12]. The name comes from it having a nonlinear term that
effectively is cubic.

ωψn = Vnψn − ψn+1 − ψn−1 + αn|ψn|2ψn (4.4)
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where ψn is a complex valued wave function at crystal site n, ω the spatial frequency
(not to be confused with the earlier ω, used to denote angular frequency). It is
also possible to get this equation through rescaling of (3.18) by letting ψn(z)→
ψn exp(i(Vn − ω)z). It follows that ∂/∂z → i(Vn − ω). This leads to

ωψn − Vnψn + ψn+1 + ψn−1 + |ψn|2ψn = 0 (4.5)

If we allow ourselves to vary the nonlinearity by adding a real and arbitrary
multiplier on the nonlinear term, and then rearrange the equation we get to (4.4)

ωψn = Vnψn − ψn+1 − ψn−1 + αn|ψn|2ψn (4.6)

We assume that Vn and αn are nonvanishing only for 1 ≤ n ≤ N to allow free
propagation of the wave outside the nonlinear region. The solutions whose properties
will be analyzed consist of plane waves of the form

ψn =

{
R0e

iκn +Re−iκn n ≤ 1
Teiκn n ≥ N

(4.7)

where R0, R and T represent the incident, reflected and transmitted complex
amplitudes, respectively. Let us take a look on the lattice region n > N (where
Vn = αn = 0).

ωTeiκn = −Teiκ(n+1) − Teiκ(n−1) (4.8)

ωTeiκn = −Teiκneiκ − Teiκne−iκ (4.9)

ω = −(eiκ + e−iκ) (4.10)

ω = −2 cos(κ) (4.11)

If ω = −2 cos(κ) (0 ≤ κ ≤ π), (4.7) will satisfy (4.6) for any R0, R and T outside
the nonlinear region, n < 1 and n > N .
(4.7) applied on site n = 0 gives

ψ0 = R0 +R (4.12)

Applying it on n = 1 gives

ψ1 = R0e
iκ +Re−iκ (4.13)

ψ1
(4.12)
= (ψ0 −R)eiκ +Re−iκ (4.14)

ψ1 = ψ0e
iκ +R(e−iκ − eiκ) (4.15)

R =
ψ0e

iκ − ψ1

eiκ − e−iκ
(4.16)
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Putting (4.16) into (4.12) results in

R0 =
ψ0e

−iκ − ψ1

e−iκ − eiκ
(4.17)

This gives us R and R0 in terms of ψ0 and ψ1. The sought transmission coefficient is
t(κ, |T |2) = |T |2/|R0|2, a measure of how much of the incident wave is transmitted.
The next step is to rearrange (4.6) in the following way

ψn−1 = −ψn+1 + (Vn − ω + αn|ψn|2)ψn (4.18)

which is also known as the backward transfer map. Knowing ψn at two adjacent
sites allows construction of solutions to (4.6). These solutions are found by iterating
(4.18) from the initial point ψN = TeiκN , ψN+1 = Teiκ(N+1). It is also useful to
introduce the denotation δj

δj ≡ Vj − ω + αj|ψj|2 (4.19)

We will consider the DNLS dimer N = 2. The first iteration of the backward
transfer map is

ψ1 = −ψ3 + (V2 − ω + α2|ψ2|2)ψ2 (4.20)

where ψ2 = Tei2κ and ψ3 = Tei3κ, so |ψ2|2 = |T |2. Using δ2 = V2−ω+α2|T |2 leads
to

ψ1 = Tei2κ(δ2 − eiκ) (4.21)

Iterate one more time

ψ0 = −ψ2 + (V1 − ω + α1|ψ1|2)ψ1 (4.22)

ψ0 = −Tei2κ + (V1 − ω + α1|T |2|δ2 − eiκ|2)Tei2κ(δ2 − eiκ) (4.23)

This time using δ1 = V1 − ω + α1|T |2|δ2 − eiκ|2 gives

ψ0 = Tei2κ(δ1(δ2 − eiκ)− 1) (4.24)

Insert ψ1 and ψ0 into (4.16),(4.17) to get

R(T ) =
Tei2κ

eiκ − e−iκ
(
eiκδ1(δ2 − eiκ)− δ2

)
(4.25)

R0(T ) =
Teiκ

e−iκ − eiκ
(

(δ1 − eiκ)(δ2 − eiκ)− 1
)

(4.26)
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(Note: R(T ) and R0(T ) are not injective.) To calculate the transmission coefficient
is now very easy.

t(κ, |T |2) =
|T |2

|R0|2
=

∣∣∣∣ eiκ − e−iκ

1 + (δ1 − eiκ)(eiκ − δ2)

∣∣∣∣2 (4.27)

These calculations have assumed κ > 0, meaning the incident wave is coming from
the left, propagating to the right. Transmission for a left-propagating wave with
the same R0 and ω is computed by flipping the sample (Fig. 5 ).

Figure 5: The idea of flipping the sample.

Imagine a wave coming in from the right. The only thing that changes is the
order of which the wave encounters the nonlinear sites.
Site order: 1 → N ′, 2 → (N − 1)′, ..., N → 1′. What we have to do is simply

(Vn, αn)→ (VN−n+1, αN−n+1)
N=2−→ (V3−n, α3−n). So to solve the case for κ < 0, we

change the subscripts 1 and 2 in δ1,2 and give them new names to avoid confusion.
It is also preferable to introduce κ′ = −κ.

ζ2 = V1 − ω + α1|T |2 (4.28)

ζ1 = V2 − ω + α2|T |2|ζ2 − eiκ
′ |2 (4.29)

It follows that

R(T ) =
Tei2κ

′

eiκ′ − e−iκ′
(
eiκ

′
ζ1(ζ2 − eiκ

′
)− ζ2

)
(4.30)

R0(T ) =
Teiκ

′

e−iκ′ − eiκ′
(

(ζ1 − eiκ
′
)(ζ2 − eiκ

′
)− 1

)
(4.31)

t(κ′, |T |2) =

∣∣∣∣ eiκ
′ − e−iκ′

1 + (ζ1 − eiκ′)(eiκ′ − ζ2)

∣∣∣∣2 (4.32)

The value of κ′ is still larger than zero within the equation, but these kinds of
solutions will be referred to as having a negative wavenumber.
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To achieve the desired diode effect we must combine the already present nonlinearity
(governed by αn) with an induced translational asymmetric property of the system
[1,13]. The layered crystal system is still mirror symmetric with respect to the
center of the nonlinear region. In order to break the symmetry, one has to choose
the coupling coefficients to be either Vn 6= VN−n+1 or αn 6= αN−n+1. For this study
(N = 2), we let α1,2 = α > 0, in other words, the strength of the nonlinearity will
be equal at site 1 and 2. We define V1,2 = V0(1± ε) (i.e. ”+” for site 1 and ”-” for
site 2, see Fig. 6), where V0 determines the potential depth and ε how asymmetric
the nonlinear sites are, letting V0 ≤ 0 and 0 ≤ ε ≤ 1.

Figure 6: Sketch of the potential in a crystal lattice.

The symmetric case ε = 0 is in Fig. 6 visualized by the dashed black curves.
Letting ε > 0 gives the sought asymmetry, depicted in blue. As previously stated,
Vn is vanishing in the linear regions, allowing free wave propagation. The periodic
potential (arbitrary depth) of some regular crystal lattice is represented in green
for comparison.
Reproductions of Fig. 2 and Fig. 3 from [1] are here represented by Fig. 7 and
Fig. 8 respectively.
The relation between the incoming and transmitted intensity is shown in Graph 7.1.
Perfect wave transmission occurs in the points where |T |2 = |R0|2. The counterpart
in Graph 7.2 is t(κ, |T |2) = 1 which is equivalent to (ψ0, ψ1) = (ψN , ψN+1). The
green (right-propagating waves) and red (left-propagating waves) curves manifest
asymmetric transmission.
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Figure 7: DNLS dimer, N = 2, V0 = −2.5, α = 1, ε = 0.05, |κ| = 0.1.
Mirror-symmetric waves (ε = 0) are represented by black dashed curves and

asymmetric by solid curves.
(Graph 7.1) Transmitted intensity as a function of the incoming intensity.

(Graph 7.2) Transmission coefficients as a function of the transmitted intensity.

In the upper panel, (4.26) and (4.31) are used to create the curves. As stated,
they are not injective, i.e. it is not possible to define a function T (R0). The axes
are simply flipped. In the lower panel, the curves are generated by (4.27) and (4.32).

(Graph 7.1) Maximum diode effect (asymmetry) occurs within the intervals

I1 = 0.3824 ≤ |R0|2 ≤ 0.6002

I2 = 2.4146 ≤ |R0|2 ≤ 2.5929

represented by the thick purple horizontal lines.
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The corresponding intervals on the vertical axis are

I ′1 = 0.3520 ≤ |T |2 ≤ 0.5521

I ′2 = 2.4114 ≤ |T |2 ≤ 2.5895

There exists one solution for κ > 0 and three for κ < 0 inside I1. For I2 the case is
reversed, i.e. three for κ > 0 and only one for κ < 0.

|R0|2 = 0.40 ∈ I1 carries three solutions for the left-propagating wave corre-
sponding to |T |2 = 0.327, 0.377, 0.01, whilst only |T |2 = 0.01 is a solution for the
right-propagating wave (see Fig. 8 ).
Note that the dashed curves in Graph 8.1 are not corresponding to solutions
to |R0|2 = 0.40. In reality for the right-propagating wave, the outgoing inten-
sity |T |2 = 0.327 corresponds to |R0|2 = 1.285, and |T |2 = 0.377 corresponds to
|R0|2 = 1.025, i.e. the dashed curves have the same |T |2, but different |R0|2, and
hence different transmission coefficients (see dashed vertical lines in Graph 7.2
corresponding to |T |2 = 0.01, 0.327, 0.377). They are merely there to show what
kind of impact the propagation direction has.
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Figure 8: Square modulus of ψn for both propagation directions, having
|R0|2 = 0.40 fixed, other parameters are unchanged. (Graph 8.1)

Right-propagating solution(s) |T |2 = 0.01(0.327, 0.377).
(Graph 8.2) Left-propagating solutions |T |2 = 0.327, 0.377, 0.01.

The solution |T |2 = 0.01 yields a similar interference pattern for both cases.
On the other hand, for |T |2 = 0.327, 0.377 they differ alot. To understand this we
take a look at (Graph 7.2). Notice that the curves are almost symmetric when
|T |2 < 0.1. This means that |T |2 = 0.01 is too low for the effect of having ε > 0 to
be visible.

If the N number of nonlinear layers increases, the transmission patterns quickly
become very complex. To motivate the choice of focusing on the shortest possible
chain (N = 2) the transmission coefficients for N = 2, 3, 4, with the arbitrarily
chosen wavenumber |κ| = π/2, are presented below to demonstrate how much
they differ. Apart from additional nonvanishing site potentials, the parameters are
unchanged.

Again, for N = 2, (4.27) and (4.32) are used to create the curves in Fig. 9.
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Figure 9: DNLS dimer, N = 2, V1,2 = V0(1± ε); V0 = −2.5, α = 1, ε = 0.05,
|κ| = π/2.

For the trimer N = 3

t =

∣∣∣∣ eiκ − e−iκ

eiκ − δ1 + (eiκ − δ3)(1− δ2(δ1 − eiκ))

∣∣∣∣2 (4.33)

where

δ3 = V3 − ω + α3|T |2 (4.34)

δ2 = V2 − ω + α2|T |2|δ3 − eiκ|2 (4.35)

δ1 = V1 − ω + α1|T |2|δ2(δ3 − eiκ)− 1|2 (4.36)

Figure 10: DNLS trimer, N = 3, V1,3 = V0(1± ε), V2 = V0; V0 = −2.5, α = 1,
ε = 0.05, |κ| = π/2.

For the quadrimer N = 4

t =

∣∣∣∣ eiκ − e−iκ

1 + δ2(eiκ − δ1) + (δ4 − eiκ)(δ1δ2δ3 − eiκδ2δ3 − δ3 − δ1 + eiκ)

∣∣∣∣2 (4.37)
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where

δ4 = V4 − ω + α4|T |2 (4.38)

δ3 = V3 − ω + α3|T |2|δ4 − eiκ|2 (4.39)

δ2 = V2 − ω + α2|T |2|δ3(δ4 − eiκ)− 1|2 (4.40)

δ1 = V1 − ω + α1|T |2|(δ4 − eiκ)(δ2δ3 − 1)− δ2|2 (4.41)

Figure 11: DNLS quadrimer, N = 4, V1,4 = V0(1± ε), V2,3 = V0; V0 = −2.5, α = 1,
ε = 0.05, |κ| = π/2.

As N increases the transmission curves gain additional peaks, but they vary
wildly with |T |2. It is quite obvious, for the dimer, in Fig. 9 and Fig. 7 how
the peaks are shifted as a consequence of mirror asymmetry. For the trimer and
especially the quadrimer, it is much harder to find each peak’s shifted counterpart.
Hence focus is laid on the simplest discrete system, N = 2.

4.2 The saturable DNLS equation

Another similar way to model this system is letting the cubic DNLS equation
have a saturable nonlinearity instead. Some of the properties of such a model is
discussed in [14,15,16]. A slight modification of (4.1) is made, substituting the Kerr
nonlinearity term by another one of saturable type, and once again letting t→ z
and C = 1:

i
∂φn
∂z

= Vnφn − φn+1 − φn−1 +
ν|φn|2

1 + µ|φn|2
φn (4.42)

where ν controls the nonlinearity and µ the saturability, and is called the saturable
DNLS (sDNLS) equation. It is saturable in the sense that it turns linear for systems
with high power (defined as P =

∑
n |φn|2, which along with H is a conserved
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quantity) and/or strong saturability. In the case µ = 0 it reduces to the cubic
DNLS equation. (4.42) can be derived from the Hamiltonian

H =
∑
n

[
− φ∗nφn+1 − φnφ∗n+1 +

(
Vn +

ν

µ

)
|φn|2 −

ν

µ2
ln(1 + µ|φn|2)

]
(4.43)

so that the equation of motion (4.42) is given by

i
∂φn
∂z

=
∂H

∂φ∗n
(4.44)

Let once again φn(z) = ψn exp(−iωz) to transform (4.42) into an equation inde-
pendent of z, similar to (4.4)

ωψn = Vnψn − ψn+1 − ψn−1 +
ν|ψn|2

1 + µ|ψn|2
ψn (4.45)

Following standard procedure leads to

R(T ) =
Tei2κ

eiκ − e−iκ
(
eiκΩ1(Ω2 − eiκ)− Ω2

)
(4.46)

R0(T ) =
Teiκ

e−iκ − eiκ
(

(Ω1 − eiκ)(Ω2 − eiκ)− 1
)

(4.47)

t(κ, |T |2) =
|T |2

|R0|2
=

∣∣∣∣ eiκ − e−iκ

1 + (Ω1 − eiκ)(eiκ − Ω2)

∣∣∣∣2 (4.48)

where

Ω2 = V2 − ω +
ν|T |2

1 + µ|T |2
(4.49)

Ω1 = V1 − ω +
ν|T |2|Ω2 − eiκ|2

1 + µ|T |2|Ω2 − eiκ|2
(4.50)

Down below in Fig. 12, graphs similar to Fig. 7 are plotted using (ν, µ) = (1, 1) as
values in the nonlinear term in (4.45). All other parameters are the same. Letting
(ν, µ) = (1, 0) results in graphs identical to Fig. 7. Interestingly for both directions
of propagation, the transmission coefficient peaks only once, as opposed to twice in
the case µ = 0. It then, using these parameters, converges towards 0.066 as |T |2
tends to infinity (found numerically). The interval yielding maximum diode effect
is I = 0.80 ≤ |R0|2 ≤ 1.11 (0.72 ≤ |T |2 ≤ 1.00)
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Figure 12: Saturable DNLS dimer, N = 2, V0 = −2.5, ν = 1, µ = 1, ε = 0.05,
|κ| = 0.1.

(Graph 12.1) Transmitted intensity as a function of the incoming intensity.
(Graph 12.2) Transmission coefficients as a function of the transmitted intensity.

4.3 Density plots

Considering the saturable DNLS equation as an extension of the cubic DNLS
equation puts it at a higher vantage point. The additional system parameter allows
for even finer tuning. When searching for a good diode effect, it is essential to
understand how each parameter affects wave transmission in the system. Below,
series of density plots are introduced, letting the magnitude of the transmission
coefficient be represented by a colour gradient.
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Figure 13: Transmission coefficient as a function of |T |2 and κ (0 to π). Upper
panel: µ = 0.0. Middle panel: µ = 0.1. Lower panel: µ = 0.25. DNLS dimer,

N = 2, V0 = −2.5, ν = 1, ε = 0.05.

Fig. 13 : As κ approaches π/2 the two transmission peaks get broader until they
merge. The spatial frequency changes sign at κ = π/2 (Remember, ω = −2 cos(κ)).
It may explain why the peaks split up after that value. The number of peaks
increases to four as κ → π. Letting µ > 0 seems to separate the peaks while
maintaining high transmission.

Fig. 14 : For µ = 0 it is evident that the peaks corresponding to κ = ±0.1
diverge from the mirror-symmetric case as the asymmetry increases. However, the
transmission coefficient is somewhat reduced, also noted in [1].
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(a) µ = 0.0, 0.10, 0.20 (top to bottom) (b) µ = 0.25, 0.40, 0.50 (top to bottom)

Figure 14: Transmission coefficient as a function of |T |2 and ε (0 to 1).
DNLS dimer, N = 2, V0 = −2.5, ν = 1, |κ| = 0.1.

The behaviour is still present when a weak saturability (µ = 0.1) is introduced.
As it is slightly increased to µ = 0.20, the second peak for the right-propagating
wave seems to ”turn” as ε increases. This turning effect is clearly visible for µ = 0.25.

At µ = 0.40, the second transmission peak, for all three cases, loses its global
maximum, turning the transmission coefficient into a monotonically increasing
function from |T |2 & 10 (The first peak is still present). At high intensities, the
transmission coefficient is sensitive to changes in ε, only allowing transmission for
levels of asymmetry below ε ≈ 0.30. It turns out that even the first transmission
peak is lost as well at ε = 0.45, leaving the transmission coefficient to be a mono-
tonically decreasing function.

All high-intensity transmission is very faint, but slowly converges towards 0.0644
when the saturability is further increased to µ = 0.50 (cf. Fig. 12 where µ = 1).

The first transmission peak is seemingly independent of the strength of the satura-
bility, for µ not too large. However, for ε = 0.05, the first peak is lost at µ = 2
and the transmission coefficient turns into a monotonically increasing function, for
all |T |2. All transmission is pretty much lost when the saturability is increased to
µ = 10 and higher.
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(a) µ = 0.0, 0.10, 0.15 (top to bottom) (b) µ = 0.175, 0.30, 0.60 (top to bottom)

Figure 15: Transmission coefficient as a function of |T |2 and V0
(−10 to 0). DNLS dimer, N = 2, ν = 1, ε = 0.05, |κ| = 0.1.

At low intensities and saturability, such as those at the first peak in Fig. 14,
(4.42) can be approximated by a Taylor expansion

i
∂φn
∂z

= Vnφn − φn+1 − φn−1 + ν|φn|2
(
1− µ|φn|2 + µ2|φn|4 +O(µ3|φn|6)

)
φn

where only the cubic nonlinear term becomes important, i.e. the terms containing
µ can be viewed as negligible. However, as seen in Fig. 7 and Fig. 12, it is not
completely independent. The maximum value of the transmission coefficient in Fig.
12 is tmax,µ=1 > 0.95, whereas it is tmax,µ=0 < 0.95 in Fig. 7 (first peak).

Fig. 15 : Increasing the depth of the potential results in additional transmis-
sion peaks. It also shifts them (linearly in the cubic case) towards higher intensities,
whilst simultaneously making them sharper (most evident in the cubic case).
As the level of saturability increases, the (previously) intricate transmission pattern
is simplified. For all cases with a nonzero saturability, only two transmission peaks
will survive in the end when the intensity tends to infinity. They will converge
towards two distinct values of V0; − ν

µ
and − ν

µ
+ ω (-1.667 and -3.667 for µ = 0.60).

This is most apparent in the case µ = 0.60. A consequence of this is that, for
saturated systems, the transmission coefficient will only have one peak, or either
be monotonically increasing or nonexistent, depending on the value of V0.
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Fig. 16 : One can see that the transmission peaks get compressed to lower intensi-
ties as the strength of the nonlinearity increases. As |µ| increases, the peaks get
separated. The nonlinear term in the sDNLS equation becomes singular when
1 + µ|ψn|2 = 0. It follows for the cases below that the term is singular when
|T |2 = 1 (µ = −1) and |T |2 = 1

2
(µ = −2), resulting in ”rips” in the graph where

transmission is nonexistent (e.g. see −4 < ν < −2 in the case µ = −2). In the
lowermost panel, where |T |2 is ranging up to 100, the rips seemingly fade somewhere
after |T |2 = 50. The system becomes essentially linear for high enough values of |T |2.

Fig. 17 : Similar to Fig. 16. Even for |ν| = 3, the system quickly becomes
saturated. One thing to notice is that the transmission coefficient is a monotoni-
cally increasing function for large enough µ in the upper panel, as opposed to e.g.
µ = 1 where it peaks at |T |2 ≈ 0.25 and then decreases.

It appears that transmission is mainly occurring for ν/µ ≥ 0, i.e. when the
saturability and nonlinearity have equal signs. To convince ourselves of this, the
transmission coefficient is plotted as a function of ν and µ for fixed values of |T |2
in Fig. 18 and Fig. 19.
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Figure 16: Transmission coefficient as a function of |T |2 and ν (−10 to 10).
µ = 2, 1, 0,−1,−2,−2 (0 ≤ |T |2 ≤ 100 ,−10 ≤ ν ≤ 0) (top to bottom). DNLS

dimer, N = 2, V0 = −2.5, ε = 0.05, |κ| = 0.1.
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Figure 17: Transmission coefficient as a function of |T |2 and µ (−10 to 10). Upper
panel: ν = 3. Middle panel: ν = −3. Lower panel: ν = −3 (0 ≤ |T |2 ≤ 100,
−10 ≤ µ ≤ 0). DNLS dimer, N = 2, V0 = −2.5, ε = 0.05, |κ| = 0.1.
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Figure 18: Transmission coefficient as a function of ν and µ. |T |2 = 1, 2.5, 5, 7.5
(top to bottom). DNLS dimer, N = 2, V0 = −2.5, ε = 0.05, |κ| = 0.1.
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Figure 19: Transmission coefficient as a function of ν and µ. |T |2 = 100. DNLS
dimer, N = 2, V0 = −2.5, ε = 0.05, |κ| = 0.1.

Fig. 19 : At high intensities like this, the ”rips” are gone and transmission
occurs at two different ratios between ν and µ. The nonlinear term is essentially
linear at |T |2 = 100

ν|ψn|2

1 + µ|ψn|2
ψn ≈

ν

µ
ψn

This means linear resonance occurs for V0 + ν/µ = 0 and V0 + ν/µ = ω, i.e
ν

µ
= −V0 = 2.5

ν

µ
= −V0 − 2 cos(κ) ≈ 0.5

which agrees very well with Fig. 19. More generally, Fig. 20 makes it easy to see
where linear resonance occurs for other values of V0 and κ. The two dashed circles
in Fig. 20 correspond to the two ν/µ-ratios above (where (V0, |κ|) = (−2.5, 0.1)).

Figure 20: Density plot of ν/µ = −V0 − 2 cos(κ). The dashed line, κ = π/2,
represents the first resonance case. The values corresponding to ν/µ < 0 are cut

off since they are not of interest, hence the white area.
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4.4 Rectifying factor

To investigate where the best diode effect occurs (in Fig. 13 to Fig. 19 ), introduce
the rectifying factor as proposed in [1]

f =
t(κ, |T |2)− t(−κ, |T |2)
t(κ, |T |2) + t(−κ, |T |2)

(4.51)

which is zero for symmetric transmission and approaches ±1 for maximal asymme-
try. The plots below are generated by the transmission coefficients with nonzero ε
from Fig. 13 to Fig. 19. Yellow areas mean that only right-propagating waves are
transmitted, whereas in the black areas, only left-propagating waves get through.
However, the rectifying factor does not say anything about the magnitude of the
transmission coefficients (only where the diode-effect is maximal).

Fig. 21 : a) is a reproduction of Fig. 4 in [1]. An increase in the level of asymmetry
yields a better diode effect, as previously mentioned. This is represented by the
growth of the black and yellow areas when ε is increased.
A nonzero µ is introduced b), where ε now is fixed. The growing red area means
that the transmission becomes more and more symmetric as the strength of the
saturability increases. Maximum asymmetry occurs near κ = 0 and κ = π, i.e.
where |ω| reaches its maximum value.

Fig. 22 : Remember, in the cubic case µ = 0, the second transmission peaks
of both directions of propagation diverge from the mirror-symmetric peak; κ > 0 to
the left and κ < 0 to the right. When µ increases, the second transmission peak of
the right-propagating wave starts to turn right as well, for high enough ε (see Fig.
14 again). This explains why the yellow area expands towards higher intensities
when the strength of the saturability increases. At high levels of saturation, the
transmission becomes more and more symmetric.

Fig. 23 : The dominating yellow area in the upper panel is caused by the for-
mation of the ellipse-like transmission pattern for κ > 0 (see Fig. 15 again).
This pattern is then compressed into an increasingly linear curve-like shape, sim-
ilar to that of κ < 0, somewhere in 0.175 ≤ µ ≤ 0.30. The areas of maximum
asymmetry is thus reduced into narrow V0-intervals, for sufficiently large values of µ.

Fig. 24,25,26 (They are in essence very similar): Maximum diode effect seems to
occur when both ν and µ are negative.
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(a) µ = 0, varying level of asymmetry (b) ε = 0.05, varying strength of saturability

Figure 21: Rectifying factor as a function of |T |2 and κ. DNLS dimer,
N = 2, ν = 1, V0 = −2.5.

Figure 22: Rectifying factor as a function of |T |2 and ε. DNLS dimer, N = 2,
ν = 1, V0 = −2.5, |κ| = 0.1.
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Figure 23: Rectifying factor as a function of |T |2 and V0. DNLS dimer, N = 2,
ν = 1, ε = 0.05, |κ| = 0.1.

Figure 24: Rectifying factor as a function of |T |2 and ν. DNLS dimer, N = 2,
V0 = −2.5, ε = 0.05, |κ| = 0.1.
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Figure 25: Rectifying factor as a function of |T |2 and µ. DNLS dimer, N = 2,
V0 = −2.5, ε = 0.05, |κ| = 0.1.

Figure 26: Rectifying factor as a function of ν and µ. DNLS dimer, N = 2,
V0 = −2.5, ε = 0.05, |κ| = 0.1.
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5 Diode examples

Fig. 27 : Example of a diode; The parameter values are inspired by Fig. 24,
showing f ≈ +1 for low intensities near (ν, µ) = (−3,−2). The transmission peaks
at tmax ≈ 0.96 for both directions of propagation. Maximum diode effect occurs at
the peak of the green curve, where |T |2 = 1.58191 (numerically found), which is
curiously close to π/2 ≈ 1.57079.

Figure 27: ν = −3, µ = −2, V0 = −2.5, ε = 0.05, |κ| = 0.1.

Fig. 28 : Example of linear resonance, rather than showcasing a good diode
effect. Here, the wavenumber is chosen to be ±π/2, resulting in, via Fig. 20, linear
resonance (only) for ν/µ = −V0. Letting once again V0 = −2.5 and ε = 0.05 means
that ν = 5 and µ = 2 is one possibility. Nearly perfect transmission is achieved
when |T |2 > 3 for both propagation directions. It is clear that these parameter
values do not yield the sought diode effect.

Figure 28: ν = 5, µ = 2, V0 = −2.5, ε = 0.05, |κ| = π/2.

Fig. 29 : The maximum value of the transmission coefficient peaks at tmax ≈ 0.97
for both directions of propagation. Maximum diode effect occurs at the highest
transmission peak of the left-propagating wave (red curve), i.e. when |T |2 ≈ 2.32,
where the green curve is simultaneously very close to zero (approximately 2.13·10−4).
Transmission of the wave coming from the left peaks when |T |2 ≈ 1.69. This time,
the transmission coefficient of the wave with opposite propagation direction is high.
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Figure 29: ν = 2, µ = 0, V0 = −4.0, ε = 0.2, |κ| = 0.4.

Fig. 30 : Parameters chosen to give as sharp peaks as possible.

Figure 30: ν = 2.2, µ = 0, V0 = −5.5, ε = 0.25, |κ| = 3.

When (theoretically) tuning the system parameters, one must be aware of the
experimental limitations of the equipment. It may be difficult to produce light
with such a precise intensity needed for transmission in Fig. 30. A small devia-
tion from the center of a peak results in a drastic drop in the transmission coefficient.

It is however possible to adapt to conceivable constraints, such as the need of
having broad peaks to take experimental marginal errors in consideration, using
this sDNLS model.
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6 Numerical simulations

Numerical integration of the saturable DNLS equation using the Explicit Runge-
Kutta method with open boundary conditions ((φ0, φN) = (φ1, φN+1)) on a lattice
with M sites.

iφ̇n = Vnφn − φn+1 − φn−1 +
νn|φn|2

1 + µn|φn|2
φn (6.1)

Initial condition on the form of a Gaussian wave packet (right-propagating), inspired
by [1,12]

φn(0) = I exp

[
−
(
n− n0 − M

2

)2
w2

+ iκ0

(
n− M

2

)]
(6.2)

where w is the width of the wave packet, I the amplitude, κ0 the wavenumber,
and n0 is the lattice starting position. The system center is shifted from lattice
sites (1, 2) to (M

2
, M

2
+ 1) due to the fact that lists/arrays in Mathematica are not

allowed to have negative elements. The site-dependent coefficients are stored in
arrays of length M

iφ̇n = ~V φn − φn+1 − φn−1 +
~ν|φn|2

1 + ~µ|φn|2
φn

where

~V =



V1
...
VM

2

VM
2
+1

...
VM


, ~ν =



ν1
...
νM

2

νM
2
+1

...
νM


, ~µ =



µ1
...
µM

2

µM
2
+1

...
µM


It is then simple to construct M differential equations, which upon solving gives
the time evolution of φn at each lattice site.

iφ̇1 = V1φ1 − φ2 − φ0 + ν1|φ1|2(1 + µ1|φ1|2)−1φ1
...

iφ̇M
2

= VM
2
φM

2
− φM

2
+1 − φM

2
−1 + νM

2
|φM

2
|2(1 + µM

2
|φM

2
|2)−1φM

2

iφ̇M
2
+1 = VM

2
+1φM

2
+1 − φM

2
+2 − φM

2
+ νM

2
+1|φM

2
+1|2(1 + µM

2
+1|φM

2
+1|2)−1φM

2
+1

...

iφ̇M = VMφM − φM+1 − φM−1 + νM |φM |2(1 + µM |φM |2)−1φM


→
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ERK →



φ1(t)
...

φM
2

(t)

φM
2
+1(t)
...

φM(t)


Note that in previous context, the ”time” should rather be ”z”.
The system is parity asymmetric if the wave packet transmission changes under
parity inversion. When performing the parity inversion, simply flip the sign of the
wavenumber: κ0 → −κ0, i.e. invert the propagation direction. This is equivalent of
taking the complex conjugate of the wave function. Thus, for the parity inverted
case, let φn(t) −→ φ∗n(t) such that the initial condition becomes

φ∗n(0) = I exp

[
−
(
n− n0 − M

2
−M

)2
w2

− iκ0
(
n− M

2
−M

)]
(6.3)

where the starting position has been mirrored with respect to the center of the
system. As in [1,12], the transmission coefficient for the wave packet is defined as

twp =

∑
n>M

2
+1 |φn(tfin)|2∑

n<M
2
|φn(0)|2

(6.4)

i.e, the ratio between the transmitted power (norm) at the end tfin of the run
divided by the initial one (cf. t(κ, |T |2) = |T |2/|R0|2). For the parity inverted case
it becomes

t∗wp =

∑
n<M

2
|φ∗n(tfin)|2∑

n>M
2
+1 |φ∗n(0)|2

(6.5)
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Figure 31: Gaussian wave packet impinging on a cDNLS dimer (µ = 0). Here
ν = 1, M = 1000, I =

√
3, w = 56, |κ0| = π/2, V500,501 = V0(1± ε), V0 = −2.5,
ε = 0.05, n0 = 500∓ 250.

The wave packet parameters were found pseudo-empirically (inspired by [1,12]),
other system parameters are chosen as before. One can see in Fig. 31 that the
parity symmetry indeed is broken as an effect of having nonlinear asymmetric
layers in the center. For these specific parameters the wave packet transmission
coefficients are

twp = 0.287079

t∗wp = 0.754251

If one increases the strength of the saturability to µ = 0.5, the wave packet is less
scattered after interacting with the nonlinear layers in the middle of the system,
see Fig. 32.
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Figure 32: Gaussian wave packet impinging on a sDNLS dimer. Here µ = 0.5,
ν = 1, M = 1000, I =

√
3, w = 56, |κ0| = π/2, V500,501 = V0(1± ε), V0 = −2.5,
ε = 0.05, n0 = 500∓ 250.

However, the diode effect is greatly reduced and the transmission coefficients
for the wave packets are changed to

twp = 0.408725

t∗wp = 0.449984

To investigate how µ affects the diode effect and overall transmission of the wave
packets, a short series of plots is presented in Fig. 33, where the saturability is
varied for different fixed values of w.
When the strength of the saturability is low enough, one may argue that the sDNLS
equation still can be approximated by the cDNLS, i.e. it is still valid to throw away
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(a) Fixed width w = 30 (b) Fixed width w = 56

(c) Fixed width w = 80 (d) Fixed width w = 130

Figure 33: Transmission coefficients as functions of the saturability, µ,
starting at µ = 0, stepping up to µ = 1 in 1000 steps. Here ν = 1,

M = 1000, I =
√

3, |κ0| = π/2, V500,501 = V0(1± ε), V0 = −2.5, ε = 0.05,
n0 = 500∓ 250

all terms containing µ in the Taylor expansion. In this region, the transmission
coefficients vary irregularly with respect to µ.

Although not graphically shown here, the scattering is starting to reduce at µ > 0.1
for the case w = 56. It corresponds very well with the curves in Fig. 33 (b), where
they start to smoothen out. This might be the limit where the µ-terms no longer
are negligible in the expansion approximation, and the system dynamics changes.
However, the diode effect is somewhat reduced after this transition. The transmis-
sion patterns become similar and evidently independent of the wave packet width
as well. Even more so after µ > 0.4.

It is of interest to investigate in further detail how the transmission of the
wave packets is dependent on their width. In Fig. 34 the width parameter, w, is
varied for different strengths of saturability. Note that the shown interval of the
transmission coefficients may differ.
The transmission patterns in (a), (b) and (c) vary wildly as if they were chaotic.
Even in the midst of this irregularity, one can catch glimpses of potential
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”diode windows”, such as
85 ≤ w ≤ 120 in (a).
75 ≤ w ≤ 110, 137 ≤ w ≤ 150 and 155 ≤ w ≤ 175 in (b).

If the prediction that the transmission should be independent of w, µ large enough,
is correct; twp and t∗wp should remain constant if µ is larger than some µtrans. It
agrees with t∗wp in (e) (and twp to some extent) when w > 20 up to a point where
the pattern suddenly resembles that of (a),(b) and (c), where µ is smaller than
this supposed µtrans. The sudden increase in complexity is also visible in (d) when
w > 150.

A possible explanation is proposed in [12], where they argue that the incom-
ing wave packet acts like a time-dependent force that perturbs the DNLS dimer
system. The length of the perturbation is increased by the wave packet width. As
w increases, the system becomes more sensitive to changes. This might explain why
the transmission patterns suddenly become more complex when w is sufficiently
large. Interestingly, in the case µ = 0.5 in (f), this behaviour is suppressed.

Fig. 35, Fig. 36 and Fig. 37 show that the system is not only sensitive to
small changes in µ and w.

In Fig. 35 one can see that increasing the level of asymmetry improves the
diode effect, but reduces the overall transmission, as found in the analytical anal-
ysis in section 4. The common starting value of the transmission coefficients in
ε = 0 reassures mirror symmetry.
Fig. 36 shows that symmetric transmission occurs when V0 & −1.6. For deeper
potentials, the symmetry is broken at the cost of reducing the overall transmission.
Looking at Fig. 37 it seems like the transmission coefficient t∗wp significantly drops
in value at the local maxima of twp, see ν ≈ 1 and ν ≈ 1.8. The same goes for twp
at the local maximum of t∗wp at ν ≈ 1.3.

In all these figures tfin is fixed to 250 (inspired by Fig. 6 in [1] and Fig. 4
in [12]). It may be possible that the wider wave packets don’t have enough time to
pass through the nonlinear parts of the system during this time interval. However,
if the simulation time is increased, both the transmitted and the reflected part of
the initial wave packet will bounce at the boundaries of the system and eventually
return to the center again. It is not particularly interesting to investigate further
transmission and reflection of these backscattered waves.
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One must also consider the possibility of having such a wide wave packet that
it extends to the center, or even beyond, already at t = 0. It is plausible that
some parts of the wave packet get stuck in the nonlinear lattice sites, causing the
irregular patterns in Fig. 34 when w > 150.

In Fig. 38, the norm of the nonlinear lattice layers, |φ500|2 + |φ501|2, is plot-
ted as a function of the wave packet width for different values of µ (taken from (d),
(e) and (f) in Fig. 34 ). Note that only the case κ0 > 0 is shown. The black curves
represent the initial norm of the center, and the pink the norm at the end of the
simulation (Do not confuse it with the total norm of the system, with the property
∂
∂t

∑
n |φn(t)|2 = 0).

|φ500(0)|2 + |φ501(0)|2 > 0 means that the wave packet is so initially wide that it
extends to the nonlinear layers. This occurs for w & 120.
|φ500(tfin)|2 + |φ501(tfin)|2 > |φ500(0)|2 + |φ501(0)|2 means that the wave packet gets
partially stuck when it passes the nonlinear layers.

Seeing that this is not the case for µ = 0.5 (cf. green curve (f) Fig. 34 ), where
the wave packet has almost completely left the center (note the scale!), makes it
evident that the disturbances seen in Fig. 34 are caused by remnants of the wave
packet stuck in the nonlinear lattice layers. Although not graphically shown in this
report

|φ500(0)|2 + |φ501(0)|2

|φ500(tfin)|2 + |φ501(tfin)|2
> 1

occurs if µ & 0.34, using the parameters presented in Fig. 38.

To conclude, a moderately saturated system will prevent the wave packet from
getting stuck in the nonlinear lattice layers.
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(a) µ = 0.0 (b) µ = 0.03

(c) µ = 0.075 (d) µ = 0.125

(e) µ = 0.25 (f) µ = 0.50

Figure 34: Transmission coefficients as functions of the wave packet width,
w, starting at w = 1, stepping up to w = 200 in 1000 steps. Here ν = 1,
M = 1000, I =

√
3, |κ0| = π/2, V500,501 = V0(1± ε), V0 = −2.5, ε = 0.05,

n0 = 500∓ 250
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Figure 35: Transmission coefficients as functions of the level of asymmetry, ε,
starting at ε = 0, stepping up to ε = 1 in 1000 steps. Here ν = 1, µ = 0.05,
M = 1000, I =

√
3, w = 56, |κ0| = π/2, V500,501 = V0(1± ε), V0 = −2.5,

n0 = 500∓ 250.

Figure 36: Transmission coefficients as functions of the potential depth, V0,
starting at V0 = −5, stepping up to V0 = 0 in 1000 steps. Here ν = 1, µ = 0.05,

M = 1000, I =
√

3, w = 56, |κ0| = π/2, V500,501 = V0(1± ε), ε = 0.05,
n0 = 500∓ 250.
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Figure 37: Transmission coefficients as functions of the strength of the
nonlinearity, ν, starting at ν = 0, stepping up to ν = 5 in 1000 steps. Here

µ = 0.05, M = 1000, I =
√

3, w = 56, |κ0| = π/2, V500,501 = V0(1± ε), V0 = −2.5,
ε = 0.05, n0 = 500∓ 250.
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Figure 38: Norm of the center as a function of w. Here, M = 1000, ν = 1, I =
√

3,
κ0 = +π/2, V500,501 = V0(1± ε), V0 = −2.5, ε = 0.05, n0 = 250.
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7 Experimental predictions

Vn and µ ought to be intrinsic properties of the waveguide.
κ (and ω) and |ψn|2 are laboratory parameters related to the light used in the
experiment. Asymmetry (ε > 0) might be induced by having defects in the lattice.
To understand how ν can be varied, we can manipulate the sDNLS equation.

ωψn = Vnψn − ψn+1 − ψn−1 +
ν|ψn|2

1 + µ|ψn|2
ψn

Divide by ν, and rescale ω/ν → ω, Vn/ν → Vn and ν−1 → ν to get

ωψn = Vnψn − ν(ψn+1 + ψn−1) +
|ψn|2

1 + µ|ψn|2
ψn

Now it is clear that ν acts as a coupling coefficient to the adjacent sites. In other
words, the effective strength of the nonlinearity is controlled by the lattice period.

8 Conclusions

Analytical and numerical analysis of a layered nonlinear, nonmirror symmetric
photonic crystal system, modeled by the cubic and saturable DNLS equation, has
proven the possibility of creating an optical wave diode.
The additional system parameter µ in the sDNLS model allows for finer tuning
than the cDNLS model given in [1,12]. Varying µ can change the dynamics of the
system; from having a cubic nonlinearity to a saturable instead. If the strength
of the saturability is large enough, the underlying equations of motion lose their
nonlinear term, turning the system effectively linear.
As shown by the rectifying factor, increasing µ tends to decrease the asymmetry of
the system, suppressing the diode effect. However, having a nonzero µ can give
rise to intriguing effects, such as the transmission patterns in Fig. 14 and Fig. 15.
It also allows to achieve arguably better diode effects (see Fig. 27 again; best of
four examples) than those presented in [1,12].
Numerical simulations of Gaussian wave packets show that the transmission proper-
ties are very sensitive to even the slightest variation of the system parameters. The
wave packet dynamics is greatly influenced by the strength of the saturability. It
has been graphically shown that the wave packets are less scattered in a saturated
system than in a cubic system. A saturated system will prevent wave packets from
getting stuck in the nonlinear lattice layers.
For future work, it may be interesting to analyze longer nonlinear, asymmetric
chains (N > 2) in detail, and to extend the numerical analysis.
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11 Mathematica code

Fractions of the code is presented below.
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